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Abstract

It has been known since the early 1970s that the Hessian matrices in quasi–
Newton methods can be updated by variational means, in several different
ways. The usual formulation of these variational problems uses a coordinate
system, and the symmetry of the Hessian matrices are enforced as explicit con-
straints. As a result, the variational problems seem complicated. In this paper,
we give a very simple, coordinate–free, and unified treatment of these varia-
tional problems by working directly in the vector space of symmetric matrices.
Most of our variational problems become simple, least squares problems. All
variational problems are convex programming problems, and we consider their
duals. A novel feature of our work is that we construct several new variational
problems whose optimal solutions coincide with quasi–Newton update matrices.
These new variational problems may be useful in suggesting new quasi–Newton
methods in the future.

Key words. Quasi–Newton, DFP, BFGS, variational problems, duality, sparse
problems.
Abbreviated title: Variational problems in Quasi–Newton methods
AMS(MOS) subject classifications: primary: 90C53, 90C30, 90C46, 65K10,
49N15; secondary: 90C06, 65K05, 49M37, 52A41.

∗Department of Mathematics and Statistics, University of Maryland Baltimore County, Bal-
timore, Maryland 21250, USA. E-mail: {guler,gurtuna1,olenshe1}@math.umbc.edu. Research par-
tially supported by the National Science Foundation under grant DMS–0411955

1



1 Introduction

The main point of this paper is to provide clear, geometric formulations and so-
lutions to the several variational problems in quasi–Newton methods. By working
directly in the space of symmetric matrices, we handle the symmetry constraint
implicitly. This approach simplifies both the formulations and the proofs given in
the literature, such as the ones given in [15], [14], [3] and [11].

In quasi–Newton methods for unconstrained minimization, an approximation
of the true Hessian is used in the Newton step. Then, at each iteration, the ap-
proximation is updated to reflect the information coming from the new point or
the gradient at the new point. There are two popular and successful updates, DFP
(Davidon [6], Fletcher and Powell [13]) and BFGS (Broyden [2], Fletcher [10], Gold-
farb [14], Shanno [19]). Both of these updates perform very well in practice but
BFGS is known to have better performance both practically and theoretically. The
main condition imposed on the updated matrix is that it satisfies the quasi–Newton
equation. Additionally, the matrix is required to be symmetric since the Hessian is
symmetric. For a detailed explanation of these, we refer the reader to [18] and the
survey paper of Dennis and Moré [7].

The basic idea in obtaining the update formula is that in addition to the require-
ment that the new matrix satisfies the quasi–Newton equation, the matrix should
also be ”close” to the current matrix [15], [14]. The reason for this ”closeness” re-
quirement is so as not to lose any information that the current approximation may
have about the true Hessian. Different measures lead to different update formu-
las. The originally proposed measure is the weighted Frobenius norm. It is known
that BFGS and DFP updates have this property, i.e. being the minimum norm
change to the current matrix [7]. Later, Byrd and Nocedal [3] introduced another
measure involving trace and determinant in their convergence analysis of BFGS.
Then, Fletcher [11] showed that BFGS and DFP updates can be obtained from the
minimization of this measure as well.

In what follows, B represents approximations of the Hessian and H represents
approximations of the inverse Hessian. Superscripts DFP and BFGS will be used to
refer to the corresponding updates. For easy reference, these formulas are presented
below

BDFP
k+1 := (I − γkyks

T
k )Bk(I − γksky

T
k ) + γkyky

T
k , (1.1)

BBFGS
k+1 := Bk −

Bksks
T
kBk

sT
kBksk

+ γkyky
T
k , (1.2)

HDFP
k+1 := Hk −

Hkyky
T
k Hk

yT
k Hkyk

+ γksks
T
k , (1.3)

HBFGS
k+1 := (I − γksky

T
k )Hk(I − γkyks

T
k ) + γksks

T
k , (1.4)

where γk = 1/yT
k sk.
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It is worth noting the strong relations between BDFP and HBFGS and between
HDFP and BBFGS. In fact, as will be mentioned later, these two pairs come from
minimizing two different measures.

The paper is organized as follows. In § 2, we formulate the various norm min-
imization problems in quasi–Newton methods as geometric least squares problems
in Sn, the vector space n× n of symmetric matrices. In § 3, we formulate the duals
of these least squares problems in two different ways and show that the optimal
solutions to the dual problems also produce the quasi–Newton update formulas.
In § 4, we treat in the same manner the primal and dual variational problems in-
volving the minimization of the measure function 〈Hk, B〉 − ln detB of Byrd and
Nocedal [3] and Fletcher [11]. In § 5, we treat some variational problems arising
in quasi–Newton methods for sparse problems. We also discuss some algorithmic
issues. In the Appendix (§ 6), we gather several results used in the main body of
the paper.

2 Least squares problems in quasi–Newton methods

It is well–known that the approximations to the Hessian matrices in various quasi–
Newton methods are updated using the solutions of some optimization problems. In
the optimization problems used to obtain the DFP and BFGS updates, for example,
the constraints have the form

{X ∈ Rn×n : Xs = y, XT = X}, (2.1)

where s and y are given vectors in Rn. The first affine equation Xs = y is called the
secant equation (or quasi–Newton equation), and the constraint XT = X is included
since a Hessian matrix (or its inverse) is always symmetric, and so should be any
approximations to it.

In the traditional approach to solving these optimization problems, one first
writes down the Lagrangian function by associating a multiplier λ ∈ Rn for the se-
cant equation and by treating the symmetry equation as n(n−1)/2 scalar equations
Xij = Xji, 1 ≤ i < j ≤ n. One then proceeds to write the Karush–Kuhn–Tucker
conditions and to solve the resulting equations. Although the required calculations
are not difficult, some parts are unnecessary, and the resulting formula for the op-
timal solution seems somewhat obscure.

In this paper, we solve such problems in a simpler, geometric fashion, which also
makes the solutions look very natural. We first note that the symmetry constraints
can be eliminated entirely simply by working in the vector space Sn of n× n sym-
metric matrices instead of the vector space Rn×n. We endow the vector space Rn×n

with the trace inner product

〈X,Y 〉 := tr(XTY ) =
n∑

i,j=1

XijYij ,
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which induces the trace inner product

〈X,Y 〉 = tr(XY )

in Sn. Both vector spaces become Euclidean spaces with these inner products.

We first need a preliminary result which is interesting in its own right.

Lemma 2.1. Let s, y ∈ Rn, s 6= 0. Consider the affine subspace A := {X ∈
Sn : Xs = y} in the vector space Sn. The linear subspace corresponding to A is
L = {X ∈ Sn : Xs = 0}. Let {ui}n

1 be a basis of Rn, and define the matrices
Si = suT

i + uis
T , i = 1, . . . , n. The matrices {Si}n

1 are linearly independent and L
is the intersection of n hyperplanes in Sn,

L = {X ∈ Sn : 〈X,Si〉 = 0, i = 1, . . . , n}.

Moreover,
L⊥ = span{S1, . . . , Sn} = {sλT + λsT : λ ∈ Rn}. (2.2)

Proof. The formula for L is obvious. Notice that the equation Xs = 0 in Rn×n is
equivalent to the component equations

〈X, suT
i 〉 = 0, i = 1, . . . , n,

since

0 = 〈ui, Xs〉 = tr
(
uT

i Xs
)

= tr(XsuT
i ) = 〈X, suT

i 〉, i = 1, . . . , n.

Since X is symmetric, we also have

〈X,uis
T 〉 = tr(Xuis

T ) = tr(suT
i X) = tr(uT

i Xs) = tr(XsuT
i ) = 〈X, suT

i 〉,

so that the equation Xs = 0 is also equivalent to the component equations

〈X,uis
T 〉 = 0, i = 1, . . . , n.

Consequently, L ⊆ Sn can be written as an intersection of n hyperplanes 〈X,Si〉 = 0,
i = 1, . . . , n.

The formula L⊥ = span{S1, . . . , Sn} follows immediately. Any linear combina-
tion

∑n
i=1 δiSi ∈ L⊥ can be written as

n∑
i=1

δi(suT
i + uis

T ) = sλT + λsT

where λ =
∑n

i=1 δiui.

The matrices {Si}n
1 are linearly independent: the equation 0 =

∑n
1 δiSi = λsT +

sλT gives 0 = (sTλ)λ + ||λ||2s, and taking the inner product of both sides with
s yields (sTλ)2 + ||λ||2 · ||s||2 = 0. Thus, ||λ||2 · ||s||2 = 0, and since s 6= 0, we
have λ = 0. Since λ =

∑n
i=1 δiui = 0 and {ui}n

1 is a basis of Rn, we have δi = 0,
i = 1, . . . , n.
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Most of the variational problems encountered in quasi–Newton methods are
closely related to the following generic least squares problem.

Theorem 2.2. The solution X̄ to the minimization problem in Sn

min
1
2
||X||2

s. t. Xs = y
(2.3)

is given by

X̄ =
syT + ysT

〈s, s〉
− 〈y, s〉
〈s, s〉2

ssT . (2.4)

Proof. Define f(X) = ||X||2 = 〈X,X〉/2. We have ∇f(X) = X and ∇2f(X) = I,
and the function f is convex. It follows from Lemma 6.1 that the solution X̄ is
characterized by the condition ∇f(X̄) = X̄ ∈ L⊥. Consequently, Lemma 2.1 implies
that X̄ is characterized by the equation

X̄ = λsT + sλT ,

for some λ ∈ Rn. We have

〈y, s〉 = 〈X̄s, s〉 = 〈[λsT + sλT ]s, s〉 = 2〈λ, s〉||s||2,

and 〈λ, s〉 = 〈y, s〉/(2||s||2). Substituting this in the equation y = X̄s = 〈λ, s〉s +
||s||2λ gives

λ =
1

||s||2
y − 〈y, s〉

2||s||4
s.

Finally, substituting this in X̄ = λsT + sλT gives equation (2.4).

Corollary 2.3. Let X0 ∈ Sn be given and W be a symmetric positive definite weight
matrix. The optimal solution X̄ to the minimization problem (in Sn)

min
1
2
‖W 1/2(X −X0)W 1/2‖2

s. t. Xs = y,
(2.5)

is given by

X̄ =X0 +
W−1s(y −X0s)T + (y −X0s)sTW−1

〈s,W−1s〉

− 〈y −X0s, s〉
〈s,W−1s〉2

W−1ssTW−1.

Proof. With the following change of variables

X̂ := W 1/2(X −X0)W 1/2, ŷ := W 1/2(y −X0s), ŝ := W−1/2s,

the problem (2.5) reduces to problem (2.3). After substituting the expressions for
X̂, ŷ, and ŝ into (2.4), we multiply the resulting equality by W−1/2 from both sides
to get the desired expression for X̄.
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The formulas for the DFP and BFGS updates also follow as easy corollaries of
Theorem 2.2.

Corollary 2.4. The DFP update matrix Bk+1 in (1.1) is the optimal solution to
the minimization problem in Sn

min
1
2
‖W 1/2(B −Bk)W 1/2‖2

s. t. Bsk = yk,
(2.6)

where Bk ∈ Sn is an approximation to the Hessian of f at iteration k, yk :=
∇f(xk+1) − ∇f(xk), sk := xk+1 − xk, and W is any symmetric positive definite
matrix satisfying Wyk = sk.

Proof. Using Corollary 2.3, we have

Bk+1 =Bk +
W−1sk(yk −Bksk)T + (yk −Bksk)sT

kW
−1

〈sk,W−1sk〉

− 〈yk −Bksk, sk〉
〈sk,W−1sk〉2

W−1sks
T
kW

−1.

The requirement Wyk = sk (or yk = W−1sk) simplifies the above expression and
makes Bk+1 independent of W . It is a routine to verify that the resulting formula
for Bk+1 is the same as the one obtained by expanding (1.1).

It is evident from (1.1) that Bk+1 = GTG + F where F = γkyky
T
k and G =

B
1/2
k (I − γksky

T
k ). Since both GTG and F are positive semi definite, so is Bk+1.

Moreover, Gd = 0 for d 6= 0 if and only if d is a multiple of sk, but then 〈Fd, d〉 > 0.
Thus, we see that if Bk is positive definite and 〈sk, yk〉 > 0, then the matrix Bk+1

is also positive definite.

Corollary 2.5. The BFGS update matrix Hk+1 in (1.4) is the optimal solution to
the minimization problem in Sn

min
1
2
‖W 1/2(H −Hk)W 1/2‖2

s. t. Hyk = sk,
(2.7)

where sk and yk are defined as in Corollary 2.4, Hk ∈ Sn is a matrix approximating
the inverse Hessian of f at iteration k, and W is any symmetric positive definite
matrix satisfying Wsk = yk.

Proof. The proof is similar to the proof of Corollary 2.4. As in the DFP case above,
if Hk is positive definite and 〈yk, sk〉 > 0, then Hk+1 is positive definite.
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3 Dual least squares problems

Although the minimization problems 2.6 and 2.7 are well–known in the literature
since the 1970s, it seems that the associated dual problems have not been studied
so far, as far as we can determine. In this section, we give two dual problems for the
least squares minimization problem. The first dual problem turns out to be another
minimization problem whose solution coincides with the DFP and BFGS update
formulas and the second dual problem gives a different geometric interpretation for
the update formulas.

We first consider a primal–dual pair of geometric least squares problems, see
Courant–Hilbert [5], pp. 252–257.

Theorem 3.1. Let x0, yo ∈ E be given points in a Euclidean space E, and let
L ⊆ E be a linear subspace of E. The following least squares problems are duals of
each other. Furthermore, they have the same optimal solution.

(P) min
1
2
||x− x0||2 (D) min

1
2
||y − y0||2

x ∈ y0 + L y ∈ x0 + L⊥

Proof. Note that the problem (P) can be written as a minimax problem

min
x∈E

max
λ∈L⊥

L(x, λ) :=
1
2
||x− x0||2 + 〈y0 − x, λ〉,

since maxλ∈L⊥〈x− y0, λ〉 = 0 if x ∈ y0 + L, and +∞ otherwise. The dual problem
with respect to the Lagrangian function L(x, λ) is the maximin problem

max
λ∈L⊥

min
x∈E

L(x, λ) :=
1
2
||x− x0||2 + 〈y0 − x, λ〉.

The inner minimum is achieved at the point x∗ = x0 +λ. Substituting this in L and
rearranging the terms, we get L(x∗, λ) = −||λ+ x0 − y0||2/2 + ||x0 − y0||2/2. Thus
the dual problem becomes, up to an additive constant ||x0 − y0||2/2,

max
λ∈L⊥

−1
2
||λ+ x0 − y0||2 = − min

λ∈L⊥

1
2
||λ+ x0 − y0||2.

With the change of variables y = λ+ x0, the right hand side problem is equivalent
to (D).

Let x∗, y∗ be the optimal solutions of (P) and (D), respectively. We have

x∗ − x0 ∈ L⊥, x∗ − y0 ∈ L, y∗ − y0 ∈ L, y∗ − x0 ∈ L⊥,

where the first and third inclusions follow from Lemma 6.1. These imply x∗ − y∗ =
(x∗ − x0) − (y∗ − x0) ∈ L⊥ and x∗ − y∗ = (x∗ − y0) − (y∗ − y0) ∈ L. Thus,
x∗ − y∗ ∈ L ∩ L⊥ = {0}, that is, x∗ = y∗.
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x0 + L⊥

y0

x∗ = y∗

y0 + L

x0

x0 + L

Figure 1: Illustration of Theorem 3.1

Remark 3.2. We emphasize the fact that the above pair of least squares problems
(P) and (D) have the remarkable property that they have the same optimal solution.
This is illustrated in Figure 1. Note that the primal problem (P) is the (orthogonal)
projection of the point x0 on the lower affine subspace x0 +L onto the upper affine
subspace y0 +L, whereas the dual problem (D) is the projection of the point y0 on
the upper affine subspace x0 +L onto the complementary affine subspace x0 +L⊥.
As the proof above shows, the equality x∗ = y∗ of the optimal solutions together
with the Strong Duality Theorem (which holds true in this case since no Slater
conditions are needed for affine constraints) implies the equality

1
2
||x∗ − x0||2 = −1

2
||x∗ − y0||2 +

1
2
||x0 − y0||2,

where the left hand side is the value of the minimax problem and the right hand
side is the value of the maximin problem. This amounts to the equation

||x0 − y0||2 = ||x0 − x∗||2 + ||x∗ − y0||2, x0 − x∗ ∈ L⊥, x∗ − y0 ∈ L,

which is precisely the Pythagorean theorem applied to the triangle with vertices
{x0, y0, x

∗}.

We now use Theorem 3.1 to obtain the duals of the least squares problems (2.6)
and (1.4). By Theorem 3.1, these dual problems are new variational problems whose
solutions are the DFP and BFGS updates, respectively.

Note that in problem (2.6), if we make the change of variables

B̂ := W 1/2(B −Bk)W 1/2, ŷk := W 1/2yk, ŝk := W−1/2sk,
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we arrive at the least squares problem in Sn

min
1
2
||B̂ − B̂k||2

s. t. B̂ŝk = ŷk.

Theorem 3.1 and Lemma 2.1 can then be used to obtain a dual least squares problem
which in turn can be transformed into another least squares problem in terms of
the original variables. Here we obtain this final dual problem in a different fashion,
by changing the inner product instead of the variables.

Let W ∈ Sn be a positive definite matrix. Consider W–norm on Sn given by

||X||2W := tr(W 1/2XW 1/2)2 = tr(WXWX),

and the corresponding inner–product

〈X,Y 〉W := tr(WXWY ) = tr((W ⊗W )XY ) = 〈(W ⊗W )X,Y 〉,

where (W ⊗W )X := WXW . In the Euclidean space (Sn, || · ||W ), the problem (2.6)
becomes

min
1
2
||B −Bk||2W

s. t. Bsk = yk,
(3.1)

to which Theorem 3.1 applies. Let B be any matrix in the affine constraint set
A := {B ∈ Sn : Bsk = yk}. Then A = B + L where L = {B : Bsk = 0}.
In order to determine the dual problem in this setting, we need to compute the
orthogonal complement of L. This is done in the lemma below, which is an analogue
of Lemma 2.1.

Lemma 3.3. Let W ∈ Sn be a positive definite matrix and 0 6= s ∈ Rn. The
orthogonal complement of the linear subspace L = {B : Bs = 0} in the Euclidean
space (Sn, || · ||W ) is

L⊥ = {λ(W−1s)T + (W−1s)λT : λ ∈ Rn}.

Proof. Let {ui} be a basis of Rn. L is characterized by the component equations
uT

i Bs = sTBui = 0, i = 1, . . . , n, or equally well by the equations

0 = 〈B, uis
T + suT

i 〉 = 〈B,W−1(uis
T + suT

i )W−1〉W
= 〈B, (W−1ui)(W−1s)T + (W−1s)(W−1ui)T 〉W , i = 1, . . . , n.

It follows that

L⊥ = span{(W−1ui)(W−1s)T + (W−1s)(W−1ui)T : i = 1, . . . , n}
= {λ(W−1s)T + (W−1s)λT : λ ∈ Rn}.
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Corollary 3.4. The matrix Bk+1 in the DFP update formula (1.1) is the optimal
solution to the least squares problem

min
{

1
2
||Bk − B̄ + λyT

k + ykλ
T ||2W : λ ∈ Rn

}
, (3.2)

where yk, sk, Bk, and W satisfy the conditions in Corollary 2.4, and B̄ ∈ Sn is any
matrix satisfying the secant equation B̄sk = yk. In particular, we may choose

B̄ =
yky

T
k

〈sk, yk〉
.

Proof. The affine constraint set in (3.1) is B̄ + L where L = {B : Bsk = 0},
and we have W−1sk = yk. The proof follows immediately from Theorem 3.1 and
Lemma 3.3.

Similarly, we also have

Corollary 3.5. The matrix Hk+1 in the BFGS update formula (1.4) is the optimal
solution to the least squares problem

min
{

1
2
||Hk − H̄ + λsT

k + skλ
T ||2W : λ ∈ Rn

}
, (3.3)

where yk, sk, Bk, and W satisfy the conditions in Corollary 2.5, and H̄ ∈ Sn is any
matrix satisfying the secant equation B̄yk = sk. In particular, we may choose

H̄ =
sks

T
k

〈sk, yk〉
.

3.1 Another dualization of the least squares problems

We now give a pair of different dual problems for the minimization problems (2.6)
and (2.7). They provide a different interpretation for the DFP and BFGS updates.

Theorem 3.6. Let yk, sk, Bk, and W satisfy the conditions in Corollary 2.4. Let
B̄ ∈ Sn be any matrix satisfying Bsk = yk (say B̄ = (yky

T
k )/〈sk, yk〉). The problem

min 〈Bk − B̄, Y 〉W
s. t. ||Y ||W ≤ 1,

Y = λyT
k + ykλ

T , λ ∈ Rn,

(3.4)

is dual to the minimization problem (2.6) for the DFP update. The DFP update
formula is given by

Bk+1 = Bk + αȲ

where Ȳ is the solution to (3.4) and α is chosen so that the secant equation Bk+1sk =
yk is satisfied.
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Proof. We write problem (2.6) in the form min{||B − Bk||W : B ∈ B̄ + L} where
L = {B : Bsk = 0}. We have

min
B∈B̄+L

||B −Bk||W = min
B∈B̄+L

max
||Y ||W≤1

〈B −Bk, Y 〉W

= max
||Y ||W≤1

min
B∈B̄+L

〈B −Bk, Y 〉W

= max
||Y ||W≤1

{
〈B̄ −Bk, Y 〉W + min

X∈L
〈X,Y 〉W

}
= max
||Y ||W≤1,Y ∈L⊥

〈B̄ −Bk, Y 〉W ,

where the second equality follows from the minimax theorem, and the last equality
follows from the fact that min{〈X,Y 〉W : X ∈ L} equals zero if Y ∈ L⊥, and −∞
otherwise. Using the Cauchy–Schwarz inequality, the first equality above holds only
if Bk+1 − Bk = αȲ for some α ∈ R, where Ȳ is the optimal solution to (3.4). This
completes the proof, since L⊥ is given in Lemma 3.3 and W−1sk = yk.

We note that the dual optimal solution Ȳ is the point in L⊥ making the smallest
angle (in the W–inner product) with the point B̄ −Bk.

Similarly, we also have

Theorem 3.7. Let yk, sk, Bk, and W satisfy the conditions in Corollary 2.5. Let
H̄ ∈ Sn be any matrix satisfying Hyk = sk (say H̄ = (sks

T
k )/〈sk, yk〉). The problem

min 〈Hk − H̄, Z〉W
s. t. ||Z||W ≤ 1,

Z = λsT
k + skλ

T , λ ∈ Rn,

(3.5)

is dual to the minimization problem (2.7) for the BFGS update. The BFGS update
formula is given by

Hk+1 = Hk + αZ̄

where Z̄ is the solution to (3.5) and α is chosen so that the secant equation Hk+1yk =
sk is satisfied.

4 Trace–determinant function minimization problems
in quasi–Newton methods

The function ψ : Rn×n → R defined by

ψ(X) = trX − ln detX = 〈I,X〉 − ln detX (4.1)

is used by Byrd and Nocedal [3] in the convergence analysis of the BFGS update rule.
Later, Fletcher [11] shows that the DFP and BFGS update rules can be obtained
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from the minimization of function ψ(X) subject to the same constraints as in the
least squares minimization case. Here, we present a more geometric version of the
proof of main Theorem 2.1 in [11].

Theorem 4.1. Let the affine set {X ∈ Sn : Xs = y} contain a positive definite
matrix. The solution X̄ to the minimization problem in Sn

min ψ(X) = 〈I,X〉 − ln detX
s. t. Xs = y

(4.2)

satisfies

X̄−1 = I +
ssT

〈y, s〉
− syT + ysT

〈y, s〉
+
〈y, y〉
〈y, s〉2

ssT . (4.3)

Proof. The first and second derivatives of ψ are given by

∇ψ(x) = I −X−1, ∇2ψ(x) = X−1 ⊗X−1,

see equation (6.4) in the Appendix. Thus, ψ is strictly convex on the cone of positive
definite matrices in Sn (the semidefinite cone). It is also coercive on the same cone.
Lemma 6.1 and Lemma 2.1 imply that the optimal solution X̄ satisfies the condition

I − X̄−1 = sλT + λsT , (4.4)

for some λ ∈ Rn. Using the secant equation X̄−1y = s, we get

〈y − s, y〉 = 〈(I − X̄−1)y, y〉 = 〈[sλT + λsT ]y, y〉 = 2〈λ, y〉 〈y, s〉,

which yields 〈λ, y〉 = 〈y − s, y〉/(2〈y, s〉). Substituting this in the equation

y − s = (I − X̄−1)y = 〈λ, y〉s+ 〈y, s〉λ

gives

λ =
y − s

〈s, y〉
+
〈s− y, y〉
2〈s, y〉2

s.

Substituting this in (4.4) and simplifying the result gives (4.3).

Corollary 4.2. Let 〈sk, yk〉 > 0 and Hk ∈ Sn be positive definite, where Hk is the
approximation to the inverse Hessian at iteration k. The matrix Hk+1 in the BFGS
update formula (1.4) satisfies Hk+1 = B̄−1 where B̄ is the optimal solution to the
minimization problem in Sn

min ψ(H1/2
k BH

1/2
k ) = 〈Hk, B〉 − ln detB + const

s. t. Bsk = yk.
(4.5)
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Proof. The change of variables X = H
1/2
k BH

1/2
k , y = H

1/2
k yk, and s = H

−1/2
k sk

reduces the problem to the minimization problem (4.2) in Theorem 4.1. Substituting
the values of X, y, s above in equation (4.3) and simplifying, we obtain

B̄−1 = Hk −
sky

T
k Hk +Hkyks

T
k

〈sk, yk〉
+

sks
T
k

〈sk, yk〉
+
〈Hkyk, yk〉
〈sk, yk〉2

sks
T
k .

The right hand side of this formula is identical to the one in (1.4). Consequently,
B̄ = H−1

k+1. This completes the proof.

Corollary 4.3. Let 〈sk, yk〉 > 0 and Bk ∈ Sn be positive definite, where Bk is
the approximation to the Hessian at iteration k. The matrix Bk+1 in the DFP up-
date formula (1.1) satisfies Bk+1 = H̄−1 where H̄ is the optimal solution to the
minimization problem in Sn

min ψ(B1/2
k HB

1/2
k ) = 〈Bk,H〉 − ln detH + const

s. t. Hyk = sk.

Proof. This is similar to the proof of Corollary 4.2, using the change of variables
X = B

1/2
k HB

1/2
k , y = B

1/2
k sk, and s = B

−1/2
k yk.

4.1 Dual of the trace–determinant function minimization problem

Here we work out the dual to the minimization problem (4.5) for the BFGS update.
As in the case of the least squares minimization problems, this dual does not seem
to be studied in the literature. As we will see, the optimal solution to the dual
problem is directly related to the BFGS update matrix. Similar results also hold
true for the DFP update formulas.

Theorem 4.4. Let X0, Y0 ∈ Sn. The following minimization problems are duals of
each other,

(P) min 〈X0, X〉 − ln detX (D) min 〈Y0, Y 〉 − ln detY

X ∈ Y0 + L Y ∈ X0 + L⊥

If (P) and (D) both have feasible positive definite solutions, then they both have op-
timal solutions and the strong duality theorem holds true. Furthermore, the optimal
solutions of (P) and (D) are inverses of each other, that is, Ȳ = (X̄)−1 where X̄
and Ȳ are the optimal solutions of (P) and (D), respectively.

Proof. Since the objective functions in (P) and (D) are coercive, both problems
have optimal solutions and the strong duality theorem holds true. The problem (P)
can be written as a minimax problem

min
X

max
Z∈L⊥

L(X,Z) := 〈X0, X〉 − ln detX + 〈X − Y0, Z〉,

13



since maxZ∈L⊥〈X − Y0, Z〉 = 0 if X−Y0 ∈ L, and +∞ otherwise. The dual problem
with respect to L(X,Z) is

max
Z∈L⊥

min
X

{〈X0, X〉 − ln detX + 〈X − Y0, Z〉} .

The inner minimum is achieved at the point X̂ satisfying

(X̂)−1 = X0 + Z. (4.6)

Substituting this in L and simplifying, we arrive at L(X̂, Z) = n − 〈Y0, Z〉 +
ln det(X0 + Z). Thus, the dual problem is equivalent to

min
Z∈L⊥

{〈Y0, Z〉 − ln det(X0 + Z)} .

With the change of variables Y = X0 + Z, and using the description of L⊥ in
(2.2), we see that the above problem is equivalent to (D). It follows from (4.6) that
Ȳ = (X̄)−1.

The following corollary is immediate, using the choices X0 = Hk, Y0 ∈ Sn is
any matrix satisfying the condition Bsk = yk (such as Y0 = yky

T
k /〈sk, yk〉), and

L = {B ∈ Sn : Bsk = 0}.

Corollary 4.5. Let sk, yk, Hk and Hk+1 be defined as in Corollary 4.2. Hk+1 in
the BFGS update formula (1.4) is the optimal Ȳ to the minimization problem

min 〈Y0, Y 〉 − ln detY

Y = Hk + λsT
k + skλ

T , λ ∈ Rn.
(4.7)

Thus, we obtain here a new result that the BFGS update matrices Bk+1 and
Hk+1 := B−1

k+1 come from the primal dual problems (4.5) and (4.7), respectively.

A similar result holds for the DFP updates.

5 Quasi–Newton methods for sparse problems

In an unconstrained optimization problem, if the Hessian of the function f to be
minimized has some sparsity pattern, then it is desirable that the approximations
to the Hessian have the same pattern. For large-scale problems this becomes very
important because at each iteration of the quasi–Newton method a linear system
involving the approximation to the Hessian is solved.

Assume that the Hessian H = H(x) := ∇2f(x) has the same sparse structure
at each point x. Define S = {(i, j) : Hij = 0}, then the sparsity condition on the
approximations becomes Bij = 0 for all (i, j) ∈ S. These conditions can be included
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in the minimization problems for updating rules, but solving the corresponding
problems efficiently becomes an issue.

The form of the solutions to the least squares problems (2.6) and (2.7) allows us
to conclude that they are positive definite under the condition 〈sk, yk〉 > 0. How-
ever, adding sparsity constraints to the variational problems changes the structure
of the optimal solution and positive definiteness can no longer be satisfied automat-
ically. One way to overcome this difficulty is to approximate the obtained update
with a positive definite matrix. Alternatively, the DFP and BFGS updates can be
obtained from minimization of the trace–determinant function ψ(X). The positive
definiteness of the optimal solution is guaranteed by the nature of ψ(X).

Devising efficient quasi–Newton methods for sparse unconstrained optimization
problems is a very important issue. Limited memory quasi–Newton methods of
Nocedal [17] are popular, and the particular structure of the sparsity pattern can
be exploited, but the research for better algorithms is ongoing. Recently, there has
been exciting developments in the use of l1–norm minimization methods and convex
optimization for obtaining sparse solutions for some problems, see [4],[9], [21]. It is
not clear at present what impact these developments will have on quasi–Newton
methods.

In this section, we will be content with giving short and transparent solutions to
two variational results in this area as well as highlighting some related algorithmic
issues.

Theorem 5.1. (Toint [20]) Let S ⊂ {(i, j) : 1 ≤ i, j ≤ n}. Consider the minimiza-
tion problem in the vector space Sn

min
1
2
||X||2

s. t. Xs = y,

Xij = 0, (i, j) ∈ S.

(5.1)

Define L := {X : Xij = 0, (i, j) ∈ S}. The optimal solution to (5.1) is given by

X̄ = ΠL(λsT + sλT ), (5.2)

where λ is the solution of the linear equations in Rn,

Qλ = y,

where QT = [s1, s2, . . . , sn], si := Sis, Si := ΠL(seTi + eis
T ), i = 1, . . . , n.

Proof. Define M := {X : Xs = 0}. Lemma 6.1 implies that X̄ ∈ (M ∩ L)⊥ =
M⊥ + L⊥. Write

X̄ = (λsT + sλT ) + Λ

with λsT + sλT ∈M⊥ (see Lemma 2.1), and Λ ∈ L⊥. Since X̄ ∈ L, we see that
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X̄ = ΠL(λsT + sλT ).

We have y = X̄s = ΠL(λsT + sλT )s, and

yi =
〈[

ΠL(λsT + sλT )
]
s, ei

〉
=

〈
ΠL(λsT + sλT ),

eis
T + seTi

2

〉
=

〈
λsT + sλT

2
,ΠL(eisT + seTi )

〉
=

〈
λsT + sλT

2
, Si

〉
= 〈Sis, λ〉 = 〈si, λ〉.

The projection operator ΠL is the simple, so–called “gangster operator” defined
by

G(H)ij =

{
0 (i, j) ∈ S,
Hij (i, j) ∈ S⊥

with S⊥ denoting the complement of S, because it shoots “holes” at the entries
(i, j) ∈ S of matrix H.

We remark that the matrix Q is symmetric, since

Qij = (si)j = 〈si, ej〉 = 〈ΠL(seTi + eis
T )s, ej〉 =

〈
ΠL(seTi + eis

T ),
sej + ejs

T

2

〉
=

〈
seTi + eis

T

2
,ΠL(sej + ejs

T )
〉

= Qji,

and has the same sparsity pattern S: We have

Qij =
〈

ΠL(seTi + eis
T ),

sej + ejs
T

2

〉
= 〈ΠL(seTi + eis

T )ej , s〉,

and it is easy to show that ΠL(seTi + eis
T )ej = 0 if (i, j) ∈ S.

We also give a short proof of a variational problem of Fletcher.

Theorem 5.2. (Fletcher [12]) Let Bk be positive definite, and Hk = B−1
k . The

solution B̄ to the minimization problem in Sn

min ψHk
(B) := 〈Hk, B〉 − ln det(B)

s. t. Bsk = yk,

Bij = 0, (i, j) ∈ S
(5.3)

is characterized by the existence of λ such that

G(H̄) = G(Hk + λsT + sλT ),

where H̄ = B̄−1.
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Proof. As in the proof of Theorem 5.1, define L := {B : Bij = 0, (i, j) ∈ S} and
M := {B : Bsk = 0}. The optimal solution B̄ satisfies

∇BψHk
(B̄) = Hk − B̄−1 ∈M⊥ + L⊥,

that is,
B̄−1 = Hk + λsT

k + skλ
T + Λ,

where Λ ∈ L⊥. The theorem is proved since G(Λ) = 0.

We see again that the sparsity constraints complicate the problem and it be-
comes hard to obtain an explicit formula for the update. Fletcher [12] proposes a
numerical method to solve the above nonlinear system. Although, he provides nu-
merical results, no convergence analysis is given. One way of obtaining complexity
results for this problem is to use Newton’s method. The function ψHk

is a self–
concordant function and the complexity of Newton’s method can be estimated for
such functions, see Nesterov and Nemirovskii [16]. At each step of Newton’s method
for minimizing (5.3), we need to solve the least squares problem in Sn, where X is
known and positive definite,

min
1
2
‖X−1/2 [(∆X)− (X −XHkX)]X−1/2‖2

s. t. (∆X)sk = 0,
(∆X)ij = 0, (i, j) ∈ S,

(5.4)

see (6.3) and (6.4) in the Appendix. Since the problem (5.4) is the weighted pro-
jection of X − XHkX onto the intersection of two linear subspaces, obtaining an
explicit solution is not easy. Next, we discuss a way of attacking this problem using
the method of alternating projections.

5.1 The method of alternating projections

We have already encountered two least squares problems (5.1) and (5.4) which
involve projecting a point onto the intersection of two linear subspaces. In these
problems, projecting onto each subpspace is trivial, but projecting onto the inter-
section is not. In the first problem, the problem was reduced to solving a small
system of equations, but in general this is not possible.

The iterative method of alternating projections finds the projection of a point
to the intersection of a finite number of closed linear subspaces by projecting onto
each subspace in succession. The method and its convergence, in the case of two
subspaces, seems to be due to von Neumann, see Lemma 22 in [22], and also [1],
pp. 375–380.

Theorem 5.3. Let A1, . . . ,Ar be closed linear spaces in a Hilbert space H,
Π1, . . . ,Πr the orthogonal projection operators onto A1, . . . ,Ar, respectively, and
Π the orthogonal projection operator onto ∩r

1Ai. Then for each x ∈ H,
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lim
n→∞

(πrπr−1 . . . π1)
n (x) = π(x), (5.5)

and
‖ (πrπr−1 . . . π1)

n (x)− π(x)‖ ≤ cn‖x‖. (5.6)

Here,

c :=

[
1−

r−1∏
i=1

(1− c2i )

]1/2

and ci is the cosine of the angle between Mi and ∩r
j=i+1Mj.

Theorem 5.4. For r = 2, the estimate (5.6) in Theorem 5.3 can be replaced by

‖ (π2π1)
n (x)− π(x)‖ ≤ c2n−1‖x‖.

Furthermore, ‖ (π2π1)
n − π‖ = c2n−1.

The proof of the theorems can be found in Chapter 9 of Deutsch [8]. Thus, the
problem of projecting a point onto the intersection of linear spaces can be solved if
the projection onto each space is easy. Theorem 5.4 gives a sharp convergence rate.
In the general case of an arbitrary number of linear subspaces, a sharp theoretical
rate of convergence is given in [23].

6 Appendix

In this appendix, we collect for completeness several results used in the main body
of the paper.

6.1 Minimizing a function on an affine subspace

Lemma 6.1. Let A = a + L ⊆ E be an affine set in a Euclidean space E where
a ∈ A and L is a linear subspace of E. Let f : A → R be a differentiable function,
and consider the minimization problem min{f(x) : x ∈ A}. If a vector x̄ ∈ A is a
local minimizer of f , then

∇f(x̄) ∈ L⊥. (6.1)

If f is convex, then (6.1) is a sufficient condition for x̄ to be a global minimizer of
f on A.

Proof. Let x ∈ A be an arbitrary point of A. For |t| small enough, we have

f(x̄) ≤ f(x̄+ t(x− x̄)) = f(x̄) + t〈∇f(x̄), x− x̄〉+ o(t),

where the inequality follows from x̄’s being a local minimizer of f , and the equality
follows from Taylor’s formula. Thus, we have
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t〈∇f(x̄), x− x̄〉+ o(t) ≥ 0,

for all t small enough. For t > 0, dividing both sides by t and letting t → 0 gives
〈∇f(x̄), x− x̄〉 ≥ 0. For t < 0, the same procedure leads to 〈∇f(x̄), x− x̄〉 ≤ 0.
Since an arbitrary point in L can be represented as x− x̄ for some x ∈ A, we obtain
equation (6.1).

If f is convex and x is any point in A, we have f(x) ≥ f(x̄) + 〈∇f(x̄), x− x̄〉 =
f(x̄), where the inequality follows from the convexity of f and the equality follows
from (6.1).

Corollary 6.2. The orthogonal projection of an n× n matrix A onto the subspace
of symmetric matrices is (A+AT )/2, that is, ΠSn(A) = (A+AT )/2.

Proof. The orthogonal projection ΠSn(A) is the optimal solution to the problem

min
{
f(X) :=

1
2
||X −A||2 : X ∈ Sn

}
on the vector space Rn×n. Since ∇f(X) = X −A and ∇2f(X) = I, f is convex. By
Lemma 6.1 in the Appendix, it suffices to verify that ∇f(X∗) = (A+AT )/2−A =
(AT −A)/2 is orthogonal to every symmetric matrix. If X is symmetric, we have

〈AT −A,X〉 = tr((AX −ATX) = tr(AX)− tr((XA)T ) = 0,

since tr(A) = tr(AT ) and tr(AB) = tr(BA).

6.2 Newton’s method for minimizing a function on an affine sub-
space

Consider minimizing a strongly convex function (∇2f(x) positive definite) on an
affine subspace A,

min{f(x) : x ∈ A}.

Let A = a+L where L is a linear subspace. Write L = R(A) where A : V → Sn is a
linear operator on a vector space V . The problem can be written as an unconstrained
minimization problem on V

min g(y) := f(a+Ay).

The Newton direction ∆y minimizes the quadratic approximation of g(y) given by

g(y) + 〈∇g(y),∆y〉+
1
2
〈∇2g(y)∆y,∆y〉,

thus, ∆y solves the linear system

∇2g(y)∆y +∇g(y) = 0. (6.2)
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Using the Taylor’s expansion,

g(y + ∆y) = f(a+A(y + ∆y))

= f(a+Ay) + 〈∇f(a+Ay), A∆y〉+
1
2
〈∇2f(a+Ay)A∆y,A∆y〉+ . . . ,

we see that (6.2) becomes

A∗∇2f(a+Ay)A∆y +A∗∇f(a+Ay) = 0.

In terms of the original variables, we obtain

∇2f(x)∆x+∇f(x) ∈ N (A∗) = R(A)⊥ = L⊥.

Using (6.1), this is equivalent to stating that ∆x solves the problem

min{f(x) + 〈∇f(x),∆x〉+
1
2
〈∇2f(x)∆x,∆x〉 : ∆x ∈ L},

which is in fact the least squares minimization problem

min
{

1
2
‖(∇2f(x))1/2

[
∆x+ (∇2f(x))−1∇f(x)

]
‖2 : ∆x ∈ L

}
. (6.3)

Consequently, Newton’s direction for minimizing a function on an affine set is pre-
cisely the projection of the unconstrained Newton’s direction −(∇2f(x))−1∇f(x)
onto the linear subspace L with respect to the inner product with weight (∇2f(x))1/2.

6.3 The derivatives of the log–determinant function

We expand the Taylor series of the function f(X) = ln detX at X ∈ Sn positive
definite and D ∈ Sn as follows.

∆f := f(X + tD)− f(X) = ln det(X + tD)− ln detX

= ln det(X1/2(I + tX−1/2DX−1/2X1/2)− ln detX

= ln det(I + tX−1/2DX−1/2).

Define D̂ := X−1/2DX−1/2. Writing the orthogonal decomposition of D̂ in the
form D̂ = QΛQT where Q is an n × n orthogonal matrix (whose columns are the
eigenvectors of D̂), and Λ is an n × n diagonal matrix whose elements are the
eigenvalues of D̂, we have

∆f = ln det(I + tΛ) = ln
n∏

i=1

(1 + tλi) =
n∑

i=1

ln(1 + tλi)

= t tr Λ− t2

2
trΛ2 + o(t3) = t tr(D̂)− t2

2
tr(D̂)2 + o(t3)

= t〈X−1, D〉 − t2

2
〈(X−1DX−1), D〉+ o(t3),
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where the operator ⊗ is defined as (X−1 ⊗ X−1)D := X−1DX−1, and where we
used ln(1 + tα) = tα− 1

2(tα)2 + o(t3) in the fourth equation. We conclude that

∇f(X) = X−1, ∇2f(X) = −X−1 ⊗X−1. (6.4)
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