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Abstract

Shor’s r-algorithm is an iterative method for unconstrained opti-
mization, designed for minimizing nonsmooth functions, for which its
reported success has been considerable. Although some limited con-
vergence results are known, nothing seems to be known about the al-
gorithm’s rate of convergence, even in the smooth case. We study how
the method behaves on convex quadratics, proving linear convergence
in the two-dimensional case and conjecturing that the algorithm is
always linearly convergent, with an asymptotic convergence rate that
is independent of the conditioning of the quadratic being minimized.
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1 Introduction

Shor’s r-algorithm [Sho85, Section 3.6] was designed primarily to minimize
nonsmooth functions, something that it does quite effectively according to ex-
tensive results of Shor and others, particularly Kappel and Kunsevich [KKO00].
The r-algorithm, which can be viewed as a variable metric method that does
not satisfy the secant equation, should not be confused with Shor’s sub-
gradient method with space dilation [Sho85, Section 3.3], which is related
to the symmetric rank-one quasi-Newton method [Tod86]. The r-algorithm
also uses space dilation, but in the direction of the difference of two succes-
sive gradients (or subgradients, in the nonsmooth case). The r-algorithm’s
crucial parameter 7y (see below) ranges between 0 and 1: when v = 0, the
method reduces to steepest descent, while when v = 1, it reduces to a variant
of the conjugate gradient method [Sho85, p.70]. Some limited convergence
results are known; a result is given for continuous, piecewise smooth func-
tions in [Sho85, Thm 3.13]. However, nothing seems to be known about the
convergence rate of the algorithm, even in the smooth case.

This paper studies the rate of convergence of the r-algorithm on convex
quadratics, conjecturing that the method is linearly convergent in this case,
with a proof when n = 2. We also make the stronger conjecture that, for
v € (0, 1), the algorithm is linearly convergent with a rate that is independent
of the conditioning of the quadratic to which it is applied, a result that
would interpolate nicely between well known results for steepest descent and
conjugate gradient.

2 Shor’s r-algorithm

For a smooth function f: R™ — R, the algorithm fixes a constant vy € [0, 1],
begins with an initial point g € R", defines an initial matrix By = I (the
identity matrix), and then iterates as follows, for step £ =0,1,2,...:

Thy1 = T — thkBgi(fL’k)

where t; minimizes f(zyy1)

o1 = BY(Vf(rpe1) — Vf(z)) normalized

By = Bp(l = 37sarigs)-
Here and below, “normalized” means normalized using the 2-norm. In prac-
tice, an inexact line search would be used to obtain ¢, but for the purposes



of our analysis, we make the following assumption throughout:
Exact line search: The step size t;, globally minimizes f(xjy1).

Notice setting v = 0 just gives the method of steepest descent.

We can interpret the algorithm as making steepest descent steps in a
transformed space, as follows. At step k, given the current iterate x; and
the current transformation matrix By, we first make the change of variables
y = By 'x. In terms of this new variable, we wish to minimize the function

hi(y) = f(x) = f(Bry).

Our current point is yoq = Bj 'a. Starting from this point, a steepest
descent step takes us to the new point

Ynew = Yold — tk V Ik (Yr),

where ¢, minimizes hy,(Ynew), and from e, we invert the change of variables
to obtain x;,;. Hence we deduce the iteration:

Tpt1 = BrYr+1 = B (yk — thhk(yk)) =T — thkBgvf(xk).

The update to the transformation matrix By is motivated by the next
assumption, that again we make throughout:

Convex quadratic: f(z) = 27 Az for a symmetric positive-definite matrix

A.

In this case it is easy to verify the relationship

2 (Vf(21) = V(xo)) = 0.

In other words, one steepest descent iteration on a convex quadratic results
in a difference of successive gradients that is orthogonal to the direction to
the minimizer. The transformation represented by the matrix B; dilates the
space in the direction of this gradient difference, thereby encouraging future
iterations in orthogonal directions. In particular, in the limiting case v =1,
all future iterations must be orthogonal to the gradient difference, resulting in
the conjugate gradient iteration. More generally, the method can be viewed
as a variable metric method, but one for which the updated matrix does not
satisfy the well known secant equation.



The classical theory for the method of steepest descent relates the rate of
decrease in the function value to the conditioning of the quadratic. Specifi-
cally, we have

2
T K(A) -1 T
Ar; < | —— A
T AT < <KJ(A) T Lo X0,

where r(A) = ||A]|[|[A7Y||, the condition number of A [Lue84]. In subsequent
iterations, applying the same inequality in the transformed space shows

$Z+1Axk+1 = ygengABkynew
’{(BIZABk)_l ’ T T
B; AByy,
> (’f(B]?ABk)‘f'l Yold P kYold
k(BIABy) —1\°
A
(n(B,{ABk)+1 T L1k

since Ynew 1S Obtained from y,q by one iteration of steepest descent on the
function

1
hi(y) = §yTBkT AByy.

Consequently, to understand the speed of Shor’s r-algorithm in the case of
a convex quadratic with an exact line search, we must understand how the
condition number of the matrix

A, = B AB,

evolves as the step counter k grows.

To study the Shor iteration, we make some changes of variables. In our
quadratic case, assuming the iteration does not terminate with some x; = 0,
the iteration becomes

A 2T AB, B Axy,
r} AByBF AB, B Ax,
Thy1 = Tp — thkBkTAm
Tese1 = Bf A(rpye1 — ;) normalized
Brn = Bip(l — ’W”kﬂrgﬂ)-

Notice that the iteration is well-defined because xy # 0. If we define a new

(nonzero) variable
2L = BgAxk,
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we obtain

2
L _
ZgAka
T
By Avin = 2 — Az
rer1 = Agzi normalized
T
Biy1 = Bi(l —y7rkqaTppy)-
By definition,
T T T
Zer1 = BpgArvey = (I = yrkafig) By Azpa

= (I = rpe1rie) (2o — teArzi)

= (I- ’Y7"1<:+17“;:£+1)(Zk -7 Tk+1)
Tht1”k
(T N BNl
= 2z <7rk+1zk—i—(1 )7 )Tk;+1,
k+1<k

where once again r,z;rlzk # 0 because xp # 0. Hence we can rewrite the
iteration as follows:

rer1 = Agzi normalized
Biy1 = Bk(—f - VTk+17”1{+1>
T 212
Zk+1 = Rk — (’YTkHZk +(1=7) T )TkJrl-
Thi1”k

Normalizing each vector z; to obtain the corresponding unit vector wuy results
in the following iteration.

Shor matrix iteration Given any n-by-n symmetric positive-definite matriz
Ao and any unit vector ug € R"™, compute the following sequences for k =
1,2,3,...:

r, = Ar_qur_, normalized
T

C. = Tk Uk—1

Dy = I—nyrrf

Ak = DkAklek 1

Ck

U, = Up_1 — (/YCk;‘{‘ 7)7“1@ normalized.



Note that in the case v = 0 (steepest descent), Ay = Ag for all k, while for
v =1 (conjugate gradient), A,, =0 and z, = 0.

As noted earlier, we are interested in how the condition number r(Ay)
evolves. We begin with the following elementary result for the trace, deter-
minant and condition number.

Proposition 2.1 We have
tr Ay <trAp_;, det A, = (1—~)*det Ay_y,

and
R(Ak_l)

(1=7)*
Proof The first inequality is immediate, as is the equality, observing that
the matrix Dy has one eigenvalue equal to 1 —~ and the rest all one. For the

second inequality, letting Apax(+) and Apin(+) denote maximum and minimum
eigenvalue respectively, observe that for any vector v,

UTAkU > )\mm(Akfl)UTDiU > Amin(Akflxl - 7)2“UH2

K(Ak> S

and
UTAkU S )\max<Ak71)vTD]%/U S )\max(Ak71>HvH2'

O

From this, we can conclude only that x(Aj) does not grow superlinearly.
However, numerical experiments suggest the following conjecture.

Conjecture 2.2 Given any v < 1, wnitial matriz Ay and initial vector ug,
the condition numbers of the matrices Ay, Ay, As, ... generated by the Shor
matrix iteration stay bounded.

Suppose this holds. If we set
R = limsup x(Ag),
k

our observations above imply that the function values %x;{Aa:k generated by
Shor’s r-algorithm converge to zero linearly with asymptotic rate

(F)
R+1/)

Indeed, experiments suggest a much stronger conjecture.
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Conjecture 2.3 For each dimension n = 1,2,3,... and each v € (0,1),
there ezists a finite constant p(n,~y) associated with the Shor matriz iteration,
independent of the initial matriz Ay and the initial vector ugy, such that the
condition number of the iterates Ay satisfy

limsup #(Ay) < p(n,7).
k

This conjecture would imply that Shor’s algorithm converges linearly on con-
vex quadratics at an asymptotic linear rate independent of the initial con-
ditioning of the quadratic. Such a result would interpolate nicely between
known results for steepest descent (y = 0, for which the conjecture is not
true) and conjugate gradient (v = 1, which terminates with A,, = 0 for all
Ap). See Figure 1 for a typical example. The graph plots the condition num-
ber of the matrix Ay against the iteration count k, for various choices of 7.
The initial matrix Ay was a Hilbert matrix of size 10, and the initial unit
vector ug was generated randomly. For values of v that are very close to 1,
the method nearly solves the optimization problem in n steps, but then the
next step results in a huge increase in the condition number which is reduced
in subsequent iterations. This pattern repeats, suggesting that p(n,~y) — oo
as 7 — 1. On the other hand, while it seems quite possible that p(n,~v) can
be taken arbitrarily close to 1 as v — 0, choosing ~y close to 0 is not desirable
as the transient decrease in the condition number is slower the closer v is to
0. These observations motivate a choice of ~ that is strictly between 0 and
1.

The trace and determinant of a positive-definite matrix give crude bounds
on its condition number, as shown in the following result.

Proposition 2.4 For any n-by-n symmetric positive definite matrix A, de-

fine
1 trd

" 0 (det A)Y/n
Then
1 < p(A) < K(A4) < 4(pu(A)"

Proof The first inequality is just the arithmetic-geometric mean inequal-
ity, while the second is immediate. The third inequality follows easily from
IMUV*97, Thm 2]. O
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Figure 1: Conditioning of the Ay matrices generated by the Shor algorithm
when the initial matrix is the 10 by 10 Hilbert matrix.



In order to keep the presentation self-contained, we also note the following
simple proof of a weaker version of the third inequality, replacing the factor
4 by n™/(n —1)""!. Denote the eigenvalues of A by A\; > Xy > -+ > ), > 0.

Then
A A4+ A,

AL - Ag oo M)/

k(A) = i\\; and p(A) =

We have y
> N =nu(A) (H )\i> )
; i=1

so dividing by A,, shows

Bl

n—1 n)\Z n/\z 1/n
o %< g - e (i)

A
- < ) “<A><ni1>n;1’

where the last inequality follows from the arithmetic-geometric mean inequal-
ity again. This implies the weaker upper bound on k(A), which is all we need
for what follows.

Thus, for fixed n, the condition number k(Ay) remains bounded if and
only if ;1(Ay) remains bounded. Since we know that det A;, decreases by the
constant factor (1 — 7)2 at every step, we can state our conjectures about
the condition number in terms of the trace of A, rather than its condition
number. Then Conjecture 2.2 becomes:

Conjecture 2.5 Given any initial n-by-n matriz Ay and initial vector uyg,
the matrices Ag, A1, As, ... generated by the Shor matriz iteration have the
property that the quantity

(1—7)7% tr Ay
stays bounded.

The experimental observations of Figure 1 suggest that, as long as v is
not too close to 0 or 1, the conditioning of the matrices A; generated by
the Shor iteration is in some sense “self-correcting”: over a long sequence
of iterations, any ill-conditioning evolves away, settling into a stable state of



relatively small fluctuations. However, the closer v is to 1, the less stable is
this behaviour. As we observed above, since det A; decreases linearly, the
behaviour of tr Ay gives a reasonable measure of the conditioning, and this
behaviour suggests a partial explanation for the self-correcting mechanism.
Since

tr A, = tr ((I — ’YTkTZ)Ak_l(I — yrkr,{)) = trAp, —v(2-— 7)rkTAk_1rk,

the reduction in trace is least when 7y is close to an eigenvector correspond-
ing to the smallest eigenvalue of Ay_;. In this case, since ry is Ap_1up_1
normalized, the unit vectors r, and u;_; must be close, so the scalar ¢; must
be close to one, and then the formula for the new unit vector u; implies that
it must be almost orthogonal to u;_;. In particular, the iteration does not
allow the vectors r; to “line up” in the direction of a single eigenvector.

In the two-dimensional case, this self-correcting behaviour is enough to
verify Conjecture 2.2. We present a proof in the case v = 1/2, depending
on the fact that, while the condition number of A, can increase from one
iteration to the next, after two iterations it must decrease.

Theorem 2.6 For the Shor matriz iteration in dimension n = 2 and with
constant v = 1/2, for any step k such that the matrices Ax_1 and A1 are

both defined,
H(Ak+1) < /Q(Akfl).

Consequently, the Shor r-algorithm (with v = 1/2) for minimizing a two-
variable strictly conver quadratic either terminates or converges linearly.

Proof Since the function ¢ — 2 + {72 is increasing for ¢ > 1, it suffices to
prove

1 1
K(Apt1) + —— K(Ap—1) + ———,
V(A1) D )<\/( ) V=,

Ak+1 Akfl

or equivalently
tr Ak;—H tr Ak—l

\/det Ak+1 < \/det Ak—l '

By our observations above,

1
det Ak+1 = Tﬁ det Ak—l-
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On the other hand,
3 7
tr Ak = tr Ak—l — 17“]C Ak—lrk
3

tr Ak-+1 = tr Ak - ng-i-lAkaJrl‘

Hence we want to show
A 4tr A = 4(trAy_, — 3 A I A
trAg—1 > drAg = 4(tr A 4(7“k b—1Tk + Th1 AkTe41) )
or in other words
T T
Ty Akflrk + T'k+1Ak7“k+1 > tr Ak—l-
Let us summarize our task, in simplified notation. Given any unit vector

u € R? (formerly u;,_;) and any 2-by-2 symmetric positive-definite matrix F
(formerly Ax_1), we define

1
r = Fu
[Ful
c = rfu
L 7
D = [—51“7"
G = DFD
Vo= u 1(c—i—l)'r
a 2 c
1
w = Gw.
|G|

In our former notation, r = ry, ¢ = ¢, D = Dy, G = A, v is some positive
multiple of the unit vector ug, and w = ry, 1. We want to show the inequality

rTFr+w'Gw > tr F,

or in other words .

v G3o

ey
Without loss of generality we can assume r = [1,0]7. Indeed, if we prove

the result in this special case, we can deduce the case for general r by a simple

change of variables: choose any orthogonal matrix U satisfying Ur = [1,0]7,

rT Fr + > tr F.
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and then apply the special case with the vector u replaced by Uu and the
matrix I replaced by UFUT.

So, we can assume r = [1,0]7 and then, by the definition of ¢, we must
have u = [c, s|T where ¢® + s> = 1. Notice ¢ > 0 since F is positive defi-
nite. Without loss of generality, by rescaling if necessary, we can assume the
bottom row of the matrix F' has norm one, and then we must have

F—[ a _CS] for some a > 0.

—5
We deduce
a — 3 0 a =5 3 0 — i 2
01 -5 c 0 1 —% c
We want to show
e
a+UTG2U >a+c,

or in other words

Since . . T
=[] =ae )

we deduce 2cv = s[—s, 2¢|T, so

8cGu = (4G)(2v) = s l —s(a + 4c) ]

2 + 6¢2

Finally, we have

256¢* (v G*v — v G?v) = (8¢G)T (4G)(8cGv) — 4c(8cGv)T (8¢Gv)

= (8¢Gv)T (4(G — ¢I))(8cGw)

_ 2 —s(a + 4c) "Ta—4c —2s —s(a + 4c)
- 2 + 6¢2 -2s 0 2 + 6¢°

=52 (52(a —4c)(a+ 4c)® + 4s°(a + 4c) (2 + 602))
= s*(a +4c)(a®* + 8 +8) > 0

12



as required, using the fact that s # 0 since v # 0 by assumption. O

Numerical experiments show that it is not always the case that x(Agyn_1)
< Kk(Ag_1) for n > 2, so proving linear convergence for n > 2 will require
a different approach. Nonetheless, both the observations of Figure 1 and
the relationship with the conjugate gradient method indicate that whatever
result might be established, it will probably involve a characterization of
behaviour over n steps.

3 Concluding Remarks

Our interest in Shor’s r-algorithm has two different motivations. One is its
apparently substantial practical success in minimizing nonsmooth functions.
The other is that the algorithm interpolates between two pillars of optimiza-
tion, steepest descent and conjugate gradient, and seems to have interesting
convergence properties that remain to be established. We hope that our
analysis of the r-algorithm in the simplest setting imaginable will stimulate
further research on its theoretical behaviour — perhaps by the master of non-

linear optimization convergence analysis, M.J.D. Powell? Happy Birthday,
Mike!
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