Stability and Sensitivity Analysis for Optimal
Control Problems with a First-order State
Constraint having (nonessential) Touch Points

J. Frédéric Bonnans* Audrey Hermant*

25th July 2006

Abstract

The paper deals with an optimal control problem with a scalar first-
order state constraint and a scalar control. In presence of (nonessen-
tial) touch points, the arc structure of the trajectory is not stable. We
show how to perform a sensitivity analysis that predicts which touch
points will, under a small perturbation, become inactive, remain touch
points or switch into boundary arcs. The main tools are the study of
a quadratic tangent problem and the notion of strong regularity. The
results can be interpreted as an extension of the shooting algorithm to
the case when touch points occur for first-order state constraints. An
illustrative example is given.
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Introduction

This paper deals with an optimal control problem (of an ordinary differential
equation) with a scalar first-order state constraint and a scalar control. It is
well-known that for first-order state constraints, touch points (locally unique
times where the constraint is active) are nonessential (the associated jump
of the multiplier is null) (see e.g. [10, 9]). Situations where touch points
are present may be encountered, for instance, when solving the optimal
control problem by indirect approaches using an homotopy method in order
to guess the arc structure of the trajectory, see e.g. the famous example in
[1]. Therefore it is of interest to study sensitivity of solutions around touch
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points, when the constraint becomes active. Under a small perturbation,
several events may occur. Among them, the constraint may locally become
inactive, the touch point may remain a touch point, or it may give rise to
a boundary arc. Our main result is that, under natural hypotheses, these
are the only three possibilities, and that the boundary arcs have a length of
order of the perturbation, and satisfy a “strict complementarity” hypothesis.
In addition, we show how to compute a first-order expansion of the solution.
The analysis uses in a critical way a certain tangent quadratic problem,
and at the same time is in the spirit of the shooting approach, in the sense
that touch points are converted into boundary arcs of zero length, and we
compute the first-order expansion of all entry and exit points. The proof
applies the notion of “strong regularity” in the sense of Robinson [16] to a
system that happens to be equivalent to the optimality conditions of the
tangent quadratic problem. Our formulation of the corresponding shooting
formulation (of which all entry and exit times are variables, in addition to
the initial costate and jumps of the alternative multiplier at entry times)
allows exit times to be lower than entry times; however, we check that the
solution of the shooting formulation is such that entry times are lower than
or equal to corresponding exit times.

This paper is related to our previous work: the study of no-gap second-
order optimality conditions in [2], and the shooting formulation, allowing
nonessential touch points for state constraints of order greater than one,
and for which we also use the notion of strong regularity [3]. In both papers
we assume also the state constraint and the control to be scalar-valued. In
a forthcoming paper we will extend all these results to the case of vector-
valued state constraints and control.

Two ways have been explored to obtain stability results for optimal con-
trol problems: on the one hand, implicit mapping theorems in infinite di-
mensional spaces (see e.g. [17, 11]), and one the other hand, shooting for-
mulations that reduce locally the problem into a finite-dimensional one (a
two-(or multi) point boundary value problem; see e.g. [18, 15]). With first-
order state constraints, L2-stability of solutions was obtained, under strong
second-order sufficient conditions, by Malanowski [12], using an infinite-
dimensional implicit function theorem based on two-norms approach, and
by Dontchev and Hager [6], using an implicit function theorem in metric
spaces. In Malanowski [12], directional differentiability of solutions in L2
was established, using the results on differentiability of projection onto a
closed convex cone in Hilbert spaces [8]. In Dontchev and Hager [6], L*°-
stability of solutions was derived, under an additional assumption on the
contact set (“contact separation”). As for finite dimensional approaches,
Malanowski and Maurer obtained in [13] differentiability of solutions in L*°
by application of the implicit function theorem to the shooting mapping,
under stronger assumptions (finitely many nontangential junction points,
and strict complementarity). The present work can be seen as an extension



of [13], to the case when (nonessential) touch points are present. We obtain
Fréchet directional derivatives as solution of an inequality-constrained lin-
ear quadratic problem, under a minimal second-order sufficient condition,
weakening that of [13].

The paper is organized at follows. Section 1 recalls basic definitions and
the alternative formulation. In section 2, the main result is stated. In section
3, the problem is reduced to a generalized finite-dimensional equation, with a
complementarity constraint. Robinson’s strong regularity theory is applied
to the latter in section 4, where the main result is proved. Section 5 deals
with directional differentiability of solutions. In section 6, a basic illustrative
example is presented. Finally, in the Appendix, a complement of proof is
given.

1 Preliminaries and Optimality Conditions

Let U := L>(0,T) (resp. Y := WH*(0,T;R")) denote the control (resp.
state) space. Let M be a Banach space (the space of perturbations param-
eter) and, for p € M, the cost function ¢# : R x R™ — R, final cost function
o : R™ — R, dynamics f* : R x R — R", state constraint g* : R® — R,
initial condition y € R™, and (fixed) final time 7' > 0. We consider the
following optimal control problem:

P min / 04 (ut), y (D)t + ¢ (y(T)) 1)

u,y)EUXY
subject to ( ) = fH(u(t),y(t)) for a.a. ¢ €[0,T]; y(0) =yh, (2)
g"(y(t)) <0, for all t € [0,T]. (3)

We study perturbations of problem (P*) around a given value of parameter
o € M, and we sometimes omit the superscript p when we refer to the
problem and data associated with pg, i.e. (P):= (P*°) and (4,9, f,9,y0) :=
(guoj(buo’fuo’guo’ygo)‘

We assume throughout the paper that the assumptions below hold:

(A0) The mappings £#0, ¢Ho, fHo and g0 are of class C?, with locally Lip-
schitz continuous second order derivatives, and the dynamics f#0 is
Lipschitz continuous;

(A1) the initial condition satisfies g"° (yA°) < 0.

These assumptions will not be repeated in the various results of the paper.
A parametrization (¢, ¢, f*, g",yh), identified with problem (P*), i
an stable extension of (P), if there exists a neighborhood My of po, Such
that (i) there exists C2 mappings ¢ : R x R” x My — R; ¢ : R" x My — R;
f RxR"x Mg — R* g :R*”x My — R and g9 : My — R", such
that ¢“(u,y) = £(u,y,p) for all (u,y) € R x R” and all x € My (and



similarly for ¢*, f*, g", and y); (ii) the mappings ¢#, f#, ¢, g" have
Lipschitz continuous second-order derivatives and f* is Lipschitz continuous,
uniformly over u € M.

In this paper, we always consider stable extensions (P#).

1.1 Definitions and Notations

The space of row vectors is denoted by R™*, and the adjoint and transpo-
sition operator in R" are denoted by a star *. Fréchet derivatives of f, ¢,
etc. w.r.t. arguments u € R, y € R", are denoted by a subscript, for in-
stance fy(u,y) = Dy, f(u,y). The space L"(0,T), r € [1, 0], is the Lebesgue
space of functions such that ||ul/, := (fOT lu(t)|" )" < oo for 1 < r < oo
and [Jul|oo := supessycpo 7 [u(t)| < oo, and WLT(0,T) is the Sobolev space of
functions in L"(0,7") with a weak derivative in L"(0,7"). The space of con-
tinuous functions and its dual space, the space of bounded Borel measures,
are denoted respectively by C[0,7] and MJ[0,7]. The cone of nonnega-
tive measures is denoted by M [0, 7], and BV ([0, T]; R™) denotes the space
of vector-valued functions of bounded variation over [0,7]. The elements of
M0, T are identified with functions of bounded variation vanishing at zero.

Given p € My, a trajectory of (PH) is an element (u,y) € U x Y satisfying
the state equation (2).

The first-order time derivative of the state constraint is the function de-
fined by (¢") : R x R* — R, (u,y) — gy (y)f*(u,y). In this paper, we
consider state constraints of first order, that is, the function (g)™® (u,y) de-
pends explicitly on the control variable u in the neighborhood of the contact
set of the constraint, see assumption (A3).

The classical (resp. augmented) Hamiltonian functions H* : R x R™ x
R™ — R (resp. H* : R x R” x R™ x R — R) are defined by:

- HMuyp) = Pwy) +pfH(uy) (4)
H'(u,y,pr,m) = H"(u,y,p1) +n1(g")V (u,y). (5)

For (u,y) an admissible trajectory of (P*), i.e. satisfying the constraint
(3), define the contact set by:

I(g"(y)) == {t€[0,T]; g"(y(t)) = 0}. (6)

A boundary arc (resp. interior arc) is a maximal interval of positive mea-
sure Z such that g*(y(t)) = 0 (resp. g(y(t)) < 0), for all ¢t € Z. Left
and right endpoints of a boundary arc [Ten, Tex] are called entry and exit
point, respectively. A touch point T4, is an isolated contact point, satisfying
g*(y(10)) = 0 and g*(y(t)) < 0, for t # 7, in the neighborhood of 7y,.
Entry, exit and touch points are called junction points.

When a trajectory (u,y) of (P*) has a finite set of junction times, the
latter is denoted by

T =:Tepn UTer Uy,



with ¢y, Zep and Ty, the disjoint (and possibly empty) subsets of respec-
tively regular entry, exit and touch points. We denote by 7y the union of
boundary arcs, i.e. Zp := U b e, ] for 1oy = {T(" .. < 7xp} and
similar definition of 7., and we have I(g"(y)) = T UTLy. The arc structure
of a trajectory is the (finite) number of boundary arcs and touch points, and
the order in which they occur.

Given a finite subset S of (0,7), we denote by PC%[0,T] the set of
functions over [0, 7] that are of class C¥ outside S, and have, as well as their
first k derivatives, a left and right limit over SU{0,T'}. For all ¢ € PCE[0, T7,
we denote left-and right limits at 7 € S by ¢(7F) := lim,_,,+ ((t), and jump
by [p(7)] := @(17) — (7). The subset of functions in PCE[0, T] having
continuous derivatives on [0, 7] until order r > 0 is denoted by PCZ’T[O, T) =
PCE[0,T] N C7[0,T]. We also use the notation vs := (v )res € RE¥IS,

1.2 Alternative Formulation of Optimality Conditions.

Let us first recall the definition of Pontryagin extremals.

Definition 1.1. A trajectory (u,y) a Pontryagin extremal for (P*), if there
exists « € Ry, n € M[0,T] and p € BV([0, T]; R™), (n,p,«) # 0, such that:

J(t) = (), y(t) ae on [0,T] ; y(0) =yl (7)

dp(t) = {a%‘( w(t), y(1)) +p(t) £ Cut), (1)) Yt +-g2 (y(1))dn(t) om [0, ) (8)

p(T) = a¢t(y(T)) (9)

u(t) € argmingcg {oll (4, y(t) + p(t) F (@ y(D)} ae. on [0,7]  (10)
T

0> (1) : dn >0 /0 ¢ (y()dn(t) = 0. (11)

When a > 0, dividing p and 1 by «, we can take o = 1 in the above equa-
tions, and in that case we say that (u,y) is a normal Pontryagin extremal.

It is well known that optimal solutions of (P#) are Pontryagin extremals.
In presence of pure state constraints, a reformulation of the optimality
conditions is needed to apply shooting methods. Our results are based
on the following alternative formulation of optimality conditions, see e.g.
[5, 10, 9, 14, 3].

Definition 1.2. A trajectory (u,y) having finitely many junction times 7, is
solution of the alternative formulation, if there exists p; € PC%—([O, T],R™),
n € PCHO,T], and alternative jump parameters V%—m and vg; , such that
the following relations are satisfied (time dependence is omitted):

g = fMluwy) on[0,T] ; y(0)=yy (12)
—p1 = Hj(uw,y,p1,m) on [0, T]\ T (13
0 = HMu,y,p1,m) on [0,T)\ T (14)



@M wy) = 0 oni, (15)
m) = 0 on [0,T]\ Zy (16)

n(T) = ¢, y(T)) (17)

9" W(Ten)) = 0,  Ten €T (18)
9" (y(10)) = 0, Tto € Tto (19)
1(7en)] = —vr, 0 (y(Ten))s  Ten € Ten (20)
[p1(7ez)] = 0, Tew € Tex (21)
[p1(7t0)] = —Vnogﬁ(y(ﬁo))v Tto € Tto- (22)

A solution of the alternative formulation satisfies the additional conditions,
if the conditions below hold:

g'(y(t) < 0 on[0,T]\ (ZpUTi)
m(t) < 0 on IntZ,
ve, = m@h),  Ten € Ton ; M(Te) = 0, Tex € Ty

Ten

Ve, = 0 T € Ty

We assume that problem (P) has a local optimal solution, denoted in the
sequel by (@, ¥), and that the latter satisfies, with p1,7; and 7 its associated
multipliers in the alternative formulation and junction times, the following
assumptions:

(A2) Uniform strong convexity of the Hamiltonian w.r.t. the control vari-
able, i.e. there exists a > 0, such that

HEO (4, 5(t), pr (), 71 (1)) > a, for all 4 € R and all ¢ € [0,T]. (27)

(A3) Uniform regularity of the state constraint near the contact set, i.e.,
there exists (3, > 0 such that

(") D (@, 5(t))| > 8, for a.a. ¢, dist(t;I(g" (y))) < e and all @ € R.
(28)

(A4) The trajectory

(u,y) has a finite set of junction times T, and we
suppose that g(y(

)) <

Proposition 1.3 (See e.g. [10, 9, 13]). Let (u,y) be an optimal solu-
tion of (PH0), satisfying (A2)-(A4). Then (u,y) is solution of alternative
formulation (12)-(22), and satisfies additional conditions (23)-(26).

Remark 1.4. Tt can be shown (see [3, Prop. 2.10]) that under (A2)-(A4), re-
lations (12)-(26) characterize Pontryagin extremals. When (A3) (and (Al))
hold, the extremal is normal (o = 1), and the (unique) classical multipliers



n € M4[0,T] and p € BV(]0,T]; R™) of Def. 1.1, are given by (recall that
we adopted the convention 1(0) = 0):

n(t) = D vl () —m*) 5 pt) =pi(t) + mt)gy(y(t), (29)
T€Ten

with 1;>,(¢) = 1 if ¢ > 7 and zero otherwise. Equivalently, n is given by
dn(t) = —nu(t)dt.

Classical multipliers (p,n) and alternative ones (p1,71) can be recovered
from each other by (29) and (25). By (20)-(22) and additional conditions
(25)-(26), we have (p,n) € PC#O([O,T],R"*) X PC#O[O,T]. It is also easy to
see that, when (29) holds,

Hu('7y7pl7771) = Hu(‘vyvp)a

and hence, (A2) is equivalent (with p the classical costate associated with
u) to:

HE (4, 5(t), p(tF)) > o, for all & € R and all ¢ € [0,T].
Remark 1.5. By (24)-(25), the following necessary condition holds:
vy > 0. (30)

Remark 1.6. If (u,y) satisfies the alternative formulation and (A2)-(A4),
then (25) is equivalent to the condition below (see [13] and [3, Prop. 2.15]):

(") (w(72) 9(7en) = 0, Ten € Ten 3 (") (u(7), y(7e)) = 0, Tew € Tea

(31)
Also (25) or (31) is equivalent to the continuity of the control at entry/exit
points. By (26), (14) and (A2), we see that the control is also continuous at
touch points. It follows that (u,y) € PC;O[O,T] X PCéll([O,T];R").

Remark 1.7. At a touch point 7, the function ¢ — g*(y(t)) has a local
isolated maximum, and a continuous derivative at 74, (due to the continuity
of u), hence the condition below is satisfied (compare to (31)):

(9") P (u(r0), y(710)) = 0, 7 € T, (32)

2 Statement of the main result

We make in addition to (A2)-(A4) the following assumptions:

(A5) Uniform strict complementarity on boundary arcs:

d _
B>0 ) <—f  forallt€IntTyy (33)



(A6) Non tangentiality at second order at touch points: for all 74, € Tio,

d2
91l i=rs, < 0. (34)

Note that (34) makes sense, since %g(y(t)) is a function of (y,u,%) and u
and @ are continuous at a touch point (since v,, = 0). This condition is
similar to the reducibility hypothesis when the state constraint is of order
g > 2. The proof of the next lemma can be found in [3, Lemma 3.1].

Lemma 2.1. Let (u,y) be a Pontryagin extremal for (P) satisfying (A2)-
(A4). Then assumption (A5) implies that the following non-tangentiality at
second-order holds at entry/exit points:

d? d?
dt2g( ())|t o <0, Ten € Ten dtQQ( ())‘t ok <0, Tew € Ten. (35)

Let the linearized control and state spaces be respectively V := L2(0,7)
and Z := H'(0,T;R"), where H!(0,T) is the Sobolev space of functions
in L2(0,T) with a weak derivative in L?(0,T). Define the quadratic cost
function over V x Z

/Hyywpw<mww
+S(T) 0y (HIDAT) + Y P20 gy (7))

~ T€7en (36)

where H is the augmented Hamiltonian (5), and the set of constraints:
2= fy(@ )z + fu(u,y)v on [0,T] ;  2(0)=0 (37)
9y(y(7))2(1) = 7€ Ten (38)
MH)WM(%O ted, (39)
9y(5(7))2(7) < 7 € Too. (40)

We consider the following second-order condition:
Ji(v,2z) >0, forall (v,2) €V x Z, (v,z) # 0, satisfying (37)-(39). (41)

Remark 2.2. (i) We know by [3, Lemma 3.6] that we can express the quadratic
cost J1, using (p,77) defined by (29) instead of (p1,71), over the space of lin-
earized trajectories (v, z) satisfying (37), by:

(@,9,p)((v,2), (v,2))dt + 2(T)* ¢y, (y(T))2(T)
/ ¥ 9, (5(8)) 2 (£)d71(0):



(ii) Condition (41) is stronger than the no-gap second-order sufficient con-
dition, characterization of the second-order growth condition (see [2]):

Ji(v,2) >0, forall (v,2) €V x Z, (v,z) # 0, satistying (37)-(40). (42)

Remark 2.3. The second-order sufficient condition (41) used in the stability
and sensitivity analysis is weaker than the one given in [13], where the entry
point constraint (38) is omitted. The authors present a numerical method,
based on Riccati equations, allowing to check the coercivity of the quadratic
form J; over the subspace defined by (37) and (39), which if of interest in
applications, while the verification of (41) in practice remains open.

Given (u,u) € My x U, denote by yi; the state solution in ) of:
gut) = fult),yh(t) foraa te[0,7] ; yi(0)=yy, (43)

and the cost function J : U — R, u — fOT P (u(t), yh ())dt + ¢* (yh (T)).

Since strict complementarity does not hold at touch points, the arc struc-
ture of the trajectory (in the sense of number and order of boundary arcs
and touch points) is not stable under a small perturbation. However, we will
see that by (Ab), boundary arcs are locally preserved, and that by (A6), the
only three possibilities for a touch point is to become a boundary arc, re-
main a touch point or become inactive at local solutions of the perturbed
problems. That is what we call having a neighboring arc structure of active
constraints to that of (@,¥), in a sense made precise in section 4.

Below is our main result, that will be proved later.

Theorem 2.4. Let (u,y) be a Pontryagin extremal of (P) satisfying (A2)-
(A6). Then the following assertions are equivalent:

(i) For all stable extensions (P*) of (P*0), there exists neighborhoods (V,, V,,)
of (u, o), such that for all p € V), there exists locally a unique local opti-
mal solution (ut,y*) of (P*) with u* € V,, satisfying the uniform quadratic
growth condition: there exists c¢,r > 0, such that

Ti(u) = JH () rellu—ut |3, Vu; [lu—allo <7, g"(yh) < 0on [0,T]; (44)

(ii) The strong second-order sufficient condition (41) holds.

In addition, if either point (i) or (ii) is satisfied, denote by (p*,n*)
the (unique) classical multipliers associated with the local solution (u*,y").
Then (u*,y*) is the unique Pontryagin extremal of (PH) with ut in the
neighborhood of u, and the mapping

e (Wt gt pt ) €U x Y x L0, T; R™) x L°°(0,T)

1s Lipschitz continuous on a neighborhood of .



In fact there is another main result behind Th. 2.4. We prove in Th. 4.4
that under (A2)-(A6), all Pontryagin extremals, i.e. stationary points (u,y)
of (P*), with (u, u) in a neighborhood of (4, pg) have a neighboring structure
of active constraints to that of (@, y) (and in particular, have finitely many
junction points). This is clearly a stronger result than the existence of a
unique local optimal solution of (P#) as in e.g. Th. 8.3 in [13] (where only
the implication “(ii) = (¢)” was investigated), and than the uniqueness of
Pontryagin extremals satisfying some restrictions on the arc structure, as in
[3, Th. 4.2]. Uniqueness of stationary points, in a certain sense, is needed
to obtain the implication (i) = (i¢) in the above theorem.

In section 5, we will provide the first-order expansion of the local optimal
solution and associated multipliers of the perturbed problem.

3 Shooting Formulation

By (A2)-(A4), applying the implicit function theorem to (14)-(16), we may
express the algebraic variables (u,7;) on each arc as C! functions of the
differential variables (y,p1). Denote by F}' and F! the flows on (y,p1)
obtained respectively on boundary and interior arcs, by eliminating the al-
gebraic variables, and write (y,p1)(t) = (y(t),p1(t)). On each arc (t1,t2),
we have that

(y,p1)(t3) = FL((y,p1)(t]), t2a — t1) (45)

where FL equals .7-'17 for a boundary arc, and F!* for an interior arc. So we
can (and this is precisely the idea of shooting methods) describe the alterna-
tive optimality system (12)-(22) as a sequence of applications of mappings
.7-“;‘ and F!, combined with junction conditions. Note that the mappings
(w,t1,t2) — Fh(x,ta —t1), a = i,b, are (locally) C! w.r.t. all arguments,
and allow in particular {5 — ¢; to be nonpositive.

Now let us view a touch point as a boundary arc of zero length. This
makes sense since, as we will see later, under a small perturbation, a touch
point may switch into a boundary arc. So we have an entry point and an
exit point, 7T, and Te;, whose common value is the one of the touch point.
The jump Vien at entry point 7., equals v, (i.e., zero). There is a zero
jump of py at the entry (and exit) time 7.

Assume that we have Ny, boundary arcs and Ny, touch points. Let
N := Npq + Nyp. We have now N entry and N exit points. Denote by ¢¢"
(resp. t°F) the N dimensional vector of entry (resp. exit) points, taken in
the chronological order. We use the notation t§* := 0 and t%,, :=T. We
may rewrite the alternative formulation as follows, taking into account the
continuity of state and costate at exit points:

(y;p1)(0) = (vo,po) (46)
(v, p) (") = F((y,p1) (2, 85" —t524), i=1,...,N+1, (47)

10



(y.p)(") = F((y,p) ("), 65" =), i=1....N, (48)
(") = —vigh(ti"), i=1....n, (49)
n(T) = &) (50)
g'yt") = 0, i=1,...,n, (51)

where pg € R™ denotes the initial value of the costate.

We come now to the definition of the shooting mapping. Let © :=
R” x RY x RN x RY be the space of shooting parameters, of dimension
N :=n+3N. A vector of shooting parameters is denoted by

0 = (p5, vt t°") € ©. (52)

The shooting mapping F' is defined over a neighborhood Vp x V), of (0o, 110)
in RN x My into RY, by

pi(T) — ¢y (y(T))

g (y(Eem)
FOR =1 (@0 een-y, gy | (52)
()0 (u(t==+), y(t=2))

where the values of (y,p1,u) at times tf”i,tfzi,T are given by (46)-(49),
and where we used e.g. the notation

(") (wlt™),y(t™) = (") D (e ) w) € BN,

Being a composition of C! mappings, the shooting mapping is itself of class
Cl.

Let (u,y) be a Pontryagin extremal for (P), satisfying (A2)-(A4), with
finite set of junction times 7. Define I, and I;, as the (disjoint) sets of
index in {1,..., N} corresponding respectively to boundary arcs and touch
points of the trajectory (u,y). Split F' into two components:

B, p) = (200, 1)",¥(0, 1)),

where W corresponds to the components gH(y(t")) for i € I,, denoted
by the vector gh(y(t¢")) € RNte. Consider the following complementarity
problem, for u close to ug:

Find 6 € © such that OO, u) =0 and ¥(O,u) € N(O), (54)

where N N . N
R R—to N (Vto) lf Vio € R-{—toy
N @)= { 0 otherwise, (55)

11



with v}, the vector of components v}, for i € I,.

Note that by (50)-(51) and (31)-(32), 6o := (p1(0)*, »t, ", £°%) is solution
of (54) for p = pp, with £ and #°* the vectors of times in 7., U 7;, and
T.. U T, respectively, in increasing order, DZ-I = Dflm if ¢ € I,, and DZ-I =0 if
i € Iy,. '

It should be underlined that we allow, in formulation of problem (54),
entry times variables to be greater than exit times ones. However, we will
check in the next section, after having shown that (54) has a unique solution,
that the constraint v, > 0 in (54) (compare with (30)) is sufficient, with
assumption (A6), to ensure locally for p in the neighborhood of pg that the
solution of (54) is such that t{" < ¢¢* for all i € I, and that in addition,
strict complementarity 7; < 0 holds on the boundary arc (t",t5") whenever
5 < 5.

As we will see, the formulation (54) is strongly related with the associ-
ated linear-quadratic tangent problem min, .)cyxz J1 (v, z) subject to the
equality constraints (37)-(39) and the inequality constraint (40).

Remark 3.1. When the state constraint is of higher order, under small per-
turbations, a nonessential touch point satisfying (34) either becomes an
essential one (with a nonzero jump of the costate), remains a non essential
one, or becomes inactive, excluding the case when a boundary arc appears,
see [3]. Consequently, the duplication of reducible touch points (i.e., satis-
fying (34)) into entry and exit points is unnecessary for state constraints of
order greater than one.

4 Stability Analysis

Our stability analysis is based on the notion of strong regularity, introduced
by Robinson in [16], applied to the complementarity problem (54). The point
8o solution of (54) for v = pig is strongly regular, if there exists neighborhoods
(Vy, Vs) in RY x RN of (6,0), such that, for all 6§ € Vs, § = (§1,02) €
RN=Neo  RNto there exists a unique solution 6 € Vp of:

{ D® (0o, p10)(8 — bp) — 1 =0 (56)

DG\II(OO,MO)(H — 00) — 09 € N(Q)

and the mapping Z :  — 60(0) is Lipschitz continuous over V.
If 6 is strongly regular, then by [16], there exists neighborhoods (Vy,V},)
of (0o, 110), such that for each p € V,,, (54) has in Vj a unique solution 6*,

oH — (pg*7 Vu,17tu,en7tu,ez)7 (57)
and there exists x > 0 such that for all p, ' €V,

10 — 0" < llp— 4| (58)
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In addition, the following expansion of 6* holds:

0" = 0 + (=D F (6o, o) (1 — po)) + o[l — poll)- (59)

Lemma 4.1. Under assumptions of Th. 2.4, (41) implies that 0y is a
strongly regular solution of (54) for p = po. More precisely, given § =
(61,82) € RN=Nwo s RNeo - §) = (ap, bf,, ¢, %) € R™ x RVoa x RN x RV,
8o = b}, there exists a unique w € O, w = (1o, v", ", %), solution of the
following relation, equivalent to (56) with w =0 — 0y:

{ D@‘I’(@Q,uo)w - (51 =0

Dy W (0o, p1o)w — 02 € N(w), (60)

and w is given as follows. Let (U(;,Z(g,ﬂ‘(;,(g,)\(l;) be the unique solution and
associated multipliers of the following linear-quadratic problem:

(735) (U,zr)%i\rzlxz %jl (v,2) + apz(T) (61)
subject to  (37), (39),
gy(y(ti"))2(t") = i € Ig (62)
gy (y( z(ti") < b1 1 € I, (63)
where the multipliers w5, (5 and )\5 are associated, respectively, with the
ccinstmmt (37), (39) and (62)-(63). Then w is given by: o = ms(0), y! =
A5, and

ten))
ten))

e6m = gl (™), y(E) (vs (E7), 25 (£6))
%9(1) (u,y) ’t:tf”‘
0 — gl (™), y(te)) (v (£57F), 25(£57))

ot =~ L i=1,...,N. (65)
‘ %g(l) (u7 y) |t:t;?f”+

en __

Proof. We only recall the main ideas of the proof, the latter being similar to
that of Lemma 4.2 in [3], see also [13] where the block-decoupling property of
the Jacobian of the shooting mapping was established for state constraints
of first-order. We have that a part of (56) matches the first-order optimality
conditions of (Ps), and the other part gives the variations of junction times
by (64)-(65). By (A2), the quadratic form J; is a Legendre form over the
space of linearized trajectories (v, z) satisfying (37), so that (41) implies that
J1 is coercive over the linear space of (v,z) € V x Z satisfying (37)-(39). It
follows that the first-order optimality system of (Ps) has a unique solution
and multipliers, that are Lipschitz continuous w.r.t. 4. ]

Lemma 4.2. Under the assumptions and point (ii) of Th. 2.4, there exists
a neighborhood V), of po, such that the solution 6* given by (57) satisfies:

et > e for alli € I, (66)
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and
R N L N A= (67)

In particular, the solution (u*,y*,pi',nl") of (46)-(49) with 0 = 6" is well-
defined over [0,T], and there exists a constant v > 0, such that for all
1€ Ito-'

m(t) < —v on [t"" t#"“]  whenever t/"*" > ¢£"". (68)
Proof. Let i € I,. By strong regularity (Lemma 4.1), we have that
K ) . 71 J—
e =" =0l —poll) 5 " = Ol — poll)- (69)

Denote by (u,y,p1,m1) the solution of (46)-(49) for # = 6. Note that this
is well-defined on each arc, but not as function of time, since it may take
several values for ¢ € ((¢£"", ¢°")) if ¢/ > ¢#"“" (where ((a,b)) stands for
(a,b) if a < b and (b,a) otherwise). We will see that this last case cannot
occur, i.e. (66) holds, (and clearly also holds by continuity with a strict
inequality for i € Ij,), and is satisfied with equality iff v} 1=o.

Suppose first that ¢£"“" = ¢£*“". Then (u,y,n1,p1) is defined as function
of time without ambiguity in the neighborhood of t£*“" (the algebraic vari-
ables are given by the dynamics on interior arcs). By (46)-(50), there is a
jump of p; at entry time and no jump at exit time, thus (y,pl)(tf’emr) =
(y, p1) (7)) = (y, p1) (" T). By definition of (54), we have

(") ("), y (™) = (¢) D (), () = 0,

and hence, since t£"“" = /" hypothesis (A3) implies that u is continuous
at time ¢£"“". We deduce that:
b 9 K 71 b 9
0= [HY (u(t), y(t") pr (")) = v (gD (wt ™), y(t").

u

Since (g“)&l)(u(t’;’m), y(t")) # 0 for || — po|| small enough, it follows that
vl ! = 0. This proves the “=” implication in (67).

Suppose now that ¢£"“" # ¢#*“". In order to avoid any confusion, de-
note the solution of (46)-(49) for 6 = 6" by (u~,y,p; ,n; ) on the bound-
ary arc (", #"°"), and by (u*,y™,p],n") on the succeeding interior arc

(% ¢80 "). Note that the limits of these functions and of their time deriva-

Uil
tive at endpoints of the interval where they are defined do exist, and here
the jump denotes for instance [u(¢t"“")] := ut (¢"") — u™ (¢"°").

Using the same local arguments as in Rem. 1.6, we can show that by
(A2)-(A3), (ut,yt,p D)) = (u=,y~,py, 0 ) (), and we denote
this common value by (u(t!"“"), y(t£°“"), p1 (¢"°"), ;1 (¢£°°")). By (A6), there
exists by continuity a constant ¢ > 0 such that, for pu close enough to po,

d

T MO WF (), yF () g < —c. (70)
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On the other hand, we have on the boundary arc ((¢£"“", t£"")):

() (1,5 ()] gper =0 (1)

Since we have

d .
E(Q“)(l)(ui(t),yi(ﬂ) = (9" (w*, g™+ (gD (v ) (),
it follows that the jump of @ at t{"“* satisfies, by (70)-(71):
d exr exr . exr
[&(9“)(1)(16@)7y(t))h_)t;f’”] = (") () y () [aH )] < —c,
(72)
and hence, @~ (¢£°") # ot (t£"“"). By time-derivation of (14) on the bound-
ary arc ((t;"",t*“")) of nonzero length and on the interior arc (/" #/47"),
we obtain (omitting arguments (u®(t),y*(t), pL(t), ni(t))):

Y a® + HE 1= HE o+ () P0E =0, (73)

and hence, taking the jump at time
uous at ¢£":

4" gives, since (u,y,p1,m) is contin-

f{{ju (’LL, Y,P1, nl)(téhex)[u(téhex)] + (gﬂ)gl) (’LL, y) (téhez)[ﬁl (t?em)] =0.

Since 7} (t"“") = 0, by (72) and (A2)-(A3), we obtain by continuity that
there exists a constant C' > 0 such that, for ||i — pol| small enough,

- T\ e JETNT Hilju(uvyaplanl)(t?ex) (1) u CL [ (pHeET
A 01) = =l 020 = 7 P ) ) i)

< -=C. (74)

By (73) and time derivation of (15), we see that 7; (t) is given by a Lipschitz
continuous function of time on ((¢£"", #£"“")), uniformly w.r.t. p, so there
exists m > 0 independent of u, such that

() < =CHmltl™ =68, e (6765, (75)

In view of (69), 7y is negative on ((¢£"", t£"“")) for sufficiently small || — pol|,
and consequently, ny (¢"") = ny (¢8°") — n (¢"°") is nonzero and has the
sign of t£"“" — /" By similar arguments to Rem. 1.6, we can show that
ny (") = v and since v/*' > 0 by definition of (54), it follows that
" > " necessarily holds whenever /" # t/"“*| which proves (66).
In addition, (75) implies that v!' 1=y (") > 0 for p close enough to
o, which show by “contraposition” the “<” implication in (67). Finally,
relation (68) follows from (74) and (69), which completes the proof. O
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Lemma 4.3. Under assumptions and condition (i) of Th. 2.4, the solution
(ut, yt, plnl') of (46)-(49) for 6 = 6F, where 6* is solution of (54), is such
that (u*,y") is a Pontryagin extremal of (PH), with classical multipliers
(p*,n*) given by (29), and the mapping p — (u*, y*, pt,n*) € U x Y X
L0, T;R™) x L*°(0,T) is Lipschitz continuous on a neighborhood of pg.

Proof. By Lemma 4.2, we see that (u”,y*, pY,n}') is well-defined over [0, T7,
and by definition of (54), satisfies alternative formulation (12)-(22), as well
as additional condition (25) by Rem. 1.6 (and in particular, u* is continuous
on [0, 7] and so are p* and n* given by (29)). In view of Rem. 1.4, it remains
to show that the additional conditions (23), (24) and (26) are satisfied.

Let i € Ny If VZ-“’I = 0, then by Lemma 4.2, tf’m = tf’m, ut and its
time derivative are continuous at ¢/*“", and (g")™® (w*(#"°"), y*(t"")) = 0.
By (A6) and standard continuity arguments, there exists € > 0 such that
g"(y*(-)) attains its maximum over (2" —e, " +¢) at the unique point t£"“".
Therefore if g"(y*(t£"“")) < 0, the state constraint is locally not active. If
gy (")) = 0, then t£"“" is a touch point of the perturbed problem, and
(26) holds by (67).

If ' > 0, then by Lemma 4.2, t**" < t*°* and we have a boundary
arc. By (68), additional condition (24) holds on this boundary arc, and (23)
holds near the entry/exit points by (A6). If i € Ip,, then (24) holds by
continuity on the boundary arc [t/"“", t/"“*] by (A5), and (23) holds near the
entry/exit points by (35). Finally, outside a small neighborhood of contact
points, we obtain g (y*) < 0 by a standard compactness argument. Hence
(ut, y*) is a Pontryagin extremal, with classical multipliers (p#, n*) given by
(29).

Lipschitz continuity of the mapping p +— (u*, y#, p*,n*) follows from
Lipschitz continuity of the mapping p +— 6# by strong regularity (Lemma
4.1), Lipschitz continuity of (6, u) — (u,y,p,n)|x, where (u,y,p,n)|r denotes
the restriction of the solution of (46)-(49) and (29) to “arc” k (possibly a
singleton), for all k = 1,...,2N + 1, and finally Lipschitz continuity of u*,
g*, p* and n#* as functions of time on [0, 7], uniformly w.r.t. p. O

So far, we have proved that there exists a unique solution of (54), with
which is associated a unique Pontryagin extremal (u*,y*) for (P*). It re-
mains to prove the uniqueness of (u*, y*) among all the Pontryagin extremals
(u,y) of (P*) with u in a L>-neighborhood of @, without restrictions on the
arc structure of (u,y).

More precisely, for § > 0, define
Q0= (" —6,8* +0), i=1,...,N. (76)

2

In view of (A6) and (35), we may fix , d > 0 satisfying the conditions below:

G W) < =k <0 o QN[BT i=1 N (1)
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The sets Qf are pairwise disjoint and contained in [0, 7). (78)

The next theorem gives a direct result (i.e. without using a shooting
formulation) that Pontryagin extremals of the perturbed problem have a
neighboring structure to that of (@,y), when assumptions (A2)-(A6) are
satisfied. Its proof is given in the Appendix.

Theorem 4.4. Let (u,y) be a Pontryagin extremal for (PH°) satisfying
(A2)-(A6). Then for all 0 < § < § and all stable extensions (P*) of (PH),
there exists a neighborhood Vi, x Vi, x Vy of (@, po, 0o) in U x M x ©, such
that all Pontryagin extremals (u,y) of (P*) with (u,n) € Vi, x V,, satisfies
the following properties, with the contact set I(g"(y)) defined in (6):

(S1) I(g"(y)) € UL,
(S2) for all i € Iy, I(g*(y)) N QY is an interval of positive measure;

(S3) for all i € I, I(g"(y)) N QY is either empty, or a singleton, or an
interval of positive measure,

and there exists 0 € Vy such that 6 is solution of (54) and (u,y) is the
trajectory associated with 6.

An immediate consequence of Th. 4.4 is the next lemma.

Lemma 4.5. Under assumptions and point (ii) of Th. 2.4, there exists a L>°
netghborhood Vy, of u and a neighborhood V), of uo, such that for all p € V¥,
(ut, y*) is locally the unique Pontryagin extremal of (PH*) with u € V.

Proof. Let (u,y) be a Pontryagin extremal of (P#*) with (u, ¢) in the neigh-
borhood of (4, pg). By Th. 4.4, there exists 6 in the neighborhood of 6y
solution of (54) and (u,y) is the (unique) trajectory associated with 6. By
strong regularity (Lemma 4.1), (54) has in a neighborhood of p a unique
solution #*. Consequently, § = 0* and (u,y) = (u*,y*) is the unique Pon-
tryagin extremal of (P*) with (u, ) in the neighborhood of (u, ). O

Now we can prove the main result.

Proof of Theorem 2.4. The proof is somewhat similar to that of Th. 4.1
in [3]. By Lemmas 4.1-4.5, (ii) implies that there exists a unique Pontrya-
gin extremal and associated multipliers (u*,y*, p#, n*) with (u#, ) in the
neighborhood of (@, pg), and the mapping p +— (ut, y*, p*,n*) is Lipschitz
continuous. To achieve the proof of (ii) = (i), it remains to show that
u satisfies the uniform quadratic growth condition, which can be done by
slight modifications in the proof of Lemmas 4.7 and 4.8 in [3], that we omit
here.

To prove the converse implication, we construct a perturbation of the
constraint function g#, so that (nonessential) touch points becomes inactive
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on the perturbed problem (P*), and (u,y) is a Pontryagin extremal of (P#)
(see the proof of Th. 4.1 in [3]). By (i) and Lemma 4.5, (@,y) is then the
local solution of (P#) satisfying (44), so it follows from the characterization
of quadratic growth in [2, Th. 5.1] that the strong second-order sufficient
condition (41) holds. O

5 Sensitivity Analysis

By Lemma 4.1, strong regularity holds, and by (56) the mapping = : V5 —
Vo, 0 — 6(0) solution of (56) is positively homogeneous of degree one. It
follows then from (59) that the mapping p +— 6 is Fréchet directionally
differentiable. The directional derivatives in direction d are obtained by
substituting into (56) 6 by —D, F (6o, jto)d. Therefore,

0" = 0y + wq + o(||d])), (79)

where
wg = (70,740,050 0F) € R" x RN x RN x R (80)

is as follows. Denote by
(va, 2d, T1,d5 C1ds Ad) (81)

the (unique) optimal solution, costate and multipliers of the linear-quadratic
problem below:

T ~
Pa) i 3 [ Dy o 05517002, (02 )
+ ED(HT), po)(=(T), ), (-(7), )

+3 3 B DHE™), po)(2(E™), d), (2(E™), d))

1€1p,
subject to:  2(t) = D f (@, §, o) (v, z d) on [0,7], z(0)=0 (82)
DGY (@, 7, po) (v, 2, d) = on 7, (83)
Dy(y(t5"), o) (z(25"), d) =0, i€y (84)
DY(FE™), o) (2(E"),d) <0, i € Ly, (85)

with 71 4 associated with the constraint (82), ¢; 4 with (83), and A} with
(84)-(85). Then we have mq = 7 4(0), and

Vi = s (86)
o = Dy (a(Em), y(#"), po) (vt ), za(8"), d) i=1,....N, (87)
! dtg(l)(ﬂ g)‘t en= ’ ’ n
oot — DG (), (&), po) (va ("), Zd(ffz%d), i=1,...,N. (88)
* L9 (@, 9)],_; s
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Since the mapping p +— 6* is Fréchet directionally differentiable, and the
solution (u”, y*, pY,n}') of (46)-(50) is, on each arc, a C! function of (6%, 1),
combining with the continuity of u* and of the classical multipliers p* and
n* given by (29) (since by Lemma 4.3, (u#,y*) is a Pontryagin extremal of
(PH), see then Remarks 1.4 and 1.6), we obtain (as in [3, Lemma 4.1]) the
following result.

Theorem 5.1. Let (u,y) be a Pontryagin extremal of (P) satisfying (A2)-
(AG). If either point (i) or (ii) of Th. 2.4 is satisfied, then there exists a
neighborhood V), of ., such that the mapping p— (u,y*, pt,n*) is Fréchet
directionally differentiable in the space

L7(0,T) x WY (0, T; R™) x L' (0, T; R™) x L"(0,T),  for all 1 <r < +o0,

and the derivatives of the state and control in direction d are the optimal
solution (vq4, z4) of linear-quadratic problem (Pg), while those of the costate
pt and state constraint multiplier n** are obtained, respectively, a.e. by

ma(t) = ma(t) + CLa(t)gy” (@) + m () Dgy(5(t), po)(za(t), d) (89)
Ca(t) = Z%i ilisgen (8) — Cra(t). (90)

In addition, all jumps parameters and junction times are Fréchet direction-
ally differentiable w.r.t. p, and their directional derivative in direction d are
given by (86)-(88).

Remark 5.2. We can show that an equivalent formulation of (Py) is (see
Rem. 2.2(i)) to minimize

/ iy gy H (8 7.7 10) (v, 2, ), (0,2, d))dt
+D2¢<< ), 110)((2(T), d), (2(T), d)) (91)
+/0 Dg(5(t), o) (=(t), d). (=(t), d)d (1

for (v,z) € V x Z subject to the constraints (82), (85) and
Dg(y, po)(z,d) =0 on 7. (92)

This last constraint is equivalent to (83)-(84) since DG (@, 7, o) (v, z,d) =
L D§(y(t), po)(2(t),d). Then, using the relation (89), we can show that 7,
the directional derivative of p* w.r.t. u, is the multiplier associated with
(82) in formulation (91)-(92) of (P,), and that the directional derivative of
dditu w.r.t. u, equal by (90) to (o = —él,d, is also equal to the multiplier
associated with the constraint (92). In addition, it is not difficult to check
that (Ld(ff”Jr) = ’ycll ; for all i € I,, so that discontinuities in 74 and (4 may
occur only at pointé t¢" for ¢ € I, when the constraint (85) is active and

the associated multiplier is positive.
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Let us conclude this section by the following remark. For i € Iy, since
" = t¢*, the optimality system of (Pg), that it easy to derive and omitted
here, yields that Hy,vq + Hyyzq + m1,q4fu = 0 at ff”i, and that the jump of
1,4 is given by [y q(5")] = —74,9, (G(#")). Hence, the jump of v is given
by

a5 = YaiHo (@5, 5) (&™) gy (9(E") fula, §)(E")
= it (0,5, 9) (") es) (@, 9) ("),

Od; = 04y = — - 2 = Civg (93)

with 7 1 )
ol (5. 5) (") (91 (1, §) (F™))?

Ci = e
— 509D (@, 9) =g

> 0.

Since fyii > 0 for i € Iy, we see that o5’ —og’; > 0, with equality iff fyéﬂ- =0.
It follows that, for u — po = d, the length of the boundary arc and the jump
parameter are related, at first order, by

1 = O ol o). o)

6 Example

We illustrate the results of this paper on a very basic example. We consider
the problem of an elastic line of positive mass, fixed at its endpoints and
submitted to a vertical uniform force (g). The problem is to find the equi-
librium position, i.e. minimize the potential energy. This can be written as
the optimal control problem (with ¢ replaced by z € [0, 1]):

wmin /0 (%”w(x))dx ) =ule) ; y(0)=0=y(1).

We add a first-order state constraint, e.g. the level of the floor
y(x) = —h. (95)

Here g and h denotes positive constants. Note that the case of final con-
straint on the state (here, y(7T') = yr given in R™) are dealt with similarly,
replacing in the shooting equations the final condition p(T') — ¢, (y(T)) =0
by y(T) — yr = 0. The unconstrained optimal trajectory when h/g > 1/8 is
given by:

y(x) =L1ga® —Lgz  ;  u(z)=gz-1g (96)
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The resolution of the constrained problem when h/g < 1/8 is as follows.
The trajectory is:

9T — xep) on [0, Zep)
’U,(:IZ) = 0 on [wenyme:c]
g((z —1) = (zex — 1)) on [zeg, 1]

9(2%/2 — Tenx) on [0, Tep)
y(l‘) = —h on [xenyxem]
9((x — 1)2/2 = (Tez = )(x —1))  on [Tz, 1]

with junction conditions:
9@z /2 —a2) =~h 5 g((Tex = 1)?/2 = (2ex = 1)%) = —h.
Entry and exit positions x., and x., are given by:
Ten =\/2h/g 5 Tex=1—+/2h/g. (97)

The alternative state constraint multiplier on [Z ey, Ze,] is given by:

mz) =pi(z) = —g(@ —zep) 20, Mn(z) = —g <0,
and hence, the jump parameter at entry time is:

Vo = (@en) = 9(ea — Ten) = g (1= 2V/2R]g) 2 0. (98)

We consider perturbations w.r.t. nominal values of parameters g = go =
1 and h = hg = 1/8, for which there is a touch point at x = 1/2. The no-
gap strong sufficient second-order condition clearly holds, since the linear-
quadratic problem:

min/1 @dx i Ex)=wv(x) ; z(0)=0=2z(1)
0 2

having a strongly convex cost function, has (v,z) = 0 for unique solution.
Let us then study the perturbed quadratic problem at (gg, hg) in direction

d:= (7,1):

1 2
Inin/ <U(;) - %z(x)> dz ; Z(z)=v(z) ; 2(0)=0=2(),
0
subject to the interior point inequality constraint:
2(1/2) > —n. (99)

The unconstrained trajectory is:
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Figure 1: Perturbation of the state (left) and directional derivatives (right) in case (a)
to (¢) (from top to bottom)
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Figure 2: Variation of the lenght of the boundary arc in case (c).

Therefore, the constraint is active, iff n < /8. If n > ~/8, (100) corresponds
to the directional derivative of the unconstrained trajectory (96). When
n < /8, the constraint (99) is active, i.e. z4(1/2) = 0, and therefore, the
solution of the linear-quadratic problem is as follows:

va) = { ya — (20 +7/4) on [0,1/2]
’ A(w—1)+ (2n+7/4) on [1/2,1]

ralz) = { y2? /2 — (20 +y/4)z on [0,1/2]

¢ Y@ —1)%/2+ 2n+~/4)(z —1) on [1/2,1].

The multiplier Ay associated with the constraint (99) is, by (93):
Aa = [ma(1/2)] = —[va(1/2)] = =2(2n — 7/4) = 0, (101)

and, by (87)-(88), the variations of entry and exit points ¢, and g, are
given by:

v(1/2~ v(1/2F
(/ )2—7/4+277 y  Odex = — (/ )
g0 go

By (98) and (97), we check that the above formula corresponds to the first-
order variations, with g = go + v and h = hg + 7, |/, |n| small, of:

1/4+2 1/44+2 1/44+2
sl Vit o o VA+Z oy (1At
1+~ 1+~ 1+~
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We consider perturbations in three directions d = (v, n):
Case (a)  (v,m) = (0,—-0.02)

Case (b)  (v,n) = (1,0)
Case (¢) (v,m) = (1,-0.02).

Case (a) corresponds to an elevation of the ground level, case (b) corresponds
to an increasing of the “gravitational” force g, both of them leading to the
apparition of a boundary arc, and case (¢) combines elevation of the ground
and increasing of g. The perturbed trajectories and directional derivatives
of the state in W™, 1 < r < 400, are presented for each case in Fig. 1.
The unconstrained trajectory for (gg, hg) is a parabola. In Fig. 2, we focus
on the apparition of the boundary arc in case (c), check that its lenght is
of order the perturbation and compare with the directional derivatives of
variation of junction times (102).

A  Proof of Theorem 4.4

The proof of Theorem 4.4 will use two lemmas. Note that by continuity of
the mapping (u, ) — g*(yi), it is immediate that all Pontryagin extremals
of a stable extension (P*) with (u, u) in the neighborhood of (u, po) satisfy
(S1). Let us first define new alternative multipliers needed in lemma A.2
below (see also [13, 12, 9, 6, 7] where these multipliers are used)

T
) = / dn(s) = n(T) - n(t*) (103)

pi(t) = p(t) —n' ()l (y(t). (104)
Remark A.1. On [0,7]\ 7, n' and p'! are related to p; and n; by the
following relations:

= > vl @) +m(t) 5 p () =p() — Y Wl (gl (y(1)),
T€Ten 7€Ten
(105)
with 1;«,(t) = 1 if ¢ < 7 and zero otherwise.

With this definition, and without any assumptions on the arc structure
of the trajectory (i.e. without assuming a finite number of junction points),
we have that

—dp' = (H}(u,y,p") + (¢")) (y)n")dt,
and hence, the new alternative costate p! is absolutely continuous. Conse-
quently, an equivalent form of (8)-(10) (when oo = 1) is, a.e. on [0,7]:

8
—pM(t) = HY (ut),y(t),p"(£) + (95" (ult), y(£))n' ()
{ pHT) = (D)) 109

0 = HY(u(t),y(),p" (t) + (g") (u(t), y(O)n' (¢). (107)
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In addition, (11) implies the following (weaker) relations, since n' is constant
on interior arcs:

= g u(t),y@)) on boundary arcs (108)
0 = 7't on interiors arcs. (109)

It follows that when relations (27)-(28) are satisfied, ! is absolutely contin-
uous. We shall need the following result (convergence of multipliers).

Lemma A.2. Let (u,y) be a Pontryagin extremal of (PH°) satisfying (A2)-
(A3). Consider a stable extension (P*), and let (up,yn = yh") be a Pon-
tryagin extremal for (PH**), such that u, — u in L*>° and p, — po. Denote
by P, the (unique) multipliers associated with (uy,yy), and let pl nk be
given by (103)-(104). Then:

1. The sequence (1) is bounded in M0, T);
2. || —1ill1.00« — 0, where ||-||1,00x denote the norm of the dual of W1°;
3. pL — pb uniformly over [0,T);
4. nt — 7t uniformly over [0,T).
Remark A.3. Note that under the assumptions of Lemma A.2, by (104) we

deduce that ||p, — p|lcc — 0, and by (103), ||7, — 7||cc — O.

By (A3) (and (A1)), it is not difficult to see that Robinson’s constraint
qualification holds at point u for (P#0), i.e. there exists v > 0, such that

vBejo.r] C G* (@) + DG (a)U — K, (110)

with Bgjo ) the unit (open) ball of space of continuous functions, K =
C_[0,T] the cone of nonpositive continuous functions, and G* the mapping
U— Cl0,T], ur g“(yﬁ).

Now let (u,y) be a Pontryagin extremal of a stable extension (P#), and
let p,n,« be the associated multipliers. For (u, ) close enough to (@, o),
Robinson’s constraint qualification (110) still holds, so it is easy to see that
(u,y) is necessarily a normal Pontryagin extremal (i.e. « = 1), and the
associated multipliers (p,7n) are unique. Note that equation (11) can be
equivalently rewritten as:

g"y) e K 5 neMy[0,T] ; supp(dn) C I(g"(y)), (111)
where supp(dn) denotes the support of the measure dr.

Proof of Lemma A.2. Let 6 > 0. By continuity of the mapping (u, pu) —
g"(yt), there exists § > 0, such that for n large enough (this is precisely
assertion (S1)),

I(g" (yn)) € Q= UL 0. (112)
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The first assertion of the lemma is a classical consequence of Robinson’s
constraint qualification (110) (see e.g. [4, Prop. 4.43]). By (A3), reducing ¢
if necessary, the linear mapping

U — Wl,oo(Q5) ;U (DG”O (’L_L)U)’Q5)

where |gs denotes the restriction to the set Q°, is onto (e.g. Lemma 2.3
in [2]). Since supp(dn,) C I(g"*(y,)) C Q° by (112), the second assertion
follows from [4, Prop. 4.44 and Rem. 4.45(i)].
Set pl = pL —pl, iy, := n, —7 and 7} == nL —nt. By (106), pL is solution
of:
—pp(t) = PRA(t) + (b)), + rn(t),

with A(t) == f1°(a(t), 5(t)), e(t) == (g")) (@(t), 5(t)) and |[rn|lsc — O when
n — +oo. Denote by RE the flow of the linear system

—i(t) = 2(t) A(t) (113)

ie. Rgxg = x(t1), where x is solution of (113) on [t1,t2] with initial condi-
tion x(t2) = x2. Then we have, for all 0 <t <ty < T

PO =R IRG + [ ORI s o0, (114)

where 0,(1) denotes a function that goes to zero in L* when n — +4o0.
Let us show that 7. — 0 in L!(0,T). Indeed, we have:

/OT ()]t = /OT\/tTdnn(s)ﬂdt < /OT/tT\dnn(S)]dt.

By Fubini’s Theorem, it follows that

/ ol < / K [ anlamics)

T
- /0 $1d7n[(5) = (|diin], L) < Clldiinllioee — O,

with I the identity function in [0, 7], (-,-) the duality product over W 1% x
WL and | - | the total variation. By (114) and final condition of costate,
we deduce that

T
pn(t)] < !¢Z”(yn(T))—¢ZO(y(T))HR'THoo+/t ()R (5)1ds + 000 (1)

T
< C!¢Z”(yn(T))—¢§j°(y(T))|+||C|!oo|!72'THooH/0 |75()]ds + 000 (1)
= 000(1)7
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which shows the third assertion. Finally, by (107), we have near the contact
set on Q9:

H{jn n n ! H’l‘jo , i, pr
' = — (Z)’y 2Pn) — —7((11’)‘%1) ) = 7' uniformly on
(g'un)u (unvyn) (gﬂo)u (_7g)

and 1! is piecewise constant on [0, 7]\ Q%, which shows the last assertion. [

Lemma A.4. Let (u,y) be a Pontryagin extremal for (PH°) satisfying (A2)-
(AG). Then for all0 < § < 6 and all stable extensions (P*) of (PH°), there
exists neighborhoods Vi, x V,, of (4, o) in U x M, such that if (u,y) is
a Pontryagin extremal of (P*) with (u,u) € Vi, x V,, then (u,y) has no
interior arc contained in Qf, foralli=1,...,N.

We will denote in the proof of Lemma A.4 below the second-order time
derivative of the state constraint by:

2

. . d
(") (1w, ) = (") ()it ()5 (s ) 7 (1, 9) = 50" (u(®)). (115)
Note that by (107), for any Pontryagin extremal (u,y) of (P#) satisfying
(27)-(28), 1 and 7! are solutions, on the interior of an interior and boundary
arc, respectively, to the following systems (omitting time argument):

0 = Hiu(u,y,p,n')a+ Hiy(u,y, p',n") F4(u, y)
— HY (u,y,p" 0" (s y) + (9 (g (116)
0 = (¢ (wy)i + g (u,y) f4(u,y) = (9") (i, u, y),
0 = Hbu(u,y,pt,n)a+ Hiy(u,y,pb,nb) f4(u, y)

- f{{;(u,y,plj’l’]l)f#(u,y) (117)
0 =17,

and therefore (u,7') can be expressed, on the interior of each arc, as a C!
function of (u,y,p", n') and pu.

Proof of Lemma A.4. We argue by contradiction. Suppose that the state-
ment of the lemma were false. Then there exists a stable-extension (P#),
do € (0,6], and (un, ptp) such that ||uy, —alleo, [[tn — poll = 0, (wn, yn = yirr)
is a Pontryagin extremal for (P#n), and there exists i,, € {1,..., N} and
(th,t2) € Q?g, such that (t},t2) is an interior arc of g*"(y, ). Taking if nec-
essary a subsequence, assume that i, =7 € {1,..., N} is constant. Denote
by pn,nn the classical multipliers associated with (un,y,) and pl,nl given
by (103)-(104). By Lemma A.2, (27) holds for sufficiently large n, implying
the continuity of u, over [0,7] and also that of n! by (A3), so u, and 7}
are given by (116)-(117) on interior of arcs.

Since g (y,(tL)) = 0 = gt (y,(t2)), and g (y,) is negative on (!, ¢2),

g"" (y,) attains its minimum over [t} #2] at a time ¢ € (t1 +2). Since the
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second-order derivative (g")® (4, up, yn) is continuous on the interior arc
(tL,t2), we deduce that

(9"")P (it (™) (£ ), g (™)) = 0. (118)

Assume that i € I,. Since the touch point " € Q?O is non essential, 1, and
 satisfy (117) on (t},#2), and therefore can be expressed as C! functions
of (fn,Un, Yn, L, nt) and (uo, @, y, p*,7') respectively. Due to the uniform
convergence of (fin, U, Yn, P, Ni) to (po, @, 4, o', 7', we have that 1, —
% uniformly on (t1,#2) and hence, (¢")® (i, un,yn) — (g)® (i, a,7)
uniformly on (t%,t2). Consequently, by (77), for n large enough, we deduce
that

(9"")® (G, tny yn) < —K/2 on (17, 13), (119)

which contradicts (118).
Assume now that i € I,. Since we have (by definition of an interior arc)
(9" )P (1, (1), un (), yn(t)) < 0 when t — t1+ and t — 27, it follows from

(118) and the continuity of (g#*)® (4, upn, yn) on (th,t2), that there exists
at least one time t9 € (¢l ¢2), such that

(9")®) (@n(t0), un(t5), yn(tn)) = 0. (120)

By the same arguments as above, we have that (¢#7)® (1, t,, 3 ) converges
uniformly to (g#0)® (u,a,5) on (tL,t2) N (£" — &, 1") and on (tL,t2) N
(L%, 16" + o), whenever these sets are nonempty. Using (77) again, we
deduce that for sufficiently large n, (119) holds on (t},t2) N (5" — &y, ")

and (t1,12) N (6%, 15" + &). Consequently, we necessarily have

n»’n 1 0

ty € (£, 1)

By (120), it follows that (s, Un, tn, Yn, DL, 15, 15 ) satisfies (116) punctually
at time 0 (with 7L (%) = 0), and (uo, 4, @, 7, p', 7', 7') also satisfies (116)
since we are on a boundary arc. By (A2)-(A3), it follows that the (punc-
tual) values of (i, (t2), 71 (£2)) and (@(t2), 7' (t2)) are given as C! functions
of (fin,Un, Y ppmh)(t5) and (po,u, 7, p*,7')(t9) respectively. Hence, by
uniform convergence of (fin, Un, Yn, P, nt) to (uo, @, 7, pt, 1), for all € > 0,
taking sufficiently large n, we obtain

i (£9) = A(E)] + i (£9) = 7' (#9)] < e. (121)

But by (A5), we have ﬁl(tg) < —f, whereas 9} (t2) = 0 since we are on
an interior arc for (un,yn), contradicting (121). Consequently, there is no
interior arc of (uy,yy,) included in Q?, for all : = 1,..., N, which achieves
the proof of the lemma. O

Now we are ready to give the proof of Th. 4.4.
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Proof of Th. 4.4. Assertion (S1) is immediate, and (S3) follows easily from
Lemma A.4 since there is no interior arc of (u,y) in Q2. In view of Lemma
A4, to complete the proof of (S2), it remains to show that QN1I(g#(y)) is an
interval of positive measure, i.e. a boundary arc. Suppose this is false. Then
there exists a stable extension (P*), sequences u, — u in L™, u, — uo,
and (un,yn) a Pontryagin extremal of (P#»), such that Q9 N (g (y,)) is
either empty or a singleton. In both cases, this implies that there exists an
interval of positive measure [{1, t2], such that [t1,%2] C [t", 7] and [t1,t2] N
I(g" (yn)) = 0 for all n. This entails in particular that [¢1, t2] Nsupp(dn,) =
(). Let ¢ be a C* function with support in [¢1, 3] which is positive on (¢1, t2),
then we have f(;f o(t)dny,(t) = 0, for all n. But by (A5), 7 has a positive

density over (f1,t3), and hence, fOT o(t)d7(t) > 0, which contradicts the
second assertion in Lemma A.2. This achieves the proof of assertion (52).
Note that using the same argument, we can show that for any sequence of
Pontryagin extremals (uy,y,) of (P**) with u, — @ in L* and pu, — po,
setting Q2 N (g (yn)) := [7},72], it is necessary that

" >limsup7,) ;%% < liminf 72 (122)
n+o0 n—+0o0

Note that whenever a Pontryagin extremal (u,y) for (P*) satisfies (S1)-
(S3), it has finitely many junction times, so it make sense to speak of the
finite-dimensional vector of “shooting parameters” (initial costate, jump pa-
rameters at entry times, and junction times) such that (u,y) is solution of
the alternative formulation. Now construct 6 as follows. For all i € Iy, if
the constraint is not active on Qf , add to the set of shooting parameters the
(unique) time in Q¢ where g#(y) attains its maximum over Q¢, duplicate all
such times as well as touch points, add a zero jump parameter for each of
them, and obtain then a 6 € © such that 6 is solution of (54), and (u,y) is
the trajectory associated with 6.

The convergence of 6 to 6y when p — pug is easily obtained. More
precisely, the convergence of initial costate follows from Rem. A.3. The
convergence of jump parameters follows from assertion (4) in Lemma A.2
(recall that 7' and 71 are linked by (105) and 7; = 0 on interior arcs).
For i € I, knowing that Q2 N I(g"(y)) is an interval (t{,t4), by letting
6 — 0, we obtain #" < liminf,, ., t} and §* > limsup,,_, , t4 (the converse
inequality follows from (122)), which shows the convergence of entry/exit
points for ¢ € Ip,. Similarly, letting § — 0, we obtain the convergence of
touch points and entry/exit points of boundary arcs to the common value
te", for i € I ,. Finally, the convergence of nonactive local isolated maxima
of g*(y) in QF when i € I, is obtained by classical arguments, since (34)
holds and locally on Qf, u and @ being continuous on interiors arcs, g"(y)
belongs to a W2 (in fact C?) neighborhood of g0 (). O
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