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Abstract

The goal of the current paper is to introduce the notion of certificates which verify the accuracy
of solutions of computational problems with convex structure; such problems include minimiz-
ing convex functions, variational inequalities with monotone operators, computing saddle points
of convex-concave functions and solving convex Nash equilibrium problems. We demonstrate
how the implementation of the Ellipsoid method and other cutting plane algorithms can be aug-
mented with the computation of such certificates without essential increase of the computational
effort. Further, we show that (computable) certificates exist whenever an algorithm is capable
to produce solutions of guaranteed accuracy.
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1 Introduction

To motivate the goals of this paper, let us start with a convex minimization problem (CMP) in
the form of

Opt = min
x∈X

F (x), (1)

where X is a solid (compact convex set with a nonempty interior) inRn, and F : X → R∪{+∞}
is closed convex function finite on intX. Assume that the problem is black box represented,
that is,

• X is given by a Separation oracle, a routine which, given on input an x ∈ Rn, reports
whether x ∈ intX, and if it is not the case, returns a separator – a vector e such that
〈e, y〉 < 〈e, x〉 whenever y ∈ intX. Besides, we are given a “simple” solid B known to
contain X, simplicity meaning that it is easy to minimize linear forms over B (as it is the
case when B is an ellipsoid, a parallelotope or a simplex);

• F is given by a First order oracle, a routine which, given on input a point x ∈ intX,
returns the value F (x) and a subgradient F ′(x) of F at x.

Our goal is to solve (1) within a given accuracy ε > 0, specifically, to find x̂ such that

x̂ ∈ X & εopt(x̂) := F (x̂)−Opt ≤ ε (2)

(why we quantify the accuracy in terms of F , and not “in the argument” – by the distance
from x̂ to the set of minimizers of F on X – this will be explained later). In the outlined
“computational environment”, an algorithm for achieving our goal is a routine which, given on
input an ε > 0, after finitely many calls to the oracles terminates and outputs a vector x̂ ∈ X
satisfying (2). This should be so for every ε > 0 and every CMP (1) from a given in advance
family F of CMP’s we are interested in, and, besides, the solution process should be “non-
anticipative” – the subsequent search points (for deterministic algorithms) or their distributions
(for randomized ones) should be uniquely defined by the answers of the oracles at the preceding
steps, and similarly for the approximate solution x̂ built upon termination.

The issue of primary interest in this paper is how could an algorithm certify the target relation
(2), and here is the proposed answer. Assume that when solving CMP (1), the algorithm has
queried the oracles at the points x1, ..., xτ , where τ is the number of steps before termination.
Part of the information acquired by the algorithm in this run forms the execution protocol
Pτ =

{
Iτ , Jτ , {xt, et}τ

t=1

}
, where Iτ is the set of indices t of productive steps – those with

xt ∈ intX, Jτ = {1, ..., τ}\Iτ is the set of indices of non-productive steps and et is either a
subgradient of F at xt reported by the First order oracle (this is so when the step t is productive),
or et is the separator of xt and intX reported by the Separation oracle (this is so when the step
t is non-productive). The complete information acquired in the run is obtained by augmenting
the execution protocol by the values F (xt) of F at the productive steps. Now assume the run
in question is productive, meaning that Iτ 6= ∅, and let us assign steps t, 1 ≤ t ≤ τ , with
nonnegative weights ξt such that

∑
t∈Iτ

ξt = 1. Consider the quantity

F∗(ξ|Pτ ,B) =
∑

t∈Iτ
ξtF (xt)−

εcert(ξ|Pτ ,B)︷ ︸︸ ︷
max
x∈B

∑τ

t=1
ξt〈et, x

t − x〉 (3)

An immediate observation is that F∗(ξ|Pτ ,B) is a lower bound on Opt, and therefore the relation

F (x̂)− F∗(ξ|Pτ ,B) ≤ ε (4)
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is a sufficient condition for (2), provided x̂ is feasible.

The above observation indeed is immediate. Given x ∈ X, we have F (x) ≥ F (xt)+〈et, x−xt〉
whenever t ∈ Iτ (by convexity of F ) and 0 ≥ 〈et, x − xt〉 whenever t ∈ Jτ . Summing up
these inequalities, the weights being ξt, we get F (x) ≥ ∑

t∈Iτ
ξtF (xt)−∑τ

t=1 ξt〈et, x
t − x〉.

Taking minima over x ∈ X, we get Opt ≥ ∑
t∈Iτ

ξtF (xt)− supx∈X

∑τ
t=1 ξt〈et, x

t − x〉. The
right hand side in this inequality is ≥ F∗(ξ|Pτ ,B) due to X ⊂ B, so that F∗(ξ|Pτ ,B) indeed
is a lower bound on Opt.

Note that given a τ -step execution protocol Pτ , augmented by the values of F at the points
xt, t ∈ Iτ , and a vector ξ ∈ Rτ , it is easy to verify whether ξ is as stated above (i.e., nonnegative
with

∑
t∈Iτ

ξt = 1), and if its is the case, F∗(ξ|Pτ ,B) is easy to compute4. It follows that a
certificate ξ associated with a τ -step execution protocol Pτ , that is, a collection of τ nonnegative
weights ξt with

∑
t∈Iτ

ξt = 1, can be considered as a “simple proof” (as is expected of a certificate)
of an inaccuracy bound, specifically, of the bound εopt(x̂) ≤ F (x̂)− F∗(ξ|Pτ ,B).

A close inspection shows that for some important families of CMP’s, like the family Fc(B) of
all problems (1) with solid feasible domains X ⊂ B and finite continuous on X convex objectives
F , the outlined way to certify the accuracy guarantees is a necessity rather than an option (see
Proposition 2.2 below). In other words, an algorithm for solving CMP’s from Fc(B) which is
“enough intelligent” to solve every problem from the family within a given accuracy ε > 0, al-
ways acquires upon termination enough information to equip the resulting approximate solution
x̂ with an accuracy certificate ξ satisfying (4). Some of the existing “intelligent” algorithms
(different variants of subgradient and bundle methods, see, e.g., [11, 2] and references therein)
produce such certificates explicitly. Other black-box oriented intelligent algorithms, like the El-
lipsoid method and other polynomial time versions of the cutting plane scheme, provide accuracy
guarantees without building the certificates explicitly. Finally, the most advanced, from the ap-
plied perspective, convex optimization techniques, like polynomial time interior point methods
(ipm’s) for linear, conic quadratic and semidefinite programming, do produce explicit accuracy
certificates, but of a type different from the one just explained. Specifically, ipm’s work with
“well-structured” convex programs rather than with black-box represented ones, and heavily
exploit the specific and known in advance problem’s structure (usually, the one of a primal-
dual pair of conic problems on a simple cone) to build in parallel approximate solutions and
“structure-specific” accuracy certificates for them (in the conic case – by generating primal-dual
feasible pairs of solutions to a primal-dual pair of conic problems, with the dual feasible solution
in the role of certificate and the duality gap in the role of the certified accuracy). The primary
goal of this paper is to equip the algorithms from the second of the above three groups – the
polynomial time cutting plane algorithms for black-box represented CMP’s – with computa-
tionally cheap rules for on-line building of explicit accuracy certificates justifying the standard
polynomial time complexity bounds of the algorithms.

For example, given R < ∞, consider the family F of all problems (1) with solids X contained
in B = {x ∈ Rn : ‖x‖2 ≤ R} and convex and bounded on X objectives F . It is known that
the Ellipsoid method is capable to solve a problem from this family within (any) given
accuracy ε > 0 it no more than N(ε, r(X), V (F )) = 4n2 ln(R/r(X) + V (F )/ε) calls to
Separation and First order oracles, with every call accompanied by just O(n2) operations to
process oracle’s answer; here r(X) is the largest of the radii of Euclidean balls contained in

4since the only potentially nontrivial part of the computation, that is, the minimization over x ∈ B in (3), is
trivial due to the simplicity of B.
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X, and V (F ) = maxX F −minX F is the variation of the objective on the feasible domain of
the problem. The method, however, does not produce accuracy certificates explicitly; as a
result, with the traditional implementation of the Ellipsoid method and in absence of a priori
upper bounds on 1/r(X) and V (F ), we at no point in time can conclude that a solution of
the required accuracy ε is already built, and thus cannot equip the method with termination
rules which guarantee finite termination with approximate solution of the required accuracy
on every problem from the family. A byproduct of the main result of this paper is that
the Ellipsoid method can be equipped with on-line rules for building accuracy certificates
which do certify that accuracy ε is achieved after at most O(1)N(ε, r(X), V (F )) steps, thus
eliminating the severe theoretical drawback of the traditional implementation of the method.
It should be added that the accuracy certificates turn out to be computationally cheap; e.g.,
we can keep the per step computational effort in the new algorithm within, say, factor 1.1 in
the per step effort of the usual implementation.

After outlining, albeit in a yet incomplete form, the goals of our paper, we find it prudent to
address two easily predictable objections these goals might cause. First, a “practically oriented”
reader could say that we are looking for a remedy for an illness which by itself is of no prac-
tical interest, since we address a very restricted group of convex minimization algorithms with
seemingly minor applied importance. Indeed, convex problems arising in applications always
have a lot of structure, and it does not make much sense to treat than as black-box oriented
ones. Moreover, there typically is enough structure to make the problem amenable for powerful
polynomial time interior point methods, the techniques which outperform dramatically, espe-
cially in the large scale case, the black-box oriented cutting plane schemes we are interested in.
Thus, who cares? Our answer here is twofold. First, while the direct applied potential of poly-
nomial time cutting plane algorithms indeed is minor, these algorithms definitely are of a major
theoretical importance, since these are the algorithms underlying the most general theoretical
results on polynomial time solvability of convex programming problems. And as a matter of
fact, the inability of the known polynomial time cutting plane algorithms to produce explicit
accuracy certificates restricts significantly the “theoretical power” of these algorithms, so that
our goal seems to be quite meaningful academically. Second, the applied role of the algorithms
in question is minor, but not non-existing: there are situations when we are interested in a
high-accuracy solution to a convex program with small (just few tens) number of variables a
large number of constraints, and in these situations the methods like the Ellipsoid algorithm
are the methods of choice. And there are quite respectful and important applications where the
problems of this type arise systematically, and, moreover, the ability of a cutting plane algorithm
to produce an accuracy certificate is instrumental; for an instructive example, see Section 5.2.

The second reason for a potential criticism is our specific choice of the accuracy measure
– residual in the objective F (x) − Opt. Of course, this is a natural accuracy measure, but
not as natural and universal as the inaccuracy in argument (which in the case of problems
(1) becomes the distance from a candidate solution to the set X∗(F ) of minimizers of F on
X). First, the inaccuracy in argument is indeed universal accuracy measure – it is applicable
to all computational problems, while the residual in the objective is adjusted to the specific
form (1) of a convex optimization problem. Second, even when speaking solely on problems
(1), there are situations (e.g., parameter estimation via maximum likelihood) when what we
want is closeness of an approximate solution to the optimal set, and closeness to optimality in
terms of the objective, whatever tight it be, by itself means nothing; and we are not aware of
a single application of optimization where the opposite is true – small residual in the objective
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is a meaningful quality measure, while small distance to the set of optimal solutions is not so.
All this being said, we stick to the residual in terms of the objective, the “excuse” (in our
opinion, quite sufficient) being the fact that in convex optimization, inaccuracy in argument
is, in general, completely unobservable on line. Here is one of precise versions of this vague
(what does “in general” mean?) claim. Consider the family F of all problems (1) with common
domain X = {x ∈ R2 : xT x ≤ 1} and objectives F which are restrictions on X of C∞ convex
functions on the plane equal to xT x outside of X and with all partial derivatives up to a given
order d bounded in X in absolute value by a given constant Cd. Let the First order oracle report
not only the value and the gradient, but also all other derivatives of the objective at a query
point. It turns out that for a not too small Cd, this family does not allow for a non-anticipative
solution algorithm with the following properties: as applied to any problem from the family, (a)
the algorithm terminates after finitely many calls to the oracle (the number of calls can depend
on the problem and is not required to be bounded uniformly in the problems), and (b) upon
termination, the algorithm outputs an approximate solution which is at the distance ≤ 1/4 from
the optimal set of the problem. Note that there are many algorithms, say, the simplest gradient
descent, which, as applied to a whatever problem from the family, converge to the optimal
set. The above theorem says that this convergence is completely “unobservable” on line: it is
impossible to convert, in a non-anticipating reliable fashion, the accumulated so far information
into a point which is at the distance ≤ 1/4 from the optimal set, and this is so independently of
how long we are ready to wait. This is in striking contrast to what we can achieve for the same
family of problems with the residual in the objective in the role of the inaccuracy in argument:
a (whatever) accuracy ε > 0 can be guaranteed in just O(1) ln(/ε) calls to the (usual) First order
oracle, each call accompanied by just O(1) arithmetic operations.

Of course, there are cases in convex minimization where the inaccuracy in the argument is
“observable on line”. The simplest example here is when the objectives in the family of CMP’s
in question are restricted to be strictly convex with a given modulus of strict convexity σ(·):
F (x/2+y/2) ≤ F (x)/2+F (y)/2−σ(‖x−y‖) for all x, y ∈ X, where σ(s) > 0 for s > 0. Note,
however, that in this case, inaccuracy in the argument can be straightforwardly bounded in
terms of εopt(·), and similarly for all other known to us cases when a desired inaccuracy
in the argument can be certified in an on line fashion. To the best of our knowledge, all
“explicit” (that is, those expressed in terms of the family of problems and independent of a
particular choice of an instance in this family) on line bounds on inaccuracy in the argument
in convex minimization are more or less straightforward consequences of on line bounds on
the residual in the objective; with this observation in mind, our choice of accuracy measure
seems to be quite natural.

Up to now we were speaking about accuracy certificates for black-box represented convex
minimization problems. It turns out that the “certificate machinery” can be extended from
CMP’s to other black-box represented problems “with convex structure”, specifically, varia-
tional inequalities with monotone operators and convex Nash Equilibrium problems (the latter
include, in particular, the problems of approximating saddle points of convex-concave functions).
We shall see that in the case of variational inequalities and Nash Equilibrium problems the cer-
tificates play more important role than in the CMP case. Indeed, in the CMP case building
approximate solutions is by itself easy – take the best (with the smallest value of the objective)
among the feasible solutions generated so far; the role of certificates is reduces here to quantify-
ing the quality of such a solution, which sometimes can be considered as a luxury rather than a
necessity. In contrast to this, in the case of black-box represented variational inequalities with
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monotone operators and convex Nash equilibrium problems, the certificates are responsible not
only for quantifying the quality of approximate solutions, but for the very building of these solu-
tions (e.g., to the best of our understanding, no “certificate-free” ways for building approximate
solutions to, say, black-box represented convex-concave game problems are known).

The rest of this paper is organized as follows. In Section 2, we present a more detailed
account of accuracy certificates for convex minimization. In Section 3, after recalling basic facts
on variational inequalities with monotone operators and convex Nash equilibrium problems and
introducing relevant accuracy measures, we extend to this class of problems the notion of a certifi-
cate and demonstrate (Proposition 3.4) that a certificate allows both to generate an approximate
solution and to quantify its quality. In Section 4 we demonstrate – and this is the central result
of the paper – that all known black box oriented polynomial time algorithms (in particular, the
Ellipsoid method) for CMP’s, variational inequalities with monotone operators and convex Nash
Equilibrium problems can be augmented with computationally cheap techniques for “on line”
building of accuracy certificates, and that these certificates are fully compatible with theoret-
ical efficiency estimates of the methods (meaning that the number of steps until a prescribed
accuracy is certified is as stated in the theoretical efficiency estimate). Note that as far as the
existing literature is concerned, the only known to us relevant study [5] deals with the particular
case of an LP program solved by the Ellipsoid algorithm and demonstrates that in this case the
method can be augmented by a technique for producing feasible solutions to the dual problem
with the duality gap certifying the standard polynomial time efficiency estimate of the Ellipsoid
method. The technique used in [5] seems to be quite different from the one we propose, and it
is unclear whether it can be extended beyond the LP case. Section 5 presents two instructive
applications of the certificate machinery.

To make the paper more readable, all proofs are moved to Section 6.

2 Accuracy certificates in convex minimization

Here we present in details the definition of accuracy certificates for black-box represented CMP’s
(1) and the related results already mentioned in Introduction.

Recall that when solving a black-box CMP (1), an algorithm after τ steps has at its disposal
the execution protocol Pτ =

{
Iτ , Jτ , {xt, et}τ

t=1

}
, where x1, ..., xτ are the subsequent points

where the Separation and the First order oracles were queried, Iτ and Jτ are the sets of indices
of productive (xt ∈ intX), resp., non-productive (xt 6∈ intX) query points, and et is either the
separator of xt and intX returned by the Separation oracle (step t is non-productive), or the
subgradient of F at xt returned by the First order oracle (step t is productive). A certificate for
execution protocol Pτ is, by definition, a collection ξ = {ξt}τ

t=1 of weights such that

(a) ξt ≥ 0 for each t = 1, . . . , τ
(b)

∑
t∈Iτ

ξt = 1
(5)

Note that certificates exist only for protocols with nonempty sets Iτ .
Given a solid B known to contain X, an execution protocol Pτ and a certificate ξ for this

protocol, we can define the quantity

εcert(ξ|Pτ ,B) ≡ max
x∈B

τ∑

t=1

ξt〈et, x
t − x〉 (6)
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– the residual of the ξ on B, and the approximate solution induced by ξ

x̂τ [ξ] ≡
∑

t∈Iτ

ξtx
t (7)

which clearly is a strictly feasible (i.e., belonging to intX) solution to the CMP (1) underlying
the protocol. Given, in addition to B, Pτ and ξ, the values of F at the points xt, t ∈ Iτ , we can
also define the quantity

F∗(ξ|Pτ ,B) ≡ min
x∈B

[
∑

t∈Iτ

ξt[F (xt) + 〈et, x− xt〉] + ∑
t∈Jτ

ξt〈et, x− xt〉
]

=
∑

t∈Iτ

ξtF (xt)− εcert(ξ|Pτ ,B).
(8)

Note that the quantities defined by (6) and (8) are easy-to-compute (recall that B is assumed
to be simple, meaning that it is easy to optimize linear forms over B).

The role of the just defined quantities in certifying accuracy of approximate solutions to (1)
stems from the following simple observation:

Proposition 2.1 Let Pτ be a τ -point execution protocol associated with a CMP (1), ξ be a
certificate for Pτ and B ⊃ X be a solid.

(i) One has F∗(ξ|Pτ ,B) ≤ Opt; consequently, for every feasible solution x̂ of the given CMP
it holds:

εopt(x̂) ≤ F (x̂)− F∗(ξ|Pτ ,B). (9)

(ii) Let xτ
bst be the best – with the smallest value of F – of the search points xt generated at

the productive steps t ∈ Iτ . Then both xτ
bst and x̂τ = x̂τ [ξ] are strictly feasible solutions of the

given CMP, with

εopt(xτ
bst) ≤ εcert(ξ|Pτ ,B) and εopt(x̂τ ) ≤ εcert(ξ|Pτ ,B). (10)

It was mentioned in Introduction that for certain problem classes, the only way to guarantee
that a feasible approximate solution x̂ to (1) build upon termination satisfies εopt(x̂) ≤ ε is
the ability to assign the corresponding execution protocol Pτ , τ being the termination step,
admits a certificate ξ satisfying (4). In order to formulate the underlying statement precisely,
consider the situation as follows. We intend to solve the CMP (1), and our a priori information
on the problem is that its feasible domain X is a solid contained in a given solid B ⊂ Rn

(and, perhaps, containing another given convex set) and that the objective F belongs to a “wide
enough” family of convex functions on X, specifically, is either (a) convex and continuous, or (b)
convex and piecewise linear, or (c) convex and Lipschitz continuous, with a given constant L, on
X. All remaining information on the problem can be obtained solely from a Separation oracle
representing X and a First Order oracle representing F . Now consider a solution algorithm
which, as applied to every problem (1) compatible with our a priori information, in a finite
number τ < ∞ of steps terminates and returns a feasible solution x̂ to the problem along with
an upper bound ε on εopt(x̂); here both τ and ε can depend on the particular problem the
algorithms is applied to. Adding, if necessary, one more step, we can assume w.l.o.g. that
the approximate solution returned by the algorithm upon termination always is one of the
search points generated by the algorithm in course of the solution process. The aforementioned
“necessity of accuracy certificates” in convex minimization can now be stated as follows:
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Proposition 2.2 If our hypothetical algorithm, as applied to a (whatever) CMP (1) compatible
with our a priori information, terminates after finitely many steps τ and returns a feasible
solution x̂ along with a finite valid upper bound ε on εopt(x̂), then x̂ ∈ intX and the associated
execution protocol Pτ admits a certificate ξ that satisfies (4).

3 Certificates for Variational Inequalities with Monotone Oper-
ators and for Convex Nash Equilibrium Problems

3.1 Monotone and Nash operators

Monotone operators and variational inequalities. Let Φ(x) : Dom (Φ) →Rn be a mono-
tone operator, meaning that Dom (Φ) ⊂ Rn is a convex set and

〈Φ(x′)− Φ(x′′), x′ − x′′〉 ≥ 0 ∀x′, x′′ ∈ Dom(Φ).

Let X ⊂ Rn be a solid, and Φ be a monotone operator with Dom (Φ) ⊇ intX. The pair (X, Φ)
defines variational inequality problem (VIP)

find x∗ ∈ X : 〈Φ(x), x− x∗〉 ≥ 0 ∀x ∈ Dom(Φ) ∩X. (11)

In the literature the just defined x∗ are called weak solutions to the VIP in question, as opposed
to strong solutions x∗ ∈ X ∩Dom(Φ) : 〈Φ(x∗), x− x∗〉 ≥ 0 ∀x ∈ X. It is immediately seen that
when Φ is monotone, then strong solutions are weak ones; under mild regularity assumptions
(e.g., continuity of Φ), the inverse is true as well (see [13] or Proposition 3.1 in the survey [9]).

One of our coming goals is to approximate a weak solution of a VIP defined by a pair (X, Φ)
where X is a solid and Φ is a monotone operator. The most convenient for our purposes way to
quantify inaccuracy of an x ∈ X as an approximate solution to this VIP is to use the proximity
measure

εvi(x|X, Φ) = sup
y∈Dom (Φ)∩X

〈Φ(y), x− y〉; (12)

when X and Φ are evident from the context we shall use the abbreviated notation εvi(x). By
definition, we set εvi(x|X,Φ) = ∞ when x 6∈ X.

By definition of (weak) solution, solutions of (11) are exactly the points x ∈ X where
εvi(x|x, Φ) ≤ 0. In fact the left hand side of this inequality is nonnegative everywhere on
X, so that εvi(x|X, Φ) is zero if and only if x solves (11) and is positive otherwise, which
makes εvi a legitimate proximity measure for (11). The reasons for this particular choice of
proximity are similar to those in favour of εopt in the CMP case: in our context, this measure
works.

Elementary properties of weak solutions to VIP’s with monotone operators and of the just
defined proximity measure are summarized in the following

Proposition 3.1 Consider VIP (11) where X ⊂ Rn is a solid and F is a monotone operator
with DomΦ ⊇ intX. Then

(i) The set X∗ of (weak) solutions to (11) is a nonempty compact subset of X;
(ii) The function εvi(x|X, Φ) is a closed convex nonnegative function on X finite everywhere

on intX and equal to 0 exactly at X∗;
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(iii) Let Φ̃ be a monotone extension of Φ, that is, Φ̃ associates with a point x of a convex set
Dom Φ̃ ⊇ DomΦ a nonempty set Φ̃(x) such that

〈ξ − ξ′, x− x′〉 ≥ 0∀(x, x′ ∈ Dom Φ̃, ξ ∈ Φ̃(x), ξ′ ∈ Φ̃(x′))

and Φ(x) ∈ Φ̃(x) whenever x ∈ DomΦ. Then

X∗ = {x ∈ X : 〈η, y − x〉 ≥ 0∀(y ∈ Dom Φ̃ ∩X, η ∈ Φ̃(y)),
εvi(x|X, Φ) = supy

{
〈η, x− y〉 : y ∈ Dom Φ̃ ∩X, η ∈ Φ̃(y)

}
∀x ∈ X.

(13)

In particular, weak solutions and proximity measure remain intact when (a) replacing the original
monotone operator with its maximal monotone extension, and (b) replacing Φ with its restriction
onto intX (so that the original operator becomes a monotone extension of the new one).

To make the paper self-contained, we present the proof of these well known facts in Section 6.

Convex Nash equilibrium problems and Nash operators. Let Xi ⊂ Rni , i = 1, ..., m,
be solids, and let X = X1 ×X2 × ...×Xm ⊂ E = Rn1 × ...×Rnm = Rn1+...+nm . A point x ∈ E
is an ordered tuple (x1, ..., xm) with xi ∈ Rni ; for such a point and for i ∈ {1, ..., m}, we denote
by xi the projection of x onto the orthogonal complement of Rni in E , and write x = (xi, xi).

The Nash Equilibrium problem (NEP) on X is specified by a collection of m real-valued
functions Fi(x) = Fi(xi, xi) with common domainD = D1×...×Dm, where for every i = 1, . . . , m,
intXi ⊆ Di ⊆ Xi. A Nash equilibrium associated with these data is a point x∗ ∈ D such that
for every i = 1, . . . ,m the function Fi([x∗]i, xi) of xi attains its minimum over xi ∈ Di at
[x∗]i, and the Nash Equilibrium problem is to find/to approximate such an equilibrium. The
standard interpretation of Nash equilibrium is as follows: there are m players, i-th choosing
a point xi ∈ Di, and incurring cost Fi(x), where x = (x1, ..., xm) is comprised of choices of
all m players. Every player is interested to minimize his cost, and Nash equilibria are exactly
the tuples x = (x1, ..., xm) ∈ D of choices of the players where every one of the players has no
incentive to deviate from his choice xi. There is a natural way to quantify the inaccuracy of a
point x ∈ D as an approximate Nash equilibrium; the corresponding proximity measure is

εN(x) =
m∑

i=1

[Fi(xi, xi)− inf
yi∈Di

Fi(xi, yi)]. (14)

This is nothing but the sum, over the players, of the maximal gain a player i can get by deviating
from his choice xi when the remaining players stick to their choices.

We intend to consider convex NEP’s, meaning that D is convex and for every i = 1, . . . , m the
function Fi(x) = Fi(xi, xi) is convex in xi ∈ Di, is concave in xi ∈ D1×...×Di−1×Di+1×...×Dm

and, in addition, the function F (x) =
∑m

i=1 Fi(x) is convex on D.
Given a convex NEP, we associate with it the Nash operator

Φ(x) = (Φ1(x),Φ2(x), ...,Φm(x)) : intX → E ,

where for every x ∈ intX and i = 1, . . . , m, Φi(x) is a subgradient of the convex function Fi(xi, ·)
at the point xi. We need the following well-known fact (to make the paper self-contained, we
present its proof in Section 6):
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Proposition 3.2 Consider a convex NEP. Then
(i) The Nash operator of the problem is monotone.
(ii) When D = X and the functions Fi are continuous on X, 1 ≤ i ≤ m, the Nash equilibria

are exactly the weak solutions to the VIP associated with X and the Nash operator of the problem.

Note that convex NEP’s are equipped with two proximity measures: εN(·) (this measure relates
to the problem “as it is”) and εvi(·) (this measure relates to the VIP associated with the Nash
operator induced by the NEP). These measures usually do not coincide, and we would say that
the first of them usually makes more “applied sense” than the second. We are about to consider
instructive examples of convex NEP’s.

A. In the case of m = 1 a convex NEP requires to minimize a convex function F (x) = F1(x)
over Dom (F ), where intX ⊆ DomF ⊆ X. Thus, CMP’s are exactly convex single-player
NEP’s, the Nash operator Φ = Φ1 being (a section of) the subgradient field of F over
intX. The (weak) solutions to the VIP defined by (X, Φ) are just the minimizers of the
lower semicontinuous extension of F from intX onto X. Further, for x ∈ Dom (F ) one
has

εN(x) = F (x)− inf
y∈Dom (F )

F (y) = εopt(x),

where εopt(x) is the accuracy measure defined in Introduction for CMP’s. Further, if we
view a convex NEP with m = 1 as a VIP with DomΦ = intX, the convexity of F assures
that F (x)− F (y) ≥ 〈Φ(y), x− y〉 for all x ∈ DomF and y ∈ intX and therefore

εN(x) = εopt(x) = F (x)− inf
y∈Dom (F )

F (y) ≥ sup
y∈intX

〈Φ(y), x− y〉 = εvi(x). (15)

Note that the “gap” between εvi(x) and εN(x) can be large, as is seen in the case of
X = [0, D] ⊂ R, F (x) =

∫ x
0 min[L, ε

D−s ]ds, where ε ≤ LD. Indeed, in this case εvi(D) =

max0<y<D F ′(y)(D − y) = ε, while εN(D) = F (D) = ε ln
(

LD
ε

)
+ ε.

It is worthy of mentioning that the latter example is nearly “as extreme” as possible due to the
following observation:

Proposition 3.3 Let the Nash operator Φ of a convex m-player Nash equilibrium problem on a
solid X of the Euclidean diameter D be bounded, so that ‖Φ(x)‖2 ≤ L < ∞ for all x ∈ intX.
Then for every x ∈ intX one has

εN(x) ≤ m

[
εvi(x) ln

(
LD

εvi(x)

)
+ εvi(x)

]
. (16)

B. In the case of m = 2 and F (x) ≡ 0, a convex Nash equilibrium problem is given by a
function φ(x1, x2) = F1(x1, x2) which is convex in x1 ∈ D1 and is concave in x2 ∈ D2, and
F2(x1, x2) = −φ(x1, x2) = −F1(x1, x2). When Di = Xi, i = 1, 2, and φ(x) is continuous
on X, the weak solutions to the VIP defined by (X, Φ) are exactly the saddle points (min
in x1 ∈ X1, max in x2 ∈ X2) of φ. When x = (x1, x2) ∈ D, the proximity measure εN(x)
admits a transparent interpretation, namely, as follows: φ(·, ·) specifies a “primal-dual
pair” of optimization problems

(P ) Opt(P ) = infx1∈D1 φ(x1), φ(x1) = supx2∈D2
φ(x1, x2);

(D) Opt(D) = supx2∈D2
φ(x2), φ(x2) = infx1∈D1 φ(x1, x2);

9



The optimal value in the primal problem is ≥ the optimal value in the dual problem
(“weak duality”), and the optimal values are equal to each other under mild regularity
assumptions, e.g., when the convex-concave function φ is bounded. Note that now the
quantity εN(x1, x2) is nothing but the duality gap φ(x1)− φ(x2), and

εN(x1, x2) = φ(x1)− φ(x2) ≥ [φ(x1)−Opt(P )] + [Opt(D)− φ(x2)];

here the inequality holds due to weak duality (and holds as equality whenever Opt(P ) =
Opt(D)). In particular, for (x1, x2) ∈ D, the sum of nonoptimalities, in terms of the
respective objectives, of x1 as a candidate solution to (P ) and of x2 as a candidate solution
to (D) does not exceed εN(x1, x2). Note that in the case in question, similar to the case
of m = 1, we have

x ∈ Domφ ⇒ εvi(x) ≤ εN(x). (17)
Indeed, for x = (x1, x2) ∈ Dom φ = D1 × D2 and y = (y1, y2) ∈ DomΦ = int X1 × int X2, taking into
account that Φ1(y) is a subgradient of convex function φ(·, y2) at y1 and Φ2(y) is a subgradient of the
convex function −φ(y1, ·) at y2, we have

〈Φ(y), x− y〉 = 〈Φ1(y), x1 − y1〉+ 〈Φ2(y), x2 − y2〉
≤ [φ(x1, y2)− φ(y1, y2)] + [φ(y1, y2)− φ(y1, x2)] = φ(x1, y2)− φ(y1, x2) ≤ φ(x1)− φ(x2) = εN(x),

and (17) follows.

(Semi-)bounded operators. Let X ⊂ Rn be a solid and Φ : Dom (Φ) → Rn be
an operator with Dom (Φ) ⊇ intX. Φ is called bounded on X, if the quantity ‖Φ‖ =
sup {‖Φ(x)‖2 : x ∈ intX} is finite. Φ is called semi-bounded on X, if the quantity

VarX(Φ) = sup{〈Φ(x), y − x〉 : x ∈ intX, y ∈ X}
is finite. Clearly, a bounded operator Φ is semi-bounded with VarX(Φ) ≤ ‖Φ‖Diam(X); there
exist, however, semi-bounded operators which are unbounded. E.g., the Nash operator Φ of
a convex Nash equilibrium problem with bounded Fi(·), i = 1, ..., m, is clearly semi-bounded
with VarX(Φ) ≤ ∑

i[supintX Fi − infintX Fi]; note that Φ is unbounded, unless every one of
the functions Fi(xi, ·) is Lipschitz continuous, with constant bounded uniformly in xi, on intXi.
Moreover, in the case of m = 1 (convex minimization) the Nash operator can be semi-bounded
for certain unbounded objectives F , most notably, when F is a ϑ-self-concordant barrier for X
[16, Chapter 2]; for such a barrier, VarX(F ) ≤ ϑ [16, Proposition 2.3.2].

Convention: from now on, speaking about variational inequalities (or Nash Equilibrium prob-
lems), we always assume the monotonicity of the underlying operator (resp., convexity of the
NEP).

3.2 Accuracy certificates for VIP and NEP

The notions of an execution protocol and a certificate for such a protocol can be naturally
extended from the case when the algorithms in questions are aimed at solving CMP’s to the
case of algorithms that are aimed at solving VIP’s. Specifically,

• Given a simple solid B ⊂ Rn, we are interested in solving VIP’s (X,Φ) (which may
represent Nash Equilibrium problems) given by solids X ⊂ B and by monotone operators
Φ with DomΦ ⊇ intX. We assume that X is given by a Separation oracle and Φ is given
by a Φ-oracle which, given on input a point x ∈ intX, returns the value Φ(x).

10



• A τ -point execution protocol Pτ generated by an algorithm as applied to (X, Φ) is{
Iτ , Jτ , {(xt, et)}τ

t=1

}
, where x1, ..., xτ are the subsequent query points generated at the

first τ steps of the solution process, et is either the separator returned by Separation ora-
cle queried at xt (this is so when xt 6∈ intX, a “non-productive step”), or the vector Φ(xt)
returned by the Φ-oracle (this is so when xt ∈ intX, “a productive step”), and Iτ , Jτ are
the set of productive, resp. non-productive, steps t = 1, ..., τ .

• A certificate ξ for a protocol Pτ is, exactly as above, a collection of nonnegative weights
{ξt}τ

t=1 with
∑

t∈Iτ
ξt = 1. The residual εcert(ξ|Pτ ,B) of such a certificate on a solid B ⊇ X

is defined by (6) and the approximate solution x̂τ [ξ] induced by ξ is defined by (7).

The role of the just introduced notions in our context stems from the following

Proposition 3.4 Let X ⊆ B be solids in Rn and Φ be a monotone operator with Dom(Φ) ⊇
intX. Let, further, Pτ =

{
Iτ , Jτ , {(et, x

t)}τ
t=1

}
be an execution protocol, ξ = {ξt}τ

t=1 be a
certificate for Pτ and x̂τ = x̂τ [ξ] be the induced approximate solution. Then x̂τ ∈ intX and

εvi(x̂τ ) ≤ εcert(ξ|Pτ ,B); (18)

in particular, εcert(ξ|Pτ ,B) ≥ 0. Further, when Φ is the Nash operator of a convex NEP, then

εN(x̂τ ) ≤ εcert(ξ|Pτ ,B). (19)

Necessity of accuracy certificates for VIP’s. We have seen that an accuracy certificate for
an execution protocol associated with a VIP allows both to build a strictly feasible approximate
solution x̂ for the VIP and to bound from above the inaccuracy εvi(x̂) (and εN(x̂) in the case
of a Nash VIP) of this solution. It turns out that when solving VIP’s from certain natural
families, this mechanism is to some extent unavoidable. Specifically, assume that when solving
VIP (11), all our a priori information is that X is a solid contained in a given solid B ⊂ Rn, and
Φ : intX →Rn is a monotone operator bounded by a given constant L < ∞ (i.e., ‖Φ(x)‖2 ≤ L
for all x ∈ intX). The only sources of further information on the VIP are a Separation oracle
representing X and a Φ-oracle which, given on input x ∈ intX, returns Φ(x). Now consider
an algorithm for approximate (within εvi-accuracy ≤ ε) solving VIP’s in the just described
environment. As applied to a VIP (X,Φ) compatible with our a priori information and given
on input a required tolerance ε > 0, the algorithm generates subsequent search points x1, x2, ...,
calls Separation oracle to check whether xt ∈ intX, and if it is the case, calls the Φ-oracle
to compute Φ(xt). After a finite number of steps τ , the algorithm terminates and outputs
an approximate solution x̂ ∈ intX which must satisfy the relation εvi(x̂|X, Φ). Of course, we
assume the algorithm to be non-anticipative, meaning that x1, ..., xτ , τ and x̂ are determined
solely on the basis of information accumulated so far. Adding, if necessary, one extra step, we
can assume w.l.o.g. that x̂τ ∈ {x1, ..., xτ}, and, in particular, that upon termination, the set
Iτ = {t ≤ τ : xt ∈ intX} is nonempty. We have the following result (cf. Proposition 2.2):

Proposition 3.5 Let (X, Φ) be a VIP compatible with the our a priori information (so that
X ⊂ B is a solid and Φ : intX → Rn is a monotone operator with ‖Φ(x)‖2 ≤ L for every
x ∈ intX), let τ be the number of steps of our hypothetical algorithm as applied to (X,Φ), and
let Pτ be the associated execution protocol. Then there exists a certificate ξ for Pτ such that

εcert(ξ|Pτ ,Φ) ≤
√

LDε, (20)

where D is the Euclidean diameter of B.
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Comment. Proposition 3.4 states that when solving the VIP defined by (X, Φ), a certificate
ξ with εcert(ξ|Pτ ,B) ≤ ε, where Pτ =

{
Iτ , Jτ , {xt, et}τ

t=1

}
is the execution protocol at step τ ,

Pτ and ξ allow to build an approximate solution x̂ ∈ {xt : t ∈ Iτ} such that εvi(x̂τ |X, Φ) ≤ ε.
Proposition 3.5, in turn, says that whenever an algorithm is capable to solve every VIP (X, Φ)
with X ⊂ B and a monotone and bounded by L operator Φ within εvi(·)-accuracy ≤ ε and the
resulting approximate solution x̂ ∈ intX belongs to the trajectory x1, ..., xτ upon termination,
then the corresponding execution protocol Pτ admits a certificate ξ with εcert(ξ|Pτ ,B) ≤ √

LDε.
Observing that εvi(x|X, Φ) = supy∈intX〈Φ(y), x − y〉 ≤ LD whenever x ∈ intX, the only
interesting case is the one when ε ¿ LD, and in this case

√
LDε À ε, so there is a “gap”

between the sufficiency and the necessity results stated by Propositions 3.4 and 3.5. We do not
know whether this gap reflects the essence of the matter or just a weakness of Proposition 3.5.

4 Ellipsoid Algorithm with Certificates

As it was already mentioned, the Ellipsoid algorithm5 is “an intelligent” method which, however,
does not produce accuracy certificates explicitly. Our local goal is to equip the method with a
“computationally cheap” mechanism for producing certificates with residuals converging to 0,
as τ →∞, at the rate justifying the usual polynomial time theoretical efficiency estimate of the
Ellipsoid algorithm. In fact, the technique to be described is applicable to a general Cutting
Plane scheme for solving black-box represented convex minimization problems and VIP’s with
monotone operators, and it makes sense to present the technique in question in this general
context, thus making the approach more transparent and extending its scope.

4.1 Generic Cutting Plane algorithm

A generic Cutting Plane algorithm works with a vector field Φ : DomΦ → Rn defined on a
convex set DomΦ ⊂ Rn and with a solid X, intX ⊂ Dom Φ. The algorithm, as applied to
(X,Φ), builds a sequence of search points xt ∈ Rn along with a sequence of localizers Qt – solids
such that xt ∈ intQt, t = 1, 2, .... The algorithm is as follows:

Algorithm 4.1 Initialization: Choose a solid Q1 ⊃ X and a point x1 ∈ intQ1.
Step t, t = 1, 2, ...: Given xt, Qt,

1. Call Separation oracle, xt being the input. If the oracle reports that xt ∈ intX (productive
step), go to 2. Otherwise (nonproductive step) the oracle reports a separator et 6= 0 such
that 〈et, x− xt〉 ≤ 0 for all x ∈ X. Go to 3.

2. Call Φ-oracle to compute et = Φ(xt). If et = 0, terminate, otherwise go to 3.

3. Set
Q̂t+1 = {x ∈ Qt : 〈et, x− xt〉 ≤ 0}.

Choose, as Qt+1, a solid which contains the solid Q̂t+1. Choose xt+1 ∈ intQt+1 and loop
to step t + 1.

For a solid B ⊂ Rn, let ρ(B) be the radius of Euclidean ball in Rn with the same n-dimensional
volume as the one of B. A Cutting Plane algorithm is called converging on (X, Φ), if for the
associated localizers Qt one has ρ(Qt) → 0, t →∞.

5This method was developed in [22] and independently and slightly later – in [19]; for its role in the theory of
Convex Optimization see, e.g., [10, 8, 14, 1] and references therein.

12



4.1.1 An implementation: the Ellipsoid algorithm

The Ellipsoid algorithm is, historically, the first “polynomial time” implementation of the Cut-
ting Plane scheme. In this algorithm,

1. The initial localizer Q1 is the centered at the origin Euclidean ball B of radius R known
to contain X;

2. All localizers Qt are ellipsoids represented as the images of the unit Euclidean ball under
affine mappings:

Qt = {x = Btu + xt : uT u ≤ 1} [Bt : n× n nonsingular]

so that the search points xt are the centers of the ellipsoids;

3. Qt+1 is the ellipsoid of the smallest volume containing the half-ellipsoid Q̂t+1. The corre-
sponding updating (Bt, x

t) 7→ (Bt+1, x
t+1) is given by

qt = BT
t et, pt = BT

t qt√
qT
t BtBT

t qt
,

Bt+1 = α(n)Bt + (γ(n)− α(n))Btptp
T
t ,

xt+1 = xt − 1
n+1Btpt

(21)

where n > 1 is the dimension of x and

α(n) =
n√

n2 − 1
, γ(n) =

n

n + 1
. (22)

The ellipsoid method is converging, with

ρ(Qt+1) = κ(n)ρ(Qt), κ(n) = α
n−1

n (n)γ
1
n (n) =

n

(n + 1)
n+1
2n (n− 1)

n−1
2n

≤ exp{− 1
2n(n− 1)

}.
(23)

Other implementations. Aside of the Ellipsoid algorithm, there are several other implementations
of the Cutting Plane scheme with “rapid convergence”: ρ(Qt) ≤ p(n)ρ(Q1) exp{−t/p(n)} with a fixed
polynomial p(n) > 0. The list includes

• the Center of Gravity method [12, 18]: Q1 = X, xt is the center of gravity of Qt, Qt+1 = Q̂t+1;
here p(n) = const. This method, however, is of academic interest only, since it requires finding
centers of gravity of general-type polytopes, which is NP-hard;

• the Inscribed Ellipsoid algorithm [20] where Q1 is a box containing X, xt is the center of the
ellipsoid of the (nearly) largest volume contained in Qt and Qt+1 = Q̂t+1; here again p(n) = const;

• Circumscribed Simplex algorithm [4, 21], where Qt are simplexes, xt are the barycenters of Qt;
here p(n) = O(1)n3. The Ellipsoid and the Circumscribed Simplex algorithms are examples of the
stationary Cutting Plane scheme – one where Qt = xt + BtC for a fixed solid C, 0 ∈ intC. In
order for such a scheme to be converging, C should possess specific and rare property as follows:
for every e 6= 0, the set Ĉe = {x ∈ C : 〈e, x〉 ≤ 0} can be covered by an affine image of C under
an efficiently computable affine mapping which reduces volumes by factor exp{−1/p(n)} for an
appropriate polynomial p(n) > 0. For a long time, the only known solids with this property were
ellipsoids and simplexes. Recently it was discovered [6] that the required property is shared by all
compact cross-sections of symmetric cones by hyperplanes; here a symmetric cone is, by definition,
a finite direct product of irreducible factors which are the Lorentz cones and the cones of positive
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semidefinite symmetric real/Hermitian/quaternion matrices. Among the associated converging
stationary Cutting Plane algorithms, the Ellipsoid method, associated with the Lorentz cone, is
the fastest in terms of the guaranteed rate of convergence of ρ(Qt) to 0, and the Circumscribed
Simplex method, associated with the direct product of nonnegative rays (which are nothing but
cones of positive semidefinite real 1× 1 matrices), is the slowest one6.

4.2 Building the certificates: preliminaries

To equip a generic Cutting Plane algorithm with certificates, let us treat our original “universe”
Rn as the hyperplane E = {(x, t) ∈ Rn+1 : t = 1} in E+ = Rn+1, and let us associate with the
localizers Qt the sets Q+

t which are convex hulls of the sets Qt (treated as subsets in E) and the
origin in E+:

Q+
t = {[sx; s] : 0 ≤ s ≤ 1, x ∈ Qt} 7.

Let us further associate with vectors et ∈ Rn the cuts e+
t = [et;−〈et, x

t〉] ∈ Rn+1. Observe
that the convex hulls Q̂+

t+1 = {[sx; s] : 0 ≤ s ≤ 1, x ∈ Q̂t+1} of the origin in E+ and the sets
Q̂t+1 ⊂ E, the sets Q+

t and the cuts are linked by the relation

Q̂+
t+1 = {z ∈ Q+

t : 〈e+
t , z〉 ≤ 0} ⊂ Q+

t+1. (24)

Recall that the polar of a closed convex set P ⊂ E+, 0 ∈ P , is the set Polar (P ) = {z ∈ E+ :
〈z, p〉 ≤ 1∀p ∈ P}. An immediate observation is as follows:

Proposition 4.1 Assume that et 6= 0, so that Qt+1 is well defined. Then

Polar (Q+
t+1) ⊂ Polar (Q̂+

t+1) = Polar (Q+
t ) +R+e+

t (25)

4.3 Building the certificates: the algorithm

Equipped with Proposition 4.1, we can build certificates in a “backward fashion”, namely, as
follows.

Algorithm 4.2 Given an iteration number τ , we build a certificate for the corresponding pro-
tocol Pτ =

{
Iτ , Jτ , {(xt, et)}τ

t=1

}
as follows:

At a terminal (i.e., with eτ = 0) step τ : Since eτ = 0 can happen at a productive step only, we
set here ξt = 0, t < τ , ξτ = 1, which, due to eτ = 0, results in a certificate for Pτ with

εcert(ξ|Pτ , Q1) = 0.

At a nonterminal (i.e., with eτ 6= 0) step τ :

1. We choose a “nearly most narrow stripe” containing Qτ+1, namely, find a vector h ∈ Rn

such that
max

x∈Qτ+1

〈h, x〉 − min
x∈Qτ+1

〈h, x〉 ≤ 1 (26)

6It should be stressed that we are speaking about the theoretical worst-case-oriented complexity bounds; “in
reality” the Circumscribed Simplex algorithm seems to be faster than the Ellipsoid one.

7Here and in what follows we use “MATLAB notation”: for matrices v1, ..., vk with common number of columns
(e.g., for column vectors), [v1; ...; vk] stands for the matrix obtained by writing v2 beneath v1, v3 beneath v2, and
so on.
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and
‖h‖2 ≥ 1

2χρ(Qτ+1)
, χ ≤ 4n. (27)

Note that such an h always exists, and, for all known converging cutting plane algorithms,
can be easily found.
Indeed, when Qt+1 is an ellipsoid, one can easily find h satisfying (26) with ‖h‖2 ≤ 1

2ρ(Qt+1)
(see

below). In the general case, we can apply the “ellipsoidal construction” to the Fritz John ellipsoid

of Qt+1 – an ellipsoid Q̃ ⊃ Qt+1 with ρ(Q̃) ≤ nρ(Qt+1), see [7]. Note that for all aforementioned
“rapidly converging” implementations of the Cutting Plane scheme, except for the center-of-gravity
one (which in any case is not implementable), the Fritz John ellipsoids of the localizers are readily
available.

2. Observe that both the vectors

h+ = [h;−〈h, xτ+1〉] ∈ E+, h− = −h+

clearly belong to Polar (Q+
τ+1). Applying Proposition 4.1 recursively, we build representa-

tions
(a) h+ =

∑τ
t=1 λte

+
t + φ+ [λt ≥ 0, φ+ ∈ Polar (Q+

1 )]
(b) h− = −h+ =

∑τ
t=1 µte

+
t + ψ+ [µt ≥ 0, ψ+ ∈ Polar (Q+

1 )]
(28)

The certificate for the protocol Pτ is well defined only for those τ for which the set Iτ =
{t ≤ τ : xt ∈ intX} is nonempty and, moreover, the quantity dτ ≡ ∑

t∈Iτ
[λt + µt] is

positive. In this case, the certificate is given by

ξt =
λt + µt

dτ
, 1 ≤ t ≤ τ,

and we also set
Dτ =

∑
t∈Iτ

[λt + µt]‖et‖2 = dτ
∑

t∈Iτ
ξt‖et‖2

Wτ = maxt∈Iτ maxx∈X〈et, x− xt〉.
Note: The quantities Dτ , Wτ are used solely in the convergence analysis, and Algorithm
4.2 is not required to compute these quantities.

Implementation of Algorithm 4.2 in the case of Ellipsoid method in the role of Algorithm
4.1 is really easy. Indeed,

• to find h in rule 1, it suffices to build the singular value decomposition Bτ+1 = UDV
(U, V are orthogonal, D is diagonal with positive diagonal entries) and to set h = 1

2σi∗
Uei∗ ,

where ei are the standard basic orths and i∗ is the index of the smallest diagonal entry σi∗ in D.
We clearly have σi∗ ≤ |Det(Bτ+1)|1/n = ρ(Qτ+1), so that ‖h‖2 ≥ 1

2ρ(Qτ+1)
(i.e., we ensure (27)

with χ = 1). Besides this, maxQt+1〈h, x〉 − minQt+1〈h, x〉 = max‖u‖2≤1,‖v‖2≤1〈BT
t+1h, u − v〉 =

1
2 max‖u‖2≤1,‖v‖2≤1〈V T ei∗ , u− v〉 = 1, as required in rule 1;

• we clearly have Polar (Q+
t ) = {[e; s] : ‖BT

t e‖2 + 〈xt, e〉 + s ≤ 1}, so that given [g; a] ∈
Polar (Q+

t+1), to find a representation [g; a] = [f ; b] + re+
t with [f ; b] ∈ Polar (Q+

t ) and r ≥ 0
reduces to solving the problem (known in advance to be solvable) of finding r ≥ 0 such that
‖BT

t (g− ret)‖2 + 〈xt, g〉+a ≤ 1. A solution r∗ can be found at the cost of just O(n2) arithmetic
operations. Specifically, if the vectors p = BT

t g and q = BT
t et have nonpositive inner products,

r∗ = 0 is a solution, otherwise a solution is given by r∗ = pT q
qT q

.
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From the just presented remarks it follows that with the Ellipsoid method in the role of
Algorithm 4.1, the computational cost of building certificate for Pτ is O(n3)+O(τn2) arithmetic
operations (a.o.), provided that the subsequently generated data (search points xt, matrices Bt

and vectors et) are stored in the memory. Note that the cost of carrying out τ steps of the
Ellipsoid algorithm is at least O(τn2) (this is the total complexity of updatings (xt, Bt) 7→
(xt+1, Bt+1), t = 1, ..., τ , with computational expenses of the oracles excluded). It follows that
when certificates are built along a “reasonably dense” subsequence of steps, e.g., at steps 2,4,8,...
the associated computational expenses basically do not affect the complexity of the Ellipsoid
algorithm, see Discussion below.

4.4 The main result

Theorem 4.1 Let Algorithms 4.1 – 4.2 be applied to (X, Φ), where X ⊂ Rn is a solid and
Φ : intX → Rn is a vector field, and let r = r(X) be the largest of the radii of Euclidean balls
contained in X.

(i) Let τ be an iteration number such that ξ = {ξt}τ
t=1 is well defined. Then ξ is a certificate

for the corresponding execution protocol Pτ =
{
Iτ , Jτ , {(xt, et)}τ

t=1

}
. If τ is the terminal iteration

number (i.e., eτ = 0), then εcert(ξ|Pτ , Q1) = 0, otherwise

εcert(ξ|Pτ , Q1) ≤ 2
dτ

(29)

and, besides this,

ετ ≡ 2
Dτ

< r ⇒ εcert(ξ|Pτ , Q1) ≤ ετ

r − ετ
Wτ . (30)

(ii) Let D(Q1) be the Euclidean diameter of Q1. Then for every nonterminal iteration number
τ one has

Dτ ≥ D−1(Q1)
(

r

2χρ(Qτ+1)
− 1

)
. (31)

(iii) Whenever τ is a nonterminal iteration number such that

ρ(Qτ+1) ≤ r2

16χD(Q1)
, (32)

the certificate ξ is well defined, and

εcert(ξ|Pτ , Q1) ≤ 16χD(Q1)Wτ

r2
ρ(Qτ+1), (33)

so that when Φ is semi-bounded on intX: VarX(Φ) ≡ supx∈intX,y∈X〈Φ(x), y−x〉 < ∞, we have

εcert(ξ|Pτ , Q1) ≤ 16χD(Q1)VarX(Φ)
r2

ρ(Qτ+1). (34)

In particular, in the case of the Ellipsoid algorithm (where χ = 1 and ρ(Qt+1) ≤
R exp{− t

2n(n−1)}, R being the radius of the ball B = Q1), the certificate ξ is well defined,
provided that

exp{ τ

2n(n− 1)
} ≥ 32R2

r2
, (35)

and in this case

εcert(ξ|Pτ , Q1) ≤ 32R2VarX(Φ)
r2

exp{− τ

2n(n− 1)
}, (36)

provided that Φ is semi-bounded on X.
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Combining Proposition 3.4 and Theorem 4.1, we arrive at the following result:

Corollary 4.1 Let X ⊂ Rn be a solid which is contained in the centered at the origin Euclidean
ball B = Q1 of radius R, and let r = r(X) be the largest of the radii of Euclidean balls contained
in X. Further, let Φ : Dom Φ → Rn, Dom Φ ⊃ intX, be a semi-bounded on intX operator:

VarX(Φ) ≡ sup
x∈intX,y∈X

〈Φ(x), y − x〉 < ∞.

For appropriately chosen absolute constant O(1) and every ε ∈ (0, VarX(Φ)], with

τ(ε) =cO(1)n2 ln
(

RVarX(Φ)
rε

)
b,

the Ellipsoid algorithm, augmented with Algorithm 4.2 for building certificates, as applied to
(X,Φ), in τ ≤ τ(ε) steps generates a protocol Pτ and a certificate ξ for this protocol such that

εcert(ξ|Pτ ,B) ≤ ε,

along with the corresponding solution x̂ =
∑

t∈Iτ
ξtx

t ∈ intX. As a result,

• when Φ is monotone, we have
εvi(x̂|X,Φ) ≤ ε;

• when Φ is the Nash operator of a convex Nash equilibrium problem on X (in particular,
in the case of convex minimization), we have

εN(x̂) ≤ ε.

Discussion. Corollary 4.1 states that solving a convex Nash equilibrium problem (or a vari-
ational inequality) associated with a semi-bounded, monotone operator Φ within accuracy ε

“costs” O(1)n2 ln
(

RVarX(Φ)
rε

)
steps of the Ellipsoid algorithm, with (at most) one call to the

Separation and the Φ-oracles and O(1)n2 additional a.o. per step; note that this is nothing but
the standard theoretical complexity bound for the Ellipsoid algorithm. The advantage offered
by the certificates is that whenever a certificate ξ with εcert(ξ|Pτ ,B) ≤ ε is built, we know that
we already have in our disposal a strictly feasible approximate solution of accuracy ε. Thus, in
order to get a strictly feasible solution of a prescribed accuracy ε > 0, we can run the Ellipsoid
algorithm and apply from time to time Algorithm 4.2 in order to generate a strictly feasible ap-
proximate solution and to bound from above its nonoptimality, terminating the solution process
when this bound becomes ≤ ε. Note that this implementation, while ensuring a desired quality
of the resulting approximate solution, requires no a priori information on the problem (aside
of its convexity and the knowledge of a ball B containing the feasible domain X). Moreover,
if Algorithm 4.2 is invoked along a “reasonably dense, but not too dense” sequence of time
instants, e.g., at steps 2,4,8,..., the number of steps upon termination will be at most the one
given by the theoretical complexity bound of the Ellipsoid algorithm, and the computational
effort to run Algorithm 4.2 will be a small fraction of the computational effort required to run
the Ellipsoid algorithm itself.
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4.5 Incorporating “deep cuts”

The certificates we use can be sharpened by allowing for “deep cuts”. Specifically, assume that the
separation oracle provides more information than we have postulated, namely, that in the case of x 6∈ intX
this oracle reports a vector e 6= 0 and a nonnegative number a such that X ⊆ {y : 〈e, y − x〉 ≤ −a}. In
this situation, all our results remain valid when the residual of a certificate on a solid B ⊃ X is redefined
as

εcert(ξ|Pτ ,B) = max
x∈B

τ∑
t=1

ξt[〈et, x
t − x〉 − at], (37)

where [et; at] is the output of the Separation oracle at a nonproductive step t and at = 0 for productive
steps t, and the sets Q̂t+1 in Algorithm 4.1 are defined as

Q̂t+1 = {x ∈ Qt : 〈et, x− xt〉 ≤ −αt}, (38)

where αt = at for all t. With the Ellipsoid method in use, the latter modification allows to replace the
updating formulae (21), (22) with

qt = BT
t et, pt = BT

t qt√
qT

t BtBT
t qt

, µt = αt√
qT

t BtBT
t qt

,

Bt+1 =
[
(1− µt)2 n2

n2−1

]1/2 [
Bt +

[
1−

√
(1−µt)(n−1)
(1+µt)(n+1)

]
Btptp

T
t

]
,

xt+1 = xt − 1+nµt

n+1 Btpt

; (39)

new updating formulae, while still ensuring that the ellipsoid Qt+1 contains Q̂t+1, result in larger reduction
in the volumes of subsequent ellipsoids.

In the case of convex minimization, we can further allow for “deep cuts” also at productive steps by
setting

at = F (xt)−min
s
{F (xs) : s ≤ t, xs ∈ intX} , αt = at/2

for a productive step t (at is used in (37), αt – in (38) and (39)). With this modification, all our CMP-
related results remain valid (modulo changes in absolute constant factors in Theorem 4.1), provided that
the approximate solutions we are considering are the best found so far solutions xτ

bst. Moreover, in this
situation the relation

εopt(xτ
bst) ≤ εcert(ξ|Pτ ,B)

(cf. (10)) remains valid whenever B is a solid containing the “leftover” part

Xτ = {x ∈ X : 〈et, x− xt〉 ≤ −at ∀t ∈ Iτ}

of the feasible domain. Thus, using “deep cuts” in the cutting plane scheme and when defining the
residual allows one to accelerate somehow the algorithms and to obtain somehow improved accuracy
bounds.

The proofs of the just outlined “deep cut” modifications of our results are obtained from the proofs
presented in this paper by minor and straightforward modifications.

5 Application Examples

In this Section, we present two instructive examples of application of the certificate machinery
(more examples will be given in our forthcoming followup paper). The first of examples is of
academic nature, while the second is of a practical flavour.
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5.1 Recovering Dual Solutions to Large LP Problems

Consider a Linear Programming program with box constraints

min
x∈X

F (x) ≡ 〈c, x〉, X = {x ∈ Rn : Âx ≡ [A; I;−I]x ≤ b̂ = [b;1;1]} (40)

where 1 is the all-one vector. Note that X is contained in the box B = {x ∈ Rn : −1 ≤ x ≤ 1}.
Assuming that X has a nonempty interior and A has no all-zero rows, we have intX = {x ∈
Rn : Âx < b̂}. Assume that we have in our disposal oracle, which, given on input a point
u ∈ Rn, reports whether u ∈ intX, and if it is not the case, returns a constraint aT

j(u)x ≤ bj(u)

from the system Âx ≤ b̂ which is not strictly satisfied at x = u. This oracle can be considered
as a Separation oracle for X, the separator in the case of x 6∈ intX being given by the vector
aj(x).

Assume that we are solving (40) by an iterative oracle-based method and after a number
τ of steps have in our disposal the corresponding execution protocol Pτ =

{
Iτ , Jτ , {(xt, et)}τ

t=1

}

along with a certificate ξ with small residual on the box B. Let us look what kind of “LP
information” can we extract from this certificate. For t ∈ Jτ , the vectors et are (the transposes
of) certain rows aT

j(xt) of the matrix Â such that aT
j(xt)x

t ≥ bj(xt). Setting

λτ
j =

∑

t∈Jt:j(xt)=j

ξt, j = 1, ..., m,

where m is the number of rows in Â, we get a nonnegative vector λτ such that
∑

t∈Jτ

ξtet = ÂT λτ ,
∑

t∈Jτ

ξt〈et, x
t〉 ≥ b̂T λτ .

Now, when t ∈ Iτ , we have et = c. Setting x̂ =
∑

t∈Iτ
ξtx

t and taking into account the outlined
remarks, the relation

εcert(ξ|Pτ ,B) = max
x∈B

{
τ∑

t=1

ξt〈et, x
t − x〉

}

implies that

εcert(ξ|Pτ ,B) ≥ [cT x̂ + b̂T λτ ] + max
x∈B

〈−x, [c + ÂT λτ ]〉 = [cT x̂ + b̂T λτ ]︸ ︷︷ ︸
“duality gap”

+ ‖c + ÂT λτ‖1︸ ︷︷ ︸
“dual infeasibility”

(41)

(note that B is the unit box). Now, ÂT = [AT , I,−I]; decomposing λτ accordingly: λτ =
[λτ

A; λτ
+; λτ−], we can easily build nonnegative ∆λ+, ∆λ− ∈ Rn such that the vector λ̂ = [λτ

A;λτ
++

∆λ+; λτ− + ∆λ−] ≥ 0 satisfies the relation c + ÂT λ̂ = 0 and ‖∆λ+‖1 + ‖∆λ−‖1 = ‖c + ÂT λτ‖1,
whence

b̂T λ̂ ≤ ‖c + ÂT λτ‖1 + b̂T λτ

(note that the entries in b̂ corresponding to nonzero entries in λτ − λ̂ are ±1). Invoking (41),
we arrive at

x̂τ ∈ X, λ̂ ≥ 0, c + ÂT λ̂ = 0, cT x̂ + b̂T λ̂ ≤ εcert(ξ|Pτ ,B).

In other words, in the case in question a certificate for Pτ straightforwardly induces a pair
(x̂, λ̂) of feasible solutions to the problem of interest and its LP dual such that the duality gap,
evaluated at this pair, does not exceed εcert(ξ|Pτ ,B).
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This example is of significant interest when the LP problem (40) has a huge number of
constraints which are “well organized” in the sense that it is relatively easy to find a constraint,
if any, which is not strictly satisfied at a given point (for examples, see., e.g., [8]). By Corollary
4.1, the latter property allows, given ε > 0, to build in O(n2 ln

(
n‖c‖2
r(X)ε

)
) steps, with a single call to

Separation oracle for X and O(n2) additional operations per step, a protocol Pτ and associated
certificate ξ such that εcert(ξ|Pτ ,B) ≤ ε. With the just presented construction, we can easily
convert (Pτ , ξ) into a pair of feasible solutions to the primal and the dual problems with duality
gap ≤ ε. Note that in our situation the dual problem has a huge number of variables, which
makes it impossible to solve the dual by the standard optimization techniques. In fact, with huge
m it is even impossible to write down efficiently a candidate solution to the dual as a vector; with
the outlined approach, this difficulty is circumvented by allowing ourselves to indicate indices
and values of only nonzero entries in the “sparse” dual solution we get.

5.2 Auxiliary problems in large-scale minimization via first order methods

As a matter of fact, numerous “simply looking” large-scale problems are beyond the grasp of
modern polynomial time interior point methods, since the latter require Newton-type iterations
which in high dimensions (many thousands of decision variables) become prohibitively expensive,
unless the problem possesses a favourable sparsity pattern (which not always is the case). As
a result, there is a growing interest, initiated by the breakthrough paper [17], in solving well-
structured convex programs by computationally cheap first order optimization techniques. A
common feature of the state-of-the-art first order algorithms (smoothing technique from [17],
Mirror Prox algorithm from [15], NERML algorithm [2] and many others) is the necessity to
solve at every step an auxiliary problem of the form

Opt = min
u∈U

{
f(u) ≡ ω(u) + eT u : Au ≤ b

}
, (42)

where U ⊂ RN is a simple, although perhaps extremely large-scale, convex compact set, and
ω(·) is a continuous convex function on U which “fits” U , meaning that it is easy to minimize
over U a function of the form ω(u)+gT u, g ∈ RN (an instructive example is the one when U is a
large-scale simplex {u ∈ RN

+ :
∑

i ui = 1} and ω(u) =
∑

i ui ln ui is the entropy). Thus, the only
difficulty when solving (42) can come from the general-type constraints Au ≤ b. If we knew how
incorporate at a cost even small (few, or perhaps few tens) systems of these constraints, it would
extend significantly the scope of the “master methods”. Well, a natural way to incorporate a
small system of general-type linear constraints is to pass from the problem (42) to its partial
Lagrange dual problem

min
x≥0

F (x), F (x) = −min
u∈U

{ f(u) + 〈x,Au− b〉︸ ︷︷ ︸
φ(u,x)

} (43)

(the standard dual is maxx≥0[−F (x)]; we represent it in the equivalent form (43) in order to
get a CMP). Note that it is easy to equip F with the First order oracle: since ω fits U , it is
easy to find ux ∈ Argminu∈U φ(u, x), which gives us both the value F (x) = −φ(ux, x) and a
subgradient F ′(x) = −(Aux− b) of F at x. Assuming (42) satisfies the Slater condition (so that
(43) is solvable) and that we have in our disposal an upper bound L on the norm ‖x∗‖p of an
optimal solution x∗ to (43) (in the applications we are speaking about, both assumptions are
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quite realistic), we can therefore “reduce” the situation to solving a low-dimensional black-box-
represented CMP

min
x∈X

F (x), X = {x ∈ Rk
+ : ‖x‖ ≤ 2L} (44)

with easy-to-implement Separation and First order oracles. If the dimension k of the resulting
problem (i.e., the number of general type linear constraints in (42)) is indeed small, say, ≤ 10, it
makes full sense to solve (44) by a polynomial time cutting plane algorithm, say, by the Ellipsoid
method, which allows to get a high accuracy solution to (44), even when L is large, at a relatively
low (like few hundreds) steps. Note, however, that as far as our ultimate goals are concerned, we
need not only a high-accuracy approximation to the optimal value of (42) (which is readily given
by a high accuracy solution to (44), but also a high-accuracy approximate solution to (42); and
the question is, how to extract such a solution from the information accumulated when solving
(44). It turns out that this can be easily done via the certificate machinery:

Proposition 5.1 Let (43) be solved by a black-box-oriented method, Pτ =
{
Iτ , Jτ , {xt, et}t

τ=1

}

be the execution protocol upon termination, and let ξ be an accuracy certificate for this protocol.
Let us set

û =
∑

t∈Iτ

ξtuxt ,

where uxt ∈ Argminu∈U

[
f(u) + 〈xt, Au− b〉] are the vectors underlying the answers of the First

order oracle for as queried at the points xt, t ∈ Iτ . Then û ∈ U and

(a) ‖[Aû− b]+‖q ≤ εcert(ξ|Pτ , X), (b) f(û)−Opt ≤ εcert(ξ|Pτ , X), (45)

where [Aû − b]+ is the “vector of constraint violations” obtained from Aû − b by replacing the
negative components with 0, and q = p

p+1 . Thus, û is a nearly feasible and nearly optimal
solution to (42), provided that εcert(ξ|Pτ ,B) is small.

6 Proofs

6.1 Proofs for Section 2

Proof of Proposition 2.1. (i) was already proved in Introduction. To prove (ii), note that
both xτ

bst and x̂τ belong to intX (as convex combinations of the belonging to intX points xt,
t ∈ Iτ ). Next, from (8),

F∗(ξ|Pτ ,B) =
∑

t∈Iτ
ξtF (xt)

︸ ︷︷ ︸
≥
(∗)F (x̂τ )

−εcert(ξ|Pτ ,B) ≥ mint∈Iτ F (xt)︸ ︷︷ ︸
=F (xτ

bst
)

−εcert(ξ|Pτ ,B), (46)

with (∗) given by (5.b) and the convexity of F . So, (10) follows from (9).

Proof of Proposition 2.2. Let the algorithm in question as applied to a problem minx∈X F (x)
compatible with our a priori information terminate in τ steps, generating execution protocol
Pτ =

{
Iτ , Jτ , {(xt, et)}τ

t=1

}
, a feasible solution x̂ and a valid upper bound ε on εopt(x̂. With our

assumptions on the algorithm, x̂ is one of the points x1, ..., xτ , say, x̂ = xs. We first claim that
s ∈ Iτ (and this Iτ 6= ∅ and x̂ ∈ intX). Indeed, our a priori information on X, augmented by the
information accumulated in course of running the algorithm on the problem, does not contradict
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the assumption that X = Xδ := {x ∈ B : 〈et, x−xt〉 ≤ −δ, t ∈ Jτ}, provided that δ > 0 is small
enough, specifically, such that 〈et, x

t′ −xt〉 ≤ −δ whenever t ∈ Jτ and t′ ∈ Iτ . When s ∈ Jτ and
δ > 0, we clearly have xs 6∈ Xδ. Thus, when δ > 0 is small enough, our a priori and accumulated
information is compatible with the assumption that X = Xδ, while under this assumption
the resulting approximate solution x̂ = xs is infeasible, so that the corresponding inaccuracy
εopt(widehatx) is +∞, which is not the case – we know that this inaccuracy is ≤ ε < ∞.

Now let us set

X̄ = {x ∈ B : 〈et, x− xt〉 ≤ 0, t ∈ Jτ}, F̄ (x) = max
t∈Iτ

[F (xt) + 〈F ′(xt), x− xt〉]. (47)

Observe that our a priori information on the problem
∫
x∈X F (x) (“X is a solid contained in B

and F is either (a) convex continuous, or (b) convex piecewise linear, or (c) convex Lipschitz
continuous, with a given constant L, function on X”) plus the additional information acquired
from the oracles when solving the problem allows for X to be exactly X̄, and for F to be exactly
the restriction of F̄ on X̄, that is, it may happen that

Opt = Opt∗ ≡ min
x∈X̄

F̄ (x), (48)

and in this situation x̂ still should be an ε-solution, that is, we should have

F (x̂)−Opt∗ ≤ ε. (49)

It remains to note that

Opt∗ = min
x

{
max
t∈Iτ

[F (xt) + 〈et, x− xt] : 〈et, x− xt〉 ≤ 0, t ∈ Jτ , x ∈ B
}

=
(a)

min
x,s





s :
s ≥ F (xt) + 〈et, x− xt〉, t ∈ Iτ

0 ≥ 〈et, x− xt〉, t ∈ Jτ

x ∈ B





=
(b)

max
ξ≥0

{
min

x∈B,s

[
s +

∑
t∈Iτ

ξt[F (xt)− s] +
∑τ

t=1 ξt〈et, x
t − x〉

]}

=
(c)

max
ξ

{
∑

t∈Iτ
ξtF (xt) + min

x∈B

∑τ
t=1 ξt〈et, x− xt〉 : ξ ≥ 0,

∑
t∈Iτ

ξt = 1

}

=
(d)

max
ξ

{∑
t∈Iτ

ξtF (xt)− εcert(ξ|Pτ ,B) : ξ ≥ 0,
∑

t∈Iτ
ξt = 1

}

In this chain, (a) is evident, (b) is given by the Lagrange Duality Theorem (see, e.g., [3, Chapter
5]) as applied to the optimization problem in the right hand side of (a) 8; (b) is evident. Further,
the same Lagrange Duality Theorem states that the optimal value in the optimization problem
in (a), and thus in (b), is achieved, which makes evident (c) and (d). We see that

Opt∗ = max
ξ





∑

t∈Iτ

ξtF (xt)− εcert(ξ|Pτ ,B) : ξ ≥ 0,
∑

t∈Iτ

ξt = 1



 ,

so that there exists a certificate ξ∗ for the protocol Pτ such that Opt∗ =
∑

t∈Iτ
ξ∗t F (xt) −

εcert(ξ∗|Pτ ,B). Substituting this representation into (49), we arrive at (4).
8applicability of the Lagrange Duality Theorem follows from the fact that this convex problem in the right

hand side of (a) clearly is below bounded, since B is bounded and Iτ 6= ∅, and satisfies the Slater condition –
namely, every point s, x with x ∈ int X and s > F (x) strictly satisfies the constraints.
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6.2 Proofs for Section 3

Proof of Proposition 3.1. (i): By definition, X∗ is the solution set of a system of nonstrict
linear inequalities and thus is convex and closed; it is bounded along with X. To prove that
X∗ 6= ∅, assume that X∗ is empty, and let us lead this assumption to a contradiction. Since X is
empty, the intersection of closed subsets Xy = {x ∈ X : 〈Φ(y), y−x〉 ≥ 0} of the compact set X
over all y ∈ DomΦ∩X is empty, meaning that there exist finitely many point yi ∈ DomΦ∩X,

i = 1, ..., I, such that
I⋃

i=1
Xyi = ∅, or, equivalently, the function g(x) = max

1≤i≤I
〈F (yi), x − yi〉 is

positive everywhere on X. Applying the von Neumann Lemma, we see that there exist λi ≥ 0,∑I
i=1 λi = 1 such that ∑

i

λi〈F (yi), x− yi〉 > 0∀x ∈ X. (50)

On the other hand, setting ȳ =
∑

i λiyi, we get ȳ ∈ DomΦ ∩X, and by monotonicity of F we
get 〈F (ȳ), ȳ − yi〉 ≥ 〈F (yi), ȳ − yi〉. Taking weighted sum of these inequalities with the weights
λi, we get 0 ≥ ∑

i λi〈F (yi), ȳ − yi〉, which contradicts (50). (i) is proved.

(ii): εvi(x) clearly is convex and closed. If x ∈ DomΦ ∪X ⊃ intX, we have 〈F (y), x − y〉 ≤
〈F (x), x− y〉, y ∈ X ∩DomΦ, whence εvi(x) = supy∈X∩DomΦ ≤ supy∈X∩DomΦ〈F (x), x− y〉 ∈
[0,∞]. We see that εvi(·) is a closed convex function with domain contained in X and containing
X ∩ Dom Φ, and that εvi(·) is nonnegative on the latter set and, in particular, on intX; since
εvi(·) is convex on X and is nonnegative on intX, εvi(·) is nonnegative. Finally, by definition,
weak solutions to (11) are exactly the points x ∈ X where εvi(x) ≤ 0, and the latter set, as we
just have seen, is exactly the set of zeros of εvi(·).

(iii): Let Φ̃ be a monotone extension of Φ, and let X̃∗, ε̃vi be the right hand sides in (13). It is
immediately seen that the proofs of (i), (ii) are applicable to multi-valued monotone operators,
so that X̃∗ is exactly the set of zeros of ε̃vi(·) on X, and therefore all we need in order to verify
(13) is to prove that ε̃vi(·) ≡ εvi(·). To prove the latter relation, observe that ε̃vi(·) ≥ εvi(·)
since Φ̃ extends Φ. Thus, all we need is to prove that whenever x ∈ X, one has ε̃vi(x) ≤ εvi(x).
Recalling the definition of ε̃vi, we see that it suffices to prove that

∀(x ∈ X, z ∈ X ∩Dom Φ̃, φ ∈ Φ̃(z)) : 〈φ, x− z〉 ≤ Θ(x) := sup
y∈intX

〈Φ(y), x− y〉 (51)

(note that Θ(x) ≤ εvi(x)). To prove (51), let us fix x, z, φ satisfying the premise of this statement,
and let e be such that z + e ∈ intX. For t ∈ (0, 1], θ ∈ (0, 1) let xtθ = x + θ(z + te − x); note
that the latter point is a convex combination of the points z, z + e, x belonging to X, and the
weight of the point z + e ∈ intX in this combination is positive, so that xtθ ∈ intX ⊂ DomΦ.
Since Φ̃ is a monotone extension of Φ, we have

〈φ, xtθ − z〉 ≤ 〈F (xtθ), xtθ − z〉 = 〈F (xtθ), (1− θ)x− (1− θ)z + θte〉
= 〈F (xtθ), 1−θ

θ [x− θ(z + te)− (1− θ)x] + te〉 = 1−θ
θ 〈F (xtθ), x− xtθ〉+ t〈F (xtθ), e〉

≤ 1−θ
θ Θ(x) + t〈F (xtθ), e〉,

Thus,

〈φ, xtθ − z〉 ≤ 1− θ

θ
Θ(x) + tψ(t), ψ(t) = 〈F (xtθ), e〉. (52)
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We claim that ψ(t) ≤ ψ(1) when 0 < t < 1. Indeed, we have x1θ = xtθ + θ(1− t)e, whence

ψ(1)− ψ(t) = 〈F (x1θ)− F (xtθ), e〉 =
1

θ(1− t)
〈F (x1θ)− F (xtθ), x1θ − xtθ〉 ≥ 0.

Since ψ(t) ≤ ψ(1) when 0 < t < 1, (52) implies that

〈φ, xtθ − z〉 ≤ 1− θ

θ
Θ(x) + tψ(1), 0 < t < 1;

passing to limits as t → +0, we get

〈φ, (1− θ)(x− z)〉 = 〈φ, xtθ − z〉 ≤ 1− θ

θ
Θ(x),

whence 〈φ, x − z〉 ≤ 1
θΘ(x). This inequality holds true for every θ ∈ (0, 1), and the conclusion

in (51) follows.

Proof of Proposition 3.2. (i): Let x, y ∈ intX, and let us prove that 〈Φ(x)−Φ(y), x−y〉 ≥ 0,
or, which is the same, that 〈Φ(x̄+∆)−Φ(x̄−∆), ∆〉 ≥ 0, where x̄ = 1

2(x+y) and ∆ = 1
2(x−y).

We have

〈Φ(x̄ + ∆)− Φ(x̄−∆), ∆〉 =
∑

i [ 〈Φi(x̄ + ∆), ∆i〉︸ ︷︷ ︸
≥
(a)

Fi(x̄+∆)−Fi(x̄i+∆i,x̄i)

+ 〈Φi(x̄−∆),−∆i〉︸ ︷︷ ︸
≥
(a)

Fi(x̄−∆)−Fi(x̄i−∆i,x̄i)

]

≥ ∑
i [Fi(x̄ + ∆)− Fi(x̄i + ∆i, x̄i) + Fi(x̄−∆)− Fi(x̄i −∆i, x̄i)]

= F (x̄ + ∆) + F (x̄−∆)−∑
i [ Fi(x̄i + ∆i, x̄i) + Fi(x̄i −∆i, x̄i)︸ ︷︷ ︸

≤
(b)

2Fi(x̄)

]

≥ F (x̄ + ∆) + F (x̄−∆)− 2F (x̄) ≥(c)0

where (a), (b) are due to the fact that Fi(ui, ui) are convex in ui and concave in ui, and (c) is
due to the convexity of F =

∑
i Fi.

(ii): Assume that the functions Fi in a convex Nash equilibrium problem are continuous on X.
Then, of course, Fi(xi, xi) are convex in xi ∈ Xi for every xi ∈ Xi = X1×..×Xi−1×Xi+1×...×Xm

and are concave in xi ∈ Xi for every xi ∈ Xi, and F (x) =
∑

i Fi(x) is convex on X.
a) Let x∗ be a Nash equilibrium, and let us prove that x∗ is a weak solution to the Nash

VIP. Let y ∈ intX, ∆ = 1
2(y − x∗) and x̄ = 1

2(y + x∗), so that x̄ ∈ intX. We have

1
2〈Φ(y), y − x∗〉 = 〈Φ(x̄ + ∆), ∆〉 =

∑
i 〈Φi(x̄ + ∆), ∆i〉︸ ︷︷ ︸
≥
(a)

Fi(x̄+∆)−Fi(x̄i+∆i,x̄i)

≥ ∑
i [Fi(x̄ + ∆)− Fi(x̄i + ∆i, x̄i) + Fi(x̄−∆)− Fi(x̄i −∆i, x̄i)︸ ︷︷ ︸

=F (xi∗,(x∗)i)−Fi(xi∗,x̄i)
≤
(b)

0

]

= F (x̄ + ∆) + F (x̄−∆)−∑
i [ Fi(x̄i + ∆i, x̄i) + Fi(x̄i −∆i, x̄i)︸ ︷︷ ︸

≤
(c)

2Fi(x̄)

]

≥ F (x̄ + ∆) + F (x̄−∆)− 2F (x̄) ≥(d)0

where (a) is due to convexity of Fi(yi, ·), (b) due to the fact that Fi(xi∗, xi) attains it minimum
in xi ∈ Xi at the point (x∗)i, (c) is due to the concavity of Fi(xi, x̄i) in xi ∈ Xi and (d) is due
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to the convexity of F . We see that 〈Φ(y), y − x∗〉 ≥ 0 for all y ∈ intX, so that x∗ is a weak
solution to the VIP in question.

b) Now let x∗ be a weak solution to the VIP, and let us prove that x∗ is a Nash equilibrium.
Assume, on the contrary, that for certain i the function Fi(xi∗, xi) does not attain its minimum
over xi ∈ Xi at the point (x∗)i; w.l.o.g., let it be the case for i = m. Let v be a minimizer of the
convex continuous function Fm(xm∗ , ·) on Xm; then the function f(s) = Fm(xm∗ , (x∗)m + s[v −
(x∗)m]) is nonincreasing in s ∈ [0, 1] and there exists s̄ ∈ (0, 1) such that f(s̄)−f(1) > 0, or, which
is the same, Fm(x∗m, (x∗)m + s̄[v − (x∗)m]) > Fm(xm∗ , v). Since Fm(x) is continuous in x ∈ X,
we can find, first, v̄ ∈ intXm close enough to v and, second, a small enough neighbourhood U
(in Xm) of the point xm∗ such that

∀(u ∈ U) : Fm(u, (x∗)m + s̄[v̄ − (x∗)m])− Fm(u, v̄) ≥ ε > 0. (53)

Let us choose ū ∈ U ∩ intXm and let

x[ρ, δ] = (xm
∗ + ρ[ū− xm

∗ ]︸ ︷︷ ︸
uρ

, (x∗)m + δ[v̄ − (x∗)m]︸ ︷︷ ︸
vδ

),

so that x[ρ, δ] ∈ intX for 0 < ρ, δ ≤ 1. For 1 ≤ i < m and 0 ≤ ρ < 1, 0 < δ ≤ 1 we have

〈Φi(x[ρ, δ]), xi[ρ, δ]− (x∗)i〉 = ρ
1−ρ〈Φi(x[ρ, δ]), ūi − xi[ρ, δ]〉

≤
(a)

ρ
1−ρ [Fi(xi[ρ, δ], ūi)− Fi(x[ρ, δ])] ≤ ρ

1−ρM,
(54)

where M/2 is an upper bound on |Fj(x)| over j = 1, ..., m and x ∈ X; here (a) is given by the
convexity of Fi in xi ∈ Xi. We further have ūρ ∈ U , whence, by (53),

−ε ≥ Fm(ūρ, v̄)− Fm(ūρ, (x∗)m + s̄[v̄ − (x∗)m]) = Fm(x[ρ, 1])− Fm(x[ρ, s̄])
=

∫ 1
s̄ 〈Φm(xm[ρ, s]), v̄ − (x∗)m〉ds.

We see that there exists δ = δρ ∈ [s̄, 1] such that 〈Φm(xm[ρ, δρ], v̄ − (x∗)m〉 ≤ −ε, or, which is
the same,

〈Φm(x[ρ, δρ]), xm[ρ, δρ]− (x∗)m〉 = δρ〈Φm(x[ρ, δρ]), v̄ − (x∗)m〉 ≤ −δρε ≤ −(1− s̄)ε.

Combining this relation with (54), we get

〈Φ(x[ρ, δρ]), x[ρ, δρ]− x∗〉 ≤ (m− 1)
ρ

1− ρ
M − (1− s̄)ε.

For small ρ > 0, the right hand side here is < 0, while the left hand side is nonnegative for all
ρ ∈ (0, 1] since x∗ is a weak solution to the VIP. We got a desired contradiction.

Proof of Proposition 3.3. Given x ∈ intX, i ≤ m and yi ∈ intX, let fi(t) = Fi(xi, yi +
t(xi− yi))−Fi(xi, yi). Then fi is a continuous convex function on [0, 1], and f ′i(t) = 〈Φi(xi, yi +
t(xi − yi)), xi − yi〉 ≤ LD. Besides this, setting z = (xi, yi + t(xi − yi)), we have f ′i(t) =

1
1−t〈Φ(z), x− z〉 ≤ εvi(x)

1−t . Therefore

Fi(xi, xi)− Fi(xi, yi) = f(1) ≤
∫ 1

0
min[LD, (1− t)−1εvi(x)]dt = εvi(x) ln

(
LD

εvi(x)

)
+ εvi(x)

(we have used the evident fact that εvi(x) ≤ LD). We see that for every i one has Fi(x) −
infyi∈intXi

Fi(xi, yi) ≤ εvi(x) ln
(

LD
εvi(x)

)
+ εvi(x), and (16) follows.
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Proof of Proposition 3.4. The inclusion x̂τ ∈ intX is immediate, since x̂τ is a convex
combination of points xt ∈ intX, t ∈ Iτ . Also, as et = Φ(xt) when t ∈ Iτ and 〈et, x

t − x〉 ≥ 0
when x ∈ X and t ∈ Jτ , we have that

εcert(ξ|Pτ ,B) = max
x∈B

[
τ∑

t=1
ξt〈et, x

t − x〉
]
≥ max

x∈X

[
∑

t∈Iτ

ξt〈Φ(xt), xt − x〉
]

. (55)

For x ∈ X ∩ Dom(Φ), the monotonicity of Φ implies that 〈Φ(x), xt − x〉 ≤ 〈Φ(xt), xt − x〉 for
t = 1, . . . , τ , and therefore

εcert(ξ|Pτ ,B) ≥ sup
x∈X∩Dom (Φ)


∑

t∈Iτ

ξt〈Φ(x), xt − x〉

 = sup

x∈X∩Dom (Φ)

〈Φ(x), x̂τ − x〉 = εvi(x̂τ )

proving (18).
Next assume that Φ is the Nash operator of a convex NEP on X = X1 × ... × Xm. Let

Fi(xi, xi) be the corresponding cost functions, D = D1 × ...×Dm the common domain of these
functions and F (x) be the function

∑m
i=1 Fi(x); in particular, intXi ⊆ Di ⊆ Xi for all i. Since

each function Fi([xt]i, ·) is convex on Di ⊇ intXi and Φi(xt), t ∈ Iτ , is a subgradient of this
function at the point [xt]i ∈ intXi we have that for each x ∈ D and t ∈ Iτ ,

〈Φ(xt), xt − x〉 =
m∑

i=1
〈Φi([xt]i, [xt]i), [xt]i − xi〉

≥
m∑

i=1

[
Fi([xt]i, [xt]i)− Fi([xt]i, xi)

]
= F (xt)−

m∑
i=1

Fi([xt]i, xi).

The resulting inequality combines with (55) to imply that

εcert(ξ|Pτ ,B) ≥ sup
x∈D

∑

t∈Iτ

ξt

[
F (xt)−

m∑

i=1

Fi([xt]i, xi)

]
. (56)

Since F is convex on intX, we have
∑

t∈Iτ

ξtF (xt) ≥ F (x̂τ ) =
∑

i

Fi(x̂τ ),

and since for every i the function Fi(·, xi) is concave on int (X1 × ...×Xi−1 ×Xi+1 × ...×Xm),
we have

−
∑

t∈Iτ

ξtFi([xt]i, xi) ≥ −Fi([x̂τ ]i, xi).

Therefore (56) implies that

εcert(ξ|Pτ ,B) ≥ sup
x∈D

m∑

i=1

[Fi(x̂τ )− Fi([x̂τ ]i, xi)] = εN(x̂τ ),

which verifies (19).
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Proof of Proposition 3.5

10. We start with the following, important by its own right, result on monotone extensions of
bounded monotone operators.

Lemma 6.1 Let Y = {x1, ..., xN} ⊂ Rn, let Φ : Y →Rn be monotone (i.e., 〈Φ(xi)−Φ(xj), xi−
xj〉 ≥ 0 for all i, j) and bounded by L (i.e., ‖Φ(xi)‖2 ≤ L for all i), and let x ∈ Rn\Y . Then Φ
can be extended to a monotone and bounded by L mapping of Y ∪ {x}.
This statement is very close to one of the results of [13]; to make the paper self-contained, we
present a proof.
Proof. For j = 1, . . . , N , let Fj = Φ(xj), let Ω = {ξ ∈ RN : ξ ≥ 0,

∑N
j=1 ξj = 1}, and for ξ ∈ Ω,

let Fξ =
∑N

j=1 ξjFj and xξ =
∑N

j=1 ξjxj . For each j, ‖Fj‖2 ≤ L and for each ξ ∈ Ω, ‖Fξ‖2 ≤ L
and, from the monotonicity of Φ on Y ,

0 ≤
∑

j

∑
s

ξjξs〈Fj − Fs, xj − xs〉 =
∑

j

ξj〈Fj , xj〉+
∑
s

ξs〈Fs, xs〉 − 2〈Fξ, xξ〉

assuring that
∑

j ξj〈Fj , xj〉 ≥ 〈Fξ, xξ〉; consequently, for each F ∈ RN

〈F, x〉 − 〈F, xξ〉 − 〈Fξ, x〉+
N∑

j=1

ξj〈Fj , xj〉 ≥ 〈F − Fξ, x− xξ〉. (57)

The assertion of our lemma is equivalent to the statement that the quantity A ≡
max‖F‖2≤L minj〈F −Fj , x−xj〉 is nonnegative; given this fact, the required monotone extension
of F from Y onto Y ∪{x} is given by Φ(x) = F∗, where F∗ is the maximizer in the maximization
yielding A. We have

A = max
‖F‖2≤L

min
j
〈F − Fj , x− xj〉

= max
‖F‖2≤L

min
ξ∈Ω

[
N∑

j=1
ξj〈F − Fj , x− xj〉]

= min
ξ∈Ω

max
‖F‖2≤L

[
N∑

j=1
ξj〈F − Fj , x− xj〉]




“max” and “min” can be exchanged as the
bracketed term is bilinear in ξ and F and
{F : ‖F‖2 ≤ L}, Ω are convex compact sets




= min
ξ∈Ω

max
‖F‖2≤L

[〈F, x〉 − 〈F, xξ〉 − 〈Fξ, x〉 +
N∑

j=1
ξj〈Fj , xj〉]

≥ min
ξ∈Ω

max
‖F‖2≤L

〈F − Fξ, x− xξ〉
[

by (57)
]

≥ min
ξ∈Ω

〈Fξ − Fξ, x− xξ〉 = 0.
[

as ‖Fξ‖2 ≤ L for each ξ ∈ Ω
]

Lemma 6.2 Let L be a positive real, X ⊂ Rn be a solid, Y ⊂ X be a nonempty set, and
Φ : Y → Rn be monotone and bounded by L. Then there exists a bounded by L monotone
extension of Φ from Y onto the entire X.

Proof. Given a monotone and bounded by L mapping Φ : Y → Rn with Y ⊂ X, let us look
at the set Y all pairs (Y ′,Φ′) with Y ⊂ Y ′ ⊂ X and Φ′ being a monotone and bounded by L
mapping on Y ′ which coincides with Φ on Y . Introducing partial order on these pairs:

[(Y ′, Φ′) º (Y ′′, Φ′′)] ⇔ [Y ′ ⊃ Y ′′&Φ′|Y ′′ = Φ′′]
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and applying Zorn lemma, there exists a º-maximal pair (Ŷ , Φ̂). All we need to prove is
that Ŷ = X. Indeed, assume otherwise and let x ∈ X\Ŷ . For every point y ∈ Ŷ , the set
Fy = {F : ‖F‖2 ≤ L, 〈F−Φ̂(y), x−y〉 ≥ 0} is compact. Lemma 6.1 shows that each finite family
of sets of this type has a nonempty intersection, whence by standard compactness arguments
the intersection of all these sets is nonempty. Let F be a point in the intersection. Extending
Φ̂ from Ŷ to Y + = Ŷ ∪ {x} by setting Φ̂(x) = F , we get a pair in Y which is Â (Ŷ , Φ̂), a
contradiction which proves that Ŷ = X.

20. In the situation described in Proposition 3.5, let Pτ =
{
Iτ , Jτ , {xt, et}τ

t=1

}
; note that Iτ 6= ∅,

since the approximate solution x̂ generated by the algorithm as applied to (X, Φ) belongs to
intX, on one hand, and is a point from the trajectory x1, ..., xτ , on the other hand. Let us set
X̂ = {x ∈ B : 〈et, x− xt〉 ≤ 0, t ∈ Jτ}. As in the proof of Proposition 2.2, setting

δ = max
x∈X̂

min
t∈Iτ

〈Φ(xt), xt − x〉, (58)

there exists a certificate ξ for Pτ such that

εcert(ξ|Pτ ,B) = δ;

in fact, this certificate is given by a solution to the problem

max
ξ≥0,

∑
t∈Iτ

ξt=1



min

x∈B


∑

t∈Iτ

ξt〈et, x− xt〉+
∑

t∈Jτ

ξt〈et, x− xt〉





 . (59)

The conclusion in Proposition 3.5 is trivially true when δ ≤ 0, so that let us assume that δ >
0. Let Y = {xt : t ∈ Iτ}. The function x → miny∈Y 〈Φ(y), y−x〉 is continuous and thus attains its
maximum over X̂, say at x∗. Evidently, x∗ 6∈ Y (since otherwise δ = miny∈Y 〈Φ(y), y−x∗〉 ≤ 0),
and since x̂ ∈ {x1, ..., xτ} ∩ intX, we have

δ ≤ 〈Φ(xτ ), x̂− x∗〉 ≤ ‖Φ(x̂)‖2‖x̂− x∗‖2 ≤ L‖x̂− x∗‖2.

In particular,

D ≥ ‖x̂− x∗‖2 ≥ δ

L
. (60)

Next, set

F ≡ δ
x̂− x∗

D‖x̂− x∗‖2

and note that ‖F‖2 ≤ δ
D ≤ L and for each y ∈ Y ,

〈F, y − x∗〉 ≤ ‖F‖2‖y − x∗‖2 ≤ δ

D
D = δ ≤ 〈Φ(y), y − x∗〉

(the last inequality follows from the definition of δ). We see that extending Φ from the set
Y onto the set Y ∪ {x∗} by mapping x∗ to F preserves monotonicity and boundedness by L.
Lemma 6.2 assures that we can further extend the resulting mapping from Y ∪ {x∗} onto the
entire X̂ to get a monotone and bounded by L operator Φ̂ on the entire X̂. As

〈Φ̂(x∗), x̂− x∗〉 = 〈F, x̂− x∗〉 =
δ‖x̂− x∗‖2

2

D‖x̂− x∗‖ =
δ‖x̂− x∗‖2

D
≥ δ2

LD
, (61)

(we have used (60)), we have that εvi(x̂|X̂, Φ̂) ≥ δ2

LD .
Now, the a priori information on (X, Φ) and the information accumulated by the algorithm

in question upon termination do not contradict the assumption that X = X̂ and Φ = Φ̂, whence
δ2

LD ≤ εvi(x̂|X̂, Φ̂) ≤ ε. Thus, εcert(ξ|Pτ , Φ) = δ ≤ √
LDε.
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6.3 Proofs for Section 4

Proof of Proposition 4.1

The inclusion in (25) is evident due to the inclusion in (24) (“the larger is the set, the less is its
polar”). The equality in (25) is given by the following simple statement:

Lemma 6.3 Let P, Q be two closed convex sets in E+ containing the origin and such that P is
a cone, and let intP ∩ intQ 6= ∅. Then Polar (P ∩Q) = Polar (Q) + P∗, where P∗ = {z ∈ E+ :
〈z, u〉 ≤ 0∀u ∈ P}.
Proof of Lemma: By standard facts on polars, Polar (P∩Q) = cl (Conv (Polar (P ) ∪ Polar (Q))).
In our case, Polar (P ) = P∗; since P∗ is a cone and Polar (Q) contains the origin, the convex
hull of the union of P∗ and Polar (Q) is dense in the arithmetic sum of these two sets, that is,
Polar (P ∩Q) = cl (P∗+Polar (Q)). It follows that all we should verify in order to prove Lemma
is that the set P∗ + Polar (Q) is closed. But this is immediate: let ui ∈ P∗ and vi ∈ Polar (Q)
be such that ui + vi → w, i → ∞; we should prove that w ∈ P∗ + Polar (Q). To this end it
is clearly enough to verify that the sequences {ui} and {vi} are bounded. The latter is nearly
evident: by assumption, there exists a ball B of a positive radius which is contained in both P
and Q. The quantities si = minx∈B〈ui + wi, x〉 form a bounded sequence due to ui + vi → w,
and 〈ui, x〉 ≤ 1, 〈vi, x〉 ≤ 1 for all x ∈ B due to B ⊂ P ∩Q. Therefore we have

min
x∈B

〈ui, x〉 = min
x∈B

[〈ui + vi, x〉 − 〈vi, x〉] ≥ si − 1,

that is, the sequence {minx∈B〈ui, x〉}∞i=1 is below bounded. Since the sequence {maxx∈B〈ui, x〉}∞i=1

is above bounded by 1, we conclude that the sequence {maxx∈B〈ui, x〉 − minx∈B〈ui, x〉}∞i=1 is
bounded. Recalling that B is a ball of positive radius, we see that the sequence {ui}∞i=1 is
bounded; via the boundedness of the sequence {ui + vi}∞i=1, this implies that {vi}∞i=1 is bounded
as well.
From Lemma to equality in (25): By (24), Q̂+

t+1 = Q+
t ∩ P , where P is the cone P = {z ∈

E+ : 〈e+
t , z〉 ≤ 0}. Since xt ∈ intQt and et 6= 0, the interiors of P and Q+

t have a nonempty
intersection, so that by Lemma 6.3 Polar (Q̂+

t+1) = Polar (Q+
t ) + P∗ = Polar (Q+

t ) +R+e+
t .

Proof of Theorem 4.1

(i): When τ is terminal, the validity of (i) is evident. Now let τ be nonterminal with well
defined ξ. The fact that ξ is a certificate for Pτ is evident form the construction; all we need is
to verify (29) and (30). Let x ∈ Q1 and let x+ = [x; 1], so that x+ ∈ Q+

1 . Summing up relations
(28.a-b), and dividing both sides of the resulting equality by dτ , we get

τ∑

t=1

ξte
+
t = −d−1

τ (φ+ + ψ+);

multiplying both sides by x+, we get

τ∑

t=1

ξt〈et, x− xt〉 =
τ∑

t=1

ξt〈e+
t , x+〉 = −d−1

τ 〈φ+ + ψ+, x+〉 ≥ −2d−1
τ ,

where the concluding inequality is given by the inclusions φ+, ψ+ ∈ Polar (Q+
1 ) and x+ ∈ Q+

1 .
The resulting inequality holds true for every x ∈ Q1, and (29) follows.
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To prove (30), let τ be such that ε ≡ ετ < r, and let x̄ be the center of Euclidean ball B of
the radius r which is contained in X. Observe that

t ∈ Iτ ⇒ 〈et, x− xt〉 ≤ Wτ ∀x ∈ B,

whence 〈et, x̄ − xt〉 ≤ Wτ − r‖et‖2. Recalling what is et for t ∈ Jτ ≡ {1, ..., τ}\Iτ , we get the
relations

(Pt) : 〈et, x̄− xt〉 ≤
{

Wτ − r‖et‖2, t ∈ Iτ

0, t ∈ Jτ

Now let x ∈ Q1, and let y = (r−ε)x+εx̄
r , so that y ∈ Q1. By (29) we have

τ∑

t=1

[λt + µt]〈et, x
t − y〉 ≤ 2;

multiplying this inequality by r and adding weighted sum of inequalities (Pt), the weights being
[λt + µt]ε, we get

τ∑

t=1

[λt + µt]〈et, rx
t − ry + εx̄− εxt

︸ ︷︷ ︸
(r−ε)(xt−x)

〉 ≤ 2r + εWτdτ − rεDτ .

The right hand side in this inequality, by the definition of ε, is εWτdτ , and we arrive at the
relation

(r − ε)
τ∑

t=1

[λt + µt]〈et, x
t − x〉 ≤ εWτdτ ⇔

τ∑

t=1

ξt〈et, x
t − x〉 ≤ εWτ

r − ε
.

This relation holds true for every x ∈ Q1, and (30) follows. (i) is proved.

(ii): As above, let x̄ be the center of Euclidean ball B of radius r which is contained in X.
Consider first the case when 〈h, x̄−xτ+1〉 ≥ 0. Multiplying both sides in (28.a) by x+ = [x̄+re; 1]
with e ∈ Rn, ‖e‖2 ≤ 1, we get

〈h, re〉 ≤ 〈h, re〉+ 〈h, x̄− xτ+1〉 = 〈h+, x+〉 =
∑τ

t=1 λt〈et, x̄ + re− xt〉+ 〈φ+, x+〉
≤ ∑τ

t=1 λt〈et, x̄ + re− xt〉+ 1 [since x+ ∈ Q+
1 , φ+ ∈ Polar (Q+

1 )]
≤ 1 +

∑
t∈Iτ

λt〈et, x̄ + re− xt〉 [since x̄ + re ∈ X and et separates xt and X for t ∈ Jτ ]
≤ 1 +

∑
t∈Iτ

λt‖et‖2D(Q1) ≤ 1 + DτD(Q1).

The resulting inequality holds true for all unit vectors e; maximizing the left hand side over these
e, we get Dτ ≥ r‖h‖2−1

D(Q1) . Recalling that ‖h‖2 ≥ 1
2χρ(Qτ+1)

, we arrive at (31). We have established
(ii) in the case of 〈h, x̄−xτ+1〉 ≥ 0; in the opposite case we can use the same reasoning with −h
in the role of h and with (28.b) in the role of (28.a). (ii) is proved.

(iii): This is an immediate consequence of (i), (ii) and the evident fact that whenever Φ is
semi-bounded on intX, we have Wτ ≤ VarX(Φ) for all τ .
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6.4 Proofs for Section 5

Proof of Proposition 5.1. In the situation of Proposition, setting ε = εcert(ξ|Pτ , X), x̄ =∑
t∈Iτ

ξtxt and ut = uxt , t ∈ Iτ , we have et = b−Aut, t ∈ Iτ , and

∀x ∈ X :
∑

t∈Iτ
ξt〈et, xt − x〉 ≤ ∑τ

t=1 ξt〈et, xt − x〉 ≤ ε

⇒ ∑
t∈Iτ

ξt〈b−Aut, xt〉+ maxx∈X〈−
∑

t∈Iτ

ξt(b−Aut)

︸ ︷︷ ︸
=Aû−b

, x〉 ≤ ε

⇒ 2L‖[Aû− b]+‖q +
∑

t∈Iτ
ξt〈b−Aut, xt〉 ≤ ε (∗)

Further, by origin of ut we have for every u ∈ U :

f(ut) + 〈Aut − b, xt〉 ≤ f(u) + 〈Au− b, xt〉, t ∈ Iτ

Multiplying t-th inequality by ξt, summing up and taking into account that
∑

t∈Iτ
ξtf(ut) ≥ f(û),

we get
f(û)− f(u) + 〈b−Au, x̄〉 ≤

∑

t∈Iτ

ξt〈b−Aut, xt〉.

This inequality combines with (∗) to imply that

2L‖[Aû− b]+‖q + f(û)− f(u∗) + 〈b−Au∗, x̄〉 ≤ ε, (62)

where u∗ is an optimal solution to (42). Taking into account that x̄ ∈ X and thus x̄ ≥ 0,
whence 〈b − Au∗, x̄〉 ≥ 0, we arrive at (45.b). Further, we have f(u∗) ≤ f(u) + 〈x∗, Au − b for
all u ∈ U due to the origin of x∗, whence f(û) ≥ f(u∗) + 〈x∗, b − Aû〉, and the latter quantity
is ≥ f(u∗)−L‖[Aû− b]+‖q due to x∗ ≥ 0 and ‖x∗‖p ≤ L. Thus, f(û) ≥ f(u∗)−L‖[Aû− b]+‖q,
which combines with (62) to imply (45.a.
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