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Abstract

This paper is the second of a series of two devoted to the poly-
hedral study of a strongly NP -hard resource-constrained scheduling
problem, referred to as the process move programming problem. In the
present paper, we put back into the picture the capacity constraints
which were ignored in the first paper. In doing so, we introduce the
process move program polytope, study its basic properties and show
several classes of inequalities to be facet-defining. Some of the latter
were proved to be facet-defining for the partial linear ordering polytope
which was both introduced and studied in the companion paper.

1 Introduction

Recall that the process move programming problem (denoted PMP problem)
consists, starting from an arbitrary initial distribution of processes on the
processors of a distributed system, of finding the least disruptive sequence
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of operations (i.e., non-impacting process migrations or temporary process
interruptions) at the end of which the system ends up in another predefined
arbitrary state. The main constraints are that the capacity of the processors
must not be exceeded during the reconfiguration and that a process is moved
(i.e., migrated or interrupted) exactly once.

More precisely, let U and M respectively denote the set of processors
and the set of process moves. Then for each m ∈ M , cm, wm, sm and tm
respectively denote the cost of interrupting the process moved by m (i.e., of
interrupting m), the amount of resource consumed by the process moved by
m (i.e., the weight of m), the processor from which the process is moved (i.e.,
the source of m) and the processor to which the process is moved (i.e., the
target of m). Also, Ku denotes the initial remaining capacity of processor
u ∈ U , S(u) = {m ∈ M : sm = u} and T (u) = {m ∈ M : tm = u}. Lastly, a
pair (I, σ), where I ⊆ M and σ : M \ I −→ {1, . . . , |M \ I|} is a bijection,
defines an admissible process move program if, provided that the moves in
I are interrupted (for operational reasons, the interruptions are performed
at the beginning of the reconfiguration), the other moves can be performed
(i.e., migrated) according to σ without inducing any violation of the capacity
constraints.

Let δmm = 1 if and only if m ∈ M is interrupted and δmm′ = 1 if and
only if m ∈ M is performed (without interruption) before m′ ∈ M \ {m} is
performed (also without interruption). As shown in the companion paper [5],
the process move programming problem can then be expressed as the integer
linear program given in Figure 1. Constraints (1), (2), (3) and (4) are re-
spectively referred to as the 2-clique inequalities, the 1-unicycle inequalities,
the extended transitivity inequalities and the capacity inequalities.

This paper is devoted to the study of the polytope associated with the
above program, called the process move program polytope and denoted P M

PMP.
In Section 2, we study the basic properties of P M

PMP. In particular, we
establish necessary and sufficient conditions for full dimensionality as well
as investigate conditions under which the inequality classes 0 ≤ δmm′ (for
m, m′ ∈ M), (1), (2), (3) and (4) are facet-defining for P M

PMP. In Section 3,
we build on results obtained in the companion paper [5] and investigate which
of the classes of facet-defining inequalities indentified for the partial linear
ordering polytope also define facets for P M

PMP and under which conditions.
We then subsequently introduce two classes of inequalities, the source and
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Figure 1: Formulation of the PMP problem as an integer linear program.
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target cover inequalities, valid for P M
PMP, and we provide both necessary and

sufficient conditions for them to be facet-defining as well as pseudopolynomial
separation algorithms.

2 The process move program polytope

The process move program polytope

P M
PMP = conv{δn2 ∈ Rn2

: δ satisfies (1)-(5)}
where n = |M |, corresponds to the points of the partial linear ordering poly-
tope P n

PLO that satisfy the capacity constraints (4). Therefore we first study
the necessary and sufficient conditions that make facet-defining inequalities
of P n

PLO remain facets of P M
PMP. (Remark that any valid but not facet-defining

inequality of P n
PLO cannot obviously define a facet of P M

PMP.) To do so, the fol-
lowing notations are introduced. Given two subsets of moves {m1, . . . , mr} ⊆
M and X ⊆ M with 1 ≤ r ≤ n and {m1, . . . , mr} ∩ X = ∅ (X may be
empty), a incomplete process move program is denoted by [m1, . . . , mr; X]
if the only specified ordering is the one on {m1, . . . , mr}, that is, the pair
(I, σ) is chosen so that I = M \ ({m1, . . . , mr} ∪ X) and σ(mi) < σ(mj)
for all i, j ∈ {1, . . . , r} with i < j. (Remark that a process move pro-
gram corresponds to when X = ∅.) The incomplete process move program
[m1, . . . , mr; X] is admissible if and only if there exists a point δ ∈ Rn2

in
P M

PMP so that

δmm =

{
0 if m ∈ {m1, . . . , mr} ∪ X,
1 otherwise,

and

δmimj
=

{
1 if mi, mj ∈ {m1, . . . , mr} with i < j,
0 if mi, mj ∈ {m1, . . . , mr} with i ≥ j.

Note that δ is not necesseraly unique because the imposed ordering is only
on the process moves in {m1, . . . , mr}. If X = ∅, the point δ is then unique
and the process move program is simply denoted by [m1, . . . , mr].

2.1 Basic properties

Proposition 1 Polytope P M
PMP is full-dimensional if and only if [m, m′] is

an admissible program for all m, m′ ∈ M with m 	= m′.
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Proof. If there exist m, m′ ∈ M with m 	= m′ and [m, m′] is not admissible,
we then have P M

PMP ⊆ {δ ∈ Rn2
: δmm′ = 0}. Hence dim P M

PMP ≤ n2 − 1.
Conversely, the admissibility of the program [m, m′] for all m, m′ ∈ M

with m 	= m′ implies that the n2 +1 affinely independent vertices considered
in the proof of Proposition 2 in [5] still belong to P M

PMP. (Remark that with
the aim of shortening some of the proofs throughout the paper, we will refer
to points of P n

PLO that we used in proofs in the companion paper [5] instead
of introducing them again.) �

In the sequel, the full dimensional of P M
PMP is assumed, unless otherwise

stated. Given N ⊆ M , the process move programming problem restricted
to N is obtained from the one associated with M by only considering the
process moves in N and by increasing the initial remaining capacity of u ∈ U
by

∑
m∈S(u)∩(M\N)

wm, that is, by considering that the process moves in M \N

are interrupted. Remark that the polytope P N
PMP is full-dimensional as well.

Given two distinct admissible programs p and p′, we say that p′ is domi-
nated by p if for any pair of distinct process moves m1, m2 ∈ M , m1 is ordered
before m2 in p′ implies m1 is ordered before m2 in p. This dominance rela-
tionship is denoted p′ ≺ p. Note that the set of interrupted process moves in
p is included in the set of interrupted processes in p′.

Let aT δ ≤ α induce a facet F of P n
PLO. Given m1, m2 ∈ M with m1 	= m2,

consider the restriction Fm1m2 of F onto the subspace of Rn2
defined by

δm1m2 = 1, that is, Fm1m2 = F ∩ {δ ∈ Rn2
: δm1m2 = 1}. Let Am1m2 be

the set of programs associated with the points of Fm1m2 and so that for any
program p ∈ Am1m2 , there does not exist p′ ∈ Am1m2 \ {p} with p′ ≺ p. The
set Am1m2 contains nothing but the programs that order m1 before m2 and
that involve the minimum number of process moves. Note that it does not
mean that all the programs in Am1m2 involve the same number of moves. We
can now give a necessary condition for facet-defining inequalities of P n

PLO to
be facet-defining for P M

PMP.

Proposition 2 Let aT δ ≤ α define a nontrivial facet F of P n
PLO. Then

aT δ ≤ α defines a facet of P M
PMP only if for all m1, m2 ∈ M with m1 	= m2,

there exists an admissible program in Am1m2.

Proof. If there exist m1, m2 ∈ M so that m1 	= m2 and no programs in Am1m2

are admissible, the face of P M
PMP induced by aT δ ≤ α is then included in the
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one induced by δm1m2 ≥ 0. Since aT δ ≤ α is a nontrivial inequality and P M
PMP

is assumed to be full-dimensional, aT δ ≤ α does not define a facet of P M
PMP.

�

Unlike what we got for the partial linear ordering polytope (see Lemma 1
in [5]), we do not have a trivial lifting lemma for the process move program
polytope that from a facet-defining inequality of P M

PMP, gives a facet-defining

inequality of P
M∪{m}
PMP , m 	∈ M , by setting zero coefficients to the variables

involving m. Nevertheless, we prove two restricted lifting lemmas for the
process move program polytope that will be useful to prove some of the
following results. In fact using these lifting results, we will mostly need to
focus on the process move subset supporting the considered inequality to
prove that the latter is facet-defining for P M

PMP.
To make the statements of the lifting lemmas clearer (and their use as well),
we introduce some additional notations. Given an inequality aT δ ≤ α that
defines a face F of P M

PMP, let M0 = {m0 ∈ M : am0m = amm0 = 0 for all m ∈
M} and Ms = M \ M0. (Remark that Ms is the process move subset that
supports the inequality aT δ ≤ α, that is, for any m ∈ Ms, there exists a
non-zero coefficient in aT δ ≤ α that corresponds to a variable involving m.)
Denote by Fs the face of P Ms

PMP induced by aT δ ≤ α. Let

Fi = {mi ∈ Ms : max{
∑

m∈Ms

δmm : δ ∈ Fs and δmimi
= 0} = |Ms| − i}

for i = 1, . . . , s where s ≤ n and Fj = ∅ for all j ∈ {s + 1, . . . , ns}. The
process move subsets Fi for all {1, . . . , s} are clearly pairwise disjoint and
their union is nothing but Ms.

Proposition 3 Let aT δ ≤ α be a valid inequality of P M
PMP. If aT δ ≤ α is

facet-defining for P Ms
PMP and the two following conditions hold

i) the program [∅] induces a point of P M
PMP satisfying aT δ ≤ α with equal-

ity,

ii) for any m0 ∈ M0 and m ∈ Fk with k ∈ {2, . . . , s}, there exist Xa ⊆
k−1⋃
h=1

Fh and Xb ⊆
k−1⋃
h=1

so that the incomplete programs [m0, m; Xa] and

[m, m0; Xb] induce points of P M
PMP satisfying aT δ ≤ α with equality,

then the inequality aT δ ≤ α is also facet-defining for P M
PMP.
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Proof. Since aT δ ≤ α defines a facet, say Fs, of P Ms
PMP, there exist n2

s affinely-
independent points δ1, . . . , δn2

s of Fs, where ns = |Ms|. For i = 1, . . . , n2
s, let

δ
i ∈ {0, 1}n2

be so that

δ
i

mm′ =

⎧⎨
⎩

δi
mm′ for all m, m′ ∈ Ms,

1 if m = m′ ∈ M0,
0 otherwise.

We clearly have δ
i ∈ F = {δ ∈ P M

PMP : aT δ = α} for i = 1, . . . , n2
s, and these

n2
s points are affinely independent.

Let m0 and m′
0 be two distinct points of M0. Because of Condition i) and

the full-dimension assumption on P M
PMP, the program [m0, m

′
0] clearly corre-

sponds to a point of F . Denote by S0 the set of n0(n0 − 1) points hence

obtained, where n0 = |M0|. The sets of points {δi
: i = 1, . . . , n2

s} and S0

form an affinely-independent set since any point in S0 is the only one having
a variable δm0m′

0
, {m0, m

′
0} ⊆ M0, equal to 1.

Consider now a process move mk ∈ Fk with k ∈ {1, . . . , s}. By Condition

ii), for any m0 ∈ M0 there exist Xa ⊆
k−1⋃
h=1

Fh and Xb ⊆
k−1⋃
h=1

Fh so that the

incomplete programs [m0, m; Xa] and [m, m0; Xb] induce points δ
mk

and δ̃mk ,
respectively, that belong to F . (Remark that if k = 1, we have Xa = Xb = ∅
and from the full-dimension assumption on P M

PMP those two points belong to

F .) It is obvious that the points δ
mk

, δ̃mk and δ
1
, . . . , δ

n2
s are affinely inde-

pendent. Moreover because of Xa ∩Fh = ∅ and Xb ∩Fh = ∅ for h = k, . . . , s,

the 2n0

s∑
k=1

|Fk| points obtained as previously described are affinely indepen-

dent. In fact, they can be ordered so that any of these points corresponds to
the first one having a variable δmm′ equal to 1 where |{m, m′} ∩ Ms| = 1.
Finally for any process move m0 of M0, Condition i) implies that the pro-
gram [m0] induces a point δm0 that belongs to F . Point δm0 together with
all the ones we have considered so far form an affinely-independent set since
it is the only one satisfying

δm0m0 +
∑

m∈Ms

(δm0m + δmm0) = 0.

Therefore, we have obtained n2
s + n0(n0 − 1) + 2n0

s∑
k=1

|Fk| + n0 = n2
s + n2

0 +

2n0ns = n2 affinely-independent points of F . Our proof is then completed.
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�

Before stating our second restricted lifting result, we give a technical
lemma that will be useful in some of the forthcoming proofs.

Lemma 1 Let m1, m2, m3 ∈ M with m1 	= m2 	= m3 	= m1. We then have
P M

PMP ∩ {δ ∈ {0, 1}n2
: δm1m2 = 1 and δm3m3 = 0} 	= ∅.

Proof. Let δ ∈ X = P M
PMP ∩ {δ ∈ {0, 1}n2

: δm1m2 = 1 and δm3m3 = 0}.
We first remark that if δmm = 0 for any m ∈ M \ {m1, m2, m3}, then the
point δ̃ obtained from δ by setting δ̃mm = 1, δ̃mm′ = δ̃mm′ = 0 for all m′ ∈
M \ {m} and keeping all the other components unchanged, also belongs to
X. Therefore we can suppose without loss of generality that δmm = 1 for all
m ∈ M \ {m1, m2, m3}.
Assume tm1 	= sm2 , that is, the target processor of move m1 is different than
the source processor of move m2. Since full dimension is assumed, the process
move program [m1, m3, m2] is admissible. Hence, the associated point belongs
to X. Suppose now that tm1 = sm2 . If sm2 = sm3 , the program [m3, m1, m2]
is admissible. If sm2 	= sm3 , the program [m1, m2, m3] is admissible. In both
cases, the point associated with the program belongs to X. Therefore, X 	= ∅.

�

Proposition 4 Let aT δ ≤ α be a valid inequality of P M
PMP. If aT δ ≤ α is

facet-defining for P Ms
PMP and the two following conditions hold

i) F1 = Ms,

ii) for any m0 ∈ M0, there exists X ⊆ Ms so that |X| ≥ 2 and the
incomplete programs [m0; X] induces a point of P M

PMP satisfying aT δ ≤
α with equality,

then the inequality aT δ ≤ α is also facet-defining for P M
PMP.

Proof. The proof is quite similar to the one of Proposition 3. In fact denoting
the points in the same way, Condition i) together with the full-dimension
assumption and Lemma 1 is enough to get all the points of S0, the ones of
{δm1

: m1 ∈ F1} and those of {δ̃m1 : m1 ∈ F1}. These points and those of

{δi
: i = 1, . . . , n2

s} clearly form an affinely-independent set. The points of
{δm0 : m0 ∈ M0} then exist because of Condition ii). The latter are affinely
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independent with the first n2 − n0 ones considered so far in the proof since
for any m0 ∈ M0, point δm0 is the only one that satisfies

∑
m∈Ms

(δm0m + δmm0) ≥ 2.

Therefore, the face of P M
PMP induced by aT δ ≤ α contains n2 affinely-indenpendent

points. �

2.2 Simple facets

We now investigate which of the inequality classes δmm′ ≥ 0 (for m, m′ ∈ M),
(3) and (4) are facet-defining for P M

PMP. We are postponing the study of
constraints (1) and (2) to Section 3.1 because they are respectively special
cases of the so-called k-clique and k-unicycle inequalities we will study later.

Proposition 5 For m1, m2 ∈ M , the inequality δm1m2 ≥ 0 is facet-defining
for P M

PMP if and only if m1 	= m2.

Proof. From Proposition 4 in [5], δmm ≥ 0 cannot define a facet of P M
PMP for all

m ∈ M since it is not facet-defining for P n
PLO. Assume now that m1 	= m2.

From the full-dimensional assumption, any program [m, m′] is admissible
where m, m′ ∈ M and m 	= m′. Consider then the point corresponding to
the interruption of all the process moves and the n2−1 points corresponding
to all the admissible programs involving exactly two process moves but the
program [m1, m2]. These n2 points are clearly affinely independent and they
belong to the face of P M

PMP induced by δm1m2 ≥ 0. �

Proposition 6 Let m1, m2, m3 ∈ M with m1 	= m2 	= m3 	= m1. The
extended transitivity inequality

δm1m2 + δm2m3 − δm1m3 + δm2m2 ≤ 1 (6)

is facet-defining for P M
PMP if and only if the following conditions hold

i) the programs [m1, m2, m3], [m2, m3, m1] and [m3, m1, m2] are admissi-
ble,

ii) for any m 	∈ M \ {m1, m2, m3},
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ii.a) at least one of the following programs [m1, m, m2], [m, m1, m2] or
[m, m2, m3] is admissible,

ii.b) at least one of the following programs [m1, m2, m], [m2, m3, m] or
[m2, m, m3] is admissible.

Proof. To prove the necessary condition, let us express the sets Amm′ for
all m, m′ ∈ M with m 	= m′ and then, let us apply Proposition 2. For
m ∈ M \ {m1, m2, m3}, we have

Amm′ =

{ {[m, m′]} if m′ ∈ M \ {m, m2},
{[m1, m, m2], [m, m1, m2], [m, m2, m3]} if m′ = m2.

We also have

Am1m′ =

{ {[m1, m
′]} if m′ ∈ M \ {m1, m3},

{[m1, m2, m3]} if m′ = m3,

Am2m′ =

⎧⎨
⎩

{[m2, m3, m1]} if m′ = m1,
{[m2, m3]} if m′ = m3,
{[m1, m2, m], [m2, m3, m], [m2, m, m3]} if m′ ∈ M \ {m2, m1, m3},

Am3m′ =

{ {[m3, m
′]} if m′ ∈ M \ {m3, m2},

{[m3, m1, m2]} if m′ = m2.

From the full-dimension assumption on P M
PMP, we can deduce the admis-

sibility of all the programs in the sets Amm′ , {m, m′} ⊆ M involving ex-
actly two process moves. Condition i) (respectively ii)) is obviously im-
plied by Am1,m3 , Am2,m1 and Am3,m2 (respectively Amm2 and Am2m for all
m ∈ M \ {m1, m2, m3}) each having at least one admissible program. There-
fore, inequality (6) is facet-defining for P M

PMP only if conditions i) and ii) are
fulfilled.

Suppose now these two conditions are satisfied. We have Ms = {m1, m2, m3}.
Let Fs be the face of P Ms

PMP induced by (6) and let δ be one of the 9 points
introduced in the proof of Proposition 5 in [5]. If δ belongs to one of the first
four sets, its associated program then orders at most two moves. Since the
polytope P Ms

PMP is assumed to be full-dimensional, these 6 points belong to
Fs. The admissibility of [m1, m2, m3], [m2, m3, m1] and [m3, m1, m2] implies
that the 3 points in sets 5 to 7 also belong to Fs. Inequality (6) then is
facet-defining for P Ms

PMP.
Finally, it is straightforward to see that both conditions of Proposition 3 are
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satisfied. We clearly have F1 = {m1, m3}, F2 = {m2} and the program inter-
rupting all the process moves of M corresponds to a point of the face of P M

PMP

induced by (6). Moreover for any m0 ∈ M0, Condition ii.a) (respectively ii.b))
implies there exists ∅ 	= Xa � {m1, m3} (respectively ∅ 	= Xb � {m1, m3}) so
that Amm2 (respectively Am2m) has an admissible program. We then deduce
that inequality (6) defines a facet of P M

PMP. �

Proposition 7 Let m ∈ M . The capacity inequality

(1− δmm)wm +
∑

m′∈T (tm)\{m}
wm′δm′m −

∑
m′∈S(tm)

wm′(δm′m′ + δm′m) ≤ Ktm (7)

does not define a facet of P M
PMP.

Proof. Given m0 ∈ M , let F be the face of P M
PMP induced by the capacity

inequality (7) associated with m0. Assume that F is a facet of P M
PMP. From

the assumption on the full dimension of polytope P M
PMP, there exists δ1 ∈ F

so that δ1
m0m0

= 1. We then have δ1
m0m = δ1

mm0
= 0 for all m ∈ M \ {m0},

and (7) can be rewritten as

−
∑

m∈S(tm0 )

wmδ1
mm = Ktm0

.

Since wm > 0 for all m ∈ M and Ku ≥ 0 for all u ∈ U , we deduce δ1
mm = 0

for all m ∈ S(tm0) and Ktm0
= 0.

If S(tm0) = ∅ the left-hand side of (7) is then positive for any point δ
of F so that δm0m0 = 0. Since Ktm0

= 0, we then have F � {δ ∈ P M
PMP :

δm0m0 = 1} � P M
PMP. Therefore, we can suppose S(tm0) 	= ∅. Let δ2 ∈

F so that δ2
m0m0

= 0. Such a point exists since F is a facet of the full-
dimensional polytope P M

PMP. For any m1 ∈ S(tm0), the valid inequalities
δ2
m0m1

+ δ2
m1m0

+ δ2
m1m1

≤ 1 and δ2
m0m1

+ δ2
m1m0

+ δ2
m0m0

+ δ2
m1m1

≥ 1 combined
with δ2

m0m0
= 0 give δ2

m0m1
+ δ2

m1m0
+ δ2

m1m1
= 1, that is,

δ2
m0m1

+ δ2
m1m0

+ δ2
m0m0

+ δ2
m1m1

= 1. (8)

We previously have shown that (8) also holds for δ1 and then for any point
of F ∩ {δ ∈ P M

PMP : δm0m0 = 1}. Therefore, we obtain

F � {δ ∈ P M
PMP : δm0m1 + δm0m0 + δm0m0 + δm1m1 = 1} � P M

PMP,

a contradiction. �
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3 Facets of the process move program poly-

tope

3.1 Facets from the partial linear ordering polytope

We now give necessary and sufficient conditions for facets of P n
PLO introduced

in [5] to be also facets of P M
PMP. From the definition of the polytope P M

PMP, any
valid inequality of P n

PLO is obviously valid for P M
PMP. The next proposition

states that the k-clique inequalities define facets of P M
PMP. We remind that

inequalities (1) correspond to a special case of k-clique inequalities (i.e., k =
2) and then, are also facet-defining for P M

PMP.

Proposition 8 Let I ⊆ M with |I| = k. The k-clique inequality∑
i∈I

∑
j∈I

δij ≥ |I| − 1 (9)

is facet-defining for P M
PMP.

Proof. Given m, m′ ∈ M with m 	= m′, we have

Amm′ =

⎧⎪⎪⎨
⎪⎪⎩

{[m, m′]} if m ∈ I, m′ ∈ I,
{[m, m′]} if m ∈ I, m′ 	∈ I,
{[m, m′]} if m /∈ I, m′ ∈ I,
{[m, m′; i] : i ∈ I} if m /∈ I, m′ /∈ I.

We clearly have Ms = I and F1 = I. From the full-dimension assumption on
P M

PMP and Lemma 1, Amm′ contains an admissible program for all m, m′ ∈ M
with m 	= m′. Moreover for any m0 ∈ M \ I and {i1, i2} ⊆ I, the incomplete
program [m0; {i1, i2}] is admissible and corresponds to a point satisfying (9)
with equality. It is then obvious that if inequality (9) is facet-defining for
P I

PMP, so it is for P M
PMP by Proposition 4.

Let Fs be the face of P I
PMP induced by inequality (9). Consider the |I|2

points introduced in the proof of Proposition 6 in [5]. None of the programs
associated with these points orders more than two process moves. From the
assumption that P I

PMP is full-dimensional, these points belong to Fs. Since
they are affinely independent, inequality (9) is facet-defining for P I

PMP and
for P M

PMP by Proposition 4. �

In the next proposition, we state that the k-unicycle inequalities (and also
inequalities (2) that indeed correspond to the 1-unicycle inequalities) define
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facets of P M
PMP.

Proposition 9 Let I ⊆ M with |I| = k and let i0 ∈ M \ I. The k-unicycle
inequality

δi0i0 +
∑
i∈I

(δii0 + δi0i) −
∑
i∈I

∑
j∈I\{i}

δij ≤ 1 (10)

is facet-defining for P M
PMP .

Proof. Given m, m′ ∈ M with m 	= m′, we have

Amm′ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{[i0, m′]} if m = i0, m′ ∈ I,
{[m, i0]} if m ∈ I, m′ = i0,
{[m, m′; i0]} if m ∈ I, m′ ∈ I,
{[m, m′]} if m /∈ I ∪ {i0}, m′ ∈ I,
{[m, m′]} if m ∈ I, m′ 	∈ I ∪ {i0},
{[m, m′]} if m 	∈ I ∪ {i0}, m′ 	∈ I ∪ {i0},
{[i0, m′; i] : i ∈ I} if m = i0, m′ /∈ I,
{[m, i0; i] : i ∈ I} if m 	∈ I, m′ = i0.

We clearly have Ms = I∪{i0}, F1 = I and F2 = {i0}. The program consisting
of interrupting all the process moves of M corresponds to a point of the face
F of P M

PMP induced by (10). Moreover from Proposition 1, the incomplete
programs [m0, i0; i] and [i0, m0; i] are admissible for any m0 ∈ M \ Ms and
i ∈ I. It is then straightforward that these two incomplete programs induce
points of F . The two conditions of Proposition 3 are fulfilled and thus, we
only need to focus on showing that inequality (10) is facet-defining for P Ms

PMP.
Let us consider the (|I|+ 1)2 points introduced in the proof of Proposition 8
in [5]. The points of the first three sets correspond to programs ordering no
more than two process moves. From the full-dimension assumption, they all
belong to the face Fs of P Ms

PMP induced by inequality (10). The fourth set only
contains points that correspond to programs [m, m′; i0] for all m, m′ ∈ M
with m 	= m′ (i.e., Amm′). From Lemma 1, all the points of this last set
belong to Fs. We then have found (|I| + 1)2 affinely-independent points of
Fs. Therefore, inequality (10) defines a facet of P Ms

PMP, and by Proposition 3,
of P M

PMP as well. �

We nowfocus on the k-l-bicycle inequalities for which we give in the next
proposition necessary and sufficient conditions to be facet-defining for P M

PMP.
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Proposition 10 Let i0 ∈ M , j0 ∈ M \ {i0}, ∅ ⊂ I ⊂ M \ {i0, j0} and
∅ ⊂ J ⊂ M \ {i0, j0} with |I| = k, |J | = l and I ∩ J = ∅. The k-l-bicycle
inequality

δi0i0 + δj0j0 + δi0j0 +
∑
i∈I

(δii0 + δi0i − δij0) +
∑
j∈J

(δjj0 + δj0j − δi0j)

−
∑
i∈I

∑
i′∈I\{i}

δii′ −
∑
j∈J

∑
j′∈J\{j}

δjj′ −
∑
i∈I

∑
j∈J

δji ≤ 2 (11)

is facet-defining for P M
PMP if and only if

i) [j, i0, j0, i] is admissible for all i ∈ I and j ∈ J ,

ii) for all i ∈ I, there exists j ∈ J so that [i, j, i0, j0] is admissible,

iii) for all j ∈ J , there exists i ∈ I so that [i0, j0, i, j] is admissible,

iv) there exist i ∈ I and j ∈ I so that [j0, i, j, j0].

Proof. We first prove the necessary conditions. For i ∈ I and m ∈ M \ {i},
we have

Aim =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

{[i, i0]} if m = i0,
{[i, j, i0, j0] : j ∈ J} if m = j0,
{[i, m; i0]} if m ∈ I \ {i},
{[i, m]} if m ∈ J,
{[i, m]} if m 	∈ I ∪ J ∪ {i0, j0}.

From the full-dimension assumption on P M
PMP and Lemma 1, Aim contains an

admissible program for all m ∈ M \{j0}. The set Aij0 contains an admissible
program if there exists j ∈ J so that [i, j, i0, j0] is admissible. The necessary
condition ii) is then proved.
For j ∈ J and m ∈ M \ {j}, we have

Ajm =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

{[j, j0]} if m = j0,
{[j, i0, j0], {[i, j, i0] : i ∈ I}} if m = i0,
{[j, m; j0]} if m ∈ J \ {j},
{[j, i0, j0, m]} if m ∈ I,
{[j, m]} if m 	∈ I ∪ J ∪ {i0, j0}.
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As above, we then deduce the necessary condition i), that is, for all j ∈ J
and i ∈ I, [j, i0, j0, i] is admissible. Remark that Aji0 implies either that
[j, i0, j0] is admissible or that there exists i ∈ I so that [i, j, i0] is admissible.
The admissibility of [j, i0, j0] is indeed implied by the one of [j, i0, j0, i] for
i ∈ I.
Consider now the process moves i0 and m ∈ M \ {i0}. We have

Ai0m =

⎧⎪⎪⎨
⎪⎪⎩

{{[i0, j0, i] : i ∈ I}, {[j, i0, j0] : j ∈ J}} if m = j0,
{[i0, m]} if m ∈ I,
{[i0, j0, i, m] : i ∈ I} if m ∈ J,
{{[i0, m; i] : i ∈ I}, {[j, i0, m, j0] : j ∈ J}} if m 	∈ I ∪ J ∪ {i0, j0}.

As above, we deduce that for all j ∈ J there must exist i ∈ I so that [i0, j0, i, j]
is admissible. Remark that the admissibility of the programs of Ai0j0 is
obviously implied by Condition i). We then obtain necessary condition iii).
Using similar arguments for j0 and m ∈ M \ {j0} where

Aj0m =

⎧⎪⎪⎨
⎪⎪⎩

{[j0, i, j, i0] : i ∈ I, j ∈ J} if m = i0,
{{[j0, m, j] : j ∈ J}, {[i0, j0, m}} if m ∈ I,
{[j0, m]} if m ∈ J,
{[j0, m; j] : j ∈ J} if m 	∈ I ∪ J ∪ {i0, j0},

we obtain necessary condition iv).
Finally, let m 	∈ I ∪ J ∪ {i0, j0} and m′ ∈ M \ {m}. We have

Amm′ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

{[m, i0; i] : i ∈ I} if m′ = i0,
{[m, j0; j] : j ∈ J} if m′ = j0,
{[m, m′]} if m′ ∈ I,
{[m, m′]} if m′ ∈ J,
{[m, m′]} if m′ 	∈ I ∪ J ∪ {i0, j0, m}.

From the full-dimension assumption on P M
PMP and Lemma 1, Amm′ contains

an admissible program for all m 	∈ I ∪ J ∪ {i0, j0} and m′ ∈ M .
We now prove the sufficiency of the conditions. We clearly have Ms =

I ∪ J ∪ {i0, j0}, F1 = I ∪ J and F2 = {i0, j0}. As we did in the proof of
the previous propositions of this section, we will only focus on showing that
inequality (11) is facet-defining for P Ms

PMP. In fact, condition i) of Proposition
3 is trivially satisfied, and because of Lemma 1, the incomplete programs
[m0, i0; i], [m0, j0; j], [i0, m0; i] and [j0, m0; j] are admissible and correspond
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to points of the face of P M
PMP induced by (11), for any m0 ∈ M \ Ms, i ∈ I

and j ∈ J . Consider then the |Ms|2 affinely-independent points introduced
in the proof of Proposition 10 in [5]. These points are sorted into 15 different
sets. The first five sets contain points associated with programs ordering at
most two process moves. The assumed full dimension of P Ms

PMP implies that
all these points belong to Fs = {δ ∈ P Ms

PMP : (11) is tight for δ}. The admis-
sibility of the programs associated with the points in the sets 9 and 10 (these
points correspond to incomplete programs of the form [m, m′; m′′]) comes
directly from Lemma 1, whereas conditions i)-iv) imply the admissibility of
the programs associated with the points in the remaining sets. These |Ms|2
points then belong to Fs and thus, inequality (11) defines a facet of P Ms

PMP.
From Proposition 3, it also defines a facet of P M

PMP. �

As we proved in the companion paper, the separation problems for in-
equalities (9), (10) and (11) are NP-hard. The proofs are based on showing
that an algorithm solving any of these separation problems would also solve
the max-cut problem.

3.2 Cover inequalities

We now turn our attention to capacity-related facet-defining inequalities for
P M

PMP. The underlying idea of these inequalities comes from the well-known
cover inequalities [1, 2, 6] which represent an important class of facets of the
binary knapsack problem. For our problem, we can actually see a cover as a
set of process moves that cannot be on a same processor at the same time.

Proposition 11 Let m0 ∈ M , ∅ ⊂ A ⊆ T (sm0) and B ⊆ S(sm0) \ {m0} be
so that ∑

m∈A

wm > Ksm0
+

∑
m∈B

wm (12)

with B = S(sm0) \ (B ∪ {m0}). The source cover inequality
∑
m∈A

δmm0 +
∑
m∈B

δm0m ≤ (|A| + |B| − 1)(1 − δm0m0) (13)

is valid for P M
PMP.

Proof. Inequality (13) expresses the fact that all of the process moves in A
cannot be performed (by migrations) if none of the process moves in B∪{m0}
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have been performed (by migrations or interuptions), or in other words, that
performing all the process moves in B does not free enough resources to
perform all the ones in A.

Let δ be a point of P M
PMP. Suppose first that m0 is interrupted, that is,

δm0m0 = 1 and then δmm0 = δm0m = 0 for all m ∈ M \ {m0}. Inequality (13)
can then be rewritten 0 ≤ 0.
Assume now that m0 is not interrupted, that is, δm0m0 = 0. If the left-hand
side of (13) is equal to |A|+ |B|, the program associated with δ then migrates
all the process moves in A before m0 and all the process moves in B are
performed after m0. (Remark that |A| + |B| is the maximum possible value
for the left-hand side of (13).) Therefore, the process moves in A∪B∪{m0}
are all together on processor sm0 , and that implies

∑
m∈A

wm ≤ Ksm0
+

∑
m∈B

wm,

contradicting (12). The claim of validity follows. �

In the same manner, we can introduce the following inequalities by con-
sidering this time the target processor of a process move m0 ∈ M instead of
its source processor as in Proposition 11.

Proposition 12 Let m0 ∈ M , A ⊆ T (tm0) \ {m0} and ∅ ⊂ B ⊆ S(tm0) be
so that

wm0 +
∑
m∈A

wm > Ktm0
+

∑
m∈B

wm (14)

with B = S(tm0) \ B. The target cover inequality

∑
m∈A

δmm0 +
∑
m∈B

δm0m ≤ (|A| + |B| − 1)(1 − δm0m0) (15)

is valid for P M
PMP.

Proof. Condition (14) expresses the fact that all of the process moves in
A∪ {m0} cannot be performed (by migrations) if none of the process moves
in B have been performed (by interruptions or migrations), or in other words,
that performing all the process moves in B does not free enough resources
to perform all the ones in A ∪ {m0}.
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The claim of validity follows from an argument similar to the end of the
proof of Proposition 11. �

In order to clearly give necessary and sufficient conditions for the cover
inequalities (13) and (15) to be facet-defining for P M

PMP, we introduce some
additional notation. Given X ⊆ M , let mX

min = argmin{wm : m ∈ X}
(respectively mX

max = argmax{wm : m ∈ X}) be a process move of X con-
suming the minimum (respectively maximum) amount of resource, that is,
wm ≥ wmX

min
(respectively wm ≤ wmX

max
) for all m ∈ X. Given u ∈ U ,

A ⊆ T (u) and B ⊆ S(u), let λA,B = w(A)− Ku − w(B) with B = S(u) \ B.

Proposition 13 A source cover inequality (13) defines a facet of P M
PMP if

and only if the following conditions hold

i) wmA
min

≥ λA,B∪{m0},

ii) wmB
min

≥ λA,B∪{m0},

iii) if there exists a ∈ A so that B ∪ {m0} ⊆ T (sa), then either

a) wm0 ≥ λA,B∪{m0}, or

b) wm0 + wmB
min

≤ Ksa + w(S(sa)) − wa,

iv) wm ≤ max{wmA
max

, wmB
max

} − λA,B∪{m0} for all m ∈ (T (sm0) ∪ S(sm0)) \
(A ∪ B ∪ {m0}).

Proof. We have Ms = A ∪ B ∪ {m0}. We will first prove that inequality
(13) defines a facet of P Ms

PMP if and only if conditions i)-iii) hold. We will
then use Proposition 3 to prove the necessary and sufficient conditions for
(13) to be facet-defining for P M

PMP. We point out that throughout this proof,
Km, S(sm) and T (sm), for any m ∈ Ms, are considered with respect to
the process move programming problem associated with Ms, that is, all the
process moves of M \ Ms are supposed interrupted.
Let Fs be the face of P Ms

PMP induced by a source cover inequality (13). We first
prove the necessity of conditions i)-iii). Suppose Fs defines a facet of P Ms

PMP.
Given a ∈ A, there exists δ1 ∈ Fs so that δ1

am0
= 0 and δ1

m0m0
= 0. In fact, if

such a point did not exist, we would have Fs � {δ ∈ P Ms
PMP : δm0m0 + δam0 =

1} 	= P Ms
PMP and Fs would not define a facet. Since δ1

m0m0
= 0 and δ1 ∈ Fs,

we have ∑
a∈A

δ1
am0

+
∑
b∈B

δ1
m0b = |A| + |B| − 1.
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Because of δ1
am0

= 0, we then get δ1
am0

= 1 for all a ∈ A \ {a} and δ1
m0b = 1

for all b ∈ B. Therefore, we have w(A \ {a}) ≤ Ksm0
+ w(B), that is,

wa ≥ w(A)− (Ksm0
+w(B)) = λA,B∪{m0}. Condition i) then directly follows.

Using similar arguments, we can prove the necessity of Condition ii).
Consider now a process move a ∈ A so that B ∪ {m0} ⊆ T (sa). Since Fs

defines a facet of P Ms
PMP, there exists δ3 ∈ Fs so that δ3

m0a = 1. We then
clearly have δ3

m0m0
= 0, δ3

am0
= 1 for all a ∈ A \ {a} and δ3

m0b = 1 for
all b ∈ B. (Remark that right before migrating m0, all the process moves
in Ms \ {a} are together on processor sm0 .) Since λA,B∪{m0} > 0, there
exists B′ ⊆ B so that δ3

ba = 1 for all b ∈ B′. We then have w(A) ≤
Ksm0

+ w(B) + wm0 + w(B′), that is, λA,B∪{m0} − w(B′) ≤ wm0 . If wm0 ≥
λA,B∪{m0}, the point δ3 can be chosen so that B′ = ∅. (We remind that
the full-dimension assumption on P Ms

PMP implies that the program [m0, a] is
admissible.) Suppose now that wm0 < λA,B∪{m0}. Since B ∪ {m0} ⊆ T (sa),
we then must have wm0 + w(B′) ≤ Ksa

+ w(S(sa)) − wa. We thus directly
obtain wm0 + wmB

min
≤ Ksa

+ w(S(sa)) − wa, and Condition iii) is proved.
We now prove the sufficiency of conditions i)-iii). Suppose they are sat-

isfied. Let X1 = {δ1, . . . , δn1} with n1 = n2
s − 2(ns − 1) be the set of points

so that

• δ1
mm = 1 for all m ∈ Ms, that is, all the process moves of Ms are

interrupted,

• ∑
m∈Ms

δi
mm = ns − 1 and δi

m0m0
= 1 for i = 2, . . . , ns, that is, all the

process moves of Ms \ {m0} but one are interrupted,

• ∑
m∈M

δi
mm = ns − 2 and δi

m0m0
= 1 for i = ns + 1, . . . , n1, that is, all the

process moves of Ms \ {m0} but two are interrupted.

The points δi for i = 1, . . . , ns clearly belong to Fs. Moreover since P Ms
PMP

is assumed full-dimensional, we also have δi ∈ Fs for i = ns + 1, . . . , n1.
Furthermore, it is straightforward to see that the points of X1 are affinely
independent.
Consider now points for which δm0m0 = 0, that is, points satisfying

∑
a∈A

δam0 +
∑
b∈B

δm0b = |A| + |B| − 1.
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Let A = {a1, . . . , a|A|} and B = {b1, . . . , b|B|}. Consider the points δn1+i for
i = 1, . . . , |A| so that

∑
a∈A

δn1+i
am0

= |A| − 1 and δn1+i
aiai

= 1.

Let X2 = X1∪{δn1+1, . . . , δn2} with n2 = n1+|A|. By Condition i), the points
δn1+i for i = 1, . . . , |A| belong to Fs. Moreover, they are affinely independent
since point δn1+i, i = 1, . . . , |A|, is the only one for which δm0m0 + δaim0 = 0.
Consider the points δn2+i for i = 1, . . . , |B| so that

∑
b∈B

δn2+i
m0b = |B| − 1 and δn2+i

bibi
= 1.

As above and using Condition ii), we set X3 = X2 ∪ {δn2+1, . . . , δn3} ⊆ F
where n3 = n2 + |B|, and the points of X3 are affinely independent.
Let X4 = X3 ∪ {δn3+1, . . . , δn4} with n4 = n3 + |A| and the points δn3+i for
i = 1, . . . , |A| are so that

∑
a∈A

δn3+i
am0

= |A| − 1 and δn3+i
m0ai

= 1.

(Remark that all the process moves of B are migrated after m0.) If wm0 ≥
λA,B∪{m0}, the points δn3+i for i = 1, . . . , |A| can be chosen so that

∑
b∈B

δn3+i
aib

= |B|,

and they all belong to Fs. If wm0 < λA,B∪{m0}, the points δn3+i for i =
1, . . . , |A| can be chosen so that

∑
b∈B\{mB

min}
δn3+i
aib

= |B| − 1 and δn3+i
mB

minai
= 1.

Given i ∈ {1, . . . , |A|}, if {m0, m
B
min} ⊆ T (sai

) conditions ii) and iii.b) then
imply that δn3+i ∈ Fs, and if {m0, m

B
min} 	⊆ T (sai

) then the full-dimension
assumption on P Ms

PMP and Condition ii) imply that δn3+i ∈ Fs. Therefore
X4 ⊆ Fs and since a point δn3+i, i = 1, . . . , |A|, is the only one of X4 so that
δm0ai

= 1, the points of X4 clearly are affinely independent.
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Let X5 = X4 ∪ {δn4+1, . . . , δn5} with n5 = n4 + |B| and the points δn4+i for
i = 1, . . . , |B| are so that

∑
b∈B

δn4+i
m0b = |B| − 1, δn4+i

bim0
= 1 and

∑
a∈A

δn3+i
abi

= |A| − 1.

(Remark that all the process moves of A are migrated before m0.) From
conditions i)-ii) and the full-dimension assumption on P Ms

PMP, we clearly have
X5 ⊆ Fs. Since the point δn4+i, i = 1, . . . , |B|, is the only one having
δbim0 = 1 the points of X5 are affinely independent.
We then have exhibited n5 = n2

s − 2(ns − 1) + 2(|A| + |B|) = n2
s affinely

independent points of Fs. (Recall that ns = |A|+ |B|+1.) Since Fs � P Ms
PMP,

inequality (13) defines a facet of P Ms
PMP.

We now just need to show that by adding Condition iv), we obtain nec-
essary and sufficient conditions for inequality (13) to be facet-defining for
P M

PMP. Assume that inequality (13) defines a facet F of P M
PMP. Consider

first a process move x ∈ M0 ∩ T (sm0). There must exist δt ∈ F such that
δt
xm0

= 1. We then clearly have δt
m0m0

= 0 and

∑
a∈A

δt
am0

+
∑
b∈B

δt
m0b = |A| + |B| − 1.

For some ms ∈ A∪B, we then must have wm +w(A) ≤ Ksm0
+w(B)+wms ,

that is,

wm ≤ wms − (w(A) − Ksm0
− w(B))

= wms − λA,B∪{m0}
≤ max{wmA

max
, wmB

max
} − λA,B∪{m0}.

We thus obtain Condition iv) for a process move of M0 ∩T (sm0). By consid-
ering x ∈ M0 ∩ S(sm0) and a point of F such that δm0x = 1, we can obtain
Condition iii) for a process move of M0 ∩ S(sm0) as well. Therefore, Condi-
tion iv) is necessary.
We will use Proposition 3 to prove the sufficiency. We clearly have F1 = A∪B
and Fns−1 = {m0}. (Remark that Fh = ∅ for all h = 2, . . . , ns −2, and Fns =
∅.) We only need to check if for any x ∈ M0, there exist Xa ⊆ F1 and Xb ⊆ F1

so that the incomplete programs [x, m0; Xa] and [m0, x; Xb] are admissible
and induce points that belong to F ′ = {δ ∈ P M

PMP : (13) is tight for δ}. In
fact, the first condition of Proposition 3 is straightforwardly satisfied. Let
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x ∈ M0 and suppose x ∈ T (sm0). (Using similar ideas, we can prove the
claim if x ∈ S(sm0) or x 	∈ T (sm0)∪S(sm0). Remark that some of the associ-
ated programs do not need Condition iv) to be admissible.) Denote by ms a
process move of A ∪ B so that wms = max{wmA

max
, wmB

max
}. From Condition

iv), we have

w(A) + wx ≤ w(A) + wms − λA,B∪{m0}
= wms + Ksm0

+ w(B))

Set Xa = Xb = (A∪B)\{ms}. Using the previous inequality, it can be shown
that the incomplete program [x, m0; Xa] that consists of migrating all the
process moves of A \ {ms}, then migrating x, then migrating m0, and finally
migrating all the process moves of B \ {ms} is admissible and its associated
point belongs to F ′. Similarly, by only switching the order of migrations of
x and m0 (i.e., m0 is migrated before x this time) we have an admissible
program [m0, x; Xb] inducing a point of F ′. Therefore by Proposition 3,
conditions i)-iv) are sufficient for inequality (13) to be facet-defining for P M

PMP.
Our proof is then complete. �

In the same way, we can give necessary and sufficient conditions for the
target cover inequality (15) to be facet-defining for P M

PMP.

Proposition 14 A target cover inequality (15) defines a facet of P M
PMP if

and only if the following conditions hold:

i) wmA
min

≥ λA∪{m0},B,

ii) wmB
min

≥ λA∪{m0},B,

iii) if (A ∪ {m0}) ⊆ S(sm0) and there exists b ∈ B so that tb = sm0 either

a) wm0 ≥ λA∪{m0},B, or

b) wm0 + wmA
min

≤ Ksm0
+ w(S(sm0)) − wb,

iv) wm ≤ max{wmA
max

, wmB
max

} − λA∪{m0},B for all m ∈ (T (tm0) ∪ S(tm0)) \
(A ∪ B ∪ {m0}). �

We now turn our attention to the separation problems of inequalities (13)
and (15). We actually show that separating either the source or target cover
inequalities can be reduced to solving n knapsack problems.
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Proposition 15 The source cover inequalities (13) can be separated in pseudo-
polynomial time.

Proof. Let m0 ∈ M and δ� ∈ Rn2
. The separation problem for (13) asks for

two sets A ⊆ T (sm0) and B ⊆ S(sm0) \ {m0} that satisfy Condition (12) and
∑
m∈A

δ�
mm0

+
∑
m∈B

δ�
m0m > (|A| + |B| − 1)(1 − δ�

m0m0
), (16)

if such two sets exist. For m ∈ T (sm0) ∪ S(sm0) \ {m0}, let xm = 1 if and
only if either m ∈ A or m ∈ B. Since w(B) = w(S(sm0)) − w(B) − wm0 ,
Condition (12) can be rewritten

∑
m∈T (sm0 )

wmxm +
∑

m∈S(sm0 )\{m0}
wmxm ≥ Ksm0

+
∑

m∈S(sm0 )

wm − wm0 + 1

Since |A| =
∑

m∈T (sm0 ) xm and |B| =
∑

m∈S(sm0 )\{m0} xm, (16) can be rewrit-

ten (after some rearrangements)
∑

m∈T (sm0 )

αmxm +
∑

m∈S(sm0 )\{m0}
βmxm < 1 − δ�

m0m0

where αm = 1−δ�
mm0

−δ�
m0m0

for all m ∈ T (sm0) and βm = 1−δ�
m0m−δ�

m0m0
for

all m ∈ S(sm0)\{m0}. Letting ym = 1−xm for all m ∈ T (sm0)∪S(sm0)\{m0}
leads to the following knapsack problem⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

z = Maximize
∑

m∈T (sm0 )

αmym +
∑

m∈S(sm0 )\{m0}
βmym

s. t.∑
m∈T (sm0 )

wmym +
∑

m∈S(sm0 )\{m0}
wmym ≤

∑
m∈T (sm0 )

wm − Ksm0
− 1,

ym ∈ {0, 1} for all m ∈ T (sm0) ∪ S(sm0) \ {m0}.
It is obvious that this knapsack problem has a feasible solution only if
w(T (sm0)−Ksm0

− 1 ≥ 0, that is, there is not enough remaining capacity on
processor sm0 to migrate all the process moves of T (sm0) without performing
a process move of S(sm0). If the optimal value z� of this knapsack problem
exists and

z� > δ�
m0m0

− 1 +
∑

m∈T (sm0 )

αm +
∑

m∈S(sm0 )\{m0}
βm,
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a violated source cover inequality (13) generated by m0 has then been found.
Otherwise, it can be concluded that none exists.

Separating over the entire set of source cover inequalities can (13) there-
fore be performed by solving n knapsack problems such as the above. Each
of this knapsack problem can be solved in pseudo-polynomial time using for
instance the well-known Bellman recursion [3] The claim follows. �

Proposition 16 The target cover inequalities (15) can be separated in pseudo-
polynomial time.

Proof. We proceed as in the proof of Proposition 15. The only difference lies
in the considered knapsack problem. En fact, given m0 ∈ M and δ� ∈ Rn2

,
the separation problem for (15) turns out to reduce to the following knapsack
problem.

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

z = Maximize
∑

m∈T (tm0 )\{m0}
αmym +

∑
m∈S(tm0 )

βmym

s. t. ∑
m∈T (tm0 )\{m0}

wmym +
∑

m∈S(tm0 )

wmym ≤
∑

m∈T (tm0 )

wm − Ktm0
− 1,

ym ∈ {0, 1} for all m ∈ (T (tm0) \ {m0}) ∪ S(tm0),

where αm = 1−δ�
mm0

−δ�
m0m0

for all m ∈ T (sm0)\{m0} and βm = 1−δ�
m0m−

δ�
m0m0

for all m ∈ S(sm0). �

3.3 A cover-inequalities-based formulation

The cover inequalities previously introduced enable us to give an integer
linear programming formulation of the PMP problem based only on facet-
defining inequalities for P M

PMP.

Lemma 2 A vector δ of Rn2
is the characteristic vector associated with a

solution of the process move programming problem if and only if it belongs to
the set defined by the following constraints

• 2-clique inequalities (i.e., δmm′+δm′m+δmm+δm′m′ ≥ 1 for all {m, m′} ⊆
M),

• 1-unicycle inequalities (i.e., δmm′ + δm′m + δmm ≤ 1 for m 	= m′ ∈ M),
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• extended transitivity inequalities (i.e., δmm′ + δm′m′′ − δmm′′ + δm′m′ ≤ 1
for m 	= m′ 	= m′′ ∈ M),

• source cover inequalities (13),

• target cover inequalities (15),

• δmm′ ∈ {0, 1} for m, m′ ∈ M .

Proof. From the results obtained in this paper and its companion one
[5], it is obvious that any solution to the PMP problem has its characteristic
vector that satisfies all these constraints.

Let δ be a solution of this system of constraints. If this solution does not
induce a solution to the PMP problem, there then exists a process moves
m so that the available capacity on its target processor tm is not sufficient
when it is migrated. Let A (respectively B) be the set of process moves
having tm as a target (respectively source) processor and that have already
been migrated to tm (respectively migrated from tm or interrupted). We then
have

w(A) + wm > Ktm + w(B)

where B = S(stm)\B. Therefore the target cover inequalities induced by m,
A and B is violated by δ, a contradiction. �

4 Conclusion

In this paper, we have studied the polytope P M
PMP associated with the solution

of the process move programming problem. We first have obtained neces-
sary and sufficient conditions for the facet-defining inequalities introduced in
the companion paper [5] for the partial linear ordering polytope to be facet-
defining for P M

PMP. We then have introduced capacity-related facet-defining
inequalities for P M

PMP that can be separated in pseudo-polynomial time, and
strengthen the integer linear programming formulation of the PMP problem
we started with.
In [4], Sirdey and Kerivin have devised a branch-and-cut algorithm based on
this strengthened formulation given in Section 3.3. Their extensive computa-
tional results show the practical relevance of the formulation in terms of both
exact and approximate resolution when the instance size increases. It would
be interesting to extend their branch-and-cut algorithm by also considering
inequalities (9)-(11).
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