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1. Introduction. Multicriteria optimization problems are a class of difficult op-
timization problems in which several different objective functions have to be taken
care of at the same time. It will usually be the case that no single point will mini-
mize all of the several objective functions given at once. Therefore, we are in search
for so-called efficient points, i. e. feasible points for which there does not exist a
different feasible point with the same or smaller objective function values such that
there is a strict decrease in at least one objective function value. Since two different
efficient points will usually be not only quite different from each other in terms of
objective function values, but also incomparable with each other, we have to gain as
much information as possible about the solution set of a given problem, preferably by
constructing a well-defined approximation to it. This is the subject of this paper.

Applications of multicriteria optimization can be found in various areas, e. g. in
engineering design [9, 8, 27], space exploration [32], antenna design [26, 25], man-
agement science [10, 3, 20, 30, 34, 1], environmental analysis [29, 11, 12], cancer
treatment planning [23], bilevel programming [16], location science [4], statistics [5],
etc. A further application, power plant optimization, is described in Subsection 5.2.

The rest of this paper is as follows. In Section 2, we review in short the problem
of solving one single-criteria convex-quadratic optimization problem by an interior-
point method, namely by an infeasible point method. Sections 3 and 4, containing the
main theoretical results of this paper, consider perturbed optimization problems and
a strategy to compute a warm-start point, i. e. a starting point for the new, perturbed
problem, computed out of an iteration point for the unperturbed problem. Armed
with this technique, we are ready to tackle our main problem. After explaining in
short what multicriteria optimization is and where the main difficulties lie (Section 5),
we come to the main part of the paper, Section 6. There, we describe a new efficient
adaptive interior-point technique for solving convex quadratic multicriteria problems
and show how it can be applied to a real-world multicriteria optimization problem
from power plant control.

2. The Interior-Point Algorithm.

∗Corresponding author.
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2 An Adaptive Warm-Start Technique for Quadratic Multiobjective Optimization

2.1. The Problem. Let there be given a primal quadratic optimization problem
(PQP) of the form

min 1
2x

TQx+ cTx
s. t. Ax = b,

x ≥ 0,
(2.1)

with c ∈ � n, b ∈ � m, A ∈ � m×n and a symmetric matrix Q ∈ � n×n. The vector
x ∈ � n represents the primal variables.

A dual problem (DQP) to (PQP) is

max − 1
2x

TQx+ bTλ
s. t. −Qx+ATλ+ s = c,

s ≥ 0,
(2.2)

with the dual variables s ∈ � n and λ ∈ � m. The set of primal-dual feasible 3-tuple
w = (x, λ, s) is given by

Ω := {w = (x, λ, s) ∈ � n × � m × � n | Ax = b, −Qx+ATλ+ s = c, (x, s) ≥ 0}.

For a primal-dual feasible point w ∈ Ω, the difference between the primal and the
dual objective function values is given by

sTx = cTx+ xTQx− bTλ ≥ 0

and is called duality gap. Denote by

Ω0 := {w = (x, λ, s) ∈ Ω | (x, s) > 0}

the set of strictly feasible points.
In the rest of the paper, we make the following three assumptions.
1. The set of primal-dual feasible points is nonempty: Ω 6= ∅.
2. The constraint matrix A has full row rank.
3. The matrix Q is positive semidefinite.

Clearly, under these assumptions, a primal-dual point w = (x, λ, s) is optimal for
(PQP) as well as (DQP) (i. e. x is optimal for (PQP) and (λ, s) is optimal for (DQP))
if the KKT-conditions hold:

F (x, λ, s) :=





−Qx+ATλ+ s− c
Ax− b
SXe



 = 0, (x, s) ≥ 0. (2.3)

Here, as usual, e := (1, 1, ..., 1)T ∈ � n, S := diag(s) ∈ � n×n and X := diag(x) ∈
� n×n.

2.2. The Algorithm. We now perturb the right hand side of the system of
equations F (x, λ, s) = 0 in the usual way by considering a parameter τ > 0 and the
perturbed system

Fτ (x, λ, s) :=





−Qx+ATλ+ s− c
Ax− b

SXe− τe



 =





0
0
0



 , (x, s) > 0. (2.4)
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A Newton step for the nonlinear system of equations Fτ (x, λ, s) = 0 amounts in
solving the linear system





−Q AT I
A 0 0
S 0 X









∆x
∆λ
∆s



 =





−rc
−rb

−(SXe− σµe)



 . (2.5)

Here, we have used the abbreviations rb := Ax − b and rc := −Qx + ATλ + s − c.
(Note that for these abbreviations, rb as well as rc depend on (x, λ, s).) Moreover, we
used τ = σµ with the duality measure

µ =
xT s

n
(2.6)

and the centering parameter σ ∈] 0, 1[. This parameter weights the competing aims
of convergence of µ to zero and closeness to the central path. Denote by ∆w =
(∆x,∆λ,∆s) the solution of the linear system (2.5).

Basically, we want to execute Newton steps for Fτ with the parameter τ > 0
converging to 0. For prespecified parameters γ ∈ ] 0, 1 [, β ≥ 1, and a starting point
(x0, λ0, s0) defining residuals r0b and r0c and a duality measure µ0, all iterates of the
algorithm presented below will lie in the set

N−∞(γ, β) :=

{

(x, λ, s)

∣
∣
∣
∣
‖(rb, rc)‖2 ≤ ‖(rb0, rc

0)‖2

µ0
βµ, (x, s) > 0,

xisi ≥ γµ ∀ i = 1, 2, . . . , n

}

.
(2.7)

Here, the inequality xisi ≥ γµ serves the purpose of hindering some products xisi to
converge faster to zero than other ones. Moreover, due to β ≥ 1, we have (x0, λ0, s0) ∈
N−∞(γ, β).

In order to stay within the set N−∞(γ, β) with all iterates we will introduce a
step length α > 0. (Indeed, full Newton steps for Fτ might lead outside of the set.)
We will choose α in such a way that with wk ∈ N−∞(γ, β) and wk+1 = wk + α∆w
we still have wk+1 ∈ N−∞(γ, β). For this, define

(x(α), λ(α), s(α)) := (x, λ, s) + α(∆x,∆λ,∆s)

as well as

µ(α) := x(α)T s(α)/n.

Now we are ready to describe the primal-dual infeasible-point long-step algorithm for
quadratic problems, see Algorithm 1, p. 4.

Remark 1. In case of rb = 0 as well as rc = 0, i. e. if the starting point fulfills
already the primal-dual equality constraints, we have a feasible point algorithm. In
this case, all iterates generated are strictly feasible. Such an algorithm for the problem
considered here is discussed in [15]. However, finding such a starting point turns out
to be rather difficult. Indeed, there exist problems with Ω 6= ∅ but Ω0 = ∅. In the
algorithm above, we do not need such a feasible starting point, just a point with
(x, s) > 0.

With respect to convergence, we just note that we can use the convergence proof of
Wright [35, p. 110ff] for algorithm IPF (stated there for linear optimization problems)
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Input: Problem data for problem (PQP): A, b, c,Q.
Choose ε > 0, β ≥ 1, γ ∈] 0, 1 [, σmin and σmax with 0 < σmin < σmax < 1/21

and (x0, λ0, s0) ∈ N−∞(γ, β)
k := 02

while3

µk :=
(xk)T sk

n
> ε (2.8)

do

Choose σk ∈]σmin, σmax] and compute rk
c , rk

b as well as rk
xs by4

rk
c := −Qxk +ATλk + sk − c
rk
b := Axk − b
rk
xs := SkXke− σkµke.

(2.9)

Compute (∆xk,∆λk ,∆sk) by solving5





−Q AT I
A 0 0
Sk 0 Xk









∆xk

∆λk

∆sk



 =





−rk
c

−rk
b

−rk
xs



 . (2.10)

Choose αk as the largest α ∈ [ 0, 1 ] such that6

(xk(α), λk(α), sk(α)) ∈ N−∞(γ, β) (2.11)

as well as the Armijo condition

µk(α) ≤ (1 − 0.01α)µk (2.12)

holds.
Define7

(xk+1, λk+1, sk+1) := (xk(αk), λk(αk), sk(αk)).

k := k + 18

endw9

Output: (xk , λk, sk)
Algorithm 1: Algorithm QIP for solving a convex-quadratic optimization problem
subject to linear equality and inequality constraints in standard form.

almost verbatim. The only difference of any interest is that for the pair (x, s) defined
in Lemma 6.3 of [35] the equality xT s = 0 does not hold. Instead, we have xT s ≥ 0.
This, however, is sufficient for the rest of the reasoning to work. We summarize
the main results in the following two theorems, noting again that all iterates can be
infeasible.

Theorem 1 (Convergence). Let {(xk, λk, sk)} be a sequence constructed by Al-
gorithm QIP. Then,

1. the sequence {µk} of duality measures converges Q-linearly to zero, and
2. the sequence {‖(rk

b , r
k
c )‖2} of residuals converges Q-linearly to zero.
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Theorem 2 (Complexity). Let ε > 0 be given. Suppose that for the starting
point (x0, λ0, s0) we have that

(x0, λ0, s0) = ζ(e, 0, e) and ζ ≥ ‖(x∗, s∗)‖∞
holds for a solution (x∗, λ∗, s∗) of (PQP) and (DQP). Moreover, let constants C, κ > 0
be given such that

ζ2 ≤ C

εκ
.

Then, there exists an index K with

K = O(n2| log ε |),
such that for the iterates (xk , λk, sk) constructed by algorithm QIP we have that

µk ≤ ε for all k ≥ K

holds.

3. Warm-start Points. Let us consider the primal and the dual problem (PQP)
and (DQP) from Subsection 2.1. Both problems, (PQP) as well as (DQP), can be
described in a unique way by the 4-tuple

d := (A, b,Q, c). (3.1)

We define the norm of such a data instance d by the maximum of the 2-norm of the
components,

‖d‖2 := max{‖A‖2, ‖b‖2, ‖Q‖2, ‖c‖2}. (3.2)

(Of course, the matrix norms are matrix norms induced by the Euclidean norms in
the corresponding vector spaces.)

Let us now consider the data instance d = (A, b,Q, c) as well as the perturbed
instance d̃ := d + ∆d with the perturbation ∆d = (0, 0,∆Q,∆c). (We will see later,
in Section 5, that we are in exactly such a situation if we want to solve a multicriteria
optimization problem.) If we solve the problem described by d with algorithm QIP, all
iterates will lie in N−∞(γ, β). If we want to solve the problem represented by d+ ∆d
with algorithm QIP, too, we have to use a similar set for the corresponding sequence
of iterates.

Remark 2. To differentiate between variables and parameters for the original
problem with data instance d from variables and parameters for the perturbed problem
with data instance d̃ := d+∆d, we will use a tilde (̃ ) on all variables and parameters
for the latter to signify the perturbation of the data.

Now let w = (x, λ, s) be a primal-dual strictly feasible point of the original prob-
lem. We want to construct a warm-start point

w̃ := w + ∆w = (x+ ∆x, λ+ ∆λ, s+ ∆s)

of the perturbed problem. This warm start point should have the same residuals
(r̃b, r̃c) as those given by w, i. e. (rb, rc), the residuals of w for the original problem.
For the problem instance d+ ∆d and the residuals (r̃b, r̃c), we consider the sets

Ω̃ := {(x, λ, s) | Ax − b = r̃b, −(Q+ ∆Q)x+ATλ+ s− (c+ ∆c) = r̃c,

(x, s) ≥ 0},
Ω̃0 := {(x, λ, s) ∈ Ω̃ | (x, s) > 0}
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as well as

Ñ−∞(γ, β) :=

{

(x, λ, s) ∈ Ω̃0

∣
∣
∣
∣
‖(r̃b, r̃c)‖2 ≤ ‖(r0b , r0c )‖2

µ0
βµ̃,

xisi ≥ γµ̃, i = 1, 2, . . . , n

}

.
(3.3)

Note that the residuals r0b and r0c and the duality gap µ0 stem from the starting point
of the original problem represented by d. Now we are in search of a corrector step
∆w = (∆x,∆λ,∆s) such that the warm start point w̃ defined by w̃ = w + ∆w is in
the set Ñ−∞(γ, β).

With the assumptions from above, we can make the following observations. Due
to r̃b = rb, we have

r̃b = Ax̃ − b = A(x+ ∆x) − b = Ax− b
︸ ︷︷ ︸

= rb

+A∆x

⇐⇒ A∆x = 0. (3.4)

Moreover, with r̃c = rc, it follows that

r̃c = −(Q+ ∆Q)x̃+AT λ̃+ s̃− (c+ ∆c)

= −(Q+ ∆Q)(x + ∆x) +AT (λ+ ∆λ) + (s+ ∆s) − (c+ ∆c)

= −Qx+ATλ+ s− c
︸ ︷︷ ︸

= rc

−(Q+ ∆Q)∆x+AT ∆λ+ ∆s− ∆c− ∆Qx

⇐⇒ −(Q+ ∆Q)∆x +AT ∆λ+ ∆s = ∆c+ ∆Qx. (3.5)

In addition, we want that the duality gap of w̃ is at most as large as w. We will show
in the proof of Theorem 3 (p. 7) that this can be achieved by

S∆x+X∆s = 0. (3.6)

Taking (3.4), (3.5), and (3.6) together, we see that we need to consider the fol-
lowing system of linear equations:





−Q̃ AT I
A 0 0
S 0 X









∆x
∆λ
∆s



 =





∆c+ ∆Qx
0
0



 . (3.7)

Here,

Q̃ := Q+ ∆Q.

Solving (3.7) for ∆w = (∆x,∆λ,∆s), we get

∆λ = (AM−1AT )−1AM−1(∆c+ ∆Qx), (3.8)

∆s = D−2M−1(∆c+ ∆Qx−AT ∆λ), (3.9)

∆x = −D2∆s. (3.10)

Here, we have used the abbreviations

D2 := S−1X
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and

M := Q̃+D−2.

Note, however, that in order for the inclusion

w̃ ∈ Ñ−∞(γ, β) (3.11)

to hold, we need strict positivity of all components of x̃ as well as s̃. Unfortunately,
this is not necessarily true for w̃ = w + ∆w. Using a step length α 6= 1 like in
algorithm QIP does not help, either, since only full steps can assure that the residuals
stay the same. We are therefore in search for sufficient conditions for (3.11). This is
the subject of the next section.

4. Warmstart Criteria. We follow the strategy outlined before in Nunez &
Freund [33], Yıldırım & Wright [36], Fliege & Heseler [15], and Heermann, Weyers,
and Fliege [7].

4.1. Necessary and Sufficient Conditions. A necessary and sufficient con-
dition for strict positivity of x̃ and s̃ can be found by taking a closer look at (3.10).
Indeed, decomposing this equation in its actual components, we get

si∆xi + xi∆si = 0, i = 1, 2, ..., n,

and using (x, s) > 0, we see that this is equivalent to

∆xi

xi
+

∆si

si
= 0, i = 1, 2, ..., n. (4.1)

Therefore, x̃ and s̃ are strictly positive componentwise if and only if

|∆xi|
xi

< 1 and
|∆si|
si

< 1, i = 1, 2, ..., n. (4.2)

Combining (4.1) and (4.2) we arrive at
∣
∣
∣
∣

∆xi

xi

∣
∣
∣
∣
=

∣
∣
∣
∣

∆si

si

∣
∣
∣
∣
< 1, i = 1, 2, ..., n,

i. e.
∥
∥X−1∆x

∥
∥
∞

=
∥
∥S−1∆s

∥
∥
∞
< 1. (4.3)

This, now, is a necessary and sufficient condition that a feasible warm-start point has
to fulfill.

4.2. Sufficient Conditions. Unfortunately, before we can check (4.3), we have
to compute ∆λ as well as ∆s, and it might be argued that this is slightly inefficient:
in such a scheme, we first compute a warm-start point, then we check for feasibility.
The next theorem is a step further on in our search for simple sufficient conditions
for feasibility of a warm-start point.

Theorem 3. Let d be a problem instance and w be a point for this instance with
(x, s) > 0 and residuals (rb, rc) 6= 0. Let a perturbation ∆d = (0, 0,∆Q,∆c) be given,
let ∆w = (∆x,∆λ,∆s) be a solution to (3.7) and set w̃ = (x̃, λ̃, s̃) = w + ∆w. With

T := I −AT (AM−1AT )−1AM−1,
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suppose that
∥
∥
∥
∥

[
∆c

∆Qx

]∥
∥
∥
∥
∞

<
1

‖X−1M−1(T, T )‖∞
, (4.4)

holds. Then,

w̃ ∈ Ω̃0

as well as

x̃T s̃ ≤ xT s (4.5)

follows.
Proof. (Cmp. Yıldırım & Wright [37], Proposition 5.1, p. 797f.) Using (3.8)

and (3.9) we arrive at the following chain of equalities and inequalities.
∥
∥S−1∆s

∥
∥
∞

=
∥
∥S−1D−2M−1[∆c+ ∆Qx−AT ∆λ]

∥
∥
∞

=
∥
∥X−1M−1

[
∆c+ ∆Qx−AT

(
(AM−1AT )−1AM−1(∆c+ ∆Qx)

)]∥
∥
∞

=
∥
∥X−1M−1

[(
∆c−AT (AM−1AT )−1AM−1∆c

)

+
(
∆Qx−AT (AM−1AT )−1AM−1∆Qx

)]∥
∥
∞

≤
∥
∥X−1M−1

(
I −AT (AM−1AT )−1AM−1

)
[I, I ]

∥
∥
∞

∥
∥
∥
∥

[
∆c

∆Qx

]∥
∥
∥
∥
∞

=
∥
∥X−1M−1 (T, T )

∥
∥
∞

∥
∥
∥
∥

[
∆c

∆Qx

]∥
∥
∥
∥
∞

.

Therefore, as long as
∥
∥
∥
∥

[
∆c

∆Qx

]∥
∥
∥
∥
∞

<
∥
∥X−1M−1 (T, T )

∥
∥
−1

∞
(4.6)

holds, we have
∥
∥S−1∆s

∥
∥
∞
< 1 and therefore w̃ ∈ Ω̃0.

It remains to show (4.5). We have

xT ∆s+ sT ∆x = 0.

Due to (4.1), we know that ∆xi and ∆si have different signs for all i = 1, 2, . . . , n.
This results in (∆x)T ∆s ≤ 0, which in turn leads to

x̃T s̃ = (x+ ∆x)T (s+ ∆s) = xT s+ xT ∆s+ sT ∆x+ (∆x)T ∆s ≤ xT s.

Of course, we need that the warm-start point generated by (3.7) is not only strictly
feasible, but also in Ñ−∞(γ, β) for some γ ∈ ] 0, 1 [ and a β ≥ 1. More precisely, we
need that

x̃is̃i ≥ γµ̃, i = 1, 2, . . . , n,

and

‖(r̃b, r̃c)‖2 ≤ ‖(r0b , r0c )‖2
βµ̃

µ0
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holds. Before taking a closer look at these inequalities, we consider the following
lemma.

Lemma 4. Under the assumptions of Theorem 3, define

θ := 1 −
∥
∥S−1∆s

∥
∥
∞
. (4.7)

Then,

µ̃ ≥ θµ. (4.8)

Proof. Due to (4.3) and (4.7), we have θ > 0. Moreover, (4.7) can be written as

x̃i := xi + ∆xi ≥ θxi and s̃i := si + ∆si ≥ θsi, i = 1, 2, . . . , n.

According to the proof of Theorem 3, we have that

∆xi∆si ≤ 0 for all i = 1, 2, . . . , n.

On the one hand, assuming ∆xi ≥ 0 leads immediately to x̃i ≥ xi. With (4.7), we
get

x̃is̃i ≥ xis̃i ≥ θxisi.

On the other hand, assuming ∆si ≥ 0 we get in an analogous way

x̃is̃i ≥ x̃isi ≥ θxisi.

Taking both cases together, we arrive at

µ̃ ≥ θµ.

Corollary 5. Let all assumptions of Theorem 3 hold and let a θ ∈ ] 0, 1 [ be
given with

θ ≤ 1 −
∥
∥S−1∆s

∥
∥
∞
. (4.9)

Suppose now that

∥
∥
∥
∥

[
∆c

∆Qx

]∥
∥
∥
∥
∞

≤ 1 − θ

‖X−1M−1(T, T )‖∞

holds. Then,

w̃ ∈ Ω̃0

as well as µ̃ ≤ µ. Moreover, if for some parameters γ0 ∈ ] 0, 1 [ and β0 ≥ 1 we have
w ∈ N−∞(γ0, β0), then

w̃ ∈ Ñ−∞(θγ0, β0/θ).
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Proof. The decrease of the duality gap as well as w̃ ∈ Ω̃0 follows with Theorem 3.
Now let w ∈ N−∞(γ0, β0). Using (4.9) and (4.5), we get

x̃is̃i ≥ θxisi ≥ θγ0µ ≥ θγ0µ̃.

Moreover, due to (4.8), we have

‖(r̃b, r̃c)‖2 = ‖(rb, rc)‖2 ≤ ‖(r0b , r0c )‖2
β0µ

µ0
≤ ‖(r0b , r0c )‖2

β0

θ µ̃

µ0
.

As a consequence, w̃ ∈ Ñ−∞(θγ0, β0/θ).
Up to now, we have just found criteria which make it possible to check if, start-

ing with a prespecified perturbation, a given point (i. e. an iterate) can be used to
construct a warm-start point. For the complexity analysis still to follow (see Subsec-
tion 4.3), we want to couple the size of a possible perturbation with the duality gap of
a given point. We prepare the road with some concepts and some preliminary results.

The set of data instances for which there exists a strictly feasible point is denoted
by

L = {(A, b,Q, c) | ∃x, λ, s : (x, s) > 0, Ax = b,−Qx+ATλ+ s = c}.

Let the complement of L be denoted by LC . The set LC contains all those data
instances for which either (PQP) or (DQP) or both do not have a strictly feasible
point. Denote the boundary between L and LC by

B := cl(L) ∩ cl(LC).

Due to (0, 0, 0, 0) ∈ B we have B 6= ∅. A data instance d ∈ B is called ill-posed : an
arbitrary small perturbation ∆d can result in d + ∆d ∈ L or d + ∆d ∈ LC . The
distance to ill-posedness is defined by

ρ(d) := inf{‖∆d‖2 | d+ ∆d ∈ B}.

At last, the condition number of a data instance d is defined by

C(d) :=
‖d‖2

ρ(d)

(resp. C(d) = ∞ in case of ρ(d) = 0).
Remark 3. Since for ∆d = −d we have d+∆d ∈ B, we always have ρ(d) ≤ ‖d‖2

and C(d) ≥ 1.
A sufficient condition for the infeasibility of a convex-quadratic problem is given

in the following lemma. As usual, all inequalities there between vectors are to be
understood componentwise.

Lemma 6. Let there be given matrices Q ∈ � n×n and A ∈ � m×n as well as a
vector c ∈ � n.Then, the systems

ATλ < c+Qx (4.10)

and

Ax = 0,
x ≥ 0,

cTx+ xTQx ≤ 0,
x 6= 0

(4.11)



An Adaptive Warm-Start Technique for Quadratic Multiobjective Optimization 11

cannot be solved simultaneously by vectors x ∈ � n and λ ∈ � m.
Proof. Suppose that both systems can be solved. Then (4.10) is equivalent to

c > ATλ−Qx.

Substituting this in the third block of (4.11), we get

0 ≥ cTx+ xTQx > λT Ax
︸︷︷︸

=0

−xTQTx+ xTQx = 0,

which is a contradiction. Therefore, the conclusion holds.
Lemma 7. Let there be given a data instance d = (A, b,Q, c) ∈ L and a point w =

(x, λ, s) with residuals (rb, rc). Define the data instance d̂ by d̂ := (A, b+rb, Q, c+rc).
Then, it follows that

‖x‖2 ≤
max

{

‖b̂‖2, |ĉTx+ xTQx|, ‖P‖2

}

ρ(d̂)
. (4.12)

holds for all positive semidefinite matrices P ∈ � n×n.
Proof. We will modify the idea of Nunez & Freund [33, p. 11f]. Let there be

given the data instance d and the point w = (x, λ, s) with x 6= 0. The residuals are
given by rb = Ax− b and rc = −Qx+ATλ+ s− c . Define

b̂ := b+ rb and ĉ := c+ rc.

Then, w is feasible for the data instance d̂ = (A, b̂, Q, ĉ). Now consider the perturba-
tion ∆d = (∆A, 0,∆Q,∆c) defined by

∆A := −b̂xT 1

‖x‖2
2

,

∆c :=
−|ĉTx+ xTQx|

‖x‖2
2

x,

∆Q := − 1

‖x‖2
P

for some positive semidefinite matrix P . Then,

(A+ ∆A)x = Ax − b̂
xTx

‖x‖2
2

= Ax− b̂ = 0

and

(ĉ+ ∆c)Tx+ xT (Q+ ∆Q)x

= ĉTx+ ∆cTx+ xTQx+ xT ∆Qx

= ĉTx+ xTQx− |ĉTx+ xTQx| − 1

‖x‖2
xTPx

≤ 0.

Using Lemma 6, we see that there does not exist a λ with

(A+ ∆A)Tλ < ĉ+ ∆c+ (Q+ ∆Q)x
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and the dual problem to the data instance d̂+ ∆d is infeasible. Therefore,

ρ(d̂) ≤ ‖∆d‖2 = max{‖∆A‖2, ‖∆c‖2, ‖∆Q‖2}

=
max{‖b̂‖2, |ĉTx+ xTQx|, ‖P‖2}

‖x‖2
,

and the conclusion follows with

‖x‖2 ≤ max{‖b̂‖2, |ĉTx+ xTQx|, ‖P‖2}
ρ(d̂)

. (4.13)

Corollary 8. Let there be given a data instance d = (A, b,Q, c) ∈ L and

a point w = (x, λ, s) with residuals (rb, rc). Define the data instance d̂ by d̂ :=
(A, b+ rb, Q, c+ rc). Then, it follows that

‖x‖2 ≤ C(d̂) +
|ĉTx+ xTQx|

ρ(d̂)
.

Proof. Use P = 0 in the last lemma. Then ∆Q = 0. With (4.13) it follows that

‖x‖2 ≤ ‖b̂‖2 + |ĉTx+ xTQx|
ρ(d̂)

≤ ‖d̂‖2

ρ(d̂)
+

|ĉTx+ xTQx|
ρ(d̂)

= C(d̂) +
|ĉTx+ xTQx|

ρ(d̂)
.

Corollary 9. Let there be given a data instance d = (A, b,Q, c) ∈ L and a point
w = (x, λ, s) strictly feasible for d. Then,

‖x‖2 ≤ max
{
‖b‖2, |cTx+ xTQx|

}

ρ(d)
≤ C(d) +

|cTx+ xTQx|
ρ(d)

.

Now we are almost ready to couple the size of a given perturbation with a given
duality gap. We just need one more technical result.

Lemma 10. Let there be given symmetric and positive semidefinite matrices
Mj ∈ � n×n (j = 1, . . . , p). For α ∈ � p, α ≥ 0, define M(α) :=

∑p
j=1 αjMj. If A

has full row rank, then

χ(A) := sup
α≥0:

M(α) p. d.

‖(A(M(α))−1AT )−1A(M(α))−1‖∞ <∞

holds. Here, ”p. d.” stands for positive definite.
Proof. This follows directly with inequality (5.6) from the proof of Corollary 5.2 in

Forsgren and Sporre [17]. Note that this Corollary 5.2 is based directly on Theorem 5.1
in the same paper.

To use the result above, we assume in what follows that we have given a data
instance d = (A, b,Q, c) and a perturbation of the primal objective function, i. e.
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a data perturbation of the form ∆d = (0, 0,∆Q,∆c). Furthermore, let us assume
that we have given symmetric positive definite matrices Q1, Q2, . . . , Qp and a vector
α ∈ � p, α ≥ 0 such that

Q+ ∆Q =

p
∑

i=1

αiQi.

We will see in Section 5 that these additional assumptions fit perfectly into the frame-
work of multicriteria optimization.

Theorem 11. Let there be given a data instance d = (A, b,Q, c) ∈ L and a
perturbation ∆d = (0, 0,∆Q,∆c). Let w = (x, λ, s) be a point with (x, s) > 0 and

residuals (rb, rc) (with respect to d). Define the data instance d̂ by d̂ := (A, b+rb, Q, c+
rc). Let A have full row rank and define

ψ(A) := 1 + ‖AT ‖∞χ(A).

Suppose that w ∈ N−∞(γ, β) for some β, γ > 0. Then,

1

‖X−1M−1(T, T )‖∞
≥ γµ

2n1/2
(

C(d̂) + |ĉT x+xT Qx|

ρ(d̂)

)

ψ(A)
. (4.14)

Proof. The proof follows exactly the lines of a similar result in Fliege & Heseler
[15, p. 14f] and is therefore omitted here.

We are now ready to state the main result, connecting the size of the duality gap
with the size of a perturbation and vice versa.

Define

‖∆d‖∞ := max{‖∆c‖∞, ‖∆Q‖∞} (4.15)

as well as

ξ := 1 +
|ĉTx+ xTQx|

‖d̂‖2

≥ 1.

Then,

‖x‖2 ≤ ξC(d̂) = C(d̂) + C(d̂)
|ĉTx+ xTQx|

‖d̂‖2

= C(d̂) +
|ĉTx+ xTQx|

ρ(d̂)
. (4.16)

Theorem 12. Let there be given parameters γ and γ0 with 0 < γ < γ0 < 1 and
define θ := γ/γ0. Define ξ as above. Let w and w̃ as well as β be as in Corollary 5.
If

µ ≥ 2‖∆d‖∞
γ0(1 − θ)

ξn1/2C(d̂)

(

C(d̂) +
|ĉTx+ xTQx|

ρ(d̂)

)

ψ(A)

holds, then w̃ ∈ Ñ−∞(γ, β).

Proof. See Fliege & Heseler [15, p. 15f].
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4.3. Complexity. Let there be given a problem in form of a data instance d as
well as a primal-dual starting point (x0, λ0, s0), possibly infeasible for d. Denote, as
usual, the residuals by (r0b , r

0
c ) and let µ0 be the duality measure at the starting point.

Moreover, let ε > 0 be given. Suppose furthermore that we have already solved that
problem with algorithm QIP by computing iterates wk = (xk , λk, sk), k = 1, 2, 3, . . . .
Our complexity analysis has shown that

µk ≤ ‖d‖2ε

holds for

k ≥ K = O
(

n2 log
µ0

‖d‖2ε

)

.

Now suppose that we perturb our problem d to d + ∆d and construct a warm-start
point by our warm-start strategy out of the iterate wj . This warm-start point is then
used by algorithm QIP to solve the perturbed problem. Clearly, after

k ≥ Kwarm = O
(

n2 log
µj

‖d+ ∆d‖2ε

)

iterations we have that

µ̃k ≤ ‖d+ ∆d‖2ε

holds. Here, µ̃k are the duality measures for the perturbed problem, as computed by
algorithm QIP. Furthermore, if ‖∆d‖2 ≤ ‖d‖2/2 holds, we can use the estimate

1

‖d+ ∆d‖2
≤ 1

‖d‖2 − ‖∆d‖2
≤ 2

‖d‖2

to conclude

Kwarm = O
(

n2 log
µj

‖d‖2ε

)

.

5. Multicriteria Optimization. In this section, we give a short introduction
to multicriteria optimization. We follow roughly the chain of arguments presented
in [15] and repeat the main points for the sake of completeness here.

5.1. The Problem. Let there be given p > 1 convex quadratic objective func-
tions of the form

fi(x) =
1

2
xTQix+ cTi x, i = 1, . . . , p, (5.1)

with positive semidefinite matricesQi ∈
� n×n and vectors ci ∈

� n for all i. Moreover,
let

G := {x ∈ � n | Ax = b , x ≥ 0} (5.2)

be the set of feasible points. We are interested in minimizing simultaneously the
functions

f1, . . . , fp : G −→ �
(5.3)
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on the set G in a sense specified as follows. Define the function f : G −→ � p by
f = (f1, . . . , fp)

T . The element y∗ ∈ f(G) is called efficient, if and only if there is no
other y ∈ f(G) with

yi ≤ y∗i ∀ i ∈ {1, 2, . . . , p}
and

yk < y∗k for at least one k ∈ {1, 2, . . . , p}.
The set of all efficient points of the set f(G) is called the efficient set, E(f(G)). With
the definition of efficiency as above, it becomes clear that in multicriteria optimization
we are in search for the whole set E(f(G)) and, obviously, for the corresponding set
of optimal decision variables f−1(E(f(G))). For typical examples for this type of
problem we refer to, e. g., [15]. Note that two efficient points f(x(1)), f(x(2)) ∈
E(f(G)) (x(1), x(2) ∈ G) with f(x(1)) 6= f(x(2)) are incomparable to each other with
respect to the order defined above. By their very nature of being efficient, there exist
two indices i, j ∈ {1, . . . , p} such that fi(x

(1)) < fi(x
(2)) and fj(x

(2)) < fj(x
(1)).

Therefore, just one efficient point cannot capture the possible optimal alternatives
we face when solving a multicriteria optimization problem. This clearly shows that
human decision makers need information about the whole set E(f(G)).

5.2. An Application: Power Plant Optimization. Suppose an energy pro-
ducer is operating a number of power plants. Subject to various technical constraints,
the producer would certainly like to

1. minimize the total cost for producing electricity,
2. minimize the wear and tear of the power plants,
3. minimize the error in meeting the forecast demand.

This is clearly a three-criteria optimization problem, currently only studied as a one-
or two-criteria optimization problem [2, 7, 21]. We will model this problem as follows,
following closely [2]. Let K be the number of power plants, numbered by i = 1, . . . ,K.
Index by t = 1, . . . , T the future time steps for which a demand forecast is given. We
assume that between time steps demand and production varies linearly, an assumption
usually well met in practice for appropriately chosen time steps [2, 28]. With this, we
can use as decision variables xi,t the production (in megawatt) of power plant no. i
at time t (i = 1, . . . ,K, t = 1, . . . , T ). According to [2, 28], the first objective can be
well approximated by

f1((xi,t)i,t) :=
K∑

i=1

T∑

t=1

pi,txi,t + qi,tx
2
i,t,

where pi,t, qi,t ≥ 0 are known constants (i = 1, . . . , k, t = 1, . . . , T ). Using the vectors

xt := (x1,t, . . . xK,t)
> ∈ � K (t = 1, . . . , T ) as well as the vector x0 ∈ � K of current

power production, total wear and tear is given by

f2((xi,t)i,t) :=
T−1∑

t=0

‖xt+1 − xt‖2
2.

Finally, if yt ∈ �
+ (t = 1, . . . , T ) denotes the demand forecast for the time t, the

third criterion to be minimized can be written as

f3((xi,t)i,t) :=

T∑

t=1

(
K∑

i=1

xi,t − yt

)2

.
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Clearly, all three objectives are convex-quadratic. Constraints are of the form

xmin
i,t ≤ xi,t ≤ xmax

i,t

for prespecified plant-specific constants xmin
i,t , x

max
i,t ≥ 0 (i = 1, . . . ,K, t = 1, . . . , T ) as

well as

ẋmin
i,t ≤ xi,t − xi,t−1 ≤ ẋmax

i,t

for prespecified plant-specific constants ẋmin
i,t , ẋ

max
i,t ∈ �

(i = 1, . . . ,K, t = 1, . . . , T ).
Usually, neither K nor T are large, i. e. the problems considered are not large-scale.
Nevertheless, these problems are challenging for two reasons. First, as it will be
explained in Subsection 5.3 below, solving a multicriteria problem amounts to solving
many classical single-criteria optimization problems, typically hundreds or thousands
of them. Second, for the application considered here, demand forecasts are constantly
updated, so we face a real-time optimization problem. Problems of this type must be
solved in no more than a few minutes [2], and decision makers need good knowledge
of the set of efficient points to make a meaningful and well-informed decision.

5.3. Scalarization. It is well-known that we can find a point close to E(f(G))
of the problem specified by (5.3) by solving the single-objective optimization problem

min ωT f(x)

s. t. x ∈ G, (5.4)

with ω an arbitrary weight vector from the set

Z :=

{

ω ∈ � p

∣
∣
∣
∣
∣

p
∑

i=1

ωi = 1, ωi > 0 ∀ i ∈ {1, 2, . . . , p}
}

. (5.5)

This approach is often called scalarization. (For a discussion of this and other scalar-
ization techniques see e. g. [19, 24, 22, 13].) Indeed, defining the set of properly
efficient points P by

P (f(G)) :=

{

f(x∗)

∣
∣
∣
∣
ω ∈ Z, x∗ ∈ G, ωT f(x∗) = min

x∈G
ωT f(x)

}

,

it can be shown [18, 31] that

P (f(G)) ⊆ E(f(G)) ⊆ cl(P (f(G))) (5.6)

holds. Here, cl(·) is the closure operator. In fact, this result holds for arbitrary
functions f : G −→ � p as long as the set f(G) +

� p
+ is closed and convex. Since

we can not distinguish numerically between a set and its closure, we can, therefore,
replace E by P in all applications involving convex functions. Turning our attention
to (5.3), (5.2), and (5.1), we see that we have to consider several scalar problems of
the form

min
1

2
xTQx+ cTx

s. t. Ax = b, (5.7)

x ≥ 0,
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where Q =
∑p

i=1 ωiQi, c =
∑p

i=1 ωici, and ω = (ω1, . . . , ωp)
T ∈ Z is a given pa-

rameter or weight vector. As a consequence of the discussion above, we are able
to approximate the set E(f(G)) as well as f−1(E(f(G))) by solving optimization
problems of the form (5.7). These ersatz problems are defined by choosing different
weights ω, see (5.4).

The basic idea is now as follows. Our aim is to compute a discrete approximation
of the set of efficient points. We have to solve a standard scalar optimization problem
for each efficient point we want to compute. The different optimization problems
we have to consider can be viewed as perturbations of each other, with vectors of
weights ω ∈ Z serving as parameters defining the perturbations. We propose to use
an adaptive discretization technique for the set of weights Z. Basically, we want to use
more parameters in those regions of the parameter space where weight vectors which
are close together result in efficient points whose images in the image space

� p are far
apart from each other. But in contrast to [15], where efficient points were calculated
first and then a new weight was chosen adaptively by using information about the
last optimal function values computed, we will now introduce more parameters ω ∈ Z
(i. e. more scalar problems) during the solution process of other scalar problems,
before these other problems are completely solved.

Furthermore, to save work when computing the new efficient points (i. e. when
solving the new optimization problems), we propose to use a warm-start strategy.
With such a strategy, points from the iteration history of scalar problems already
solved are used as starting points for the optimization problems currently under con-
sideration.

6. The EffSet-Algorithm.

6.1. The Basic Idea. When solving a multicriteria optimization problem, we
have to solve many standard scalar problems, each of them a perturbation of each
other one. Of course, we can solve one scalarized problem first, use one of the iterates
computed to generate a warm-start point for the next scalarized problem considered,
etc. This is basically the idea outlined in Fliege & Heseler [15]. However, in the
algorithm presented below we want to do warm-starts as early as possible, thereby
considering many scalarized problems simultaneously. In this way, we will be able
to generate an approximation of the set of efficient points even if none of the scalar
problems considered is solved up to a prespecified accuracy, yet. (I. e. even if all
duality gaps of all scalar problems considered are still rather large.) A similar idea,
albeit in a purely primal framework, has been pursued in [14].

Figure 6.1 (p. 18), taken from [7] illustrates the idea for bicriteria problems. The
basic idea for bicriteria problems is explained below.

Suppose we start with a prespecified scalarization parameter ω, defining a problem
with data instance denoted by d(ω). Choose a starting point (x0(ω), λ0(ω), s0(ω)) for
algorithm QIP. In Figure 6.1, the image of this point under two real-valued objective
functions is shown in the upper right hand corner. Executing one step with algorithm
QIP results in the point (x1, λ1, s1)(ω). Next, we choose two new scalarization param-
eters ωl and ωr and define the corresponding data instances d(ωl) and d(ωr). These
two data instances can be seen as perturbations of d(ω) simply by noting d(ωl) =
d(ω) + (d(ωl)− d(ω)) resp. d(ωr) = d(ω) + (d(ωr)− d(ω)). Accordingly, we can try to
construct warm-start points based on the information given by (x1(ω), λ1(ω), s1(ω)).
One additional step from each of these warm-start points with algorithm QIP leads to
(x2(ωl), λ

2(ωl), s
2(ωl)) and (x2(ωl), λ

2(ωl), s
2(ωl)), whose images under the two ob-

jectives are depicted in see Figure 6.1. Moreover, one additional step with algorithm
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f1

f2

(x2(ωr), λ
2(ωr), s

2(ωr))

(x1(ω), λ1(ω), s1(ω))

(x0(ω), λ0(ω), s0(ω))

(x2(ω), λ2(ω), s2(ω))

k-th approximation of efficient set

(x2(ωl), λ
2(ωl), s

2(ωl))

(xk(ω̃), λk(ω̃), sk(ω̃))

0

0

Fig. 6.1. Approximation of the image of the set of efficient points by early warm-starts. An
explanation is given in the text.

QIP for the problem with parameter ω from (x1(ω), λ1(ω), s1(ω)) leads to the point
(x2(ω), λ2(ω), s2(ω)). This scheme can now be applied recursively for each of the three
points (x2(ωl), λ

2(ωl), s
2(ωl)), (x2(ω), λ2(ω), s2(ω)), (x2(ωr), λ

2(ωr), s
2(ωr)), until the

images of neighboring iterates are closer to each other than a prespecified distance.
A precise statement of the algorithm can be found in the next subsection.

In what follows, we will consider multicriteria optimization problems with three
criteria of the form

min f(x) =





(1/2)xTQ1x+ cT1 x
(1/2)xTQ2x+ cT2 x
(1/2)xTQ3x+ cT3 x





subject to x ∈ G

with G = {x ∈ � n | Ax = b, x ≥ 0}. An efficient point to this problem will be
approximated by solving a scalarized problem of the form

minx∈G ω1f1(x) + ω2f2(x) + ω3f3(x), (6.1)

parameterized with ω1, ω2, ω3 > 0. In contrast to the rather simple twocriteria case
that has been outlined above, we have to consider a triangulation of the parameter
space given by the set Z ⊂ � 3, see (5.5). This is the subject of the next subsection.

6.2. A Triangularization Strategy. For a given parameter ω ∈ Z, let xk(ω)
be the primal iterate no. k of the algorithm described below. We will then use the



An Adaptive Warm-Start Technique for Quadratic Multiobjective Optimization 19

notation




f1(x
k(ω))

f2(x
k(ω))

f3(x
k(ω))



 = f(xk(ω)) =: fk(ω)

as well as wk(ω) := (xk(ω), λk(ω), sk(ω)) for the corresponding primal-dual iterate.
With this, a triangle described by its vertices (ω1, ω2, ω3) ∈ Z induces corresponding
triangles in the image space of the multicriteria problem given by its three vertices
(fk(ω1), fk(ω2), fk(ω3)).

We now have two quality measures for the approximation to the set of efficient
points to be constructed: the duality gaps of the primal-dual pairs found up to now
(or, more precisely, the maximum of all duality gaps for the current iterate) and the
sizes of the triangles in the image space (or, more precisely, the maximum size of these
triangle sizes for the current iterate).

We will make use of the following notation. At iteration k, we denote the set of
scalarized problems considered by P (k), and we identify these problems with their
weight vectors, i. e. P (k) ⊂ Z. Moreover, we will identify the triangulation of the set
of weights Z considered at iteration no. k with a finite set T (k) ⊂ Z3 of vertices of the
corresponding triangles. This set induces a corresponding set of vertices of triangles
F (k) ⊂ (

� 3)3 in the image space of f , i. e. for (ω1, ω2, ω3) ∈ T (k) we have, with the
notation as above, (fk(ω1), fk(ω2), fk(ω3)) ∈ F (k).

Algorithm EffSet is depicted on p. 21. Some remarks on its workings are in order.
At each iteration, the algorithm proceeds as follows. If the area of a triangle

in F (k) is found to be larger than a prespecified accuracy δ, this triangle (and the
corresponding one in the parameter space) has to be subdivided. For this, we chose
the following strategy. Let ` be the length of the longest edge of such a triangle. Then
we will split all edges of the triangle whose lengths are longer than `/4. The basic
strategy for doing this is as follows.

Let such a triangle edge that has to be split be given. Denote the corresponding
endpoints by fk(ω1) and fk(ω2). Define ω̃ := (ω1+ω2)/2. Choose one of the problems
with parameter ω1 or ω2 and do a warm-start for the problem with parameter ω̃,
making use of either wk(ω1) or wk(ω2). If such a warm-start is successful, i. e. if,
say, wk(ω1) + ∆w ∈ Ñ−∞(γ, β) for the ∆w computed, denote by wk(ω̃) the warm-
start point computed. In case a warm-start is not successful, i. e. if wk(ω1) + ∆w /∈
Ñ−∞(γ, β), a simple backtracking strategy is used to compute parameters of the
form qj ω̃ + (1 − qj)ω (q ∈ ] 0, 1[ prespecified, j ∈ � ) from which further warm-start
attempts were made. Only if this is unsuccessful, too, a point wk(ω̃) is computed
by k iterations with algorithm QIP from the standard starting point, i. e. by a cold-
start for the corresponding problem. This warm-start strategy is depicted in the
subroutine 2, see p. 20.

Finally, the original triangle in the parameter space is subdivided into two, three,
or four smaller triangles, depending on the number of edges that have been divided.
All bordering triangles are also subdivided to keep the whole triangulation regular.
The same happens in the image space.

In an actual implementation of this algorithm, a lower bound on the size of tri-
angles in the parameter space should also be considered, i. e. if the area of a triangle
represented by (ω1, ω2, ω3) ∈ Z3 is below a certain strictly positive bound, such a tri-
angle should not be subdivided any more, even if area(conv{f k(ω1), fk(ω2), fk(ω3)})
is still considered as too large. In that way, the finiteness of the algorithm follows
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Input: ω, ω̄ ∈ Z, dω = (A, b,Q, c), w = (x, λ, s).
Choose q ∈ ] 0, 1[ and % > 0.1

j := 02

repeat3

Define4

ω̃ := qj ω̄ + (1 − qj)ω,

Q̃ :=

3∑

i=1

ω̃iQi,

∆Q := Q̃−Q,

∆c :=

3∑

i=1

(ω̃i − ωi)ci.

Solve5





−Q̃ AT I
A 0 0
S 0 X









∆x
∆λ
∆s



 =





∆c+ ∆Qx
0
0



 .

Set6

w(ω̃) := w(ω) + (∆x,∆λ,∆s).

j := j + 17

until w(ω̃) ∈ Ñ−∞(γ, β) or qj‖ω‖ < %8

if w(ω̃) /∈ Ñ−∞(γ, β) then9

Define the problem data d̃ for the weight ω̃ := ω̄ and execute k steps of10

algorithm QIP to generate w(ω̃).
endif11

Output: w(ω̃), ω̃, d̃ = (A, b, Q̃, c+ ∆c).
Algorithm 2: Warmstart

directly from the standard convergence properties of algorithm QIP and [13, Theo-
rem 4.8], as long as at least one of the criteria functions is strictly convex.

7. Numerical Results. The implementation of algorithm EffSet was carried
out in Matlab, Version 7.0 (R14). We tested the algorithm on the problems de-
scribed in Subsection 5.2. We have been provided 1201 problems from a power plant
optimization scenario with K = 14 and tmax = 4 [28]. Table 7.1 (p. 21) contains
the most important parameter values chosen. Our update rule for the parameter σ
follows the strategy of Wright [35].

Figures 7.1 and 7.2 show a typical computed approximation of the image of the
set of efficient points and the corresponding discretization of the parameter space,
respectively. Note that in Figure 7.1, each axis is scaled in such a way that 0 represents
the smallest function value occurring in an efficient point and 1 represents the largest
function value occurring in an efficient point. The discretization in the parameter
space also provides an excellent visual clue on the sensitivity of the scalarized problems
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Choose ε, δ > 0, γ ∈ ] 0, 1[ and β ≥ 1. Choose k, kmax ∈ � .1

With p1 := (1, 0, 0)T , p2 := (0, 1, 0)T , p3 := (0, 0, 1)T , p4 := (1/3, 1/3, 1/3)T ,2

P (k) := {p1, p2, p3, p4}, set T (k) := {(p1, p2, p4), (p1, p3, p4), (p2, p3, p4)}.
foreach problem represented by ω ∈ P (k) do3

Execute k steps of algorithm QIP from the standard starting point (cold4

start).
endfch5

while (max{µk(ω) | ω ∈ P (k)} ≥ ε and max{area(t) | t ∈ F (k)} ≥ δ) or6

k ≤ kmax do

foreach t ∈ F (k) do7

if area(t) > δ then8

forall the edges e of t do9

if length(e) > maxe length(e)/4 then10

Denote the parameters corresponding to one of the11

endpoints of e by ω ∈ Z and let ω̄ ∈ Z be the midpoint of e.
(wk(ω̃), ω̃, d̃) := WarmStart (ω, ω̄, dω, w

k(ω))12

Define13

P (k) := P (k) ∪ {ω̃}.

endif14

endfall15

Subdivide t and update T (k) accordingly.16

endif17

endfch18

foreach problem represented by ω ∈ P (k) do19

Execute one step of algorithm QIP from wk(ω) to generate wk+1(ω)20

and new dual gaps µk+1(ω).
endfch21

foreach t ∈ F (k) do22

update information on t according to the subdivision of the parameter23

space.
endfch24

k := k + 125

endw26

Algorithm 3: EffSet

parameter value parameter value
β 1.2 ζ 400
β̄ 12 % 2

√
eps

γ 10−4 σmax 0.1
γ̄ 10−5 σmin 0.06
δP 5 · 10−16 k 5
ε

√
eps q 0.8
Table 7.1

Parameter values for algorithm EffSet and QIP
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Fig. 7.1. Computed approximation to the image of the set of efficient points, seen from three
different view points, for a typical power plant optimization problem. Axes have been scaled.

with respect to the scalarization parameter ω ∈ Z.
For comparison purposes, we replaced line 12 of Algorithm EffSet with a corre-

sponding cold start strategy, namely line 10 of Algorithm WarmStart, i. e. we assume
for comparison purposes that the warm start strategy always fails.

The corresponding results can be seen in Table 7.2, p. 23. The most striking
difference between the two strategies is the number of linear systems that had to be
solved per efficient point (line 4 of Table 7.2). As it can be seen, this number increases
by ca. 250% if only cold-starts are used instead of the warm-start strategy. While
the number of iterations for both approaches is about the same, the total number
of linear systems that have to be solved increases by ca. 24% when only cold-starts
are used. Moreover, the warm-start strategy produces, on average, more than twice
as many efficient points, resulting in an approximation of the efficient set of much
higher quality than the cold start approach. It can also be seen that the warm-start
strategy failed for only about 6% of all efficient points computed, and only then the
corresponding cold-start from line 10 of Algorithm 2 had to be executed. These results
clearly illustrate the efficiency of the method proposed.
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Fig. 7.2. Discretization of the parameter space for the problem whose solution is depicted in
Figure 7.1. Since ω3 = 1 − ω1 − ω2, only the (ω1, ω2)-plane is depicted.

average max min average max min
# iterations 39 133 24 40 122 28
# efficient points 967 6259 157 435 2987 88
# linear systems considered 8574 66410 1711 10586 72617 2236
# linear systems / # points 9.71 22.05 5.79 24.81 27.11 22.61
# cold starts / # eff. pts 0.06 0.75 0.0 1.0 1.0 1.0
running time [s] 171.9 1255.1 32.6 189.3 1361.9 39

Table 7.2
Results for algorithm EffSet as well as for a cold start approach for the power plant optimization

problems considered. Reported are average, maximal, and minimal values over all problems.
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