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Abstract

In this paper we propose an extension of the proximal point method to solve minimiza-
tion problems with quasiconvex objective functions on the Euclidean space and the nonneg-
ative orthant. For the unconstrained minimization problem, assumming that the function
is bounded from below and lower semicontinuous we prove that iterations {xk} given by
0 ∈ ∂̂(f(.)+(λk/2)||.−xk−1||2)(xk) are well defined and if, in addition, f is quasiconvex then
{f(xk)} is decreasing and {xk} converges to a point of U := {x ∈ IRn : f(x) ≤ infj≥0 f(xj)}
assumed nonempty. Under the assumption that the sequence of parameters is bounded
and f is continuous it is proved that {xk} converges to a generalized critical point of f .
Furthermore, if {λk} converge to zero and the iterations {xk} are global minimizers of the
regularized subproblems f(.) + (λk/2)||. − xk−1||2, the sequence converges to an optimal
solution. For the quasiconvex minimization on the nonnegative orthant, using the same
premises of the unconstrained case and using a general proximal distance (which includes
as particular cases Bregman distances, φ− divergence distances and second order homoge-
neous distances), we find that the iterations {xk} given by 0 ∈ ∂̂(f(.) + λkd(., xk−1))(xk),
are well defined and rest in the positive orthant and {f(xk)} is decreasing and convergent.
If U+ = {x ∈ IRn

+ ∩ domf : f(x) ≤ infj≥0 f(xj)} is nonempty, {λk} is bounded and the
distance is separable, we obtain the convergence to a generalized KKT point of the prob-
lem. Furthermore, in the smooth case we introduce a sufficient condition on the proximal
distance such that the sequence converges to an optimal solution of the problem. When
the parameters converge to zero we obtain a similar result, of the unconstrained case for
self-proximal distances.

Keywords: Proximal point method, quasiconvex functions, nonnegative orthant, proxi-
mal distances, generalized critical point.
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1 Introduction

This paper studies the global convergence of an extension of the proximal point method for
solving minimization problems with quasiconvex objective functions.

Let us consider the unconstrained optimization problem

min{f(x) : x ∈ IRn} (1.1)

where f : IRn → IR∪{+∞} is a proper lower semicontinuous function and IRn is the Euclidean
space with norm denoted by ||.||. The classical proximal point method generates a sequence
{xk} given by x0 ∈ IRn (an arbitrary point) and

xk ∈ arg min{f(x) + (λk/2)||x− xk−1||2 : x ∈ IRn},

where λk is a certain positive parameter. This method was introduced by Martinet [23] for
convex optimization problems and further developed by Rockafellar in [31] and [32] for the
problem of finding zeros of maximal monotone operators. It is well known, see Guler [16], that
if f is convex and {λk} satisfies

+∞∑
k=1

(1/λk) = +∞, (1.2)

then limk→∞ f(xk) = inf{f(x) : x ∈ IRn}. Furthermore, if the optimal set is nonempty we
obtain that {xk} converges to an optimal solution of the problem (1.1).

On the other hand, consider the problem

min{f(x) : x ≥ 0} (1.3)

where f : IRn → IR ∪ {+∞} is a proper lower semicontinuous function and x ≥ 0 means that
xi ≥ 0,∀i = 1, ..., n. The class of interior proximal point methods to solve (1.3) generates a
sequence {xk} given by x0 ∈ IRn++ (arbitrary given point) and

xk ∈ arg min
x≥0
{f(y) + λkd(x, xk−1)}, (1.4)

where λk is a positive parameter and d is a function satisfying some desirable properties. For
example we can define a like-distance function d such that the iterations xk rest on the positive
orthant. Some examples of d based on the literature are

• Bregman distances

d(x, y) = Dh(x, y) := h(x)− h(y)− 〈∇h(y), x− y〉,

where h : IRn → IR is a Bregman function, see [12, 15, 18, 22];

• ϕ−divergence distances

dϕ(x, y) =
n∑
i=1

yiϕ

(
xi
yi

)
,

where ϕ : IR+ → (−∞,+∞) is a function satisfying some desirable properties, see [19,
20, 29, 30]. This class was introduced by Teboulle [29] in order to define entropy-like
proximal maps;
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• Second order homogeneus distances

dφ(x, y) =
n∑
i=1

y2
i φ

(
xi
yi

)
,

where φ(t) = µϕ(t) + ν
2 (t−1)2 with µ, ν > 0 and ϕ is as above. This class was introduced

by Auslender et.al [7] to solve convex minimization problems and extended by the same
authors in [8] to solve a class of variational inequalities problems.

Assuming that f is a proper, lower semicontinuous and convex function, domf ∩ IRn++ 6= φ,
and λk satisfies (1.2) and using a class of proximal distances which contain the three classes
mentioned above, Auslender and Teboulle [6] have proved that limk→∞ f(xk) = inf{f(x) : x ≥
0}. Furthermore, if the optimal set is nonempty, then sequence {xk} converges to an optimal
solution of the problem (1.3).

On the other hand, several applications in diverse Science and Engineering areas are suffi-
cient motivation to work with non convex objective functions and proximal point methods, see
for example [2, 5, 27]. In particular the class of quasiconvex minimization problems has been
receiving attention from many researches due to the broad range of applications, for example,
in location theory [17], control theory [9] and specially in economic theory [28].

The classical proximal point method to solve the problem (1.1) for non convex objective
functions was studied by some researchers. Tseng [34] proved a weak convergence result, that
is, assumming that f is lower semicontinous and bounded from below function and λk = λ > 0
then every cluster point z is a stationary point of f , i.e.

f ′(z, d) := lim inf
λ↓0

(
f(z + λd)− f(z)

λ

)
≥ 0.

Kaplan and Tichatschke [21] studied the method for a class of nonconvex functions when the
auxiliary function f(x) + (λk/2)||x− xk−1||2 becomes strongly convex on some certain convex
sets under a suitable choice of λk. The authors proved that the sequence stop in a finite number
of iterations in a stacionary point or any accumulation point of {xk} is a stationary point of
f. Unfortunately, it has been known, see Absil et. al [1] and Palis-De Melo [24], that the full
convergence of the sequence generated by the proximal method is not true even when {xk}
is bounded and f is sufficiently smooth. So a natural question arose: under what minimal
condition may the full convergence of the proximal point method be proved?

An advance in this direction, for unconstrained minimization, was given by Attouch and
Bolte [2] where, under the assumptions that f satisfies a Lojasiewicz property and {xk} is
bounded, they have proved the convergence of the method to some generalized critical point
of the problem. For smooth quasiconvex minimization on the non negative orthant there are
some recent works in the literature. Attouch and Teboulle [4], with a regularized Lotka-Volterra
dynamical system, have proved the convergence of the continuous method to a point which be-
longs to certain set which contains the set of optimal points. Cunha et al.[13] and Chen and Pan
[14], with a particular φ−divergence distance, have proved the full convergence of the proximal
method to the KKT-point of the problem when parameter λk is bounded and convergence to an
optimal solution when λk → 0. Pan and Chen [25], with the second-order homogeneus distance,
which includes the Logarithmic-Quadratic proximal point method, studied in [26], and Souza et
al. [27] with a class of separated Bregman distances, have proved the same convergence result
of [13, 14].
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In this paper we are interested in extending the global convergence of a large class of proximal
point methods to minimize quasiconvex functions without unconstrained and constrained on
the nonnegative orthant.

The mean difficulty we observed in extending the proximal method for nonconvex function
is that due to the nonconvexity of f the subproblems may not be convex and thus, from a
practical point of view, we may obtain that minimization subproblems may be as hard to solve
globally as the original one due to the existence of multiple isolated local minimizers. Consider
for example function f(x1, x2) = − exp(−x2

1 − x2
2) which is nonconvex as also the regularized

function f(x1, x2) = − exp(−x2
1−x2

2)+(1/40)((x1−6)2 +(x2−6)2). Another observation is that
in a possible extension of the proximal method the property that {f(xk)} let be nonincreasing
would be satisfied. Observe that this condition is essencial to obtain the convergence of the
proximal method in the convex case.

To solve this disadvantage we propose the following extensions for the proximal method:

• For the unconstrained case, we introduce the following iteration: given xk−1 find xk such
that

0 ∈ ∂̂(f(.) + (λk/2)||.− xk−1||2)(xk),

where ∂̂ is the regular subdifferential (see Subsection 2.1). This iteration resorts to the
method, to be more practical and to embrace more applications in comparison with early
research works where to find a global minimum in each iteration is required, see [2, 21, 34].
Under the assumption that f is proper lower semicontinuous and bounded from below we
will prove that {xk} is well defined and if, in addition, f is quasiconvex it will be proved
that {f(xk)} is decreasing and {xk} converges to some point of U := {x ∈ IRn : f(x) ≤
infj≥0 f(xj)}, assumed nonempty. If {λk} is bounded from above and f is continuous
we prove that {xk} converges to a generalized stationary point. Furthermore, under the
condition that {xk} are global minimizers of f(.) + (λk/2)||. − xk−1||2 and λk → 0 we
obtain the convergence to a minimum point of the problem. Observe that the last result
is usefull for a subclass of problems where the objective function is weak convex functions
or weak semistrict quasi-convex functions. Observe that for those classes of functions all
local minimums are global minimums.

• For the minimization on the nonnegative orthant, we introduce the following iteration:
given xk−1 ∈ IRn++ find xk such that

0 ∈ ∂̂(f(.) + λkd(., xk−1))(xk),

where d is a proximal distance, see Definition 4.1. Observe that this condition is more
practical than (1.4) where a global minimum point is required and therefore more practical
than the works of [13, 14, 25, 26, 27]. Assuming the same assumption on f as in the
unconstrained case we prove that {xk} is well defined and rests in the positive orthant
IRn++, {f(xk)} is decreasing and {xk} converges in U+ := {x ∈ IRn+ : f(x) ≤ infj≥0 f(xj)},
assumed nonempty. If {λk} is bounded from above and d is separable we prove that {xk}
converges to a generalized KKT point of the problem and if {λk} converges to zero and
assuming that {xk} are global minmizers of the subproblems we prove the convergence to
a minimum point of (1.3). Furthermore, for the smooth case, we introduce a condition
on the proximal distance to obtain the convergence to an optimal point when {λk} is
bounded.

Due to the general approach of this work we recover as particular cases recently works on
the subject and also extend some other research works. Indeed, for unconstrained quasiconvex
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minimization we extend our result obtained in [26]. Also, the particular proximal method
studied by Cunha et al.[13], and Chen and Pan [14] is extended to a large class of ϕ− divergences;
another extension is the paper of Souza et.al [27] on the class of boundary coercive and non
smooth quasiconvex minimization.

The paper is organized as follows: In Section 2 we give some results on regular and gen-
eral subgradients, quasiconvex theory, Fejér convergence in IRn and the sufficient condition of
Arrown and Enthoven for quasiconvex minimization. In Section 3, we analyze an extension of
the proximal point method for solving unconstrained minimization problems with quasiconvex
functions. In Section 4 we introduce a proximal point method with proximal distances for solv-
ing minimization problems with quasiconvex functions on the nonnegative orthant and analyse
its convergence properties. Finally, in Section 5 we give our conclusions.

2 Basic Results

In this section we first recall some definitions and results on regular subgradients (called
also Fréchet subdifferential) and general subgradients (also called limiting subdifferentials), see
Chapter 8 of Rockafellar and Wets [33]. Then, we give some results on quasiconvex functions,
Fejér convergence and a theorem by Arrown and Enthoven which gives a sufficient condition to
minimize quasiconvex minimization problems.

2.1 Subdifferential of Nonconvex Functions

Throughout this paper IRn is the Euclidean space endowed with the canonical inner product
〈, 〉 and the norm of x given by ||x|| := 〈x, x〉1/2. Given an extended real valued function
f : IRn → IR ∪ {±∞} we denote its domain by

domf := {x ∈ IRn : f(x) < +∞}

and its epigraph by
epif := {(x, β) ∈ IRn × IR : f(x) ≤ β}.

f is said to be proper if domf 6= φ and ∀x ∈ domf we have f(x) > −∞.
Finally, f is a lower semicontinuous in x̄ if for each {xl} such that liml→+∞ x

l = x̄ we have

f(x̄) ≤ lim inf
l→+∞

f(xl).

We said that f is a lower semicontinuous if it is a lower semicontinuous at each point of domf.
It can be easily proven that the lower semicontinuity of f is equivalent to the closedness of the
level set Lf (α) = {x ∈ IRn : f(x) ≤ α}, for each α ∈ IR.

Definition 2.1 Let f : IRn → IR ∪ {+∞} be a proper function. For each x ∈ domf, the set of
regular subgradients (also called Fréchet subdifferential) of f at x, denoted by ∂̂f(x), is the set
of vectors s ∈ IRn such that

lim inf
y 6=x,y→x

1
||x− y||

[f(y)− f(x)− 〈s, y − x〉] ≥ 0.

If x /∈ domf then ∂̂f(x) = φ.
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Observe that the above definition is equivalent to

f(y) ≥ f(x) + 〈s, y − x〉+ o(||x− y||),

where
lim
y→x

o(||x− y||)
||x− y||

= 0.

It can be proved that ∂̂f(x) is a closed and convex set. However, regular subgradients are
inadequate for the calculus covering some of the properties we need, so we recall the following

Definition 2.2 Let f : IRn → IR∪{+∞} be a proper function. The set of general subgradients
(also called limiting subdifferential) of f at x ∈ IRn, denoted by ∂f(x), is defined as follows:

∂f(x) := {s ∈ IRn : ∃xn → x, f(xn)→ f(x), sn ∈ ∂̂f(xn)→ s}.

It can be proved, see Chapter 8 of [33], that for an arbitrary lower semicontinuous function f ,
both the domain of ∂̂f and the domain of ∂f are dense in the domain of f.

Proposition 2.1 The following properties are true

a. ∂̂f(x) ⊂ ∂f(x), for all x ∈ IRn;

b. If f is differentiable at x̄ then ∂̂f(x̄) = {∇f(x̄)}, so ∇f(x̄) ∈ ∂f(x̄);

c. If f is continuously differentiable in a neighborhood of x, then ∂̂f(x) = ∂f(x) = {∇f(x)};

d. If g = f + h with f finite at x̄ and h is continuously differentiable on a neighbourhood of x̄
then

∂̂g(x̄) = ∂̂f(x̄) +∇h(x̄),

∂g(x̄) = ∂f(x̄) +∇h(x̄).

Proof. See Rockafellar and Wets [33], pp. 304, exercise 8.8.

In order to work with minimization problems we need the following generalized definition.

Definition 2.3 Let f : IRn → IR
⋃
{+∞} be a proper function. A point x ∈ domf is said to be

a generalized critical point of f if 0 ∈ ∂f(x).

Theorem 2.1 If a proper function g : IRn → IR ∪ {+∞} has a local minimum at x̄ then
0 ∈ ∂̂g(x̄) and therefore,

0 ∈ ∂g(x̄).

Proof. Defining o(||y − x̄||) = min{0, g(y)− g(x̄)} and using Proposition 2.1, a, we obtain the
intended result.
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2.2 Quasiconvex Functions

Definition 2.4 Let f : IRn → IR
⋃
{+∞} be a proper function. f is called quasiconvex if for

all x, y ∈ IRn, and for all t ∈ [0, 1], it holds that

f(tx+ (1− t)y) ≤ max{f(x), f(y)}.

Observe that if f is quasiconvex then domf is a convex set. On the other hand, while a convex
function can be characterized by the convexity of its epigraph, a quasiconvex function can be
characterized by the convexity of the level sets, as shown in the following result.

Theorem 2.2 Let f : IRn → IR
⋃
{+∞} be a proper function. Then f is quasiconvex if and

only if the set {x ∈ IRn : f(x) ≤ c} is convex for each c ∈ IR.

Proof. See [10], Theorem 3.5.2, pp. 108.

For differentiable functions we have the following characterization of quasiconvexity

Theorem 2.3 Let f : IRn → IR be a differentiable function on IRn. Then, f is quasiconvex if
and only if, the following statement holds:
if f(x) ≤ f(y), then

〈∇f(y), x− y〉 ≤ 0.

Proof. See [10], Theorem 3.5.4, pp. 109.

For the nondifferentiable case we will use the following result:

Theorem 2.4 Let f : IRn → IR
⋃
{+∞} be a proper lower semicontinuous and quasiconvex

function. If g ∈ ∂̂f(x) and f(y) ≤ f(x) then

〈g, y − x〉 ≤ 0.

Proof. Let t ∈ (0, 1), then from de quasiconvexity of f and the assumption that f(y) ≤ f(x)
we have

f(x+ t(y − x)) ≤ max{f(x), f(y)} = f(x).

As g ∈ ∂̂f(x) we obtain

f(x+ t(y − x)) ≥ f(x) + t〈g, y − x〉+ o(t),

where limt→0
o(t)
t = 0. From both inequalities we conclude that

t〈g, y − x〉+ o(t) ≤ 0.

Dividing by t and taking t→ 0 we obtain that

〈g, y − x〉 ≤ 0,

the desired result.

Definition 2.5 A function f : IRn → IR
⋃
{+∞} is said to be pseudoconvex if for any x, y ∈

domf one has that there exists s ∈ ∂f(y) such that if

〈s, x− y〉 ≥ 0, we have f(y) ≤ f(x).
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2.3 Fejér Convergence Results

Definition 2.6 A sequence {yk} ⊂ IRn, k ≥ 0, is Fejér convergent to a nonempty set U ⊂ IRn,
if for every u ∈ U we have

||yk+1 − u|| ≤ ||yk − u||.

Theorem 2.5 If {yk} is Fejér convergent to a nonempty set U ⊆ IRn, then {yk} is bounded. If,
furthermore, a cluster point ȳ of {yk} belongs to U, then {yk} converges and limk→+∞ y

k = ȳ.

Proof. See Burachik et al. [11].

2.4 Arrown-Enthoven Sufficient Condition for Quasiconvex Minimization

Consider the problem
min{f(x) : g(x) ≤ 0, x ≥ 0}, (2.5)

where f : IRn → IR and g : IRn → IRm such that g(x) = (g1(x), ..., gm(x)) with gi : IRn → IR
and x ≥ 0 mean that xi ≥ 0, for each i = 1, ..., n.
A variable xi0 is a relevant variable if there exists some point in the constraint set, say x̄, at
which x̄i0 > 0.

Theorem 2.6 Let f be a differentiable quasiconvex function and gi are differentiable quasicon-
vex functions. If x̄ satisfies the KKT necessary condition and let one of the following conditions
be satisfied

a) ∂f
∂xi

(x̄) > 0 for at least one variable xi;

b) ∂f
∂xi

(x̄) < 0 for some relevant variable xi;

c) ∇f(x̄) 6= 0 and f is twice differentiable in a neighbourhood of x̄;

d) f is convex.

then x̄ is a global minimum of the problem (2.5).

Proof. See Theorem 1 of Arrown and Enthoven, [3].

3 Proximal Point Method for Unconstrained Minimization

In this section we are interested in solving the unconstrained optimization problem:

(p) min{f(x) : x ∈ IRn}

where f : IRn → IR∪{+∞} is a proper function. To solve (p) we introduce the following method:

Given a sequence of positive parameters {λk} and an initial point

x0 ∈ IRn. (3.6)

For each k = 1, 2...., if 0 ∈ ∂̂f(xk−1), then stop. Otherwise, find xk ∈ IRn such that

0 ∈ ∂̂(f(.) + (λk/2)||.− xk−1||2)(xk) (3.7)
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Remark 3.1 Observe that the proposed method is an extension (for nonconvex functions) of
the proximal point method. In fact, if f is convex then (3.7) becomes

xk = arg min{f(x) + (λk/2)||x− xk−1||2 : x ∈ IRn}.

Remark 3.2 As we are interested in solving (p) when f is nonconvex, it is important to observe
that the method (3.6)-(3.7) only needs, in each iteration, to find an stationary point (and not
necessarily a global minimum) of the regultarized function f(.)+(λk/2)||.−xk−1||2, so we believe
that local algorithms can be used satisfactorily in each iteration.

We will prove, under the only assumptions that f is proper, bounded from below and lower
semicontinuous, that the iterations {xk} are well defined and if f is quasiconvex {f(xk)} is non
increasing and converges. Then defining a set which contains the optimal set of the problem,
we will obtain that limk→+∞ f(xk) = infx∈IRn f(x) if that set is empty and the convergence
of {xk} to a generalized critical point if {λk} is bounded and f is continuous in its domain.
Furthermore, if each xk is a global minimum of the regularized function f(.)+(λk/2)||.−xk−1||2
and λk → 0 we prove that {xk} converges to a minimum point of the problem (p). As particular
cases we obtain the convergence of the method to a global minimum point for pseudoconvex
and convex functions.

3.1 Convergence Results

Theorem 3.1 If f : IRn → IR ∪ {+∞} is a proper lower bounded and lower semicontinuous
on domf , then sequence {xk}, given by (3.6)-(3.7), exists.

Proof. We proceed by induction. It holds for k = 0, due to (3.6). Assume xk exists. As f is
lower semicontinuous and bounded below and || .−xk||2 is coercive then f(.)+(λk/2)|| .−xk||2
is lower semicontinuous and coercive, thus this function has a global minimum (in particular a
local minimum) xk+1 and thus 0 ∈ ∂̂(f(.) + (λk+1/2)||.− xk||2)(xk+1).

As we are interested in solvING (p) when f is quasiconvex we have given the following as-
sumptions

Assumption A. f : IRn → IR ∪ {+∞} is a proper function bounded from below.

Assumption B. f : IRn → IR ∪ {+∞} is lower semicontinuous and quasiconvex.

As we are interested in the asymptotic convergence of the method we also assume that in
each iteration 0 /∈ ∂̂f(xk) which implies that xk 6= xk−1, for all k.

Remark 3.3 From (3.7), Proposition 2.1, d, and the smoothness of (λk/2)||. − xk−1||2, this
implies that

0 ∈ ∂̂f(xk) + λk(xk − xk−1).

Thus, there exists gk ∈ ∂̂f(xk) such that

gk = λk(xk−1 − xk).

Proposition 3.1 Under assumptions A and B we have that {f(xk)} is decreasing and con-
verges.
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Proof. As xk 6= xk−1, then
〈xk−1 − xk, xk−1 − xk〉 > 0

From Remark 3.3 we have
〈gk, xk−1 − xk〉 > 0.

Using the quasiconvexity of f and Theorem 2.4, this implies that

f(xk) < f(xk−1).

The convergence of {f(xk)} is inmediate from the lower boundedness of f.

Proposition 3.2 The iterates xk do not cycle.

Proof. Suposse that there exists l > j + 1 such that xl = xj . From Proposition 4.1 we have
that

f(xj) = f(xl) < ... < f(xj+1) < f(xj),

which is a contradiction, so xl 6= xj .

Now, we define the following set

U := {x ∈ IRn : f(x) ≤ inf
j≥0

f(xj)}.

Observe that this set depends on the choice of the initial iterates x0 and sequence {λk}.
If U = ∅ then it can be easily proven that

i) limk→+∞ f(xk) = infx∈IRn f(x),

ii) {xk} is unbounded.

From now on we assume that U 6= ∅ and define the following set

Vk := {x ∈ IRn : f(x) ≤ f(xk)}.

We observe that U ⊂ Vk. Furthermore, from assumptions A and B, sets U and Vk are nonempty
closed and convex (see Theorem 2.2 for the convexity property).

Theorem 3.2 Under assumptions A and B, sequence {xk}, generated by the Proximal Method
is Fejér convergent to U .

Proof. Let x ∈ U, then f(x) ≤ f(xk). As gk = λk(xk−1 − xk) ∈ ∂̂f(xk) (see Remark 3.3) and
f is quasiconvex, using Theorem 2.4 we have

〈x− xk, xk−1 − xk〉 ≤ 0. (3.8)

On the other hand, for all x ∈ IRn, we have

||x− xk−1||2 = 〈(x− xk) + (xk − xk−1), (x− xk) + (xk − xk−1)〉

= ||x− xk||2 + ||xk − xk−1||2 − 2〈x− xk, xk−1 − xk〉
Now, the last identity and (3.8) imply, in particular, for x ∈ U ,

0 ≤ ||xk − xk−1||2 ≤ ||x− xk−1||2 − ||x− xk||2. (3.9)

Thus
||x− xk||2 ≤ ||x− xk−1||2. (3.10)

Therefore, {xk} is Fejér convergent to U.
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Proposition 3.3 Under assumptions A and B, the following facts are true

a. For all x ∈ U, sequence {||x− xk||} is convergent;

b. limk→+∞ ||xk − xk−1|| = 0;

Proof.
a. From (3.10), {||x− xk||} is a bounded below nonincreasing sequence and hence convergent.
b. Taking limit when k goes to infinity in (3.9) and using the previous result, we obtain
limk→+∞ ||xk − xk−1|| = 0, as desired.

Theorem 3.3 Suppose that Assumptions A and B are satisfied. Then the sequence {xk} con-
verges to a point of U.

Proof. From Theorem 3.2, {xk} is Fejér convergent to U, thus {xk} is bounded (see Theorem
2.5). Then, there exist x̄ and a subsequence {xkj} of {xk} converging to x̄. From the lower
semicontinuity of f we obtain

lim inf
j→+∞

f(xkj ) ≥ f(x̄).

As {f(xk)} is decreasing and converges then

f(x̄) ≤ lim
k→+∞

f(xk) ≤ f(xk),∀k.

This implies that x̄ ∈ U. Now, from Theorem 2.5 we conclude that {xk} converges to x̄.

To obtain strong results for the proximal method we impose some conditions to parameters
{λk} and substitute assumption A by the following

Theorem 3.4 Suppose that assumptions A and B are satisfied. If 0 < λk < λ̄, where λ̄ is a
positive real number, then sequence {xk} converges to a point of U and

lim
k→∞

gk = 0,

for some gk ∈ ∂̂f(xk). Furthermore, if f is continuous on domf, then it converges to a gener-
alized critical point of f .

Proof. The convergence was proven in Theorem 3.3. From Remark 3.3 we have that

gk = λk(xk−1 − xk) ∈ ∂̂f(xk).

Taking ||.|| in the above equation and using the condition in parameter λk we have that

||gk|| ≤ λ̄||xk − xk−1||.

Now, using Proposition 3.3, b, we get

lim
k→∞

gk = 0.

Finally, we will prove that 0 ∈ ∂f(x̄) when f is continuous. In fact, {xk}, {f(xk)} and {gk}
with gk ∈ ∂̂f(xk) such that limk→+∞ x

k = x̄, limk→∞ f(xk) = f(x̄) (from the continuity of f)
and limk→∞ g

k = 0. From Definition 2.2 it follows that 0 ∈ ∂f(x̄).

As immediate particular cases of the above theorem we obtain the following
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Corollary 3.1 Let f : IRn → IR
⋃
{+∞} be a convex and continuous function on domf and

assume that assumption A′ is satisfied, then sequence {xk} converges to an optimal solution of
the problem (p).

Corollary 3.2 Let f : IRn → IR
⋃
{+∞} be a pseudoconvex and continuous function on domf

and assume that the assumption A′ is satisfied, then sequence {xk} converges to an optimal
solution of the problem (p).

Proof. From the previous theorem we have 0 ∈ ∂f(x̄). Now, due to the pseudoconvexity of f
we obtain that f(x̄) ≤ f(x), for all x ∈ IRn.

Assumption A′. The optimal set of the problem (p), denoted by X∗, is nonempty. Next,
we give a condition to obtain the global convergence to a global minimum of (p).

Theorem 3.5 Suppose that assumptions A′ and B are satisfied. If xk are global minimums of
f(.) + (λk/2)||.− xk−1||2 and

lim
k→+∞

λk = 0, (3.11)

then the sequence {xk} converges to a global minimum of the problem (p).

Proof. As xk is a minimizer point of f + (λk/2)||.− xk−1||2, then

f(xk) + (λk/2)||xk − xk−1||2 ≤ f(x) + (λk/2)||x− xk−1||2, ∀x ∈ IRn.

As {xk} converges to a point of U , let x̄ ∈ U such that limk→+∞ x
k = x̄. From above inequality,

we have in particular that

f(xk) + (λk/2)||xk − xk−1||2 ≤ f(x) + (λk/2)||x− xk−1||2, ∀x ∈ U.

Taking k → +∞ and using (3.11), the lower semicontinuity of f, Proposition 3.3, a and b, we
obtain that

f(x̄) ≤ f(x),∀x ∈ U.

This implies that x̄ is an optimal solution of the problem (p).

3.2 A Theoretical Localization of the Limit Point

Let πU : IRn → IRn be such that

πU (x0) = arg min{||x− x0|| : x ∈ U},

where U is defined as in the previous subsection. Note that πU (x0) exists because U is a
nonempty closed convex set. We denote

ρ(x0, U) = inf{||x− x0|| : x ∈ U}.

Proposition 3.4 Let {xk} be the sequence generated by the proximal point method and x̄ the
limit point, then

||x0 − x̄|| ≤ 2ρ(x0, U).

12



Proof. Setting x = πU (x0) in (3.10) we obtain ||πU (x0)−xk|| ≤ ||πU (x0)−x0||. Taking k →∞
gives

||πU (x0)− x̄|| ≤ ||πU (x0)− x0||, (3.12)

Now,
||x0 − x̄||2 ≤ (||x0 − πU (x0)||+ ||πU (x0)− x̄||)2

≤ 2
(
||x0 − πU (x0)||2 + ||πU (x0)− x̄||2

)
≤ 2

(
||x0 − πU (x0)||2 + ||x0 − πU (x0)||2

)
= 4||x0 − πU (x0)||2

where the third inequality is due to (3.12). Thus, the proof is completed.

Remark 3.4 If x̄ is a global minimum of (p), for example when f is convex, or pseudoconvex,
the above result remain true if we substitute U by X∗.

4 Proximal Point Method on the Nonnegative Orthant

Now, we are interested in solving the problem

min{f(x) : x ≥ 0} (4.13)

where f : IRn → IR ∪ {+∞} is a proper function such that domf ∩ IRn+ 6= ∅ and x ≥ 0 means
that each component of x, xi, is non negative.

In this section we define and study the full convergence of a proximal point method with
a generalized like-distance so called proximal distance that includes as particular cases known
distances as Bregman, ϕ−divergences and second-order homogeneus distances.

4.1 Proximal Distance

In this subsection we present the definition of the proximal distance and induced proximal
distance, introduced by Auslender and Teboulle in [6], but adapted for the set IRn+ which is the
contraint of the problem (4.13).

Definition 4.1 A function d : IRn × IRn → IR+ ∪ {+∞} is called proximal distance as regards
the open nonempty convex set IRn++ if for each y ∈ IRn++ it satisfies the following properties:

i. d(., y) is proper, lower semicontinuous, strictly convex and continuously differentiable on
IRn++;

ii. dom d(., y) ⊂ IRn+ and dom∂1d(., y) = IRn++, where ∂1d(., y) denotes the classical subgradi-
ent map of the function d(., y) with respect to the first variable;

iii. d(., y) is coercive on IRn, i.e., lim||u||→∞ d(u, y) = +∞;

iv. d(y, y) = 0.

We denote by D(IRn++) the family of functions satisfying this definition.
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Property i. is needed to preserve convexity of d(., y), property ii will force the iteration of the
proximal method to stay in IRn++, and iii will be used to guarantee the existence of the proximal
iterations. For each y ∈ IRn++, let ∇1d(., y) denote the gradient map of the function d(., y) with
respect to the first variable. Note that by definition d(., .) ≥ 0 and from iv the global minimum
of d(., y) is obtained at y, which shows that ∇1d(y, y) = 0.

Associated to a proximal distance to be an induced proximal distance which we define as
follows:

Definition 4.2 Given d ∈ D(IRn++), a function H : IRn × IRn → IR+ ∪ {+∞} is called the
induced proximal distance to d if H is a finite valued on IRn++ × IRn++ and for each a, b ∈ IRn++

satisfies

(Ii) H(a, a) = 0.

(Iii) 〈c− b,∇1d(b, a)〉 ≤ H(c, a)−H(c, b), ∀ c ∈ IRn++.

We write (d,H) ∈ F(IRn++) to the proximal and induced proximal distance that satisfies the
premises of Definition 4.2.
We also denote (d,H) ∈ F(IRn+) if there exists H such that:

(Iiii) H is finite valued on IRn+ × IRn++ satisfying (Ii) and (Iii), for each c ∈ IRn+.

(Iiv) For each c ∈ IRn+, H(c, ·) has level bounded sets on IRn++.

Finally, we write (d,H) ∈ F+(IRn+) if

(Iv) (d,H) ∈ F(IRn+).

(Ivi) ∀ y ∈ IRn+ and ∀ {yk} ⊂ IRn++ bounded with limk→+∞H(y, yk) = 0, then limk→+∞ y
k = y.

(Ivii) ∀ y ∈ IRn+, and ∀ {yk} ⊂ IRn++ such that limk→+∞ y
k = y, then limk→+∞H(y, yk) = 0.

The mean result on proximal point method will be when (d,H) ∈ F+(IRn+). Some examples of
proximal distances which satisfy the above definitions, for example Bregman distances, proximal
distances based on ϕ−divergences, self-proximal distances, and distances based on second order
homogeneus proximal distances, were given in [6].

4.2 Proximal Method

In this section we propose a extension of the proximal point method with a proximal distance
to solve the problem (4.13). It is as follows:
Given a sequence of positive parameters {λk} and a initial point

x0 ∈ IRn++. (4.14)

For each k = 1, 2...., if 0 ∈ ∂̂f(xk−1), then stop. Otherwise, find xk ∈ IRn such that

0 ∈ ∂̂(f(.) + λkd(., xk−1))(xk), (4.15)

where d is a proximal distance such that (d,H) ∈ F+(IRn+).

Remark 4.1 Observe that the proposed algorithm is an extension (for nonconvex functions) of
the proximal point method. In fact, if f is convex then the iterations become

xk = argmin
x≥0
{f(x) + λkd(x, xk−1)},
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Particular cases of this proximal method for minimizing smooth quasiconvex functions were
studied by Souza et al. [27] with a class of separated Bregman distances, Cunha et al. [13]
and Chen and Pan [14] with a particular φ−divergence distance and Pan and Chen [25] with
a second-order homogeneous distance for solving non-smooth quasiconvex functions, which
includes the Logarithmic-Quadratic proximal point method introduced by Auslender Teboulle
and Ben-Tiba in [7] and [8].

Remark 4.2 As we are interested in solving (4.13) when f is nonconvex it is important to
observe (differently from previous research works) that the algorithm only needs, in each it-
eration, to find a stationary point (and not a global minimum) of the regularized function
f(.)+λkd(., xk−1) so we believe that local algorithms can be used satisfactorily in each iteration.

Theorem 4.1 If f is bounded from below and lower semicontinuous, then the sequence {xk},
generated by proximal method (4.14)-(4.15) is well defined and furthermore xk ∈ IRn++.

Proof. The existence of {xk} is immediate from the lower boundedness and lower semicontinu-
ity of f and coercivity of d(., y). The positiveness of xk is immediate from the definition of d.

We are interested in analyzing the convergence of the proximal method when f is quasiconvex,
so we list our assumptions:

Assumption A. f : IRn → IR ∪ {+∞} is a proper function bounded from below.

Assumption B. f : IRn → IR ∪ {+∞} is lower semicontinuous and quasiconvex.

As we are interest in the asymptotic convergence of the method, we also assume that in each
iteration 0 /∈ ∂̂f(xk) which implies that xk 6= xk−1, for all k.

Remark 4.3 From (4.15), Proposition 2.1, d, and the smoothness of λkd(., xk−1), this implies
that

0 ∈ ∂̂f(xk) + λk∇1d(xk, xk−1).

Thus, there exists gk ∈ ∂̂f(xk) such that

gk = −λk∇1d(xk, xk−1).

Proposition 4.1 Under assumptions A and B we have that {f(xk)} is decreasing and con-
verges.

Proof. As xk 6= xk−1 and d(., xk−1) is strictly convex then

〈∇1d(xk, xk−1)−∇1d(xk−1, xk−1), xk − xk−1〉 > 0 (4.16)

As ∇1d(xk−1, xk−1) = 0, this implies that

〈−λk∇1d(xk, xk−1), xk−1 − xk〉 > 0.

From Remark 4.3, we obtain
〈gk, xk−1 − xk〉 > 0

Using the quasiconvexity of f and Theorem 2.4, this implies that

f(xk) < f(xk−1).

The convergence of {f(xk)} is immediate from the lower boundedness of f.
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Proposition 4.2 The iterates {xk} do not cycle.

Proof. Suppose that there exists l > j + 1 such that xl = xj . From Proposition 4.1 we have
that

f(xj) = f(xl) < ... < f(xj+1) < f(xj),

which is a contradiction, so xl 6= xj .

Now, we define the following set

U+ := {x ∈ dom f ∩ IRn+ : f(x) ≤ inf
j∈IN

f(xj)}.

Observe that this set depends on the choice of the initial iterates x0 and the sequence {λk}.
If U+ = ∅ then it can be easily proven that

i) limk→+∞ f(xk) = infx≥0 f(x),

ii) {xk} is unbounded.

From now on we assume that U+ 6= ∅. From the assumptions we obtain that U+ is a nonempty,
closed and convex set (see Theorem 2.2 for the convexity property).

Theorem 4.2 Under assumptions A and B, sequence {xk}, generated by the proximal method,
(4.14)-(4.15), is H− Fejér convergent to U+, that is,

H(x, xk) ≤ H(x, xk−1),∀x ∈ U+.

Proof. Let x ∈ U+, then
f(x) ≤ f(xk). (4.17)

From Remark 4.3, (4.17) and using Theorem 2.4 we obtain

〈−λk∇1d(xk, xk−1), x− xk〉 ≤ 0,

that is,
〈∇1d(xk, xk−1), x− xk〉 ≥ 0,

Then, using property Iii of Definition 4.2 we have

H(x, xk) ≤ H(x, xk−1).

Corollary 4.1 Under assumptions A and B, sequence {xk} is bounded.

Proof. From the previous theorem we deduce

H(x, xk) ≤ H(x, x0) = α,∀x ∈ U+.

This implies that
xk ∈ LH(x, α) = {y ∈ IRn+ : H(x, y) ≤ α},

and from Definition 4.2, Iiv, LH(x, α) is bounded. Thus {xk} is bounded.

Theorem 4.3 Under assumptions A and B, sequence {xk} converges to some point of U+.
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Proof. From previous Corollary {xk} is bounded, then there exists a subsequence {xkj} which
converges to x̄, that is

lim
j→+∞

xkj = x̄.

As f is decreasing and converges we have x̄ ∈ U. Suppose that there exists another sequence
{xkl} such that

lim
l→+∞

xkl = x∗ ∈ U+.

Using property Ivii, from Definition 4.2, we obtain

lim
l→+∞

H(x∗, xkl) = 0.

Due to {H(x∗, xk)} is non-increasing and bounded from below then it converges and therefore

lim
k→+∞

H(x∗, xk) = 0.

Thus
lim

j→+∞
H(x∗, xkj ) = 0.

Using property Ivi, from Definition 4.2, we obtain that

lim
j→+∞

xkj = x∗,

that is, x̄ = x∗. Then sequence {xk} converges to some point of U+.

To obtain strong results for the proximal method with proximal distances we impose some
conditions to parameter {λk} and substitute assumption A for the following

Assumption A′. The optimal set of the problem (p), denoted by X∗, is nonempty.

Theorem 4.4 Suppose that assumptions A′ and B are satisfied. If d is a self-proximal distance,
{xk} are global minimums of function f(.) + λkd(., xk−1) and

lim
k→+∞

λk = 0, (4.18)

then the sequence {xk} converges to a global minimum of the problem (4.13).

Proof. As xk is a global minimizer of f + λkd(., xk−1), then

f(xk) + λkd(xk, xk−1) ≤ f(x) + λkd(x, xk−1), ∀x ∈ IRn+.

Given that d is a self-proximal distance then

f(xk) + λkd(xk, xk−1) ≤ f(x) + λkH(x, xk−1), ∀x ∈ IRn+. (4.19)

As {xk} converges to a point of U+, let x̄ ∈ U+ such that limk→+∞ x
k = x̄. From the above

inequality, we have in particular that

f(xk) + λkd(xk, xk−1) ≤ f(x̄) + λkH(x̄, xk−1).

Thus
0 ≤ λkd(xk, xk−1) ≤ f(x̄)− f(xk) + λkH(x̄, xk−1)
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Taking lim inf when k → +∞ and using (4.18), the lower semicontinuity of f, and Theorem 4.2
(the sequence {H(x, xk)} is bounded for each x ∈ U+) we obtain that lim infk→+∞ λkd(xk, xk−1) =
0. Finally, taking lim inf when k → +∞ in (4.19) we obtain

f(x̄) ≤ f(x),∀x ∈ U.

This implies that x̄ is an optimal solution of the problem (4.13).

To obtain further information on the limit point we restrict the class of proximal distances
given in Definition 4.1 to a special class of separable proximal distances, that is,

d(x, y) =
n∑
i=1

di(xi, yi),

where di : IR× IR→ IR ∪ {+∞} such that if there exist i with

∂di
∂xi

(xi, yi) > 0⇒ xi > yi. (4.20)

Remark 4.4 Observe that the well known Bregman separable, ϕ−divergence and second order
homogeneous distances satisfied the above property.

Theorem 4.5 Suppose that assumptions A and B are satisfied, d is separable and holds (4.20).
If 0 < λk < λ̄, for all k and some λ̄ > 0, then the sequence {xk} converges to a generalized
KKT point of the problem (4.13), that is, the limit point x̄ satisfies

i). x̄i ≥ 0,∀i = 1, ..., n;

ii). lim infk→+∞ g
k
i ≥ 0,∀i = 1, ..., n;

iii). lim infk→+∞ x
k
i g
k
i ≥ 0, ∀i = 1, ..., n.

Proof. From the previous theorem, there exists x̄ ∈ U+ such that

lim
k→+∞

xk = x̄.

Due to Theorem 4.1 the condition i) is satisfied. To prove the other conditions consider the
following sets

I(x̄) = {i ∈ {1, ..., n} : x̄i = 0} ,

J(x̄) = {i ∈ {1, ..., n} : x̄i > 0} .

We will prove ii). Let i ∈ I(x̄) and suppose that there exists β > 0 such that

lim inf
k→∞

gki := sup
n∈IN

inf
n≤k

gki < −β < 0.

That is,
inf
n≤k

gki < −β, ∀n ∈ IN.

Then, there exists a subsequence {gkn
i } such that

gkn
i < −β.
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From Remark 4.3 that implies that

∂di
∂xi

(xkn
i , x

kn−1
i ) > 0,

from assumption (4.20) we have

xkn
i > xkn−1

i > ... > xk1i > 0.

Taking n→ +∞ we obtain that 0 > 0, which is a contradiction. Therefore lim infk→+∞ g
k
i ≥ 0,

for i ∈ I(x̄).
Now let i ∈ J(x̄). From Remark 4.3 we have

lim
k→∞

gki = lim
k→∞

−λk
∂di
∂xi

(xki , x
k−1
i ). (4.21)

As xk−1
i → x̄i > 0, d is continuously differentiable on IRn++ and ∇1d(x, x) = 0 we have

lim
k→∞

∂di
∂xi

(xki , x
k−1
i ) =

∂di
∂xi

(x̄i, x̄i) = 0.

Now, using in (4.21) the boundedness of {λk} and the above result we have limk→∞ g
k
i = 0, for

i ∈ J(x̄).
Finally, we prove iii). Let i ∈ I(x̄), and, by contradiction, suppose that lim infk→+∞ x

k
i g
k
i < 0.

Then for each n ∈ IN we have
inf
k≥n

xki g
k
i < 0.

Thus, there exists a subsequence {xkn
i g

kn
i } such that

xkn
i g

kn
i < 0.

As xki > 0 then gkn
i < 0. Then from Remark 4.3 we obtain that

∂di
∂xi

(xkn
i , x

kn−1
i ) > 0,

from assumption we have
xkn
i > xkn−1

i > ... > xk1i > 0.

Taking n→ +∞ we obtain that 0 > 0, which is a contradiction. Therefore lim infk→+∞ g
k
i x

k
i ≥

0, for i ∈ I(x̄).
Finally, let i ∈ J(x̄), then from the proof of ii we have that limk→+∞ g

k
i = 0, so we conclude

that limk→+∞ g
k
i x

k
i = 0.

Remark 4.5 From ii of the previous theorem and Remark 4.3 we obtain that

lim sup
k→+∞

(
λk
∂di
∂xi

(xki , x
k−1
i )

)
≤ 0

hols for each i = 1, 2, ..., n.
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Corollary 4.2 Under the assumptions of the previous theorem and the continuous differen-
tiability of f we have that sequence {xk} converges to a KKT point of the problem (4.13).
Furthermore, if assumption A′ is satisfied and there exists i ∈ I(x̄) such that

lim sup
k→+∞

(
λk
∂di
∂xi

(xki , x
k−1
i )

)
< 0,

then {xk} converges to an optimal solution of the problem (4.13).

Proof. Let {xk} such that
lim
k→∞

xk = x̄.

From the previous theorem and the continuously differentiability of f we obtain that x̄ satisfies

x̄ ≥ 0, ∇f(x̄) ≥ 0, and (∇f(x̄))ix̄i = 0,

Thus, x̄ is a KKT point of the problem (4.13).
Now, we suppose that

lim sup
k→+∞

(
λk
∂di
∂xi

(xki , x
k−1
i )

)
< 0.

This implies that

lim inf
k→+∞

(
−λk

∂di
∂xi

(xki , x
k−1
i )

)
> 0.

From Remark 4.3 we obtain
lim inf
k→+∞

gki > 0.

As f is continuously differentiable and from Proposition 2.1, b, we have

lim inf
k→+∞

∂f

∂xi
(xk) > 0.

As xk → x̄ and ∂f
∂xi

is continuous we obtain

∂f

∂xi
(x̄) > 0.

Now using item a of Theorem 2.6, for the case when g(x) = −x, we obtain that x̄ is an optimal
solution of the problem (4.13).

Remark 4.6 The same ideas used in the proof of the previous theorem can be used to extend
the convergence result of the continuous method studied by Attouch and Teboulle [4]. Indeed, to
solve the problem (4.13) in [4] an itroduction was made of the dynamic system

x′j (t) +

[
xj (t)

µ+ νxj (t)

]
∂f (x (t))
∂xj

= 0, j = 1, ..., p (4.22)

xj (0) = x0j ∈ IR
p
++, j = 1, .., p. (4.23)

Under the following assumption:

(H1) f : IRn → IR is a quasiconvex and C2 function;
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(H2) For any x0 ∈ IRn++, there exists a global solution x : [0,+∞) → IRn++ of the dynamic
system (4.22)-(4.23);

it has been proven that there exists x∞ ∈ Z := {x ∈ IRn+ : f(x) ≤ inft≥0 f(x(t))} (assumed
nonnempty), such that

lim
t→∞

x(t) = x∞.

Now, using the same arguments given in Theorem 4.5 we will prove that x∞ is a KKT-point of
the problem, that is,

(x∞)i ≥ 0, (∇f(x∞))i ≥ 0 and (x∞)i(∇f(x∞))i = 0 (4.24)

In fact, due to Theorem 4.1 the first condition in (4.24) is satisfied. To prove the other condi-
tions, consider the following sets:

I(x∞) = {i ∈ {1, ..., n} : (x∞)i = 0} ,

J(x∞) = {i ∈ {1, ..., n} : (x∞)i > 0} .

Let us spearately consider the cases when i ∈ I(x∞) and i ∈ J(x∞).
First Case: i ∈ I(x∞). We will show that (∇f(x∞))i ≥ 0. By contradiction, suppose that
(∇f(x∞))i < 0. Because f is continuously differentiable, we have

lim
t→∞

(∇f(x(t))i = (∇f(x∞))i < 0.

Hence,∇f(x(t))i < 0 for t sufficiently large. Thus, from (4.22), we obtain

lim
t→∞
∇f(x(t))i = lim

t→∞
−x′i (t)

(
µ+ νxi (t)
xi (t)

)
< 0.

Thus we have
x′i (t)

(
µ+ νxi (t)
xi (t)

)
> 0,

for t sufficiently large. As xi(t) > 0, the last inequality implies that

x′i (t) > 0,

for t sufficiently large. Thus xi (t) is increasing for t sufficiently large, that is, there exists
M > 0, such that ∀t > t1 > M we have

0 < xi(t1) < xi(t).

Taking t→ +∞ we obtain that 0 < xi(t1) ≤ limt→+∞ xi(t) = (x∞)i = 0, which is a contradic-
tion. Therefore, (∇f(x∞))i ≥ 0.

Second Case: i ∈ J(x∞). We will show that (∇f(x∞))i = 0. In fact, since from the dy-
namical system (4.22) we have

(∇f(x∞))i = lim
t→+∞

∇f(x(t))i = lim
t→+∞

−x′i (t)
(
µ+ νxi (t)
xi (t)

)
.

Given that xi(t) converges to (x∞)i > 0 and limt→+∞−x′i(t) = 0 (see Theorem 4.1, (c), of
Attouch and Bolte [2]) we obtain that (∇f(x∞))i = 0.
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5 Conclusion and Some Discusion

Our approach contributes to the progress in the eficient solution of minimization problems
with quasiconvex objective functions using an extension of the proximal point method. Previous
and recent results turn out to be particular cases of our general approach as also the full
convergence for a large class of proximal distances, which was not studied previously, is obtained.
Furthermore, for the proximal point method on the nonnegative orthant we give a sufficient
condition on the proximal distance to obtain the convergence of the method to an optimal
solution of the problem. In future research we hope to improve our obtained results, with a
better condition on {λk} to attain the convergence of the proximal point method for an optimal
solution of the problem.
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