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Abstract

This paper is the second of a series of two devoted to the poly-
hedral study of a strongly N P-hard resource-constrained scheduling
problem, referred to as the process move programming problem. In the
present paper, we put back into the picture the capacity constraints
which were ignored in the first paper. In doing so, we introduce the
process move program polytope, study its basic properties and show
several classes of inequalities to be facet-defining. Some of the latter
were proved to be facet-defining for the partial linear ordering polytope
which was both introduced and studied in the companion paper.

1 Introduction

Recall that the process move programming problem (denoted PMP problem)
consists, starting from an arbitrary initial distribution of processes on the
processors of a distributed system, of finding the least disruptive sequence
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of operations (i.e., non-impacting process migrations or temporary process
interruptions) at the end of which the system ends up in another predefined
arbitrary state. The main constraints are that the capacity of the processors
must not be exceeded during the reconfiguration and that a process is moved
(i.e., migrated or interrupted) exactly once.

More precisely, let U and M respectively denote the set of processors
and the set of process moves. Then for each m € M, ¢,,, w,, Sm and t,,
respectively denote the cost of interrupting the process moved by m (i.e., of
interrupting m), the amount of resource consumed by the process moved by
m (i.e., the weight of m), the processor from which the process is moved (i.e.,
the source of m) and the processor to which the process is moved (i.e., the
target of m). Also, K, denotes the initial remaining capacity of processor
uelU, S(uy={meM:s, =u}and T(u) ={m e M : t,, = u}. Lastly, a
pair (I,0), where I C M and o : M\ I — {1,...,|M \ I|} is a bijection,
defines an admissible process move program if, provided that the moves in
I are interrupted (for operational reasons, the interruptions are performed
at the beginning of the reconfiguration), the other moves can be performed
(i.e., migrated) according to o without inducing any violation of the capacity
constraints.

Let d,,, = 1 if and only if m € M is interrupted and 9,,,, = 1 if and
only if m € M is performed (without interruption) before m’ € M \ {m} is
performed (also without interruption). As shown in the companion paper [5],
the process move programming problem can then be expressed as the integer
linear program given in Figure 1. Constraints (1), (2), (3) and (4) are re-
spectively referred to as the 2-clique inequalities, the 1-unicycle inequalities,
the extended transitivity inequalities and the capacity inequalities.

This paper is devoted to the study of the polytope associated with the
above program, called the process move program polytope and denoted P3p.
In Section 2, we study the basic properties of P},. In particular, we
establish necessary and sufficient conditions for full dimensionality as well
as investigate conditions under which the inequality classes 0 < 6, (for
m,m’ € M), (1), (2), (3) and (4) are facet-defining for P{;p. In Section 3,
we build on results obtained in the companion paper [5] and investigate which
of the classes of facet-defining inequalities indentified for the partial linear
ordering polytope also define facets for P}, and under which conditions.
We then subsequently introduce two classes of inequalities, the source and
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Figure 1: Formulation of the PMP problem as an integer linear program.



target cover inequalities, valid for P}, and we provide both necessary and
sufficient conditions for them to be facet-defining as well as pseudopolynomial
separation algorithms.

2 The process move program polytope

The process move program polytope
PY L = conv{6" € R™ : § satisfies (1)-(5)}

where n = | M|, corresponds to the points of the partial linear ordering poly-
tope Ppp that satisfy the capacity constraints (4). Therefore we first study
the necessary and sufficient conditions that make facet-defining inequalities
of PZ; o remain facets of P3Yp. (Remark that any valid but not facet-defining
inequality of P& o cannot obviously define a facet of P3{p.) To do so, the fol-

lowing notations are introduced. Given two subsets of moves {my,...,m,} C
Mand X C M with 1 <r <nand {my,...,m.} N X =0 (X may be
empty), a incomplete process move program is denoted by [mq,...,m.; X]
if the only specified ordering is the one on {my,...,m,}, that is, the pair

(I,0) is chosen so that I = M \ ({my,...,m,} U X) and o(m;) < o(m;)
for all i, j € {1,...,r} with i < j. (Remark that a process move pro-
gram corresponds to when X = ().) The incomplete process move program
[m1,...,my; X] is admissible if and only if there exists a point § € R in
PM s so that

5o 0 itme{my,....,m}IUX,
mme 1 otherwise,

and
5 _{ 1 if m;, m; € {ma,...,m,} with i < j,
iy 0 if m;, m; € {mq,...,m,} with ¢ > j.
Note that § is not necesseraly unique because the imposed ordering is only
on the process moves in {my,...,m,}. If X = (), the point ¢ is then unique
and the process move program is simply denoted by [mq,...,m,].

2.1 Basic properties

Proposition 1 Polytope P, is full-dimensional if and only if [m,m'] is
an admissible program for all m,m’ € M with m # m’.
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Proof. If there exist m,m’ € M with m # m' and [m,m'] is not admissible,
we then have P}, C {6 € R" : 8, = 0}. Hence dim P}, < n? — 1.
Conversely, the admissibility of the program [m,m'] for all m,m’ € M
with m # m’ implies that the n? + 1 affinely independent vertices considered
in the proof of Proposition 2 in [5] still belong to P p. (Remark that with
the aim of shortening some of the proofs throughout the paper, we will refer
to points of Pp; that we used in proofs in the companion paper [5] instead
of introducing them again.) O

In the sequel, the full dimensional of P} is assumed, unless otherwise
stated. Given N C M, the process move programming problem restricted
to NN is obtained from the one associated with M by only considering the
process moves in N and by increasing the initial remaining capacity of u € U

by > Wy, that is, by considering that the process moves in M\ N
meS(u)N(M\N)
are interrupted. Remark that the polytope P p is full-dimensional as well.

Given two distinct admissible programs p and p’, we say that p’ is domi-
nated by p if for any pair of distinct process moves mq, mo € M, my is ordered
before my in p’ implies m, is ordered before msy in p. This dominance rela-
tionship is denoted p’ < p. Note that the set of interrupted process moves in
p is included in the set of interrupted processes in p'.

Let a’'d < o induce a facet F of PP o- Given my, my € M with my # mao,
consider the restriction F, m, of F onto the subspace of R defined by
Omims = 1, that is, Fpim, = FN {6 € RY & §ppimy, = 1}, Let Ay, be
the set of programs associated with the points of F,,,, and so that for any
program p € A, m,, there does not exist p’ € Apyym, \ {p} with p’ < p. The
set A, m, contains nothing but the programs that order m; before my and
that involve the minimum number of process moves. Note that it does not
mean that all the programs in A,,,,,, involve the same number of moves. We
can now give a necessary condition for facet-defining inequalities of P to
be facet-defining for P} p.

Proposition 2 Let a’0 < « define a nontrivial facet F of Pp.o. Then
a’é < « defines a facet of PM,» only if for all my,my € M with my # ma,
there exists an admissible program in A, m,-

Proof. If there exist my, mo € M so that m; # my and no programs in A, m,
are admissible, the face of P};p induced by a”§ < « is then included in the
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one induced by 8,,,,m, > 0. Since a’§ < « is a nontrivial inequality and PFJ,‘{{/IP
is assumed to be full-dimensional, a’§ < «a does not define a facet of Py;p.
O

Unlike what we got for the partial linear ordering polytope (see Lemma 1

in [5]), we do not have a trivial lifting lemma for the process move program
polytope that from a facet-defining inequality of P2 p, gives a facet-defining
inequality of Pli\ﬁgm}, m & M, by setting zero coefficients to the variables
involving m. Nevertheless, we prove two restricted lifting lemmas for the
process move program polytope that will be useful to prove some of the
following results. In fact using these lifting results, we will mostly need to
focus on the process move subset supporting the considered inequality to
prove that the latter is facet-defining for P p.
To make the statements of the lifting lemmas clearer (and their use as well),
we introduce some additional notations. Given an inequality a’d < a that
defines a face F of P p, let My = {mg € M : aynym = Amm, = 0 for all m €
M} and My, = M\ My. (Remark that M; is the process move subset that
supports the inequality a’é < «, that is, for any m € M;, there exists a
non-zero coefficient in a”6 < « that corresponds to a variable involving m.)
Denote by F, the face of PA;p induced by a”d < a. Let

Fy={m; € M, :max{ Y Spm:06 € Fy and pn,m, = 0} = |M,| — i}
mGMs

fori =1,...,s where s < nand F; = () for all j € {s+1,...,ns}. The
process move subsets F; for all {1,...,s} are clearly pairwise disjoint and
their union is nothing but M.

Proposition 3 Let a’d < « be a valid inequality of PX,p. If a¥6 < « is
facet-defining for P%\ZP and the two following conditions hold

i) the program [0] induces a point of PpL,p» satisfying a¥6 < a with equal-
iy,

ii) for any mg € My and m € Fy with k € {2,...,s}, there exist X, C
k-1 k-1
U Fn and X, C |J so that the incomplete programs [mg, m; X,] and
h=1 h=1

[m, mo; Xy induce points of PP, satisfying a¥d < o with equality,

then the inequality a™6 < « is also facet-defining for P ,p.
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Proof. Since a’é < a defines a facet, say Fs, of Pli\ﬁp, there exist n? affinely-
independent points ', .. ., 6™ of F,, where n, = |M,|. Fori=1,...,n2, let
5 € {0,1}" be so that

6t . for all m, m' € M,
6 ;) — 1 lf m = m/ 6 ]\407
0 otherwise.

We clearly have 6 € F = {0 € PMp:a"0=al fori=1,... ,n?, and these
n? points are affinely independent.

Let mg and my{, be two distinct points of My. Because of Condition i) and
the full-dimension assumption on P}, the program [mg, my] clearly corre-
sponds to a point of F. Denote by Sy the set of ng(ny — 1) points hence
obtained, where ng = |My|. The sets of points {0 : i = 1,...,n%} and S
form an affinely-independent set since any point in Sy is the only one having
a variable dms, {mo, My} C Mo, equal to 1.

Consider now a process move my € Fj with ke {1,. 5} By Condition

ii), for any my € My there exist X, C U F, and X, C U F}, so that the

incomplete programs [mg, m; X,] and [m, mo; Xp| induce pomts 5" and 6™+,
respectively, that belong to F. (Remark that if £ = 1, we have X, = X;, =0

and from the full-dimension assumption on P2{;p those two points belong to
2

F.) It is obvious that the points 5, 6™ and 31, ..., 0 are affinely inde-
pendent. Moreover because of X, NF), =0 and X,NF, =0 forh=~k,...,s,

the 2ng Z | F).| points obtained as previously described are affinely indepen-

dent. In fact they can be ordered so that any of these points corresponds to
the first one having a variable 0,y equal to 1 where |{m, m'} N M| = 1.
Finally for any process move mq of My, Condition i) implies that the pro-
gram [my] induces a point §"° that belongs to F. Point 6™ together with
all the ones we have considered so far form an affinely-independent set since
it is the only one satisfying

Smomo + >, (Gmom + Gmmy) = 0.

mGMs

Therefore, we have obtained n? + ng(ng — 1) + 2ng >_ |Fi| + no = n? + ng +
k=1
2non, = n? affinely-independent points of F. Our proof is then completed.
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Before stating our second restricted lifting result, we give a technical
lemma that will be useful in some of the forthcoming proofs.

Lemma 1 Let my,mg,mg € M with my # mg # ms3 # my. We then have
PM o0 {6 € 40,13 : 6pmy = 1 and Spym, = 0} # 0.

Proof. Let 6 € X = PMon {6 € {0,1}™ : 6pmy = 1 and Gpym, = 0}.
We first remark that if &,,, = 0 for any m € M \ {my, ma, m3}, then the
point 4 obtained from 8 by setting dpm = 1, dmm: = Ommy = 0 for all m’ €
M \ {m} and keeping all the other components unchanged, also belongs to
X . Therefore we can suppose without loss of generality that &,,, = 1 for all
m € M\ {my, ma, ms}.
Assume t,,,, # sm,, that is, the target processor of move m; is different than
the source processor of move ms. Since full dimension is assumed, the process
move program [mj, ms, ms] is admissible. Hence, the associated point belongs
to X. Suppose now that t,,, = Sm,. If Simy = S, the program [ms, my, mo]
is admissible. If s,,, # Si,, the program [mq, mg, ms] is admissible. In both
cases, the point associated with the program belongs to X. Therefore, X ## ().
O

Proposition 4 Let a’6 < « be a valid inequality of PX,p. If a¥6 < « is
facet-defining for P%\ZP and the two following conditions hold

i) Fy = Mj,

ii) for any moy € My, there exists X C M so that | X| > 2 and the
incomplete programs [mg; X induces a point of P, satisfying a®d <
a with equality,

then the inequality a™6 < « is also facet-defining for P ..

Proof. The proof is quite similar to the one of Proposition 3. In fact denoting
the points in the same way, Condition i) together with the full-dimension
assumption and Lemma 1 is enough to get all the points of Sy, the ones of
{6™ :my € F} and those of {0"™ :m; € F\}. These points and those of
{6 - i =1,...,n%} clearly form an affinely-independent set. The points of
{6™0 1 mgy € My} then exist because of Condition ii). The latter are affinely



independent with the first n? — ny ones considered so far in the proof since
for any mg € My, point 6™ is the only one that satisfies

> (Gmom + Ommo) > 2.

mGMs

Therefore, the face of P3Lp induced by a’§ < « contains n? affinely-indenpendent
points. O

2.2 Simple facets

We now investigate which of the inequality classes 0, > 0 (for m, m’ € M),
(3) and (4) are facet-defining for P2 ;. We are postponing the study of
constraints (1) and (2) to Section 3.1 because they are respectively special
cases of the so-called k-clique and k-unicycle inequalities we will study later.

Proposition 5 For my, my € M, the inequality dm,m, > 0 is facet-defining
for PR o if and only if my # my.

Proof. From Proposition 4 in [5], 8,5, > 0 cannot define a facet of P}, for all
m € M since it is not facet-defining for Pp; 5. Assume now that m; # mao.
From the full-dimensional assumption, any program [m,m'] is admissible
where m,m’ € M and m # m/. Consider then the point corresponding to
the interruption of all the process moves and the n? — 1 points corresponding
to all the admissible programs involving exactly two process moves but the
program [my, ms]. These n? points are clearly affinely independent and they
belong to the face of P induced by 0,y m, > 0. O]

Proposition 6 Let my,my,m3 € M with my # mo # mg # my. The
extended transitivity inequality

5m1m2 + 5m2m3 - 5mmls + 5m2m2 < 1 (6)
is facet-defining for PN, if and only if the following conditions hold

i) the programs [my, ma, mg], [ma, mg, m1] and [mg, my, ms] are admissi-
ble,

ii) for any m & M\ {my, mo, ms},



it.a) at least one of the following programs [mq, m, ms], [m, my, ms] or
[m, ma, ms] is admissible,
ii.0) at least one of the following programs [my, mg, m|, [ma, mg, m| or

[mo, m, ms] is admissible.

Proof. To prove the necessary condition, let us express the sets A, for
all m,m’ € M with m # m' and then, let us apply Proposition 2. For
m € M\ {my, ma, m3}, we have

A { {lm,m']} it m’ € M\ {m,ms),
o {[m17 m, mQ]: [ma my, mQ], [m, ma, mg]} ifm' = mo.

We also have

A | A, ]} it m" € M\ {mq, ms},
mam’ = {[m1,ma,ms|} if m' = ms,

{[m27m37m1]} lf m/ =my,
Apyme = 8 {[ma, ms]} if m’ = ms,
{[m17m27 ] [m27m37m]7 [m27m7 m3]} lf m/ S M \ {m27 m17m3}7
A, {[ms,m’]} it m" € M\ {ms, ms},
mam {[msz,m1,mo]} if m' = msy.

From the full-dimension assumption on P2, we can deduce the admis-
sibility of all the programs in the sets A/, {m,m’'} C M involving ex-
actly two process moves. Condition i) (respectively ii)) is obviously im-
plied by Ay mg, Amgm, and A, ., (respectively A, and A,,,,, for all
m € M\ {my, ms, m3}) each having at least one admissible program. There-
fore, inequality (6) is facet-defining for P2{;p only if conditions i) and ii) are
fulfilled.

Suppose now these two conditions are satisfied. We have My = {my, my, ms}.
Let F, be the face of PAip induced by (6) and let ¢ be one of the 9 points
introduced in the proof of Proposition 5 in [5]. If § belongs to one of the first
four sets, its associated program then orders at most two moves. Since the
polytope Pli‘ﬁp is assumed to be full-dimensional, these 6 points belong to
Fs. The admissibility of [mq, ms, ms], [ma, mg, m;] and [mg, my, ms] implies
that the 3 points in sets 5 to 7 also belong to F,. Inequality (6) then is
facet-defining for PRio.

Finally, it is straightforward to see that both conditions of Proposition 3 are
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satisfied. We clearly have Iy = {m, m3}, F5 = {m2} and the program inter-
rupting all the process moves of M corresponds to a point of the face of P},
induced by (6). Moreover for any mq € My, Condition ii.a) (respectively ii.b))
implies there exists () # X, C {my, m3} (respectively () # X, C {m1, m3}) so
that A,m, (respectively A,,,m) has an admissible program. We then deduce
that inequality (6) defines a facet of P2ip. O

Proposition 7 Let m € M. The capacity inequality

(1 - 5mm)wm + Z wm’am’m - Z wm’(ém’m’ + 6m’m) S Ktm (7)

m/ €T (tm)\{m} m/ €S (tm)
does not define a facet of PpL,p.

Proof. Given mg € M, let F be the face of P}, induced by the capacity
inequality (7) associated with mg. Assume that F is a facet of P3y;p. From
the assumption on the full dimension of polytope P p, there exists §' € F
so that 4., ., = 1. We then have 6, ,, = 0},,,, = 0 for all m € M \ {mo},
and (7) can be rewritten as

— Z wmérlnm:KtmO.

Since w,, > 0 for all m € M and K, > 0 for all u € U, we deduce 6}, =0
for all m € S(t,) and K, = 0.

If S(tm,) = 0 the left-hand side of (7) is then positive for any point ¢
of F so that dpmgm, = 0. Since K, = 0, we then have F C {6 € Payp :
Omome = 1} € PAlp. Therefore, we can suppose S(t,,) # 0. Let 6% €
F so that §2 = 0. Such a point exists since F is a facet of the full-

momo
dimensional polytope PMlp. For any m; € S(t,,), the valid inequalities

02y + 0o + 0y, < land 02, 4062 +02, .. 402 . > 1 combined
with 02, .. = 0 give 02, . + 0z, .. + 02, ., = 1, that is,
2 2 2 2
5mom1 + 5m1m0 + 6m0m0 + 6m1m1 = ]‘ (8)

We previously have shown that (8) also holds for §' and then for any point
of FN{d € PXp : mgme = 1}. Therefore, we obtain

]: -,C«- {5 S Pli‘;\I/IP : 6m0m1 + 5m0m0 + 5m0m0 + 6m1m1 = 1} -,C«- Plg‘\{\[/IPv

a contradiction. O
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3 Facets of the process move program poly-
tope

3.1 Facets from the partial linear ordering polytope

We now give necessary and sufficient conditions for facets of Pp; o introduced
in [5] to be also facets of P3Y;p. From the definition of the polytope P2 p, any
valid inequality of Pp o is obviously valid for P p. The next proposition
states that the k-clique inequalities define facets of P3yp. We remind that
inequalities (1) correspond to a special case of k-clique inequalities (i.e., k =
2) and then, are also facet-defining for P p.

Proposition 8 Let I C M with |I| = k. The k-clique inequality

YD b=l —-1 (9)

iel jel
is facet-defining for P p.

Proof. Given m, m’ € M with m # m/, we have

{[m,m']} ifmel, mel,
A, {[m,m']} ifmel, m¢l,
Y {[m, m)} itme¢l, mel,
[

{Im,m’;i|:iel} ifme¢l, m ¢&lI.

We clearly have My = I and F} = I. From the full-dimension assumption on
P and Lemma 1, A,,,s contains an admissible program for all m, m’ € M
with m # m/. Moreover for any mg € M \ I and {i,i2} C I, the incomplete
program [my; {41, 42 }] is admissible and corresponds to a point satisfying (9)
with equality. It is then obvious that if inequality (9) is facet-defining for
Plup, so it is for P3{p by Proposition 4.

Let F, be the face of PLyp induced by inequality (9). Consider the |I]?
points introduced in the proof of Proposition 6 in [5]. None of the programs
associated with these points orders more than two process moves. From the
assumption that Pl,p is full-dimensional, these points belong to F,. Since
they are affinely independent, inequality (9) is facet-defining for PZy;p and
for P » by Proposition 4. 0J

In the next proposition, we state that the k-unicycle inequalities (and also
inequalities (2) that indeed correspond to the 1-unicycle inequalities) define
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facets of PMp.

Proposition 9 Let I C M with |I| =k and let ig € M \ I. The k-unicycle

inequality
Oigio + Z(5iio + 0igi) — Z Z 0ij <1 (10)

iel iel jel\{i}

is facet-defining for PN, .
Proof. Given m, m’ € M with m # m/, we have

( {[io, ']} if m=1ig, m' €1,

[m, io] } iftmel, m' =i,

[m, m'; 1] } iftmel, m el,

[m, m']} ifm¢ IU{ig}, m €,

[m, m']} iftmel, m ¢&IU{i},

[m, m']} it m & IU{iot, m' &1U{io},
lig,m;1] i€ I} if m=iyg, m' &1,
[myig;il :i eI} ifm¢gI, m' =i.

i
}
At =0
i
i

We clearly have M, = TU{ig}, Iy = I and F; = {ip}. The program consisting
of interrupting all the process moves of M corresponds to a point of the face
F of PMp induced by (10). Moreover from Proposition 1, the incomplete
programs [my, i; ¢] and [ig, mg; 4] are admissible for any mg € M \ M, and
1 € I. Tt is then straightforward that these two incomplete programs induce
points of F. The two conditions of Proposition 3 are fulfilled and thus, we
only need to focus on showing that inequality (10) is facet-defining for Pli\ﬁp.
Let us consider the (|I| + 1)? points introduced in the proof of Proposition 8
in [5]. The points of the first three sets correspond to programs ordering no
more than two process moves. From the full-dimension assumption, they all
belong to the face F, of Pay:p induced by inequality (10). The fourth set only
contains points that correspond to programs [m,m';iy| for all m,m’ € M
with m # m’ (i.e., Appy). From Lemma 1, all the points of this last set
belong to F,. We then have found (|/| 4+ 1)? affinely-independent points of
Fs. Therefore, inequality (10) defines a facet of Pl%jp, and by Proposition 3,
of P p as well. O]

We nowfocus on the k-I-bicycle inequalities for which we give in the next
proposition necessary and sufficient conditions to be facet-defining for P p.
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Proposition 10 Let ig € M, jo € M\ {ig}, 0 € I € M\ {io,jo} and
0 cJcC M\ {igjo} with |I| =k, |J| =1 and INJ = 0. The k-I-bicycle

inequality

Sioio + Oigo + Gingo + > (Bidg + Gigi = 0ige) + > (8o + Gjog — i)

i€l Jj€J
DIPIED DD I LI (11)
iel iel\{i} JeT je\{5} i€l jeJ

is facet-defining for Pt if and only if
i) 4,10, Jo, ] is admissible for alli € I and j € J,
i) for alli € I, there exists j € J so that [i, j, g, jo] is admissible,
iii) for all j € J, there exists i € I so that [ig, jo, 1, j] is admissible,

iv) there existi € I and j € I so that [jo, 1, j, jo]-

Proof. We first prove the necessary conditions. For i € I and m € M \ {i},
we have

{[7, 7] } if m = iy,
{[iajaiij] j € ‘]} it m :j07
Aim = {[vale]} iftmel \ {Z}v
{[i, m]} if me J,
{[i, m]} itme IUJU{ig,jo}

From the full-dimension assumption on P}, and Lemma 1, A;, contains an
admissible program for all m € M\ {jo}. The set A;;, contains an admissible
program if there exists j € J so that [i, 7,4, jo| is admissible. The necessary
condition ii) is then proved.

For j € Jand m € M\ {j}, we have

{114 Jol} if m = jo,
(U, io, dol, {[i, 4. io) i € I} if m = do,
Ajm = q {4, m; Jol} it me J\{j},
{14, 70, jo, m]} ifmel,
{7, ml} if m ¢ I1UJU {ig, jo}-
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As above, we then deduce the necessary condition i), that is, for all j € J
and i € I, [f,70,Jo,?] is admissible. Remark that A;;, implies either that
7,70, jo] is admissible or that there exists ¢ € I so that [i, j, ] is admissible.
The admissibility of [j, 0, jo] is indeed implied by the one of [j, g, jo, 7] for
1€ 1.

Consider now the process moves ig and m € M \ {ip}. We have

{{lio, jo. 7] : 7 € I}, {[j. 10, o] : j € J}} if m = jo,
{[io, m]} itmel,
{[io,jo,i,m]:iEI} imeJ,
{{[Zo,m,l] 11 € [},{[j,@o,m,jo] j S J}} if m Q 1UJuy {Zo,jo}

Aiom =

As above, we deduce that for all j € J there must exist i € I so that [ig, jo, ¢, J]
is admissible. Remark that the admissibility of the programs of A;,;, is
obviously implied by Condition i). We then obtain necessary condition iii).

Using similar arguments for jo and m € M \ {jo} where

{[.70717‘7720]26]7‘7€J} ifm:io,

A. — {{[.707m7j] .] S J};{[iO,jO,m}} ifm e I,

o {[jo, m]} ifme J,
{ljo,m; 4l -5 € J} if m & IUJU {ig,jo},

we obtain necessary condition iv).
Finally, let m & I U J U {ig, jo} and m’ € M \ {m}. We have

{[m,ig;i] :i €I} i m' =i,
{lm,jo;j]: g € J} ifm' = jo,
A = {m, m']} it m' €1,
{{m,m']} if m' € J,
{Im,m']} it m’ & I'UJU /i, jo,m}.

From the full-dimension assumption on P2, and Lemma 1, A,,,, contains
an admissible program for all m ¢ I U J U {ig, jo} and m’ € M.

We now prove the sufficiency of the conditions. We clearly have M, =
TuJu{iy,jo}, Fr = 1 UJ and Fy = {ip,jo}. As we did in the proof of
the previous propositions of this section, we will only focus on showing that
inequality (11) is facet-defining for Pay:p. In fact, condition i) of Proposition
3 is trivially satisfied, and because of Lemma 1, the incomplete programs
[mo, i0; 4], [mo, Jo; 7], [0, mo; ] and [jo, mo; j] are admissible and correspond
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to points of the face of P){;p induced by (11), for any mg € M \ My, i € [
and j € J. Consider then the |M,|* affinely-independent points introduced
in the proof of Proposition 10 in [5]. These points are sorted into 15 different
sets. The first five sets contain points associated with programs ordering at
most two process moves. The assumed full dimension of Ppi;, implies that
all these points belong to F, = {6 € PAip : (11) is tight for 6}. The admis-
sibility of the programs associated with the points in the sets 9 and 10 (these
points correspond to incomplete programs of the form [m,m';m”]) comes
directly from Lemma 1, whereas conditions i)-iv) imply the admissibility of
the programs associated with the points in the remaining sets. These |M,|?
points then belong to F and thus, inequality (11) defines a facet of Pli\ﬁp.
From Proposition 3, it also defines a facet of P2{p. O

As we proved in the companion paper, the separation problems for in-
equalities (9), (10) and (11) are NP-hard. The proofs are based on showing
that an algorithm solving any of these separation problems would also solve
the max-cut problem.

3.2 Cover inequalities

We now turn our attention to capacity-related facet-defining inequalities for
P . The underlying idea of these inequalities comes from the well-known
cover inequalities [1, 2, 6] which represent an important class of facets of the
binary knapsack problem. For our problem, we can actually see a cover as a
set of process moves that cannot be on a same processor at the same time.

Proposition 11 Let my € M, § C A C T(8m,) and B C S(sm,) \ {mo} be

so that
Z Wy, > K, + Z Wy, (12)
meA meB
with B = S(8m,) \ (BU{mg}). The source cover inequality
Z 6mmo + Z 5mom < (|A| + |B| - 1)(1 - 5momo) (13)
meA meB

is valid for P, p.

Proof. Inequality (13) expresses the fact that all of the process moves in A
cannot be performed (by migrations) if none of the process moves in BU{m,}
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have been performed (by migrations or interuptions), or in other words, that
performing all the process moves in B does not free enough resources to
perform all the ones in A.

Let § be a point of P},p. Suppose first that my is interrupted, that is,

Omomo = 1 and then 0,y = Opmym = 0 for all m € M \ {mo}. Inequality (13)
can then be rewritten 0 < 0.
Assume now that my is not interrupted, that is, d,,ym, = 0. If the left-hand
side of (13) is equal to |A|+|B], the program associated with § then migrates
all the process moves in A before mg and all the process moves in B are
performed after mg. (Remark that |A| + |B| is the maximum possible value
for the left-hand side of (13).) Therefore, the process moves in AU BU{mg}
are all together on processor s,,,, and that implies

Zwm S Ksmo + Z Wi,y

meA meB

contradicting (12). The claim of validity follows. O

In the same manner, we can introduce the following inequalities by con-
sidering this time the target processor of a process move my € M instead of
its source processor as in Proposition 11.

Proposition 12 Let mg € M, A C T(ty,) \ {mo} and O C B C S(t,,) be

so that
Wpy + Z Wy > Ky, + Z Wy, (14)
meA meB
with B = S(tm,) \ B. The target cover inequality
Z 5mmo + Z 5mom < (’A‘ + ‘B’ - 1)(1 - 5momo) (15)
meA meB

is valid for P ,p.

Proof. Condition (14) expresses the fact that all of the process moves in
AU {my} cannot be performed (by migrations) if none of the process moves
in B have been performed (by interruptions or migrations), or in other words,
that performing all the process moves in B does not free enough resources
to perform all the ones in AU {mg}.
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The claim of validity follows from an argument similar to the end of the
proof of Proposition 11. O

In order to clearly give necessary and sufficient conditions for the cover
inequalities (13) and (15) to be facet-defining for P2, we introduce some
additional notation. Given X C M, let m, = argmin{w,, : m € X}
(respectively m = argmax{w,, : m € X}) be a process move of X con-
suming the minimum (respectively maximum) amount of resource, that is,

Wy, > W,,x  (respectively wp, < wpx ) for all m € X. Given u € U,

min

ACT(u)and B C S(u), let Ay p = w(A) — K, — w(B) with B = S(u) \ B.

Proposition 13 A source cover inequality (13) defines a facet of PpL,p if
and only if the following conditions hold

Z) wm;“in > )\A,BU{mo}f
”) wmf‘in > )\A,BU{mo}f
iii) if there exists a € A so that BU{mg} C T'(s,), then either

0') Wiy > )\A,BU{mo}f or
b) Wiy +w,e. < K, +w(S(s,)) — wg,

min

W) Wny < Max{Wpa  Wys = Mg Bufme} for all m € (T(Spmy) U S(5m)) \
(AUBU{mg}).

Proof. We have My = AU B U {mg}. We will first prove that inequality
(13) defines a facet of Poy:p if and only if conditions i)-iii) hold. We will
then use Proposition 3 to prove the necessary and sufficient conditions for
(13) to be facet-defining for P{;p. We point out that throughout this proof,
Ky, S(sp) and T(sy,), for any m € M, are considered with respect to
the process move programming problem associated with M, that is, all the
process moves of M \ M are supposed interrupted.

Let F; be the face of Pli‘{{jp induced by a source cover inequality (13). We first
prove the necessity of conditions i)-iii). Suppose F, defines a facet of Plyip.

Given @ € A, there exists §' € F, so that d,,, = 0 and §, ,,,. = 0. In fact, if
such a point did not exist, we would have Fy C {§ € Pli\f\[;jp : Omgme + Oamg =
1} # Phiip and F, would not define a facet. Since 6}, . = 0 and §' € F,
we have

> i+ D> Oy = 1Al +[B] - 1.

acA beB
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Because of 43, = 0, we then get 4, = 1foralla € A\ {a} and 4, , = 1

for all b € B. Therefore, we have w(A \ {a}) < K

Smq

+ w(B), that is,
wz > w(A) — (K, +w(B)) = Aa,Bufm,}- Condition i) then directly follows.
Using similar arguments, we can prove the necessity of Condition ii).
Consider now a process move @ € A so that B U {mg} C T'(sg). Since Fj
defines a facet of Ppyip, there exists 0° € F, so that 63 ., = 1. We then
clearly have 63, . =0, 03, = 1forall a € A\ {a} and 4}, , = 1 for
all b € B. (Remark that right before migrating mg, all the process moves
in M, \ {@} are together on processor s,,.) Since Ag pufm,; > 0, there
exists B© C B so that 6. = 1 for all b € B’. We then have w(A) <

K, +w(B) + Wy, +w(B’), that is, A puime} — W(B') < Wy If Wiy >
A4, BU{mo}, the point 6° can be chosen so that B’ = (). (We remind that
the full-dimension assumption on Ppi;p implies that the program [my, ] is
admissible.) Suppose now that wy,, < A pugm}- Since BU {mg} C T'(s7),
we then must have w,,, + w(B') < K, + w(S(sa)) — wa. We thus directly
obtain wy,, + w,,z < Ky + w(S(sz)) — wg, and Condition iii) is proved.

We now prove the sufficiency of conditions i)-iii). Suppose they are sat-
isfied. Let X; = {0%,...,0™} with n; = n? — 2(n, — 1) be the set of points
so that

e 0. =1 for all m € M, that is, all the process moves of M, are
interrupted,

> O, =mns—1landd
meMg
process moves of M\ {mg} but one are interrupted,

=1 for ¢ = 2,...,n, that is, all the

o > 0hm=ns—2and 8, =1fori=n,+1,... ng that is, all the
meM
process moves of M, \ {mg} but two are interrupted.

The points &° for i = 1,...,n, clearly belong to F,. Moreover since PFJ,‘{\I;P
is assumed full-dimensional, we also have §* € F, for i = n, + 1,...,n4.
Furthermore, it is straightforward to see that the points of X; are affinely
independent.

Consider now points for which 6,,,m, = 0, that is, points satisfying

> Gamg + Y Omgy = |Al +|B| - 1.

a€A beB
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Let A= {ai,...,a4} and B = {b,...,bp}. Consider the points §"** for
i=1,...,|A| so that

Z(S"IH =[A] =1 and 0,5 =1.

amg
acA

Let X5 = X U{d™™!, ... 6"} with ny = ny+|A|. By Condition i), the points

dmtifori=1,...,|A| belong to F,. Moreover, they are affinely independent
since point 6™* 4 =1,...,|A|, is the only one for which 6,,ym, + Oa;me = 0-
Consider the points 6"2% for ¢ = 1,...,|B| so that

Zé"gﬂ' =|B]—1 and (5&2ij = 1.

mob T
beB

As above and using Condition ii), we set X3 = Xp U {d"2* ... ¢} C F
where n3 = ny + |B|, and the points of X3 are affinely independent.
Let Xy = Xz U {g™*!, ..., 0™} with ny = n3 + 4| and the points ¢"+** for
i=1,...,]A| are so that

D gt =[Al =1 and st =1.

amg moa;
a€A

(Remark that all the process moves of B are migrated after mg.) If w,,, >

A4, BU{mo}, the points 6"3% for ¢ = 1,..., |A| can be chosen so that
>y =1Bl,
beB

and they all belong to F,. If wn,, < Aa Bupme}. the points ot for ¢ =
1,...,|A] can be chosen so that

> ot =|Bl—1 and %7 =1

min %
beB\{mPB, }

min

Given i € {1,...,|Al|}, if {mo,mE,,} C T(s,,) conditions ii) and iii.b) then
imply that §"3% € F, and if {mg,mZ, } € T(s,,) then the full-dimension
assumption on Ppiip and Condition ii) imply that 6":* € F,. Therefore
X4 C F, and since a point 6" ¢ =1,...,|A|, is the only one of X, so that

Omea; = 1, the points of X, clearly are affinely independent.
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Let X5 = X, U{d™t ... 6™} with ns = ny + |B| and the points §™* for
i=1,...,|B| are so that

25;4O§i:|3|—1, g4t =1 and Zaggﬁ:|A|—1.

beB a€A

(Remark that all the process moves of A are migrated before my.) From
conditions i)-ii) and the full-dimension assumption on PFJ,‘{\I;P, we clearly have
X5 C F,. Since the point 6™ ¢ = 1,...,|B], is the only one having
Ob;me = 1 the points of X5 are affinely independent.

We then have exhibited ns = n? — 2(n, — 1) + 2(|A| + |B|) = n? affinely
independent points of F,. (Recall that n, = |A|+|B|+1.) Since F, C Phiip,
inequality (13) defines a facet of Plip.

We now just need to show that by adding Condition iv), we obtain nec-
essary and sufficient conditions for inequality (13) to be facet-defining for
P p. Assume that inequality (13) defines a facet F of P2 p. Consider
first a process move z € My N T(8,,,). There must exist §* € F such that
0tm, = 1. We then clearly have 0}, = 0 and

Tmo
D Oy + D> Ot = 1Al +[B] - 1.
acA beB

For some m, € AU B, we then must have w,, + w(A) < K, +w(B) +wn,,
that is,
Wiy < Wiy, — (W(A) — K

smy — W(B))
= W, — )\A,BU{mo}

< max{wWpa , Wys } — A BU{mo}-

X max

We thus obtain Condition iv) for a process move of My N7 (s,). By consid-
ering * € My N S(sm,) and a point of F such that d,,,, = 1, we can obtain
Condition iii) for a process move of My N S(s,) as well. Therefore, Condi-
tion iv) is necessary.

We will use Proposition 3 to prove the sufficiency. We clearly have F; = AUB
and F,,,_1 = {mo}. (Remark that F, =0 forallh =2,...,ny—2, and F,,, =
().) We only need to check if for any x € My, there exist X, C F; and X, C Fy
so that the incomplete programs [x,mg; X,| and [mg, x; X;| are admissible
and induce points that belong to F' = {§ € P¥p : (13) is tight for §}. In
fact, the first condition of Proposition 3 is straightforwardly satisfied. Let
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x € My and suppose & € T(sp,). (Using similar ideas, we can prove the
claim if x € S(8y,,) or & & T'(Smy) US(Sm, ). Remark that some of the associ-
ated programs do not need Condition iv) to be admissible.) Denote by m; a
process move of AU B so that w,,, = max{w,,a ,w,s }. From Condition
iv), we have

w(A) + wy S w(A) + W, — )\A,Bu{mo}

= wms + Ksmo + w(B))

Set X, = X, = (AUB)\{ms}. Using the previous inequality, it can be shown
that the incomplete program [z,mg; X,] that consists of migrating all the
process moves of A\ {ms}, then migrating z, then migrating mg, and finally
migrating all the process moves of B\ {ms} is admissible and its associated
point belongs to F’. Similarly, by only switching the order of migrations of
x and mg (i.e., mg is migrated before z this time) we have an admissible
program [mg,x; X;| inducing a point of F’. Therefore by Proposition 3,
conditions i)-iv) are sufficient for inequality (13) to be facet-defining for Py;p.
Our proof is then complete. O

In the same way, we can give necessary and sufficient conditions for the
target cover inequality (15) to be facet-defining for P} ..

Proposition 14 A target cover inequality (15) defines a facet of PHL,p if
and only if the following conditions hold:

i) Wppa > AaU{me}, B
”) wmgin Z AAU{?’VL()},B;
iii) if (AU{mo}) C S(8m,) and there exists b € B so that t, = s,,, either

0,) wmo 2 )\AU{mo},B) or

b) Wy +wa < K, + w(S(8my)) — wy,

min

1) Wy < Max{Wpa Wi} — Aaugme},s for all m € (T(ty,) U S(tn,)) \
(AUBU{mg}). O

We now turn our attention to the separation problems of inequalities (13)
and (15). We actually show that separating either the source or target cover
inequalities can be reduced to solving n knapsack problems.
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Proposition 15 The source cover inequalities (13) can be separated in pseudo-
polynomial time.

Proof. Let mg € M and 6* € R”". The separation problem for (13) asks for
two sets A C T'(Sy,) and B C S(Sy,) \ {mo} that satisfy Condition (12) and

D o+ D O > (Al Bl = 1)(1 = 67,.,), (16)

meA meB

if such two sets exist. For m € T'(s;,) U S(8m,) \ {mo}, let z,, = 1 if and
only if either m € A or m € B. Since w(B) = w(S(sm,y)) — w(B) — Wy,
Condition (12) can be rewritten

Z Wi Ty, + Z WnTm > K, + Z Wiy — Winy + 1

meT (smg) meS (smg)\{mo} meS (smg)

Since |A| = ZmeT(smo) T, and |B| = Zmes(smo)\{mo} T, (16) can be rewrit-
ten (after some rearrangements)

Z A Tm + Z Bmxm <1- 6;107710

mET(smO) mES(smO)\{mo}

where «,, = 1-6%,,  —6r  forallm € T(s,,,) and 3, = 1-48%, . —d*  for

allm € S(smo)\{m(;)}. Leottfng Ym = 1—x,, for allm € T(smo)ug(smo)i{gno}
leads to the following knapsack problem

( z = Maximize Z O Yo, + Z BnYm

meT (smy) meS(smg)\{mo}

s. t.
Z WmYm + Z WmYm S Z Wy — Ksmo - 17

meT (smy) meS(smg)\{mo} meT (smy)

L ym € {0,1} for all m € T'($my) U S(Smg) \ {mo}-

It is obvious that this knapsack problem has a feasible solution only if
w(T (Smy) — Ks,,, —1 > 0, that is, there is not enough remaining capacity on
processor s,,, to migrate all the process moves of T'(s,,,) without performing
a process move of S(s,,,). If the optimal value z* of this knapsack problem
exists and

2> 0n e — 1+ Z QO + Z B

meT (smy ) meS(smg)\{mo}
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a violated source cover inequality (13) generated by mg has then been found.
Otherwise, it can be concluded that none exists.

Separating over the entire set of source cover inequalities can (13) there-
fore be performed by solving n knapsack problems such as the above. Each
of this knapsack problem can be solved in pseudo-polynomial time using for
instance the well-known Bellman recursion [3] The claim follows. O

Proposition 16 The target cover inequalities (15) can be separated in pseudo-
polynomial time.

Proof. We proceed as in the proof of Proposition 15. The only difference lies
in the considered knapsack problem. En fact, given my € M and §* € R™,
the separation problem for (15) turns out to reduce to the following knapsack
problem.

(2 = Maximize Z O Ym + Z BmYm
mET (tmg)\{mo} meS (tmy)
s. t.
Z WinYm + Z Wi Ym < Z Wy — K, — 1,
MET (tmg)\{mo} MES (tmy) MET (tmy)

L ym € {0,1} for all m € (T'(tm,) \ {mo}) U S(tm,),

where a,,, = 1—=09%,. =6 forallm € T(sy,,)\{mo} and B, = 1—07

mmg momo mom

ox - forall m € S(spm,)- O

momo

3.3 A cover-inequalities-based formulation

The cover inequalities previously introduced enable us to give an integer
linear programming formulation of the PMP problem based only on facet-
defining inequalities for P} p.

Lemma 2 A vector § of R™ is the characteristic vector associated with a
solution of the process move programmaing problem if and only if it belongs to
the set defined by the following constraints

o 2-clique inequalities (i.e., Spm +0mim~+0mm=+0mm: > 1 for all {m,m’'} C
M),

o l-unicycle inequalities (i.€., Omm: + Omrm + Omm < 1 form #m’ € M),
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o cxtended transitivity inequalities (i.e., Omm: + Omimy — Ommy + Oy < 1
form #£m' #m” € M),

e source cover inequalities (13),
o target cover inequalities (15),
® Sy € {0,1} form, m' € M.

Proof. From the results obtained in this paper and its companion one
[5], it is obvious that any solution to the PMP problem has its characteristic
vector that satisfies all these constraints.

Let 6 be a solution of this system of constraints. If this solution does not
induce a solution to the PMP problem, there then exists a process moves
m so that the available capacity on its target processor t;; is not sufficient
when it is migrated. Let A (respectively B) be the set of process moves
having ¢ as a target (respectively source) processor and that have already
been migrated to tz (respectively migrated from ¢z or interrupted). We then
have

w(A) + wm > K+ w(B)
where B = S(s;._)\ B. Therefore the target cover inequalities induced by m,
A and B is violated by 6, a contradiction. O

4 Conclusion

In this paper, we have studied the polytope Pi,p associated with the solution
of the process move programming problem. We first have obtained neces-
sary and sufficient conditions for the facet-defining inequalities introduced in
the companion paper [5] for the partial linear ordering polytope to be facet-
defining for P3{;p. We then have introduced capacity-related facet-defining
inequalities for P}, that can be separated in pseudo-polynomial time, and
strengthen the integer linear programming formulation of the PMP problem
we started with.

In [4], Sirdey and Kerivin have devised a branch-and-cut algorithm based on
this strengthened formulation given in Section 3.3. Their extensive computa-
tional results show the practical relevance of the formulation in terms of both
exact and approximate resolution when the instance size increases. It would
be interesting to extend their branch-and-cut algorithm by also considering
inequalities (9)-(11).
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