On complexity of Shmoys - Swamy class of
two-stage linear stochastic programming
problems

Arkadi Nemirovski* Alexander Shapiro |
July 28, 2006

Abstract

We consider a class of two-stage linear stochastic programming problems, intro-
duced by Shmoys and Swamy [4], motivated by a relaxation of a stochastic set cover
problem. We show that the sample size required to solve this problem by the sample
average approximation (SAA) method with a relative accuracy x > 0 and confidence
1 — a is polynomial in x, log(a~!), dimensions of the problem and a certain param-
eter \. This implies that such problems can be solved in time polynomial in these
parameters, the result obtained in [4] by a different method.
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1 Introduction
Consider the problem:
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Here U is a finite set of cardinality n, & = {Si,...,5,} is a family of m subsets of U,
2 = 2915 s the family of subsets of the set |J", Si, # = (z5)ses, 7 = (Ta.5)ses e, W
and w4 are nonnegative weights and p4 are nonnegative numbers such that acaba =1
We assume that wl > 0 for all S € &.

Problem (1) can be viewed as a two-stage linear stochastic programming problem with
scenarios A € 2, taken with respective probabilities p4. It can be written in the following
equivalent form

Min » wies + ) paFa(z), (2)

5e6 Aed

with F4(z) being the optimal value of the second stage problem:

Min Z wéIrA,S
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It is not difficult to see that if (Zg5)gsee is an optimal solution of problem (2), then zg € [0, 1],
S € 6. Therefore we can add the constraint x € [0, 1]™ to the first stage problem (2). Also if
wh > w for some S € &, then Zg = 0 for every optimal solution of the first stage problem.
Therefore we can assume without loss of generality that wl < w! for all S € &. We denote
by Opt the optimal value of problem (1).

Problem (1) is motivated by a relaxation of a set cover problem. The deterministic
(weighted) set-cover problem can be formulated as follows: “given a universe U of n elements
and a family & of m subsets of U, we want to choose a minimum-weight collection of sets so
that each element e is contained in some chosen set”. Relaxation of the involved integrality
constraints and introduction of a probabilistic structure of scenarios A € 2 leads to the
above problem (1) (see Shmoys and Swamy [4] and references therein). The main result of
[4] is to show that it is possible to solve problem (1) to a relative optimality x > 0 with a

whf

given confidence 1 — «v in time polynomial in n, m, x and A := max —5-.
Ses Ws

Consider the so-called sample average approximation (SAA) of problem (2). That is, a
random sample Ay, ..., Ay of independent realizations of scenarios is generated and problem

(2) is approximated by
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The two-stage problem (1) is linear and has a finite number of scenarios. Therefore, w.p.1
for N large enough any optimal solution of the SAA problem (4) is an optimal solution of
the true problem (2) and, moreover, probability of that event approaches one exponentially
fast with increase of the sample size N (cf., [1]). This is a qualitative type result. In the
next section we discuss estimates of the sample size N which, for given ¢ > 0 and a € (0, 1),
guarantee with probability at least 1 — « that any optimal solution of the SAA problem (4)
is an e-optimal solution of the “true” problem (2). In section 3 we discuss such estimates
for the relative accuracy € = k Opt, for a given x > 0.

2 Sample size estimates

Let us observe that Fy(z) = Qa(x), where x = (Xe)eea, With x. == 1 = > ¢ .g2g, and
@ 4(x) is the optimal value of the problem

Min Z wfgeryg
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The function Qa(-) is convex (and piecewise linear) and its subdifferential at a point x is
given by the set of optimal solutions of the dual problem

Max 7 Xefte
[ Y (6)
st wih > > pe, S€By,

e€SNA

where 6,4 :={S € &:5NA#(}.

Now consider two vectors = (2g)ses and 2’ = (2'g)scs. Then

Fu(2') — Fa(z) = QalX') —Qalx) = 2w (Xi — Xe)

e€A
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where 1 = (ul)eca is a subgradient of Q4(-) at some point of the segment joining points x
and x’. Consequently

[Fa(@') = Fa(@)| < > > pllals—as| < Y0 D plle! = 2w,

S€G, ecSNA S€G, ecSNA
where || - ||oo denotes the max-norm. Then, by the feasibility constraint of problem (6), it
follows that
|Fa(@’) = Fa(@)| < 3 wifll2’ — 2l < 3 wif ||z’ — 2], VAU (7)
SEG4 Ses



That is, with respect to the max-norm, the function Fy4(-) is Lipschitz continuous with
Lipschitz constant less than or equal to Y s w§. It follows (cf., [2, 3]) that the sample size

N > 0(1) (ZSETGM{J)Q {mlog <S€TGH)ISI> + log (é)] (8)

guarantees that an e/2-optimal solution of the corresponding SAA problem solves the true
problem (2) with accuracy € > 0 and probability at least 1 — a.

3 Sample size estimates for relative near optimality

In this section we discuss an estimate of the sample size which is required in order to solve
II

the true problem with relative accuracy ¢ = k Opt, for some xk > 0. Recall that \ := max Z—S}
S S

Note that because of the assumption that w} < wlf, S € &, we have that A > 1. We can
formulate now the main result of this paper.

Theorem 1 Given constants k > 0 and o € (0,1), and for ¢ := kK Opt and the sample size
satisfying
N > O(1)m*n*A°x 72 [mlog (mnAs") + log(a™)], 9)

we have that with probability at least 1 — o any optimal solution of the SAA problem (4) is
an e-optimal solution of the true problem (2).

The above estimate (9), of the sample size, is polynomial in parameter A\, dimension
parameters m and n, relative accuracy parameter x and log(a 1), where 1 — a can be viewed
as a confidence (probabilistic) level of the corresponding statement. This implies that with
confidence 1 — «, the considered two-stage linear stochastic programming problem can be
solved in time polynomial in m,n, k, A, and log(a~!). This result was derived in Shmoys and
Swamy [4] by analyzing a specific (ellipsoid type) algorithm.

In the remainder of this section we give a proof of the above theorem. We proceed in a
few steps. Define p := ﬁ,
pe :=Prob{AeA:ec A} = Z pa and U :={e €U :p. > p/2},

AecA

. - / II 1 -
W, := min w w:=maxw, and & =15 € 6wy < wet.
€ S:e€cS 5 ecU’ € { s =P }

Note that since A > 1, we have that p < 1/(2n), and that ) _;pe > > cqpa = 1. It
follows that the set U’ is nonempty. Note also that

{e€eU:p.>ptcU clecU:p.>p/d}. (10)

Lemma 1 Let (z,7) be an optimal solution of the problem (1). Then: (i) Opt > \~'pw/4,
and (ii) zg = 0 for every S ¢ &'.



Proof. Let us prove (i). Let ¢ € U’ be such that ws = w, i.e., € € argmaxeey: We.
Note that, by the definition of w,., we have that wX’ > w for any S € & such that ¢’ € 9,
and recall that A > 1. Then we can write
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Moreover, Y 4..caPa = Per and Y q..cq (Ts+Tag) > 1 by feasibility of (z,7). It follows

that

Opt > A twpe > A twp/4,

where the last inequality follows from the second inclusion of (10). This proves (i).
Let us prove (ii). Consider 2:= 3 ¢ g\ & wkZs. It suffices to show that Q = 0. Consider
the following modification of the optimal solution (z, 7).

(1)

(2)

Let us reduce all g, S € &\ &, to zero keeping remaining g, S € &', unchanged.
This will result in getting a new first-stage solution, denoted x*, and reducing the
associated cost of the firs stage by 2.

The corresponding solution (z*,7) may be infeasible for the second-stage problem (3).
We correct this by replacing 74 s with 1} ¢ := Ta 5 + 04,5, where the corrections d4 s
are defined as follows. Given A € A, we start by setting all 04 ¢ to zero. Then we
look in some order, one after another, at the elements e € A. For current e € A,
we pick among the sets S € & containing e, one (be denoted S.) with the smallest
possible w!, so that wfgﬁ = w,. Consequently we increase the value of d4 g, from 0 to

Ve = ZSGG’:@ES Ts.

Let us observe that we end up with a feasible solution (x*,7*) of the second-stage problem
(3). Indeed, for every A € 2 and e € A we have

. (Mhsgt+zs) = Y. (Mstxs)+ > (rhs+h)
S:ecS Se&ecS S¢& e€S

> (Fas+Zs)+ > (Tas+das)
Se&:eeS S¢S :ecS

> (f 5—|—$5) + Z ras +5A,Se
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= (Fas+Ts)+ Y. Tas+ Y. Is
Se&:eeS S¢& :ecS Se&:eeS
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We obtain that: (z*,r*) is a feasible solution of the second-stage problem (3), the first-stage
cost of this solution is less by 2 than the optimal cost Opt (associated with solution (z, 7)),
the second-stage cost associated with (x*,7*) is greater than the corresponding quantity
for the solution (Z,7) by at most © := >, o pa > e Ws 0as. Note since the total cost
associated with (z*,7*) should be greater than or equal to the optimal cost associated with
(z,7), and hence we have that © > 2. We also have

© = Ypaywd Y Ts=Ypaywe », Is

AcU  eeA | 5g&eeS ACA €A S¢&eeS
= > we ( > pA> ( > fs) = 3 WePee + 2 WePee- (11)
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Now for e € U’ we have

_ We 7 —
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(recall that wi > p~'w for S ¢ &'). Also recalling that wi < Aw} and that for e € U,
We < W = MaXey ey Wer, we conclude that:

e € U' implies wepeye < pA Z wiTg = pAQ. (12)
Sg&

For e ¢ U’ and S € & such that e € S we have that wl > A\lwl > A\ lw,, ie.,
Aw;'wl > 1, and hence

Ye= Y Ts<iwl Y wiEs< > Zg<dw' Y wiEs < dw;'Q
56" €S S¢S ecS S¢S ecS S

It follows that
e & U implies wepeve < AXQpe < pAQ, (13)

where the last inequality holds since e ¢ U’ combined with (10).

Combining (11) with (12) and (13) we obtain © < npAQ. Since © > €, it follows that
Q < npAQ. Since 2 > 0 and by the definition of p we have that np\ = 1/2 < 1, it follows
that €2 = 0. This completes the proof. g

Proof of theorem 1. Note that the SAA problem (4) is of the same form as the true
problem (2) and can be obtained from (2) by replacing the true distribution (pa)acy with
its sample estimate. Consider the sample average estimate

pe:=Nlcard{i:ec A;, i=1,..,N}
of p., and respective sample analogues

U:={ecU:p.>3p/4}, w:= max w, and & = {Se6 :wl <ptu}.
ecU’



Let & be an optimal solution of the first stage of the corresponding SAA problem. By part
(ii) of Lemma 1 we have that £g = 0 for every S ¢ &'.
Moreover, by Hoeffding’s inequality we have for a given e € U, that

Prob{p. < p. — p/4} < e 2/,

and hence probability that there is e € U such that p. < p. — p/4 is less than or equal to
ne~?"N/8_ Therefore, with probability at least 1 — «, the sample size N satisfying

N > 8p 2log(n/a) = 32n*\*log(n/a) (14)

guarantees that p. > p. — p/4 for all e € U. It follows that for sample size N satisfying
(14) we have with probability at least 1 — « that U’ is a subset of U, and hence & <
and &' is a subset of &'. We obtain that for sample size N satisfying (14), 5 = 0 for every
S ¢ &' with probability at least 1 — a. Consequently, for sample size N satisfying (14) and
confidence at least 1 — «, we can replace the set & of the true and SAA problems by the set
G’. That is, the true problem (2) is replaced by the problem:

Min Z wéxg—l—ZpAfA(x’), (15)

See A
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where 2’ := (z5)seer and fa(z’) is the optimal value of the second stage problem:

Min Z U)éI?“AS

r2>0 S5e6 (16)
s.t. Z (7’,475 + Ilis) + Z ras>1, e€ A.
Se@’:eeS S¢& :ecS

In a way similar to derivations of section 2 it is possible to show that for any z’, z” it follows
that

[fa@”) = fal@)] < Y wi o = 2|l < mp~ti )l — 2o,
Se&

where the last inequality follows from the definition of &’. Consequently, an estimate of the
required sample size can be written as

N> 0(1) (”;g;f’)Z [mlog (TZP(;;?Y +log (é)] , (17)

which together with the estimate of Opt given in Lemma 1 gives the required estimate (9). §
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