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Third order methods will in most cases use fewer iterations than a second order method to reach the
same accuracy. However, the number of arithmetic operations per iteration is higher for third order
methods than a second order method. Newton’s method is the most commonly used second order
method and Halley’s method is the most well-known third order method. Newton’s method is more
used in practical applications than any third order method. We will show that for a large class of
problems the ratio of the number of arithmetic operations of Halley’s method and Newton’s method
is constant per iteration. It is shown that

One Step Halley

One Step Newton
≤ 5.

We show that the zero elements in the Hessian matrix induce zero elements in the tensor (third
derivative). The sparsity structure in the Hessian matrix we consider is the skyline or envelope struc-
ture. This is a very convenient structure for solving linear systems of equations with a direct method.
The class of matrices that have a skyline structure includes banded and dense matrices. Numerical
testing confirm that the ratio of the number of arithmetic operations of a third order method and
Newton’s method is constant per iteration, and is independent of the number of unknowns.
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1 Introduction

Consider the system of nonlinear equations

F (x) = 0 (1)
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where F : R
n → R

n is two times continuously differentiable. Iterative methods
for solving (1) generate a sequence of iterates {xk} so that for any x0 suffi-
ciently close to a solution x∗ then xk → x∗. Newton’s method is known to
exhibit second Q-order rate of convergence using one function value and the
derivative at xk, i.e. F (xk) and F ′(xk) per iteration, provided the Jacobian
matrix at x∗ is nonsingular. One of the best known methods for solving (1)
that has local third Q-order rate of convergence is Halley’s method. Halley’s
method uses F (xk), F

′(xk), and F ′′(xk) at every iteration. Assumptions for
local convergence and rate of convergence of Halley’s method are discussed
in Yamamoto [1, 2]. Other methods can be constructed that has a local third
Q-order rate of convergence by first computing F (xk) and F ′(xk) and then
computing F (yk) for a suitable yk that depends on the previously computed
quantities. Modified Newton and two step Newton [3] will use yk to be the pre-
vious computed Newton step. We will only consider methods that for every
iteration require the function and its derivatives computed at the same point
xk.

Finding a stationary point of the unconstrained optimization problem

min
x∈Rn

f(x) (2)

where f : R
n → R is solving a system of equations

F (x) ≡ ∇f(x) = 0

where ∇f(x) is the gradient of f at x provided f is three times continuously
differentiable. We will show that the cost of computing the F ′′ = ∇3f can be
considerably reduced using all the symmetries in ∇3f .

In section 2 it is shown that the Halley method can be derived from two
iterations of Newtons method applied on the second order approximation of
F (x). In section 3 we discuss the concept of induced sparsity. We define a
skyline matrix and derive the number of nonzero elements in a Hessian and
in an induced tensor for dense, banded and skyline structured Hessian matri-
ces. In section 4 we define the basic tensor operations needed for third order
methods. Algorithms are given and complexity are shown for the basic tensor
operations. In section 5 it is shown how to implement third order methods for
unconstrained optimization, in addition we show the complexity for the op-
erations and methods. Thus given the computational requirements we prove
that the ratio of the number of arithmetic operations of a third order method
and Newton’s method is constant per iteration, when the structure of tensor is
induced by the structure of the Hessian matrix. Finally in section 6 we present
some numerical results.
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2 The Halley Class

Gutiérrez and Hernández [4] defined a class of methods for solving the non-
linear system of equations (1). For a given parameter α and a starting point
x0 the iterates are defined by

xk+1 = xk − {I +
1

2
L(xk)[I − αL(xk)]

−1}(F
′

(xk))
−1F (xk), k ≥ 0 (3)

where I is the identity matrix and

L(x) = (F
′

(x))−1F
′′

(x)(F
′

(x))−1F (x). (4)

For α = 0 the method is the called Chebyshev’s method [2], Halley’s method
is α = 1

2 [1, 2, 6], and for α = 1 the method is referred to as Super Halley’s
method [4,8]. The Chebyshev’s method was generalized to systems of equations
by Nec̆epuerenko [5] and Halley’s method extended to systems of equations by
Mertvecova [7].

Schwetlick [9] defines a family of methods parameterized with the real scalar
α and iteration i:

Solve for y
(i+1)
k : 0 = F (xk) + F

′

(xk)(y
(i+1)
k − xk) (5)

+ αF
′′

(xk)(y
(i)
k − xk)(y

(i+1)
k − xk)

+ (
1

2
− α)F

′′

(xk)(y
(i)
k − xk)(y

(i)
k − xk), i = 0, . . .

where y0
k = xk and xk+1 = y

(i+1)
k . We will show that for i = 1 these two

classes of methods are equivalent by showing a relationship to two steps of a
minor modification of Newton’s method applied to the second order Taylor ap-
proximation of the function. This relationship is suitable for deriving efficient
implementations of all members in the Halley class.

Consider (3) and eliminate the iterates xk in F and L, and the iteration
index k. One step of a method in the Halley class can be written as

x+ = x− {I +
1

2
L(I − αL)−1}(F

′

)−1F (6)

where L = (F
′

)−1F
′′

(F
′

)−1F . Define s(1) to be the solution of the linear
system

F ′s(1) = −F (7)
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and let s(2) = x+ − (x + s(1)). Observe that

I +
1

2
L(I − αL)−1 = (I − αL)−1(I + (

1

2
− α)L)

then (6) may be written as

s(1) + s(2) = (I − αL)−1

(
s(1) + (

1

2
− α)Ls(1)

)

using (7). Thus s(2) must satisfy the linear system of equations

(I − αL)s(2) =
1

2
Ls(1).

From (4) and multiplying by F ′ on both sides we have that s(2) is the solution
of the linear equation

(
F

′

+ αF ′′s(1)
)

s(2) = −
1

2
F ′′s(1)s(1).

We have thus shown that the Halley class of methods (3) can be written as

F ′(xk)s
(1)
k = −F (xk) (8)

(
F ′(xk) + αF

′′

(xk)s
(1)
k

)
s
(2)
k = −

1

2
F

′′

(xk)s
(1)
k s

(1)
k (9)

xk+1 = xk + s
(1)
k + s

(2)
k .

Consider the class of methods (5). It follows directly from (5) that s
(1)
k =

y
(1)
k −xk using that y

(0)
k = xk. Hence that s

(1)
k is the Newton step (8). Consider

the equation for y
(2)
k in (5), then

0 = F (xk) + F
′

(xk)(y
(2)
k − xk) + αF

′′

(xk)s
(1)
k (y

(2)
k − xk) (10)

+ (
1

2
− α)F

′′

(xk)s
(1)
k s

(1)
k

= −F ′(xk)s
(1)
k + F

′

(xk)(y
(2)
k − xk) + αF

′′

(xk)s
(1)
k (y

(2)
k − xk) (11)

+ (
1

2
− α)F

′′

(xk)s
(1)
k s

(1)
k ,
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by invoking (7). Then

0 = F ′(xk)(y
(2)
k − xk − s

(1)
k ) + αF

′′

(xk)s
(1)
k (y

(2)
k − xk) (12)

+
1

2
F

′′

(xk)s
(1)
k s

(1)
k − αF

′′

(xk)s
(1)
k s

(1)
k

= F ′(xk)(y
(2)
k − xk − s

(1)
k ) + αF

′′

(xk)s
(1)
k (y

(2)
k − xk − s

(1)
k ) (13)

+
1

2
F

′′

(xk)s
(1)
k s

(1)
k , i = 0, . . .

and y
(2)
k − xk − s

(1)
k must satisfies the equation

(
F ′(xk) + αF

′′

(xk)s
(1)
k

)
(y

(2)
k − xk − s

(1)
k ) +

1

2
F ′′s(1)s(1) = 0, (14)

and we have shown that s
(2)
k = y

(2)
k − xk − s

(1)
k where s

(2)
k is defined in (9).

Hence, xk+1 = y
(2)
k = xk + s

(1)
k + s

(2)
k . We have thus shown that the class

defined by Gutiérrez and Hernández [4] is equivalent to the class defined by
Schwetlick [9] for i = 1.

Consider the second order approximation to the function F at x + s

F (x + s) ≈ T (s) ≡ F (x) + F ′(x)s +
1

2
F ′′(x)ss.

To solve the quadratic equation T (s) = 0 we use two iterations of Newton’s
method

T ′(s(0))s(1) = −T (s(0))

T ′(s(0) + s(1))s(2) = −T (s(0) + s(1))

x+ = x + s(0) + s(1) + s(2).

By using the fact that T ′(s) = F ′(x) + F ′′(x)s and choosing s(0) = 0 we see
that s(1) will satisfy F ′(x)s(1) = −F (x). Further, T (s(0)+s(1)) = 1

2F ′′(x)(s(0)+

s(1))(s(0) + s(1)). Then s(2) will satisfy the equation from (14)

(
F ′(x) + F ′′(x)s(1)

)
s(2) = −

1

2
F ′′(x)s(1)s(1)

using s(0) = 0 and we see that this corresponds to α = 1 in (3) and (5) when
i = 1. Werner [3] made the observation that the second step is a Newton step
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(14) on the quadratic equation with starting point s(1).
It can easily be shown by induction that for Schwetlick class (5) with α = 1

and i > 1 is i + 1 Newton iteration on T (s) = 0 using s(0) = 0.

3 Sparsity

Consider the unconstrained optimization problem (2) where f : R
n → R is

three times continuously differentiable. For a given x ∈ R
n let

Hij =
∂2f(x)

∂xi∂xj
and Tijk =

∂3f(x)

∂xi∂xj∂xk

, 1 ≤ i, j, k ≤ n, (15)

then H ∈ R
n×n is a symmetric matrix Hij = Hji, i 6= j, and T ∈ R

n×n×n is
a super-symmetric tensor

Tijk = Tikj = Tjik = Tjki = Tkij = Tkji, i 6= j, j 6= k, i 6= k

Tiik = Tiki = Tkii, i 6= k.

Hessian matrices are called sparse if some of the elements are zero for all
x ∈ R

n [10]. Let

∂2

∂xi∂xj

f(x) = 0, ∀x ∈ R
n,

then for this pair of indices (i, j) we have

Tkij = Tikj = Tijk =
∂3

∂xi∂xj∂xk

f(x) = 0 for k = 1, . . . , n (16)

since the function is three times continuously differentiable. We say that spar-
sity structure of the tensor is induced by the sparsity structure of the Hessian
matrix.

For a n×n symmetric matrix H we only need to store the nonzero elements
Hij for which 1 ≤ j ≤ i ≤ n when the sparsity structure is known a priori.
For a n× n× n super-symmetric tensor T we only need to store the nonzero
elements Tijk where 1 ≤ k ≤ j ≤ i ≤ n [12]. We will show that the sparsity
structure of the tensor can be computed from the sparsity structure of the
Hessian matrix. This is illustrated in the Figures 1 and 2, which shows the
nonzero elements of a 9 × 9 arrowhead and tridiagonal matrix, respectively.
The black squares are stored non-zero elements, while the white squares are
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non-zero elements that need not to be stored. The remaining elements are zero.
The induced structure of the tensors of the matrices are shown in Figures 3
and 4. The ’boxes’ are the stored nonzero elements of tensors induced by an
arrowhead and tridiagonal symmetric matrix where n = 9.
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Figure 1. A 9 × 9 Arrowhead matrix.
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Figure 2. A 9 × 9 Tridiagonal matrix.
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Figure 3. Stored elements of the tensor
induced by an arrowhead symmetric matrix

for n = 9.

i

kj

Figure 4. Stored elements of the tensor
induced by a tridiagonal symmetric matrix

for n = 9.

A particular useful sparsity structure of a symmetric matrix is the envelope
or skyline structure. A symmetric n × n matrix H has a skyline structure
(envelope structure) if all nonzero elements in a row are located from the first
nonzero element to the element on the diagonal. Let fi be the index of the
first nonzero element in row i of the matrix H

fi = 1 + max{j| Hij = 0, j < i}, (17)



8 On large scale unconstrained optimization problems and higher order methods

assuming that Hii 6= 0.
For a Hessian matrix with a skyline structure

∂2

∂xi∂xj
f(x) = 0, ∀x ∈ R

n, 1 ≤ j < fi, i = 1, . . . , n. (18)

The following theorem shows that the sparsity structure of the third deriva-
tive can be derived from the sparsity of the second derivative and the structure
of the tensor is induced by the structure of the Hessian matrix.

Theorem 3.1 Let f : R
n → R be three times continuously differentiable and

assume that the Hessian matrix has a skyline structure (18). The indices of
the only possible nonzero elements to be stored of the tensor Tijk in (15) are
the triplets where (i, j, k)

i = 1, . . . , n, fi ≤ j ≤ i, max{fi, fj} ≤ k ≤ j.

Proof Since ∂2

∂xi∂xj
f(x) = 0 for all x for j < fi we only need to consider

element Tijk in the tensor so that

fi ≤ k ≤ j ≤ i.

Consider the case fj > fi, j ≤ i. Then for k so that fi ≤ k < fj the tensor

element Tijk = 0 since ∂2

∂xj∂xk
f(x) = 0. Hence for i and j so that fi ≤ j ≤ i

Tijk = 0 for k < max{fi, fj}.

Thus we have shown that the set of indices of the only possible nonzero ele-
ments is

{(i, j, k)|1 ≤ i ≤ n, fi ≤ j ≤ i, max{fi, fj} ≤ k ≤ j} .

�

We will restrict our attention to tensor induced by the skyline structure
of a matrix and all algorithms presented in this paper are designed for this
structure.

3.1 Number of Nonzero Elements

In this section we derive the number of nonzero elements that needs to be
stored in the symmetric Hessian matrix with skyline structure and the induced



Geir Gundersen and Trond Steihaug 9

tensor. The number of nonzero elements of a sparse matrix is an important
number for a data structure and is a measure on the complexity of computing
with the matrix and tensor. Since the matrices we consider are all symmetric
we only need to consider the lower triangular part of the matrix.

Let nnz(H) be the number of nonzero elements Hij with indices 1 ≤ j ≤
i ≤ n of matrix H. Let fi be the index of the first nonzero element in row
i, i = 1, . . . , n of H then he number of nonzero elements that need to be stored
for a (symmetric) matrix with skyline structure is given by

nnz(H) =
n∑

i=1

(i− fi + 1). (19)

The number of nonzero elements in a tensor induced by a Hessian matrix with
skyline structure follows from Theorem 3.1:

nnz(T ) =
n∑

i=1

i∑

j=fi

(j −max{fi, fj}+ 1). (20)

If the Hessian matrix has no zero elements, the matrix is dense and fi = 1, i =
1, . . . , n. It follows immediately for a dense symmetric matrix that

nnz(H) =
1

2
n(n + 1). (21)

Since, in that case, max{fi, fj} = 1, it follows from (20) that

nnz(T ) =

n∑

i=1

i∑

j=1

j =

n∑

i=1

1

2
i(i + 1) =

1

6
n(n + 1)(n + 2)

(22)

The stored elements of a tensor induced from a dense Hessian matrix forms a
tetrahedron [12].

It is convenient to introduce the (half) bandwidth of a matrix with skyline
structure. Let βi = i − fi, i = 1, . . . , n. If βi = β for i ≥ β the matrix is
banded and

fi =

{
1 for i = 1, . . . , β
i− β for i = β + 1, . . . , n.

The number of nonzero elements of a band matrix with constant (half) band-
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width β is

nnz(H) =

β∑

i=1

i +
n∑

i=β+1

(β + 1) = (β + 1)(n −
β

2
). (23)

Consider the tensor induced by a banded Hessian matrix. We note that
max{fi, fj} = 1, i = 1, . . . , β and max{fi, fj} = i − β, i = β + 1, . . . , n
for j ≤ i. Then from (20) we have

nnz(T ) =

β∑

i=1

i∑

j=1

j +
n∑

i=β+1

i∑

j=i−β

(j − (i− β) + 1)

=
1

6
β(β + 1)(β + 2) +

1

2
(n− β)(β + 1)(β + 2)

=
1

2
(β + 1)(β + 2)(n −

2

3
β). (24)

3.2 Skyline Structure and Partially Separable functions

An important class of partially separable functions [10] are the so called
chained functions. A partially separable function of the form

f(x) =
m∑

j=1

φj(xj−β
(l)
j

, . . . , x
j+β

(u)
j

), where 1 ≤ j − β
(l)
j ≤ j + β

(u)
j ≤ n (25)

is called chained. For m = n− k + 1, β
(l)
j = 0, β

(u)
j = k− 1, j = 1, . . . , n− k + 1

we have a k-chained function [13].
In this section we show that a chained partially separable function on the

form (25) that is sufficiently smooth has Hessian matrix which has a skyline
structure and the Hessian matrix is the sum of small dense blocks centered on
the diagonal where each block is the Hessian matrix of an element function
φj .

Theorem 3.2 Let f : R
n → R of the form (25) be twice continuously differen-

tiable. Then the Hessian matrix has a skyline structure and fi, i = 1, 2, . . . , n
defined in (17) is monotonically increasing.

Proof Let Ji be the set of the indices of element functions containing xi

Ji = {j : j − β
(l)
j ≤ i ≤ j + β

(u)
j }, i = 1, 2, . . . , n.
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Define

k
(l)
i = min

j∈Ji

{j − β
(l)
j }, and k

(u)
i = max

j∈Ji

{j + β
(u)
j }.

and consider element i of the gradient of f

∂f

∂xi
(x) =

m∑

j=1

∂

∂xi
φj(xj−β

(l)
j

, . . . , x
j+β

(u)
j

)

=
∑

j∈Ji

∂

∂xi
φj(xj−β

(l)
j

, . . . , x
j+β

(u)
j

).

Element i in the gradient depends on

x
k
(l)
i

, x
k
(l)
i +1, . . . , xi, . . . , xk

(u)
i −1, xk

(u)
i

.

Hence

∂2f

∂xi∂xj

(x) = 0 for j = 1, . . . , k
(l)
i − 1.

The index of the first nonzero element in row i is fi = k
(l)
i .

To show that fi is monotonically increasing we proceed by contradiction and
assume there exists an index i so that fi+1 < fi. Let j′ be an element function

so that j′ − β
(l)
j′ = k

(l)
i+1. Then

fi+1 = k
(l)
i+1 = j′ − β

(l)
j′ < fi ≤ i.

Since j′ − β
(l)
j′ < i we have j′ ∈ Ji and

fi = k
(l)
i = min

j∈Ji

{j − β
(l)
j } ≤ j′ − β

(l)
j′ = fi+1.

This violates the assumption that fi+1 < fi hence there does not exists i
so that fi+1 < fi and we can conclude that fi is monotonically increasing
i = 1, . . . , n. �

Chained partially separable functions have a skyline structure of the Hessian
matrix and their tensor has zero elements Tijk = 0 for 1 ≤ k < fi for fi ≤ j ≤ i
since max{fi, fj} = fi in this case. Most of the test examples in [14] are chained
functions.
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4 Tensor Computations

In this section we present the basic tensor computations needed for the Halley
class of methods for solving the unconstrained optimization problem (2). We
will use the notation (pT ) for the symmetric n×n matrix ∇3f(x)p, where T is
defined in (15). The two quantities needed are (pT )p ∈ R

n and (pT ) ∈ R
n×n.

However, we will illustrate the use of the super-symmetry and sparsity by
considering the scalar term pT (pT )p. The scalar term is defined as

pT (pT )p =

n∑

i=1

n∑

j=1

n∑

k=1

pipjpkTijk. (26)

By taking into account that the only elements Tijk stored will be for 1 ≤ k ≤
j ≤ i ≤ n, we have the following

pT (pT )p =
n∑

i=1

pi

n∑

j=1

pj

n∑

k=1

pkTijk

=

n∑

i=1

pi






i−1∑

j=1

pj

(

6

j−1∑

k=1

pkTijk + 3pjTijj

)

+ pi

(

3

i−1∑

k=1

pkTiik + piTiii

)



Using that the tensor is induced by a skyline structured matrix and invoking
Theorem 3.1 we have

pT (pT )p =
n∑

i=1

pi






i−1∑

j=fi

pj



6

j−1∑

k=max{fi,fj}

pkTijk + 3pjTijj



+pi



3
i−1∑

k=fi

pkTiik + piTiii










To get the number of arithmetic operations for computing pT (pT )p we first
define

σ3(i, j) =

j−1∑

k=max{fi,fj}

pkTijk, σ2(i) =
i−1∑

k=fi

pkTiik,

and
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σ1(i) = 3
i−1∑

j=fi

pj(2σ3(i, j) + pjTijj).

Hence

pT (pT )p =

n∑

i=1

pi {σ1(i) + pi(3σ2(i) + piTiii)}

requires 7n arithmetic operations plus the number of arithmetic operations
to compute σ1(i) and σ2(i) for i = 1, . . . , n. For σ1(i) the term σ3(i, j) must
be computed for fi ≤ j ≤ i − 1 and requires 2(j − max{fi, fj}) number of
arithmetic operations. Hence σ1(i) requires

5(i− fi) + 1 + 2

i−1∑

j=fi

(j −max{fi, fj}).

number of arithmetic operations. Computing σ2(i) requires 2(i − fi) number
of arithmetic operations. Hence, computing both σ1(i) and σ2(i) for all i =
1, . . . , n will require

5

n∑

i=1

(i− fi) + n + 2

n∑

i=1

i−1∑

j=fi

(j −max{fi, fj}) + 2

n∑

i=1

(i− fi)

= 2nnz(T ) + 5nnz(H)− 5n (27)

number of arithmetic operations. It follows that the number of arithmetic
operations for computing pT (pT )p is 2nnz(T ) + 5nnz(H) + 2n.

For g = (pT )p ∈ R
n the elements 1 ≤ i ≤ n are

gi =
n∑

j=1

n∑

k=1

pjpkTijk (28)

and the term H = (pT ) ∈ R
n×n is given by
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Hij =

n∑

k=1

pkTijk, 1 ≤ i, j ≤ n. (29)

In the next section we will give an algorithm for computing (28) and (29).

4.1 Skyline implementation of: (pT )p and (pT )

The algorithm for the operation (pT )p is shown in Algorithm 1 while the
algorithm for the operation (pT ) is shown in Algorithm 2.

Algorithm 1 Computes g ← g + (pT )p when the tensor is induced
by a structure of the skyline matrix.

Let T ∈ R
n×n×n be a super-symmetric tensor.

Let {f1, . . . , fn} be the indices of the first nonzero elements for each
row i of the matrix that induces the structure of the tensor T .
Let p, g ∈ R

n.
for i = 1 to n do

for j = fi to i− 1 do
s = 0
for k = max{fi, fj} to j − 1 do

s+ = pkTijk
gk+ = 2pipjTijk

end for
gi+ = pj(2s + pjTijj)
gj+ = 2pi(s + pjTijj)

end for
s = 0
for k = fi to i− 1 do

s+ = pkTiik
gk+ = p2

i Tiik
end for
gi+ = pi(2s + piTiii)

end for

To compute the number of arithmetic operations for Algorithm 1 and 2 we
need first to compute the number of times each loop body is executed and
then the number of arithmetic operations in each loop body.

The innermost for loop is executed (nnz(T )− 2nnz(H) + n) times. The for
loop (i, j, j) is executed (nnz(H)− n) times. The for loop (i, i, k) is executed
(nnz(H)− n) times. Finally the outermost for loop is executed n times.
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Algorithm 2 Computes H ← H + (pT ) when the tensor is induced by a
structure of the skyline matrix.

Let T ∈ R
n×n×n be a super-symmetric tensor, then

{f1, . . . , fn} is the indices of the first nonzero elements for each row in H.
Let p ∈ R

n be a vector.
for i = 1 to n do

for j = fi to i− 1 do
for k = max{fi, fj} to j − 1 do

Hij+ = pkTijk
Hik+ = pjTijk
Hjk+ = piTijk

end for
Hij+ = pjTijj
Hjj+ = piTijj

end for
for k = fi to i− 1 do

Hii+ = pkTiik
Hik+ = piTiik

end for
Hii+ = piTiii

end for

The number of arithmetic operations in Algorithm 2 is then 6(nnz(T ) −
2nnz(H) + n) + 4(nnz(H) − n) + 4(nnz(H) − n) + 2n. The total number of
arithmetic operations in Algorithm 2 is then 6nnz(T )− 4nnz(H).

Note that we have implemented some code enhancements which are not
shown in Algorithm 1. We note that if 2pipj is computed outside the innermost
loop, then the body of this loop will require 4 arithmetic operations. The
number of arithmetic operations in Algorithm 1 is then 4(nnz(T )−2nnz(H)+
n) + 9(nnz(H) − n) + 4(nnz(H) − n) + 6n. The total number of arithmetic
operations in Algorithm 1 is then 4nnz(T ) + 5nnz(H)− 3n.

A more detailed derivation of these two algorithms only using the super
symmetry of the tensor is given in [15] showing code enhancements.

4.2 LDLT Factorization

Algorithm 3 shows an LDLT factorization of a sparse symmetric matrix [11].
The factorization is well defined if the matrix A is positive definite. We also
outline the solve phase for a skyline structure.
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Algorithm 3 Computing LDLT where A is overwritten with the factors L
and D.

Let A ∈ R
n×n be a positive definite symmetric matrix.

Let {f1, . . . , fn} be the indices of the first nonzero elements for each row in
A.
a ∈ R

n is a temporary vector.
for k = 1 to n do

for i = fk to k − 1 do
ai = Aki

end for
for j = fk to k − 1 do

for i = max{fj , fk} to j − 1 do
aj = aj − aiAji

end for
Akj = aj/Ajj

end for
for i = fk to k − 1 do

Akk = Akk − aiAki

end for
end for
{The matrix A contains now both L and D}
{Lij ← Aij , i > j, Lii = 1}
{Dii ← Aii}

We have as input in Algorithm 3 the n×n skyline symmetric positive definite
matrix A. The output is an LDLT factorization of A, where A is overwritten
with the factors L and D. Since A is a positive definite symmetric matrix with
skyline structure there is no fill-ins performing the LDLT factorization and
the structure is unchanged [11]. The Doolittle algorithm [11, see Chapter 10.2]
for the LDLT factorization has a very similar structure to that of the tensor
operations (pT )p and (pT ), shown in Algorithm 1 and 2.

By using the same arguments as for Algorithm 1 and 2, it can be shown
that Algorithm 3 requires 2nnz(T ) − nnz(H) − n number of arithmetic
operations.

The solve phase Ax = b, A = LDLT involves solving the sets of equations

Ly = b , Dz = y and LT x = z.
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Algorithm 4 Solves LDLTx = b.

Let L ∈ R
n×n be a lower triangular matrix.

Let D ∈ R
n×n be a diagonal matrix.

Let b ∈ R
n.

for k = 2 to n do
for j = fk to k − 1 do

bk = bk − Lkjbj

end for
end for
for k = 1 to n do

bk = bk/Dkk

end for
for k = n to 1 do

for j = fk to k − 1 do
bj = bj − Lkjbk

end for
end for

Algorithm 4 gives the solve phase of LDLTx = b. The temporary vectors
y, and z and x can be overwritten by the initial vector b, through the solve
phase.

Algorithm 4 requires 4nnz(H)− 3n number of arithmetic operations.
The algorithm for the LDLT factorization is row-oriented, thus the data

structure layout is done row-wise. We have used a linear array to store both
the Hessian matrix and its induced tensor. However jagged arrays can perform
just as well as linear arrays considering efficiency [16]. The jagged variable band
storage discussed in [17] can be used for a symmetric skyline structure.

In the next section the algorithms for performing Newton’s method and the
methods of the Halley class are shown and the costs for both operations and
the total methods are summarized.

5 The Halley Class and Unconstrained Optimization

In section 2 we gave the derivation of the Halley class (3) for solving systems
of nonlinear equations as two iterations of Newton’s method applied to the
second order Taylor approximation of the function. Consider the unconstrained
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optimization problem (2). Define

g(k) = ∇f(xk),H
(k) = ∇2f(xk), and T (k) = ∇3f(xk). (30)

Recall the notation (pT (k)) is the matrix ∇3f(xk)p. Also note that when we
multiply the tensor T with a vector p ∈ R

n the product is (pT ) is a symmetric
matrix with the same sparsity structure as the matrix inducing the tensor T .
To see this consider (29) and pair of indices (i, j) so that Hij = 0. Then, from
(16), Tijk = 0 for all k and (pT )ij = 0.

One iteration of a method in the Halley class for F (x) ≡ ∇f(x) = 0 is

H(k)s
(1)
k = −g(k)

(
H(k) + α(s

(1)
k T

(k))
)

s
(2)
k = −

1

2
(s

(1)
k T

(k))s
(1)
k

xk+1 = xk + s
(1)
k + s

(2)
k .

To simplify the notation, we eliminate the iteration index in the algorithm.
One iteration of a method in the Halley class is divided into 13 minor steps.

0) Evaluate g = ∇f(xk), H = ∇2f(xk), and T = ∇3f(xk).
1) Factorize the matrix H: LDLT = H.
2) Solve for s(1): LDLT s(1) = g.
3) Set s = s(1).
4) Compute ŝ: ŝ = αs.

5) Compute Ĥ: Ĥ = H − (ŝT ).

6) Compute the matrix-vector product: y = Ĥs.
7) Compute the difference g − y.
8) Compute ĝ: ĝ = ( 1

2α
)(g − y).

9) Factorize the matrix Ĥ: LDLT = Ĥ.
10) Solve for s(2): LDLT s(2) = ĝ.
11) Update the step s = s(1) + s(2).
12) Update iterate xk+1 = xk − s.

For Newton’s method the steps 4 to 11 are omitted. For Super Halley step
4 can be simplified since α = 1. Step 5 is computed with Algorithm 2. For
the Chebyshev’s method the steps 4 to 9 are combined and replaced by the
step compute ĝ = 1

2(sT )s computed with Algorithm 1. In the steps 7 and 8

we observe that y = Ĥs = Hs − (ŝT )s = g − (ŝT )s using s is the solution of
Hs = g in step 2 so (ŝT )s = g − y. Hence ĝ = 1

2(sT )s.

The LDLT decomposition in the steps 1 and 10 are computed with Al-
gorithm 3 and the steps 2 and 11 use Algorithm 4. The symmetric matrix
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vector operation in step 6 requires 4nnz(H)− 3n arithmetic operations. Step
3 involves no arithmetic operations.

The computational requirements in terms of floating point arithmetic oper-
ations for each step in the algorithm outlined above is shown in Table 1. The
columns marked dense, banded and skyline refers to the matrix structure and
the tensor induced by the structure of the matrix.

Table 1. Number of floating point arithmetic cost for each step

Step Dense Banded Skyline

1, 9 1
3
n3 + 1

2
n2 − 5

6
n nβ2 + 2nβ − 2

3
β3 − 3

2
β2 − 5

6
β 2nnz(T ) − nnz(H) − n

2, 10 2n2 − n 4nβ + n − 2β2 − 2β 4nnz(H) − 3n

5 n3 + n2 3nβ2 + 5nβ + 2n − 2β3 − 4β2 − 2β 6nnz(T ) − 4nnz(H)
(4-9)* 2

3
n3 + 9

2
n2 + 5

6
n 2nβ2 − 4

3
β3 + 11nβ − 3

2
β2 + 6n − 31

6
β 4nnz(T ) + 5nnz(H) − 3n

6 2n2 − n 4nβ + n − 2β2 − 2β 4nnz(H) − 3n
4, 7, 8, 11, 12 n n n

The row marked (4-9)* is for Chebyshev’s method where the steps 4 to 9
are replaced by a single step ĝ = 1

2(sT )s computed by Algorithm 1.
The total computational requirements for each method is shown in Table 2.

The computational requirements show that the Halley class and Newton’s
method have the same asymptotic upper bound for the dense, banded and
skyline structure.

Table 2. Number of arithmetic operations for one iteration.

Method Dense Banded Skyline

Newton 1
3
n3 + 5

2
n2 − 5

6
n nβ2 − 2

3
β3 + 6nβ − 7

2
β2 + 2n − 17

6
β 2nnz(T ) + 3nnz(H) − 3n

Chebyshev n3 + 9n2 + n 3nβ2 − 2β3 + 21nβ − 18β2 + 11n − 10β 6nnz(T ) + 12nnz(H) − 7n

Halley 5
3
n3 + 5n2 + 4

3
n 5nβ2 − 10

3
β3 + 21nβ − 16β2 + 10n − 29

3
β 10nnz(T ) + 6nnz(H) − 6n

Super Halley 5
3
n3 + 5n2 + 1

3
n 5nβ2 − 10

3
β3 + 21nβ − 16β2 + 9n − 29

3
β 10nnz(T ) + 6nnz(H) − 7n

The storage requirements are summarized in Table 3

Table 3. Memory usage for the Newton and Halley class methods.

Method Dense Banded Skyline

Newton 1
2
n2 + 7

2
n nβ + 4n nnz(H) + 3n

Chebyshev 1
6
n3 + n2 + 17

3
n 1

2
nβ2 + 5

2
nβ + 7n nnz(T ) + nnz(H) + 5n

Halley Class 1
6
n3 + 2n2 + 17

3
n 1

2
nβ2 + 9

2
nβ + 9n nnz(T ) + 2nnz(H) + 5n

5.1 Halley’s method versus Newton’s method

Given the computational requirements in Table 1 we can now find the num-
ber of floating point arithmetic operations for one iteration of a method in
the Halley class and one iteration of Newton’s method excluding the cost of
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evaluating the derivatives (30) (in step 0) provided the Hessian matrix has a
skyline structure.

Let WHalley be the number of arithmetic operations for one iteration of a
method in the Halley class. Then WHalley is the sum of arithmetic operations
in each of the steps 1 through 12. Let WNewton be the number of arithmetic
operations for one iteration of Newton’s method. Then WNewton is the sum of
arithmetic operations in each of the steps 1 through 3 and step 12.

Theorem 5.1 Assume that matrices in steps 2 and 10 are positive definite
and has a skyline sparsity structure. Then

WHalley

WNewton
≤ 5.

Proof The number of arithmetic operations for one iteration of the methods
in the Halley class and one iteration of Newton’s method are given in Table 2.
Then

WNewton = 2nnz(T ) + 3nnz(H)− 3n and

WHalley = 10nnz(T ) + 6nnz(H)− 6n

and we have

WHalley

WNewton
= 5−

9(nnz(H)− n)

2nnz(T ) + 3nnz(H)− 3n
≤ 5

using that nnz(H) ≥ n. Since the matrices are positive definite the diagonal
elements are nonzero. �

This result shows that the ratio of the number of arithmetic operations of
one iteration a method in the Halley class and Newton’s method is bounded by
a constant independent of the size n and the sparsity structure of the Hessian
matrix as long as it is a skyline structure. The skyline structure includes dense
and banded matrices. This upper bound is demonstrated by numerical results.

5.1.1 Actual Sparsity of a Tensor. The actual number of nonzero elements
in the tensor can be much smaller than the number of elements in the induced
tensor. Let F : R

n → R
m where component ℓ of F at x is Fℓ(x) and consider

the least squares formulation

min
x∈Rn

f(x) ≡
1

2
||F (x)||22 =

1

2

m∑

ℓ=1

Fℓ(x)2.
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Assume that each component Fℓ(x) is separable and only depends on a few
variables with indices in χℓ ⊆ {1, 2, ..., n} then

Fℓ(x) =
∑

i∈χℓ

ϕℓi(xi), ℓ = 1, 2, ...,m

where xi is component i of the vector x. Further let Ji be the set of indices of
the element functions Fℓ(x) that depends on variable xi. Then

Ji = {ℓ : i ∈ χℓ}

and element ij of the Hessian matrix at x is

∂2

∂xi∂xj
f(x) =

∑

ℓ∈Ji∩Jj

ϕ′
ℓi(xi)ϕ

′
ℓj(xj)

and it follows that

Tijk = 0 when i 6= j, i 6= k, and j 6= k.

If this is utilized in the Algorithms 1 and 2 the number of floating point
operations will be reduced. The innermost for loop is not traversed in any of
the Algorithms 1 and 2 when Tijk = 0 for i 6= j, i 6= k, and j 6= k. The number
of arithmetic operations for the algorithms utilizing actual sparsity is shown
in Table 4.

Table 4. The number of arithmetic operations for induced

and actual sparsity tensor operations.

Operations Induced Actual
(pT ) 6nnz(T ) − 4nnz(H) 8nnz(H) − 6n
(pT )p 4nnz(T ) + 5nnz(H) − 3n 9nnz(H) − 3n

Thus WHalley = 4nnz(T ) + 18nnz(H)− 12n while the number of arithmetic
operations for one iteration of Newton’s method will not change WNewton =
2nnz(T ) + 3nnz(H) − 3n as shown in Table 2. Thus we get the upper bound
for the ratio of arithmetic operations of one iteration of a method in the
Halley class to one iteration of Newton’s method. The result in the theorem
follows directly from the reduction in Algorithm 2 to 8nnz(H)−6n arithmetic
operations. Using the expressions for nnz(T ) in (24) and nnz(H) in (23)

WHalley

WNewton
=

2nβ2 − 4
3β3 + 24nβ − 13β2 + 10n − 35

3 β

nβ2 − 2
3β3 + 6nβ − 7

2β2 + 2n − 17
6 β

.
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Similarly, using the expressions for nnz(T ) in (22) and nnz(H) in (21)

WHalley

WNewton
=

2
3n3 + 11n2 − 5

3n
1
3n3 + 5

2n2 − 5
6n

.

We have not used that Super Halley (α = 1) and Chebyshev (α = 0) can be
computed with fewer arithmetic operations.

Theorem 5.2 If the matrices are positive definite with a band structure with
half bandwidth β and that Tijk = 0 where i 6= j 6= k 6= i is utilized in Algo-
rithm 2 then

WHalley

WNewton
=

2β2 + 24β + 10

β2 + 6β + 2
+ O(

1

n
).

If the matrix is dense then WHalley

WNewton
= 2 + O( 1

n
).

We can now compare the use of Halley’s and Newton’s methods for a band
matrix for increasing bandwidth β. In Table 5 we see as the bandwidth in-
creases that the number of arithmetic operations for one iteration of Halley’s
methods is close to two times the number for Newton’s method when the
actual sparsity is utilized

Table 5. WHalley/WNewton as a

function of β using actual and in-

duced sparsity.

β Actual Induced
0 5 5
1 4 + O( 1

n
) 4 + O( 1

n
)

2 3 2
3

+ O( 1
n

) 4 + O( 1
n

)

n − 1 2 + O( 1
n

) 5 − O( 1
n

)

The last line in Table 5 follows from the dense case. It should be noted
that for β ≤ 1 there is no difference between actual and induced sparsity. The
storage requirement for Halley’s method is also reduced to n2 in the dense
case, 2nβ + n in the banded case, and 2nnz(H) − n in the general case for a
matrix with skyline structure.

6 Numerical Results

We consider three test problems where the Hessian matrix has a skyline struc-
ture. Chained Rosenbrock [18]:
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f(x) =
n∑

i=2

[6.4(xi−1 − x2
i )

2 + (1− xi)
2].

Generalized Rosenbrock [19]:

f(x) =
n−1∑

i=1

[(xn − x2
i )

2 + (xi − 1)2].

Broyden Banded [20]:

f(x) =
n∑

i=1

[xi(2 + 15x2
i ) + 1−

∑

j∈Ji

xj(1 + xj)]
2

where

Ji = {j : j 6= i, max{1, i −ml} ≤ j ≤ min{n, i + mu}}

and ml = 5 and mu = 1.
The Chained Rosenbrock function has a tri-diagonal Hessian, see Figure 2,

for all x. The Generalized Rosenbrock function has an arrowhead Hessian, see
Figure 1, for all x. The Broyden Banded function has a banded Hessian, with
bandwidth β = 6, for all x.

We see that both Chained Rosenbrock and Broyden Banded are k-chained
functions where fi is monotonically increasing as described in Theorem 3.2.

6.1 Chained Rosenbrock

In Figure 5 we have the elapsed time ratio with function, gradient, Hessian and
tensor evaluations (a), the elapsed time ratio without any function, gradient,
Hessian and tensor evaluations (b), and when we utilize actual sparsity for one
step Halley and one step Newton with function, gradient, Hessian and tensor
evaluations (c). Finally the theoretical bound for the Halley and Newton’s
method (d). For Chained Rosenbrock Tijk = 0 where i 6= j 6= k 6= i. Utilizing
this actual sparsity the time savings were on average 10%.
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Figure 5. Chained Rosenbrock.

Figure 5 shows that the ratio is constant for increasing number of unknowns
(n) and is bounded by the theoretical bound. The difference between the
theoretical bound and fraction of elapsed time is partially due to the loop
overhead in the Algorithm 2 and 3 when β is small.

The Hessian of the Chained Rosenbrock function is a tri-diagonal matrix
with β = 1. There is no difference in number of arithmetic operations between
induced and actual sparsity for β = 1. The minor difference in Figure 5 is due
to the induced method which uses a general code while for actual sparsity the
for loops which are not traversed are removed.

6.2 Generalized Rosenbrock

In Figure 6 we have the elapsed time ratio with function, gradient, Hessian and
tensor evaluations (a), the elapsed time ratio without any function, gradient,
Hessian and tensor evaluations (b), and when we utilize actual sparsity for one
step Halley and one step Newton (c). For Generalized Rosenbrock Tijk = 0
where i 6= j 6= k 6= i, when utilizing this actual sparsity the time savings were
on average 10%.
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Figure 6. Generalized Rosenbrock.

Figure 6 shows that the ratio is constant, and bounded by 3, for increasing
number of unknowns (n) and is close to the theoretical bound.

6.3 Broyden Banded

In Figure 7 we have the elapsed time ratio without any function, gradient,
Hessian and tensor evaluations (a), the elapsed time ratio with function, gra-
dient, Hessian and tensor evaluations (b) and when we utilize actual sparsity
for one step Halley and one step Newton with function, gradient, Hessian and
tensor evaluations (c). Finally the theoretical bound for the Halley and New-
ton’s method (d). For Broyden Banded Tijk = 0 where i 6= j 6= k 6= i, when
utilizing this actual sparsity the time savings were on average 10%.
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Figure 7. Broyden Banded.

Figure 7 shows that the ratio is constant for increasing number of unknowns
(n) and is close to the theoretical bound.

The difference in the theoretical bound and the fraction of elapsed time is
partially due to the loop overhead in the Algorithm 2 and 3 when β is small.
For Broyden Banded we have the possibility to increase the bandwidth of
the Hessian, β, and for β large the elapsed time ratio without any function,
gradient, Hessian and tensor evaluations is over 4.

In Figure 8 we compare Newton’s method and Super Halley’s method on
the Broyden Banded test function. This figure shows that Newton’s method
has more iterations than Super Halley’s method to reach the same accuracy of
the norm of the gradient, ||∇f ||. For both Super Halley and Newton’s method
the elapsed time includes function, gradient, Hessian and tensor evaluations.
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Figure 8. Banded Problems

7 Conclusions

We have shown that for a large class of sparse matrices the ratio of the number
of arithmetic operations of Halley’s and Newton’s method is constant per
iteration independent of the number of unknowns (n).

Limited numerical testing using chained partially separable test functions
indicate that the elapsed time ratio of Halley’s and Newton’s method including
the time to compute the gradient and the relevant higher derivatives has the
same favorable upper bound.

We have shown that the number of nonzero elements in the tensor can be
much smaller than the number of nonzero elements indicated by the structure
of the induced tensor. Utilizing this reduces the ratio of elapsed time of Halley’s
and Newton’s method.
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