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Abstract

This paper is the first of a series of two devoted to the polyhedral
study of a strongly N P-hard resource-constrained scheduling problem,
referred to as the process move programming problem. This problem
arises in relation to the operability of certain high-availability real time
distributed systems. After a brief introduction to the problem as well
as a summary of previous results, we formulate it as an integer linear
program using linear ordering variables. We then drop the capacity
constraints and introduce the partial linear ordering polytope, defined
as the convex hull of all incidence vectors of arc sets of linear orderings
of a node subset of the complete digraph on n nodes (the nodes not
in the subset being looped), study its basic properties as well as show
several classes of inequalities to be facet-defining. The companion
paper [6] is devoted to the study of the process move program polytope
which is obtained when the capacity constraints are put back into the
picture.
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1 Introduction

Let us consider a distributed system composed of a set U of processors and
let R denote the set of resources they offer. For each processor v € U and
each resource r € R, C,, € N denotes the amount of resource r offered by
processor u. We are also given a set P of applications, hereafter referred to
as processes, which consume the resources offered by the processors. The set
P is sometimes referred to as the payload of the system. For each process
p € P and each resource r € R, w,, € N denotes the amount of resource r
which is consumed by process p. Note that neither C,, nor w,, vary with
time. Also, when |R| =1, C,, and w,, are respectively denoted C,, and w,
(this principle is applied to other quantities throughout this paper).

An admissible state for the system is defined as a mapping f : P —
U U {uw}, where uy is a dummy processor having infinite capacity, such
that for all w € U and all » € R we have

Z Wy, < Cu,r: (1)

PEP(u; f)

where P(u; f) = {p € P: f(p) = u}. The processes in P(f) = P(uw; f) are
not instantiated and, when this set is non empty, the system is in degraded
mode.

An instance of the Process Move Programming (PMP) problem is then
specified by two arbitrary system states f; and f; and, roughly speaking,
consists of, starting from state f;, finding the least disruptive sequence of
operations (e.g., process migrations) at the end of which the system is in
state f;. The two aforementioned system states are respectively referred to
as the initial system state and the final system state or, for short, the initial
state and the final state'.

A process may be moved from one processor to another in two different
ways: either it is migrated, in which case it consumes resources on both pro-
cessors for the duration of the migration and this operation has virtually no
impact on service, or it is interrupted, that is, removed from the first pro-
cessor and later restarted on the other one. Of course, this latter operation

!Throughout the rest of this paper, it is assumed that P(f;) = P(f;) = . When this
is not the case the processes in P(f;)\ P(f;) should be stopped before the reconfiguration,
hence some resources are freed, the processes in P(f;) \ P(f:) should be started after the
reconfiguration and the processes in P(f;) N P(f;) are irrelevant.



has an impact on service. Additionally, it is required that the capacity con-
straints (1) are always satisfied during the reconfiguration and that a process
is moved (i.e., migrated or interrupted) at most once. This latest constraint is
motivated by the fact that a process migration is far from being a lightweight
operation (for reasons related to distributed data consistency which are out
of the scope of this paper, see e.g. [5]) and, as a consequence, it is desirable
to avoid processes hopping around processors.

Throughout this paper, when it is said that a process move is inter-
rupted, it is meant that the process associated to the move is interrupted.
This slightly abusive terminology significantly lightens our discourse. Addi-
tionally, it is now assumed that |R| = 1, unless otherwise stated.

For each processor u, a process p in P(u; f;)\ P(u; f;) must be moved from
u to fiy(p). Let M denote the set of process moves. Then for each m € M,
W, Sm and t,, respectively denote the amount of resource consumed by the
process moved by m, the processor from which the process is moved, that
is, the source of the move and the processor to which the process is moved,
that is, the target of the move. Lastly, S(u) = {m € M : s, = u} and
T(u)={me M :t, =u}.

A pair (I,0), where I C M and 0 : M\ T — {1,...,|M\ I|} is a
bijection, defines an admissible process move program, if provided that the
moves in [ are interrupted (for operational reasons, the interruptions are
performed at the beginning) the other moves can be performed, through
migrations, according to ¢ without inducing any violation of the capacity
constraints (1). Formally, (I, o) is an admissible program if for all m € M\ I

we have
m < K, + Z Wy + Z Wy — Z Wy (2)

m/el m/ €S (tm)\ m/ €T (tm )\
St =tm o(m’ )<o'(m) o(m')<o(m)
where K, = C,, — Zpe Plusfs) Wp> thereby guaranteeing that the intermediate
states are admissible.
Also note that because the final state is admissible, we have for each

processor u € U

meS(u) meT (u)
Let ¢,, denote the cost of interrupting m € M. The PMP problem then
formally consists, given a set of moves, of finding a pair (I,o) such that
c(I) = > ,,c1 Cm is minimum.



Figure 1 provides an example of an instance of the PMP problem for a
system with 10 processors, one resource and 46 processes. The capacity of
each of the processors is equal to 30 and the sum of the consumptions of
the processes is 281. The top and bottom figures respectively represent the
initial and the final system states. For example, process number 23 must be
moved from processor 2 to processor 6.
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Figure 1: Example of an instance of the PMP problem.

In Sirdey et al. [9] we have shown that the PMP problem is strongly
N P-hard, exhibited some polynomially solvable special cases (the most no-
table one being |R| = 1 and w,, = w for all m € M) as well as proposed
a “combinatorial” branch-and-bound algorithm for the general case. Also,
an extensive literature survey was provided in that paper. Additionally, ap-
proximate resolution algorithms have been proposed in Sirdey et al. [10]
(simulated-annealing-based approach) as well as in Sirdey et al. [11] (Grasp-
based approach). This paper and its companion focus on the study of the
PMP problem from the point of view of polyhedral combinatorics. In Sec-



tion 2 we formulate the problem as an integer linear program. In Section
3, we introduce the partial linear ordering polytope, denoted Pp; ., which
is obtained when the capacity constraints of the PMP problem are relaxed,
study its basic properties (dimension and simple facets) as well as demon-
strate a useful trivial lifting lemma. In Section 4 we exhibit several classes
of facet-defining inequalities for Pp;, namely the k-clique, k-unicycle and
k-I-bicycle inequalities, and discuss the associated separation problems.

2 Aninteger linear programming formulation

In this section, we formulate the PMP problem as an integer linear program.
We first focus on obtaining a formulation for the decision problem which asks
whether or not there exists an admissible process move program of the form
(0, o), that is, an admissible program of zero cost. We subsequently refine
the model to encompass the notion of interruption.

For each ordered pair of distinct moves of M, say m and m’, we introduce
the linear ordering variables (8]

P 1 if m precedes m’,
mm T 0 otherwise.

In order for these variables to define a valid ordering, it is natural to ask for
the following constraints to be satisfied

5mm’ + 5m’m =1 V{m, m’} Q M, (4)
5mm’ + 5m’m” — 6mm” S 1 m 7£ m’ 7£ m” 7é me M. (5)

Constraints of type (4) simply express that either m precedes m’ or m’ pre-
cedes m. Constraints of type (5) are known as the transitivity constraints
and simply state that if m precedes m’ and if m’ precedes m” then m precedes
m”. Along with the constraints

Sy € {0,1}  m £m' € M, (6)

constraints of types (4) and (5) describe a linear ordering polytope, that is,
the convex hull of the incidence vectors of the linear orderings of the moves
in M (see for example Grotschel et al. [4] or Fishburn [2] for details).



Since interruptions are (so far) disallowed, constraints of type (2) can be
expressed as follows

Wy < Ky, + Z Wt Oprtom, — Z Wt Opriom, VYm € M. (7)

m/'eS(tm) m/ €T (tm)\{m}

It follows that any integral solution to the linear system of inequalities defined
by the sets of constraints (4), (5), (6) and (7) (should such a solution exists)
provides an admissible process move program of zero cost.

We now turn to the PMP problem and start by, for each move m € M,
introducing the variables

6mm

| 1 if m is interrupted,
| 0 otherwise.

Constraints of type (2) can then be written as follows

(1 - 5mm>wm S Ktm + Z wm/((sm’m/ + 6m/m) - Z wm’(sm’ma (8)

m' €S (tm) m/ €T (tm)\{m}

for all m € M. The transitivity constraints (5) remain unchanged and con-
straints of type (4) must be replaced by constraints

St + O, = 1 — max(dpm, Or) — V{m,m'} C M. 9)

These constraints simply express that if either m or m’ is interrupted then
neither m precedes m’ nor m’ precedes m. (Recall that the interruptions are
performed at the beginning.)

Proposition 1 Constraints of type (9) are equivalent to the following set of
constraints

5mm’ + 5m’m + 5mm + 5m/m’ > 1 v{ma m,} - M7 (10)
S’ + O+ O < 1 m#m' € M. (11)
Proof. Left to the reader. O

For reasons which will soon become obvious, inequalities of types (10) and
(11) are respectively referred to as the 2-cliqgue and 1-unicycle inequalities.

The resulting integer linear program for the process move programming
problem is given Figure 2. The polytope associated to this program is here-
after referred to as the PMP polytope and denoted Pip.

6
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Figure 2: Formulation of the PMP problem as an integer linear program.



Another interesting approach to the problem, which is not studied in this
paper, consists, interruptions not being allowed, of minimizing the maximum
overflow occurring during the reconfiguration. That is, to minimize €, subject
to constraints (4), (5) and (6) along with constraints

Wy, < Ktm + Z Wy Ortom, — Z Wyt Om?m, + € Ym € M.

m/ €S (tm) m! €T (tm)\{m}

3 The partial linear ordering polytope

3.1 Definition and basic properties

The partial linear ordering polytope, denoted Ppy, is obtained from PP o
by dropping the capacity constraints (8). Hence, it is defined as the convex
hull of all incidence vectors of arc sets of linear orderings of a node subset of
the complete digraph on n nodes, the nodes not in the subset being looped.
Figure 3 provides an example of a point of PS; o, which orders nodes {1,2, 3,5}
in the order (3,5,1,2), nodes 4 and 6 being excluded and, hence, provided
with a loop (i.e., 044 = dgs = 1).

Equivalently, Pp;, can be defined as the integral hull of the polytope
defined by the following sets of inequalities (recall inequalities (10), (11) and

(5))

i +0i+06i+06,;>1 1<i<j<n, (12)
8+ 0ji + 05 < 1 i, je{l,...,n}k i, (13)
8i; + O — O < 1 i ke{l,...nyiti#k+£d (14)
0<d;<1 ije{l,...,n}i#].

O
o)

e

Figure 3: Example of a point of P§; .



PP o is of course interesting in its own right, it is moreover practically
relevant in the sense that it can be expected that insights obtained from its
study, in particular regarding its facet-defining inequalities, will be useful to
gain insights regarding the structure of P} 5.

Hereafter, in order to avoid any ambiguities, the terms verter and node
respectively refer to polytope vertices and graph vertices.

Proposition 2 Pg, , is full-dimensional.

Proof. Ppio has n? variables, so it is required to exhibit n? + 1 affinely
independent points. Let us consider the following points:

1. The unique point which orders no nodes (i.e., d;; = 1 for all i €

{1,...,n}).

2. The points which only order node i (i.e., 6; = 0 and 6;; = 1 for all
je{l,...,n}\{i}), for each i € {1,...,n}. There are n such points.

3. The points which order only node i before node j (i.e., 6; = 6;; = 0,
O = 1 for all k& € {1,...,n} \ {¢,7} and 0;; = 1), for each 7,5 €
{1,...,n} with i # j. There are n(n — 1) such points.

It is obvious that the above n? + 1 points are linearly, hence affinely, inde-
pendent. 0

3.2 Trivial lifting

In this section, we prove a trivial lifting lemma which is extensively used in
the sequel to shorten facet-definition proofs. Note that this kind of results is
quite frequent in the domain of ordering-related polytopes [4, 7, 1].

Lemma 1 Let a’§ < « be a facet-defining inequality for Py . Setting

= _ ] ay foralli,j € {1,...,n},
Y10 difi=n+lorj=n+1,

the inequality @' 6 < o then defines a facet of P}?Zré.



Proof. Tt is obvious that a’§ < « is valid for Ppi'5. Let F be the face of Pir3
induced by a’d < «. This face is clearly proper. We now need to exhibit
(n + 1)* affinely independent points of F.

Since a’§ < « is facet-defining for P, o, there exist n? linearly indepen-
dent points, say 6',...,0", so that a7é6* = a for all k € {1,...,n?}. Let D
be the n? x n? matrix having the points 6',...,6" as rows, and let 5" for
k=1,...,n?so that

k . .
N 05 foralli,je{l,...,n},
0. =< 1 ifi=j=n+1,
0 otherwise.

Consider the n columns of D corresponding to the variables d; for ¢ =
1,...,n. Let D be the n? x n matrix composed of these n columns. Since
D is a nonsingular matrix, these n columns are linearly independent and
therefore, there exists a n x n submatrix N of D that is nonsingular. Let v/,
for [ = 1,...,n, be the row of D corresponding to the I row of N, and let
U be the n x n? submatrix of D composed of the points u!, for { =1,...,n.
Let v, for L =1,...,n, be the point so that

uj; foralli,j € {1,...,n},
l 0 ifi=j=n+l1,
w 1—u§-j ifi=n+1andje{l,...,n}
0 ifj=n+1landie{l,...,n}.
and w", for r = 1,...,n, be the point so that
ug; for alli,j € {1,...,n},
)0 ifi=j=n+l1,
)0 ifi=n+1landje{l,...,n},

l—wul, ifj=n+landie{l,...,n}.

Without loss of generality, assume that the point 6" is different to the points
w' fori =1,...,n. Let § be the point so that

o for all 4,5 € {1,...,n},

s )0 fi=j=n+1,

g 1—u ifi=n+1landje{l,...,n}
0 ifj=n+1landie{l,...,n}.

10



The points 5" for k = 1,....,n% v forl=1,....,n,w" forr =1,...,n and
¢ all belong to F. In fact, the inequality @’d < « is obviously tight for all
these points. Moreover, the points v for I = 1,...,n, w" forr = 1,...,n
and § are obtained by ordering the node n + 1 either before or after the
nodes of {1,...,n} that are already ordered. Each row of the following
(n +1)? x (n + 1)® matrix A corresponds to one of these (n + 1)? points:

the n? first ones correspond to the points 5" for k = 1,...,n?%, the n next
ones to the points v' for [ = 1,...,n, the n next ones to the points w" for
r=1,...,n and the last row to the point § .

D 0 0 el

A U 1-N 0 0
- U 0 1-N 0
o e— (60, 0m) 0 0

Note that the last column of A corresponds to the variable d¢,41)pn+1) and
that e is the point having all its entries equal to 1.

As mentioned above, the submatrix D is nonsingular. The matrix 1 — N,
where 1 is the n X n matrix having all its entries equal to 1, is nonsingu-
lar since N is so. Let p be the point corresponding to the entries 5E

n+1)i
for - = 1,...,n, that is, up = e — (5?12,...,522). By the definition of §
and u' for [ = 1,...,n, the point i can be written as a linear combination

I =1,...,n, that is, (67,...,0") =

rnn

of the n points (vénﬂ)l, e ,vénﬂ)n),

n
ST A(uly, ... ul,). We then can replace the last row of the matrix A by
i=1

( 5*_ihw 0 0 0)
=1

We thus can deduce that the matrix A is nonsingular. We then have found
(n + 1)? linearly, hence affinely, independent points in F. Therefore, F is a
facet of P O

3.3 Simple facets

We now turn to the study of the simple facets of Pp; .

Proposition 3 Inequalities §;; > 0 (i # j), (12) and (13) define facets of
PLO"

11



Proof. Inequalities (12) are a special case of the so-called k-clique inequalities
studied in Section 4.1, hence the claim that inequalities (12) are facet-defining
for Pp; o directly follows from Proposition 6.

Inequalities (13) are a special case of the so-called k-unicycle inequalities
studied in Section 4.2, hence the claim that inequalities (13) are facet-defining
for PP o directly follows from Proposition 8.

We now turn to inequality 6,; > 0 for 4,5 € {1,...,n}, i # j.

First, we consider the following four points: the point which orders no
nodes (i.e., o = 1 for all k € {1,...,n}), orders only node i (i.e., d;; = 0
and oy, = 1 for all k € {1,...,n}\ {i}), orders only node j (i.e., §;; = 0 and
O = 1 for all k € {1,...,n}\ {j}), orders only node j before node i (i.e.,
0;i =06, =0, 0p, =1 forall k e {1,...,n}\ {7,j} and 0;; = 1). It is clear
that d;; = O for all these 4 points and that they are linearly, hence affinely,
independent as for any of them there is a variable which is either 1 for the
point and 0 for the others or vice-versa. N

It follows that d;; > 0 (i # j) is a facet of PF‘,{I%H, hence a facet of Pp
(n >2) by Lemma 1. O

Proposition 4 Inequalities 6;; > 0, 6;; <1 and (14) do not define facets of
Py
Proof. We first consider inequality d; > 0 for i € {1,...,n}. First notice
that if ¢;; = 0 for some i € {1,...,n} then, by (12) and (13), we have
0ij +0j; +9d;;, =1forall j € {1,...,n}\ {¢}. Since P is full-dimensional
we have

{0 € Ppo:diu=0t C{0€ Ppro:dij+ 05+ 95 =1} C Pppo,

for any j € {1,...,n} \ {i}. Hence d;; > 0 is not facet-defining for Pg; .
We now turn to inequality §,; < 1 for 4,5 € {1,...,n}. If i = j then it is
easy to see that

{6 € Ppro:0u =1} S {0 € Pro : o = 0} C Prro,

for any k € {1,...,n} \ {i}. Hence, §;; <1 is not facet-defining for Pg; . If
1 # j, we then have

{0€ Ppro:dij =1} C{0 € Ppo : i =0} C Ppro,

foralli e {1,...,n} and all j € {1,...,n}\ {i}. Therefore, 6;; <1 does not
define a facet of Ppq.

12



Lastly, since 0;; + dj5 — 0; = 1 (i # j # k # i) implies that 6;; = 0, we
have

{0 € Ppro i 6ij + 050 — 0 = 1} S {0 € Pppo: 955, =0} C P

and, hence, the transitivity inequalities are not facet-defining for Pp; . O

The transitivity inequalities can however be extended so as to obtain
a class of facet-defining inequalities for Pp;,. This is the purpose of the
following proposition.

Proposition 5 Let i,j,k € {1,...,n} withi # j # k # i. The extended
transitivity inequality
(5@‘ + 6jk - 6zk‘ + 6jj S 1 (15)

s a facet of Ppq-

Proof. Validity is obvious since d;; = 1 implies that d;; = d; = 0 and since
when 6;; = 0, inequality (15) is equivalent to a transitivity constraint (14).

We now prove that inequality (15) is indeed facet-defining for Pp; . Let
us consider the following points:

1. The point which orders no nodes (i.e., 6y = 1 for all I € {1,...,n}),
that is, such that ¢;; = d;, = 0 = 0 and ¢;; = 1.

2. The two points which order either only node i (i.e., ;; = 0 and d;; = 1
forall 1 € {1,...,n}\ {i}) or only node k (i.e., oy = 0 and o, = 1 for
all 1 € {1,...,n} \ {k}), which are both such that 6;; = §;s = i =0
and 6jj =1.

3. The point which orders only node k before node i (i.e., §;; = 0, = 0,
ou € {1,...,n}\{i, k} and &y; = 1), that is, such that 6;; = d;5 = di, =
0 and 6jj =1.

4. The two points which order either only node i before node j (i.e.,
5@'@' = 5]']‘ = O, (5” =1 forall [ € {]_,,n}\{l,j} and 5ij = ].)
or only node j before node k (i.e., d§;; = O = 0, oy = 1 for all
le{l,...,n}\ {j,k} and 0, = 1), which are respectively such that
djr = 0 = 0;; = 0 and d;; = 1 and such that ;; = d;x = 6;; = 0 and
o = 1.

13



5. The point which orders only node i before node j, node ¢ before node
k and node j before node k (i.e., 0;; = 0;; = dgx = 0, &y = 1 for all
le{l,....,n}\ {i,j,k} and 0;; = i = dj = 1), that is, such that
5jj =0 and 5ij = Oik — 5jk =1.

6. The point which orders only node i before node j, node k before node
i and node k before node j (i.e., 0;; = d;; = 6y, = 0, &y = 1 for all
le{l,....,n}\ {i,j,k} and 0;; = &y = O; = 1), that is, such that
(5]“: ,k:5]k:0 and 6ij = 1.

7. The point which orders only node j before node k, node k£ before node
i and node j before node i (i.e., §;; = 6j; = o = 0, oy = 1 for all
le{l,....,n}\ {i,j,k} and 0;; = d;, = O = 1), that is, such that
5jj = 6ij = 5zkz =0 and 5jk = 1.

It is clear that inequality (15) is tight for these 9 points of PlL{f;g’kH and

that they are linearly, hence affinely, independent. Hence, inequality (15) is

facet-defining for PlL{f;g’kH and, by Lemma 1, for Pg; . O

4 Facets of the partial linear ordering poly-
tope

Because optimizing over P} allows to solve the linear ordering problem

(simply set ¢;; = 0 foralli € {1,...,n}), which is N P-hard, it is unlikely that

an explicit linear description of it is ever to be obtained. Having said that,

partial descriptions are known to be of the uttermost practical relevance,

particularly when used within the framework of a branch-and-cut algorithm.

Hence, this section is devoted to the study of several classes of facet-defining
inequalities of Pp; .

4.1 k-Clique inequalities

In this section we study a class of facet-defining inequalities for FPp; , which
we call the k-clique inequalities.

Proposition 6 Let I C {1,...,n} with |I| =k, the k-clique inequality

YD =1 (16)

icl jel

14



15 a facet of Pp; .

Proof. We first prove that inequality (16) is valid for Pp . Let D; denote
the complete digraph having I as node set. In order to order m nodes in [, it
is required to select at least m — 1 arcs of D;. Hence a point of FPp; 5 which
orders m nodes in [ satisfies ) ., Zje[\{i} 0 2 m—1and ) . ;05 = |I[—m.
The claim of validity follows.

We now prove that inequality (16) is facet-defining for Pg; . Let us

consider the following points of PI‘DIL‘O:

1. The points which only order node k, for each k € I (i.e., dpx = 0 and
oy = 1foralll € I'\{k}). There are |I| such points and it is clear that
inequality (16) is tight for them.

2. The points which only order node k; before node ko, for each k; € I and
ko € I with kq 7é ko (i.e., 6k1k1 = 5k2k2 =0,0y=1foralll € ]\{kl, kg}
and 0y, = 1). There are |I|(]I| — 1) such points and (again) it is clear
that inequality (16) is tight for them.

Linear, hence affine, independence of the above |I|? points is straightfor-
ward. Hence, since they all belong to PF‘,IL‘O, inequality (16) is facet-defining

for PF‘,IL‘O and, as a consequence, is also facet-defining for Pp; o by Lemma 1.
O

Figure 4 provides an example of a 4-clique inequality for P, with I =
{1,2,3,5}.

©

Figure 4: Example of a 4-clique on P§; .

As already stated, inequality (10) is nothing but a 2-clique inequality
induced by {4, j} and, hence, is facet-defining for Py, .

15



Also, note that for fixed k, the k-clique inequalities can be separated in
polynomial time as there are only polynomially many (C*) of them. This
remark, however, is of little practical relevance.

Moreover, we have the following proposition.

Proposition 7 The separation problem for the k-clique inequalities is N P-
hard.

Proof. Tt is easy to see that, given §* € R”Q, the separation problem for the
k-clique inequalities requires solving the mathematical program

{ Minimize 27 Ax
s. t. . € {0,1}",

where x is the incidence vector of set I and where A is a n X n matrix such

that o
Ay = 61-*3- if i # Jy
05 — 1 otherwise.

Then, consider an instance of the max-cut problem

n -1
Maximize Z Z a;xi(1 — xj) (17)
i=1 j=1

s. t. x € {0,1}".

where x is the incidence vector of a node subset of the complete graph on n
nodes and a;; is the valuation of the edge incident to both ¢ and j. Provided
that (17) is equivalent to

n i—1 n i—1
Minimize E E (i T;Tj — E z; E Qij,
i=1 j=1 =1 =1
letting
i if 4 > 7
i—1
. e
k=1
0 otherwise,

allows to use an algorithm solving the separation problem for the k-clique
inequalities to solve the max-cut problem. Hence the claim follows. 0
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Such a complexity result does not diminish the potential practical rel-
evance of the k-clique inequalities, as, in general, separation problems do
not need to be solved exactly when embedded within a branch-and-cut al-
gorithm. Furthermore, there exists high quality heuristics for unconstrained
binary quadratic problems (see e.g. Glover et al. [3]).

4.2 k-Unicycle inequalities

In this section we study a class of facet-defining inequalities for FPp; o which
we call the k-unicycle inequalities.

Proposition 8 Let I C {1,...,n} with |I| =k andio € {1,...,n}\I. The
k-unicycle inequality

Oigio + Z(5iio + Gigi) — Z Z 0ij <1 (18)

icl i€l jel\{i}
s a facet of Ppq-

Proof. We first show that inequality (18) is valid for P} o by considering the
following cases:

1. A point which neither orders iy nor any nodes in I (i.e., §; = 1 for all
i € I U{ig}) only selects the 1-valued loop of node ig? and, hence, the
left-hand side of (18) has value 1.

2. A point which orders iy and does not order any nodes in [ (i.e., d;,;, = 0
and d; = 1 for all ¢ € I') does not select any arcs and, as a consequence,
the left-hand side of (18) has value 0.

3. A point which does not order ig and orders nodes in ) € J C I (i.e.,
igio = 1, 65 =0 for all i € J and §;; = 1 for all i € '\ J) selects the 1-
valued loop of node iy as well as w (—1)-valued arcs (in-between
the nodes in J), hence, the value of the left-hand side of (18) is less
than or equal to 1.

4. A point which orders iy as well as the nodes in ) € J C I (i.e., d;y;, = 0,
di; =0 forall i € Jand 6; = 1 for all i € T\ J) selects |J| 1-valued

20f the digraph induced by inequality (18).
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arcs (between iy and the nodes in J) as well as W (—1)-valued
arcs (in between the nodes in J), as a consequence, the value of the
left-hand side of (18) is equal to —|J|* < 0.

The claim of validity then follows.
We now prove that inequality (18) is facet-defining for Pp,. Let us
: : . 1U{i
consider the following points of PILLO{ o3,
1. The point which orders no nodes (i.e., d; = 1 for all ¢ € I U {ip}) and
for which inequality (18) is obviously tight.

2. The points which only order node k, for each k € I (i.e., dpr = O,
digio = 1 and d;; = 1 for all 4 € I'\ {k}). There are |I| such points and
inequality (18) is obviously tight for them (only the 1-valued loop of
node i is selected). Linear independence follows from the fact that a
point in this set is the only point so far such that d;, = 0.

3. The points which order either only node iy before node %k or only node
k before i, for each k € I (i.e., §;;r = 1 or dy;, = 1 with §; = 1 for all
i € I'\{k}). There are 2|I| such points and inequality (18) is tight for
them (only one 1-valued arc is selected, in-between iy and k). Linear
independence follows from the fact that a point in this set is the only
point so far such that either dy;, = 1 or 9;, = 1.

4. The points which order only node 7y before node k1, node 7¢ before node
ko and either node k; before node ks or node ko before node kq, for each
{kl,kg} - 1 (i.e., 5io/€1 = 51'0192 = 1, 5k1k2 =1or 5k2k1 = 1, and 5“ =1
for all i € I'\ {k1, k2}). There are |I|(]I| —1) such points and inequality
(18) is tight for them (two 1-valued arcs and one (—1)-valued arc are
selected). Linear independence follows from the fact that a point in
this set is the only point so far such that either 0y, = 1 or dp,x, = 1.

Hence, we have exhibited a set of (]I| + 1)? linearly, hence affinely, inde-

pendent points of PIL{IfOO}UI‘ for which inequality (18) is tight. It follows that

inequality (18) is facet-defining for PIL{IfOO}UI‘ as well as for Pg 5 by Lemma 1.

OJ
Figure 5 provides an example of a 3-unicycle inequality for P, with
ip=1and I = {3,4,5}.
As already stated, inequality (11) is nothing but a l-unicycle inequality
with ig = ¢ and I = {j}. Hence, it is facet-defining for P, ;.
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Figure 5: Example of a 3-unicycle on P§; . Dashed arcs are valued by —1.

Again, note that for fixed k, there are only polynomially many (nC*_,)
k-unicycle inequalities. Moreover, we have the following proposition.

Proposition 9 The separation problem for the k-unicycle inequalities is N P-
hard.

Proof. Let x; = 1,1 € {1,...,n}, if and only if i = iy and let y; = 1,
ie{l,...,n}, ifandonlyifi € I. Given §* € R™, the separation problem for
the k-unicycle inequalities then requires solving the following mathematical
program

( n n n n n
Maximize Z 0rx; + Z Z((SZ*] + 65)Tiy; — Z Z 05 YilYi,
1=1

i=1 j=1 i=1 j=1
JF JF
s. t.
i=1
vy <l—uz;Vie{l,...,n}, (20)

r; € {0,1} Vi € {1,...,n},
Ly € {0,1} Vi e {1,...,n},

where constraint (19) guarantees that an iy is chosen and where constraints
(20) enforces that iy must not belong to I.

Then, consider an instance of the max-cut problem on the complete graph
on n nodes (the notations are carried over from the proof of Proposition 7) as
well as an instance of the separation problem for the k-unicycle inequalities
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in R where o
5#,:{ o5 =ay ifi <y,
K 0 otherwise,
fori e {1,...,n} and j € {1,...,n}, where 0, ,, = S~V a;; and 01 =0
for i € {1,...,n} as well as, finally, where &%, ., is set to a suitable huge
value chosen in order to ensure that ig = n+ 1 (i.e., that z,.; = 1) in all
optimal solutions.
This allows to use an algorithm for solving the separation problem for the
k-clique inequalities on Pﬁﬂ% to solve the max-cut problem on the complete
graph on n nodes. Hence the claim follows. 0

4.3 k-l-Bicycle inequalities

In this section we study a class of facet defining inequalities for Pp;, which
we call the k-I-bicycle inequalities.

Proposition 10 Let ig € {1,...,n}, jo € {1,....,n} \ {io}, 0 Cc I C
{1,...,n}\ {io,jo} and O C J C {1,...,n}\ {io,jo} with |I| =k, |J| =1
and I NJ = 0. The k-l-bicycle inequality

Sinio + Ojogo + Gingo + > (Biie + igi — 0ij) + > (840 + Gjoj — Ging)

el jeJ
D> Gy D Gy D <2 (21)
il i'el\{i} jeJ jre\{j} icl jeJ

s a facet of Pp; .

Proof. We first prove that inequality (21) is valid for Pg . Let us consider
a point which orders the moves in I’ C [ and the moves in J' C J. Note
that such a point necessarily selects W and W (—1)-valued arcs
(in-between the nodes in I and J', respectively). Now we prove the validity
claim by considering the following cases:

1. If the point orders neither node iy nor node jy (i.e., dipiy = 0jojo = 1),
then the left-hand side of (21) has value 2 — FUZEDZUAZZD < o

2. If the point orders node ig and does not order node jy (i.e., d;;, =

0 and 6j,;, = 1), then the left-hand side of (21) has value at most
n o lAri=n g1
L+ [I'] 5 5

’I" . \”ﬂg\*l) <1.

), that is, is less than or equal to 2 since

20



3. If the point orders node j, and does not order node iy (i.e., 0, =
0 and 0, = 1), then the left-hand side of (21) has value at most
1— W +|J'| — W, that is, is less than or equal to 2 for the
same reason as above.

4. If the point orders both node iy and node jy (i.e., dipi, = 0jj, = 0),
then there is at most 1+ |I’| 4 |J'| selected 1-valued arcs ({ig, jo} along
with the arcs between the nodes in I’ and ¢y, and the arcs between the
nodes in J’ and jp) along with the \1’\(|g\—1) + l‘]"(“;'_l) selected (—1)-
valued arcs (in-between the nodes in I’ and in-between the nodes in J').
We have 1+ |I'| — W +|J' - W < 3, equality occurring
only when both I” and J' are of cardinality 1 or 2 and &;,;, = 1. Let
i € I"and j € J' and assume that d;,;, = 1. If ¢ precedes iy then since
ip precedes jo the (—1)-valued arc from iy to j must be selected (by
transitivity). If jo precedes j then since iy precedes jy the (—1)-valued
arc from ip to j must be selected (by transitivity). So assume that ig
precedes i and that j precedes jo. We then have that either the (—1)-
valued arcs between j and ¢ is selected or both (—1)-valued arcs from
1 to jo and from iy to j must be selected so as to break the cycles in
the digraph shown on Figure 6. Hence, at least one (—1)-valued arc
is selected on top of the \I'\(|12/|*1) + “”(“;/‘71) already identified ones.
Therefore the left-hand side of (21) is less than or equal to 2.

The claim of validity then follows.

Figure 6: A non feasible ordering with d;,; = 9,5, = iy, = 1.

0J0

We now prove that inequality (21) is facet defining for Pp,. Let us

consider the following points of PI‘DILU(;] Vil

1. The point which orders no nodes (i.e., §; = 1 for all i € TUJU{ig, jo})
for which inequality (21) is obviously tight.
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. The points which only order node k for each k € I U J (i.e., o = 0,
Sivip = 0jojo = L and 0;; = 1 for all i € (IUJ)\ {k}). There are |I|+|J]|
such points and it is clear that inequality (21) is tight for them.

. The points which only order either node k before node 7y or node iq
before node k for each k € I (i.e., o, = 1 or 0;px = 1, dj,5, = 1 and
di = 1 for each i € (I U J)\ {k}). There are 2|I| such points and
inequality (21) is tight for them.

. The points which only order either node k£ before node j, or node j
before node k for each k € J (i.e., dj, = 1 or djox = 1, iy, = 1 and
di = 1 for each i € (I UJ)\ {k}). There are 2|J| such points and
inequality (21) is tight for them.

. The points which only order node k; before node ky for each ky € [
and ko € J (e, 6ipip = 9jojo = Ok, = 1 and 0;; = 1 for all i €
(I UJ)\ {k1,k2})). There are |I||J| such points and inequality (21) is
tight for them.

. The points which only order node i before node jy, node iy before node
k and node jj before node k for each k € I (i.e., 6;yj, = Sigk = 0jor = 1
and §; = 1 for all i € (I U J) \ {k}). There are |I| such points and
inequality (21) is tight for them.

. The points which only order node k before node i(, node k before node
Jo and node i before node jy for each k € J (i.e., dkiy = Okjy = 0igjo = 1
and §; = 1 for all i € (IUJ)\ {k}). There are |J| such points and
inequality (21) is tight for them.

. Given any k; € I and any ko € J, the point which only orders node jg
before node ki, node jy, before node ks, node j, before node iy, node
k1 before node ko, node ki before node iy and node ko before node ig
(i.e., 5]'0191 = 5]'0192 = 5]'01‘0 = 5191192 = 5k1io = 51@21’@ =1 and (5” =1 for all
i€ (IUJ)\ {k,ko}). Inequality (21) is tight for this point.

. The points which only order node iy before node ki, node ig before
node ko and node k; before node kq for each ki € I and ky € I\ {k1}
(i.e., Oigk; = Oighy = Oy, = 1 for all i € (I U J) \ {ki, ko}). There are
|I|(|I| — 1) such points and inequality (21) is tight for them. Note that
variable dx, 1, has a —1 coefficient in inequality (21).
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10.

11.

12.

13.

14.

15.

The points which only order node jo before node ki, node j, before
node ky and node k; before node ko, for each ky € J and ky € J\ {k1}
(i.e., 6jok1 = 6jok2 = 6k1k2 =1 and 5@@ =1 forall i € (I U J) \ {]{31, ]{32})
There are |J|(|J]| — 1) such points and inequality (21) is tight for them.
Note that variable dx, 1, has a —1 coefficient in inequality (21).

Given any k; € J, the points which only order node k5 before node £y,
node ky before node iy, node ks before node jy, node k; before node
19, node kq before node jo and node iy before node jy for each ko € 1
(i.e., 5k2k1 = 5k2i0 = 5k2jo = 5k1i0 = 5k1j0 = 5i0j0 =1 and (5” = 1 for
all i € (I UJ)\ {ki1,ke}). There are |I| such points and inequality
(21) is tight for them. Note that variable dj,;, has a —1 coefficient in
inequality (21).

Given any k; € I, the points which only order node iy before node jg,
node iy before node ki, node 7y before node k3, node jy before node
k1, node jy before node ks and node k; before node kq for each ky € J
(i.e., 6iojo = 51'0191 = 51'0192 = 5jo/€1 = 5jok2 = 5k1k2 =1 and (5” =1 for
all i € (1 UJ)\ {k1,k2}). There are |J| such points and inequality
(21) is tight for them. Note that variable d;, has a —1 coefficient in
inequality (21).

The points which only order node ko before node iy, node ky before
node jy, node ky before node k1, node iy before node jy, node iy before
node k; and node j, before node k; for each k; € I and each ky € J
(i.e., 6k2i0 = 6k2jo = 519214:1 = (51‘0]'0 = 6i0k1 = 6jok1 =1 and 5@@ =1 for
all i € (1 UJ)\ {k1,ka2}). There are |I]|J| such points and inequality
(21) is tight for them. Note that variable dy,x, has a —1 coefficient in
inequality (21).

Given any k; € I and any ko € J, the point which only orders node
ki1 before node ks, node k; before node ig, node ks before node iy (i.e.,
5k1k2 = 6k1io = 6k2i0 = 5j0j0 =1landd; =1foralli e (IUJ) \ {kl, ]{32})
Inequality (21) is tight for this point.

Given any k; € I and any ky € J, the point which only orders node
Jo before node k1, node jy before node ks, node k; before node ks (i.e.,
5j0k1 = 6jok2 = 5k1k2 = 6i0io =1 and 5@@ =1forallz e (IUJ) \ {kl, ]{32})
Inequality (21) is tight for this point.
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Points in the union S of the sets 1 to 13 given above belong to PILILUO‘] Llio.gol

and are linearly, hence affinely, independent. This is so because for each point
in S there is a variable which takes value 1 (respectively 0) and which has
value 0 (respectively 1) for all the preceding points.

Furthermore, it is easy to verify that point 14 is the only one satisfying

(Sjojo + 5/€1i0 + 5k2i0 =3,
and that point 15 is the only one satisfying
6i0i0 + 5j0k1 + 5j0k2 =3.

Therefore, we have exhibited a set of 1+ (|I|+ |J|)+2|I|+2|J|+ |I||]] +
[+ 1+ 1+ (T =D + (T =D+ U+ [T+ ][+ 1+1 = ([ ]+]]]+2)*

affinely independent points of PILILU(;] Vliodod 1t follows that inequality (21) is
facet-defining for PIL{I%”}UIUJ‘ and, by Lemma 1, also facet-defining for Pp; .

O
Figure 7 provides an example of a 2-3-bicycle inequality on P, with
io="1,J0=1,1={8,9} and J = {3,4,5}.

Figure 7: Example of a 2-3-bicycle on Pj; . Dashed arcs are valued by —1.

Yet again, there are only polynomially many (n*C*_,C! , ,) k-I-bicycle
inequalities, for fixed k£ and [. Finally, we have the following proposition.

Proposition 11 The separation problem for the k-l-unicycle inequalities is
NP-hard.

Proof. The proof is left to the reader, due to its obvious similarity with that
of Proposition 9. O
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5 Conclusion

In this paper, we have introduced an integer linear program formulation,
based on linear ordering variables, for the process move programmaing prob-
lem, a strongly N P-hard scheduling problem which consists, starting from
an arbitrary initial process distribution on the processors of a distributed
system, of finding the least disruptive sequence of operations (non-impacting
process migrations or temporary process interruptions) at the end of which
the system ends up in another predefined arbitrary state. The main con-
straint is that the capacity of the processors must not be exceeded during
the reconfiguration. This problem has applications in the design of high
availability real-time distributed switching systems such as the one discussed
in Sirdey et al. [12].

Ignoring the capacity constraints, as a first step, lead us to define and
study the partial linear ordering polytope. In particular, we have introduced
several classes of facet-defining inequalities for this polytope and, as we shall
demonstrate in the companion paper, it turns out that they all define facets
of the process move program polytope under mildly restrictive assumptions.
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