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Abstract

In this paper, we introduce an operation that creates families of facet-defining inequalities for high-
dimensional infinite group problems using facet-defining inequalities of lower-dimensional group problems.
We call this family sequential-merge inequalities because they are produced by applying two group cuts one
after the other and because the resultant inequality depends on the order of the operation. The sequential-
merge inequalities can be used to generate inequalities whose continuous variables coefficients are stronger
than those of the constituent low-dimensional cuts. We also show that they can be used to derive the
three-gradient facet-defining inequality introduced by Dey and Richard. We then introduce a general
scheme for generating valid inequalities for lower-dimensional group problems using valid inequalities of
higher-dimensional group problems. We present conditions under which this construction generates facet-
defining inequalities when applied to sequential-merge inequalities. We show that this procedure generates
a subfamily of the two-step MIR inequalities of Dash and Giinliik.

1 Introduction

Branch-and-cut algorithms are the cornerstone of solution approaches for Integer Programming; see Marchand
et al. [2002] and Johnson et al. [2000]. In the last decade, a vast amount of research has been directed towards
generating strong general-purpose cutting planes that are easy to separate. One approach to generate strong
cutting planes is to use the constraints of the problems one at a time. This approach has proven to be successful
in many cases. However it seems that stronger cutting planes could be obtained if information obtained from
multiple constraints of the problem were considered simultaneously.

In a series of papers, Gomory [1969], Gomory and Johnson [1972a,b], Gomory et al. [2003], Gomory and
Johnson [2003] and Johnson [1974] showed how group relaxations could be used to generate cutting planes
for general mixed integer programs. Although the group-theoretic approach can be applied to problems with
m constraints (m-dimensional group problems), most research has considered only one-dimensional group
relaxations; see Gomory and Johnson [1972a,b], Gomory et al. [2003], Gomory and Johnson [2003], Ardoz
et al. [2003], Miller et al. [2006], Richard et al. [2006] and Dash and Giinliik [2006a] for descriptions and
derivations of large families of facet-defining inequalities for one-dimensional group problems. In particular,
the Gomory mixed Integer cut (GMIC) has been empirically proven to be one of the most useful cutting plane
for solving general mixed integer programs; see Bixby et al. [2000] and Bixby and Rothberg [2007].

Recent numerical studies using general one-dimensional group cuts by Fischetti and Saturni [2007] and by
Dash and Giinliik [2006b] suggest that the effectiveness of group cuts may be improved by using information
from multiple tableau rows simultaneously and by improving the coefficients of continuous variables. Gomory



and Johnson [2003] also observed that the advantage of using high-dimensional group cuts is not only that
they use information from multiple constraints simultaneously, but they also represent continuous variables
better. Therefore, discovering families of facet-defining inequalities for high-dimensional group problems is an
important area of research towards deriving stronger cutting planes for general MIPs. There are, however, only
a few papers that focus on the systematic study of group problems with multiple constraints. Johnson [1974]
presents general theoretical results for group relaxations of Mixed Integer Programs with multiple constraints.
Recently, Dey and Richard [2006] introduced tools to study two-dimensional infinite group problems and
introduced two families of facet-defining inequalities for two-dimensional group relaxations. In particular, we
note that only very few families of facet-defining inequalities are known for two-dimensional group problems
and none are known for higher-dimensional group problems.

In this paper, we present a procedure that we call sequential-merge. This procedure generates facets
of higher-dimensional group problems from facets of lower-dimensional group problems. To the best of our
knowledge, this is the first known family of facet-defining inequalities for general high-dimensional infinite
group problems. We also show in this paper how facets of high-dimensional group problems can be used to
generate facets of low-dimensional group problems.

In Section 2 we present fundamental results and concepts about the group approach. We also describe a
relationship between valid inequalities of group problems and certain types of lifting functions. In Section 3, we
describe the sequential-merge procedure. We show that this procedure shares some relationship with the two-
step MIR procedure of Dash and Giinliik [2006a] and can be used to explain the family of three-gradient facets
obtained by Dey and Richard [2006]. In Section 4 we prove that, under mild conditions, the sequential-merge
procedure generates facets for high-dimensional infinite group problems. In Section 5 we analyze the types of
inequalities that can be generated for low-dimensional group problems using high-dimensional sequential-merge
group cuts. Surprisingly, even though the sequential-merge procedure generates facet-defining inequalities for
high-dimensional group problems under very general conditions, the conditions under which it generates facets
for low-dimensional group problems are more restrictive. We conclude in Section 6 with directions of future
research.

An extended abstract of some of the results in Sections 2-4 specific to the case of two-dimensional group
problems will be presented at IPCO XII meet to be held in Ithaca, June 2007.

2 Group Approach and Lifting

In this section, we present fundamental results about group problems and describe the notion of valid and facet-
defining inequalities for these problems. These results were introduced and proven by Gomory and Johnson
[1972a, 2003] and Johnson [1974]. Although some of these results were originally presented in the context of
the one-dimensional group problem, most of the proofs are independent of the dimension of the group. We
therefore present them in the more general setting. We then present some relations between valid inequalities
of group problems and certain lifting functions that extend results from Richard et al. [2006]. These relations
will allow us to give an intuitive interpretation of the sequential-merge operation as a two-stage cut generation
procedure in Section 3.

First, we denote by I™ the group of real m-dimensional vectors where the group operation is addition
modulo 1 componentwise, i.e., I™ = {(z1,z2...2) |0 < x; < 1V1 < i < m}. We refer to the vector
(0,0,...,0) € I"™ as o. Because it is clear from context, the symbol + is used to denote both the addition in
R™ and I"™. Next we give a formal definition of the group problem.

Definition 1 (Gomory and Johnson, 1972a, Johnson, 1974) Forr € I"™ with r # o, the group problem
PI(r,m) is the set of functions t : I'™ — R such that

1. t has a finite support, i.e., t(u) > 0 for a finite subset of I"™.

2. t(u) is a non-negative integer for all u € I',

8. Y pepm ut(u) =1. O

Next we define the concept of a valid inequality for the group problem.



Definition 2 (Gomory and Johnson, 1972a, Johnson, 1974) A function ¢ : I — R is said to define
a valid inequality for PI(r,m) if $(0) =0, ¢(r) =1 and ), ;m ¢(u)t(u) > 1, ¥Vt € PI(r,m). O

In the remainder of this paper, we will use the terms valid function and valid inequality interchangeably. It
can be verified that given the simplex tableau .-, a;z; = b of an integer program P with m rows, the inequal-
ity >0 #(P(a;))z; > 1is valid for P if ¢ is valid for PI(r,m), P(a;) = (a1;(modl), as;(modl), ...am;(modl))

and P(b) = r; see Gomory and Johnson [2003]. We next describe necessary conditions for valid inequalities ¢
to be strong.

Definition 3 (Gomory and Johnson, 1972a) A wvalid inequality ¢ for PI(r,m) is said to be subadditive
if ¢(u) + d(v) > ¢(u+v), Yu,v €I™. O

Gomory and Johnson [1972a] prove that all valid functions of PI(r,m) that are not subadditive are dom-
inated by valid subadditive functions of PI(r,m). Therefore it is sufficient to study the valid subadditive
functions of PI(r,m). Next we introduce a definition to characterize strong inequalities.

Definition 4 (Gomory and Johnson, 1972a) A wvalid inequality ¢ is minimal for PI(r,m) if there does
not exist a valid function ¢* for PI(r,m) different from ¢ such that ¢*(u) < ¢(u) Yu € I'™. O

We next present a series of result characterizing minimal functions.

Theorem 5 (Gomory and Johnson, 1972a) If ¢ is a valid function for PI(r,m) and ¢(u)+od(r—u) =1
Yu € I™ then ¢ is minimal. O

Theorem 6 (Gomory and Johnson, 1972a) A walid function ¢ is minimal for PI(r,m) iff ¢ is subaddi-
tive and ¢p(u) + ¢(r —u) =1 Yu € I™. O

Minimal inequalities for PI(r,m) are strong because they are not dominated by any single valid inequality.
However, there is a stronger class of valid inequalities that Gomory and Johnson refer to as facet-defining
inequalities. We present the definition of these inequalities next.

Definition 7 (Facet, Gomory and Johnson, 2003) Let P(¢) = {t € PI(r,m)| > crm, t(u)>0 ®(w)t(u) =
1}. We say that an inequality ¢ is facet-defining for PI(r,m) if there does not exist a valid function ¢* such
that P(¢*) 2 P(9). O

Gomory and Johnson [2003] proved that all facet-defining inequalities are minimal inequalities. To prove
that a function is facet-defining, Gomory and Johnson [2003] introduced a tool that they refer to as the Facet
Theorem. We describe this result in Theorem 9 and introduce necessary definitions next.

Definition 8 (Equality Set, Gomory and Johnson, 2003) For each point u € 1%, we define g(u) to be
the variable corresponding to the point u. We define the set of equalities of ¢ to be the system of equations
g(u) + g(v) = g(u +v) for all u,v € I? such that ¢(u) + ¢(v) = ¢(u +v). We denote this set as E(¢). O

Theorem 9 (Facet Theorem, Gomory and Johnson, 2003) If ¢ is minimal and subadditive, and if ¢
is the unique solution of E(¢) then ¢ is a facet. O

Two related results will also be used to prove that functions are facets. These are presented next.

Proposition 10 (Dey, 2007) Let ¢ be a valid, subadditive and minimal function for PI(r,m). If ¢ is not
facet-defining then there exists a valid subadditive and minimal function ¢’ such that E(¢ ) 2 E(d). O

Proposition 11 (Dey, 2007) Let ¢ be a valid, subadditive and minimal function for PI(r,m). If there exists
a valid subadditive and minimal function ¢’ such that E(¢') 2 E(¢), then ¢ is not facet-defining. a

The following result of Aczél [1966] is helpful in proving that E(¢) has an unique solution.

Proposition 12 (Aczél, 1966) Let K be the closed interval [0,e] C R for e > 0. If g : K — R is such that
g@)+g(y) = gl +y) Yo,y € K and g(x) > 0 for arbitrarily small x € K, then g(x) = cx Vo € K, where
cE R+. |



The Facet Theorem is the only tool that has been used to date to prove that valid functions are facet-
defining inequalities. Therefore, all known continuous facets of PI(r,1) satisfy the following property.

Definition 13 Let ¢ be a valid continuous function for PI(r,k) where k € Z and r € I*. We say that the
solution of E(¢) is unique up to scaling if for any other continuous function ¢’ : I* — Ry, E(¢') D E(¢)
implies that ¢’ = c¢ for c € R, O

We observe that all facets for infinite group problems known to date are also piecewise linear. A function ¢
is defined to be piecewise linear if I™ can be divided into polytopes such that the function ¢ is linear over each
polytope; see Gomory and Johnson [2003] and Dey and Richard [2006]. Further, Gomory and Johnson [2003]
conjectured that all facets of infinite group problems are piecewise linear. Therefore, when introducing tools
to prove that inequalities are facet-defining, it is usual to assume that the inequality under study is piecewise
linear. Next we present in Theorem 15 a result regarding the continuity of valid functions of PI(r,m) that
is used in the proof of the Sequential-Merge Theorem of Section 4. Theorem 15 is proven using the following
preliminary result.

Theorem 14 (Dey et al., 2006) If a valid function ¢ for PI(r,m) satisfies the following conditions
1. ¢(z) + ¢(y) > ¢p(z +y) Vo,y € I'™,

2. limpo ¢(Zd) exists for all d € R™,

then ¢ is continuous. O

Theorem 15 Let ¢ be a minimal piecewise linear and continuous function for PI(r,m). If ¥ is a wvalid
function for PI(r,m) such that E(¢) C E(¢) then ¢ is continuous.

Proof: Since ¢ is minimal ¢(x) + ¢(r — z) = ¢(r) Yo € I"™. By assumption E(¢) C E(v), and therefore
satisfies these equalities. Since ¢ is also valid, it follows from a Theorem 5 that v is minimal. We conclude
from Theorem 6 that v is subadditive.

Let d € R™ be any direction and denote the line segment between the origin and the point de as [0, €]. We
choose € sufficiently small so that ¢ is linear along the line segment [0, €]. This can be done since ¢ is assumed
to be piecewise linear. Then ¢(x) + ¢(y) = ¢(x +y) for all 2,y € [0, §]. Since 1 satisfies these equalities and
Y(x) > 0 Vo € I'™, it follows from Proposition 12 that ¢(x) = cx for « € [0,¢]. We conclude that 1 satisfies
both conditions of Theorem 14 and so v is continuous. O

Generating strong inequalities for group problems is often difficult. Richard et al. [2006] showed that lifting
can be used to derive valid and facet-defining inequalities for one-dimensional group problems. The family of
facet-defining inequalities we present here is also easier to derive using lifting functions. In the remainder of
this section, given any = € I, we denote Z as the element of R™ with the same numerical value as x.

Definition 16 (Lifting-Space Representation) Given a walid inequality ¢ for PI(r,m), we define the
lifting-space representation of ¢ as [¢], : R™ — R where

[¢9];(z) = sz - Zﬂqﬁ(P(az))
i=1 i=1

O

To illustrate the idea that motivates this definition, we discuss the case where m = 1. Consider a row of
the simplex tableau Y .| a;,z; = ag of an integer program, where a; € R Vi € {1,...,n}, the fractional part r
of ag is nonzero, and x; are nonnegative integer variables. If ¢ is a valid function for PI(r,1) we have that
Yo ¢(ai)x; > 1is a valid cut for the original IP. Multiplying this cut with 7 and then subtracting it from
the original row we obtain Y . [¢]-(a;)z; < [¢]-(r). One well-known example of the relation between the
group-space and the lifting-space representation of an inequality is that of the Gomory Mixed Integer Cut
(GMIC) and the Mixed Integer Rounding (MIR) inequality. It can be easily verified that the form in which
MIR is presented is [GMIC],. Thus, intuitively, the construction of the lifting-space representation given in
Definition 16 is a generalization of the relation that GMIC shares with MIR to other group cuts of one and
higher dimensions.

Propositions 17 and 19 are generalizations of results from Richard et al. [2006].



Proposition 17 If ¢ is valid function for PI(r,m),
1. (@] (z +e;) = [@],(x) + 1, where e; is the it unit vector of R™. We say that [¢], is pseudo-symmetric.
2. [P]r is superadditive iff ¢ is subadditive.

Proof:
Lo[olr(x +ei) = 30 @i+ 1= 3000, Fid(P(x)) = [¢](2) + 1.

2. Assume first that ¢ is subadditive. For any z,y € R™, we have

[¢]r(x)+[¢]r(y) = le Zfz(b +Zyz ZT1¢( ( ))
< D (@itw) Z P(z +y))
— [+ ).

Now assume that [¢], is superadditive over R™. For any z,y € I"™ we have

S = (9@ | T 5~ [9(0)
Z:il T Zlil T

o(x) + ¢(y)

D oic (@i + §i) — [9]-( +7)
ZZ’LN%

= ¢ +79))

= oz +y).

O
Motivated by Definition 16, we define next the inverse operation.

Definition 18 (Group-Space Representation) Given a superadditive function i) : R™ — R that is pseudo-

SLoIm — R where [¢)]; Y (z) = M

symmetric, we define the group-space representation of ¥ as [¢]; S

O

In Figure 1, an aggregation facet of the two-dimensional group problem is shown in its group- and lifting-
space representation. The inequality was proven to be facet-defining in Dey and Richard [2006].

Proposition 19 A wvalid group-space function g : I"™ — R is minimal iff [g], is superadditive and [g],(x) +
[g}r(r - 1') =0.

Proof: We know from Theorem 6 that g is minimal, iff g is subadditive and g(x) + g(r — z) = 1. Also,

221 z; — [g]-(2) Z;n:l(ri — ;) = [g];(r —x)

DT DT
— 2111 T — [g]rglx) _ [g]r(r — l‘) -1
Dim1 Ti
= [g(2) + [gl-(r —z)=0.
The result then follows from Proposition 17. O
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Figure 1: Group-space and lifting-space representations of an aggregation facet of PI(r,2).

3 Sequential-Merge Inequalities for High-Dimensional Group Prob-
lems

In this section, we introduce an operation that produces valid inequalities for PI(r, m+1) from valid inequalities
of PI(r',1) and PI(r",m). To simplify the notation, we denote X by x since the symbol is clear from the
context.

Definition 20 (Sequential-merge inequality) Assume that g and h are valid functions for PI(r1,1) and
PI(ry,m) respectively. We define the sequential-merge of g and h as the function gOh : I™™ — R, where

gOh(w1, w2) = [lglry (21 + [Rr, (22))]7 (21, 22) (1)

and r = (r1,72). In this construction, we refer to g as the outer function and to h as the inner function. O

Figure 2 gives an example of facet-defining inequality for PI((0.4,0.3),2) that is obtained from the
sequential-merge of a GMIC [Gomory and Johnson, 1972a] for PI(0.4,1) with a two-step MIR [Dash and
Giinliik, 2006a] for PI1(0.3,1).

We observe that there is an intuitive interpretation to the construction presented in Definition 20. Given
m+1 rows of a simplex tableau, we first generate a cutting plane in the lifting-space of the last m rows.
This cutting plane is added to the first row of the tableau to generate a combined inequality. Finally, a
one-dimensional cutting plane is generated from the combined inequality. Proposition 22 states that the
group-space representation of inequalities generated using this procedure is valid for PI(r,m+1) when the
outer function is nondecreasing in the lifting-space.

Before we prove this result, we present a formula for the sequential-merge inequality in terms of the group
representation of its inner and outer functions. For x € I"™, we use the notation X = Z:’;l x; for x € I™.
Note that the summation defining X is performed in R, i.e., we add the numeric value of each component of
x to obtain X.
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Figure 2: Example of sequential-merge operation.

Proposition 21 Let g and h be valid inequalities for PI(rq,1) and PI(ro, m) respectively. Then gOh(x1,x2) =
Roh(zz)+r1g(P(z1+X2—Roh(z2)))
r1+Ro ’

Proof: By Definition 16, [h].,(z2) = X2 — Roh(xs). Therefore [g]., (z1 + [h]ry(22)) = 71 + X3 — Rah(xs) —
r1g(P(z1+ Xo — Roh(x2))). Let 21 + Xo — Roh(xs) = p+q, where p = P(x1 + Xo — Roh(x2)) and ¢ € Z. Then

(9], (21 + [h] 1y (22)) = p+q—r1g(p). Finally using Definition 18, [[g],, (1 + [A], (z2))]71 = ””1+X2;11:1§j”-‘](p)
_ R2h($2)+7‘1Q(P(I1+X2—R2h(fﬂ2)))' O

r1+ R
Using Propésiti%n 21 it is easy to verify that the sequential-merge operator ¢ is non-commutative in the
case m = 1. (hQg is not defined for m > 1). In the next proposition, we prove that sequential-merge
inequalities are valid for the m+1-dimensional group problems.

Proposition 22 If g and h are valid subadditive functions for PI(r1,1) and PI(rq, m) respectively, and [g],,
is nondecreasing, then gOh is a valid subadditive function for PI(r,m+1) where r = (r1,r2).

Proof: To prove that gOh is valid, it suffices to show that (1) gOh(xy1,22) > 0 V(z1,22) € 1™, (2)
gOh(r1,m2) =1 and (3) gOh is subadditive.

1. Since g and h are valid inequalities, they are nonnegative by definition. Therefore it follows from
Proposition 21 that gQh(z1,22) > 0, V(z1,22) € I™H.

2. Using substitution and the fact that g(r1) = h(r2) = 1, we obtain that gQh(ry,r) = 1.

3. Because of Proposition 17, it is sufficient to verify that [g],, (z1 + [h]r, (z2)) is superadditive. Since g and
h are subadditive, it follows again from Proposition 17 that [g]., and [h]., are superadditive. For any
(.%‘1,.’132) and (ylaQQ) we obtain [9]7‘1 (‘Tl + [h]T2 (372)) + [9]7‘1 (yl + [h]Tz (92)) < [g]ﬁ (371 + [h]Tz (‘TQ) + Y1+
[R]ry (y2)) < [g]r (z1 + 1 + [R]r, (T2 + y2)) where the last inequality holds because [g],, is nondecreasing
and [h],, is superadditive.

|

Figure 3 illustrates all the different types of valid two-dimensional inequalities that can be obtained using

GMIC, a two-step MIR and a three-slope facet of the one-dimensional group problem as inner and outer

functions in the sequential-merge construction. These inequalities are valid for PI(r,2) since the three building

functions used have nondecreasing lifting-space representations. We next show that the inequalities obtained
in this way are strong.

Proposition 23 If g and h are valid, minimal functions for PI(r1,1) and PI(ra,m), and [g],, is nondecreas-
ing, then gOh is a minimal function for PI(r,m-+1), where r = (r1,72).
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Figure 3: Examples of sequential-merge inequalities for PI(r,2).(From Dey and Richard, 2007)

Proof: It follows from Proposition 22, that [gOh](, ,,) is superadditive. It therefore follows from Proposi-
tion 19 that we only need to show that [gOh].(x1,z2) + [gOh)(r1 — 21,72 — 22) = 0. We have

9], (21 + [Rlry (22)) + [glry (11 — 21 + [Blr, (r2 — 22))

(9], (21 + [R]ry (22)) + [g)ry (11 = 21 = [Pl (22))
(9], (21 + [R]ry (22)) =[], (21 + [A]r, (22))

=0

gOh(z1,x2) + gOh(r1 — x1,72 — x2) =

where the second equality holds because h is minimal and the third equality holds because g is minimal. [

We next give two examples of known valid inequalities for group problems that can be obtained using the
sequential-merge procedure.

Proposition 24 Consider k(x) = [[{],(x—k[{],(i‘))](:lr) (x,x), where € is the GMIC, i.e., k(x) is the sequential-
merge inequality obtained using the same constraint twice and using GMIC' as both the inner and outer function.
Then k(x) is a two-step MIR function of Dash and Ginlik [2006a].



Proof: For a right-hand-side of b, the two-step MIR of Dash and Giinliik [2006a] is represented as

v(l—pr)—k(v)(a—p) -
gb,a(v) — ( pp‘r(lfb) £ if v — k(v)a <p
ifv—k(v)a>p

(2)

k(v)+1—T1v
T(1-b)

where p = b — a|b/al, 7 = [b/«a], k(v) = min{[v/a],7} — 1. For a = %b, T=[140b]=2,p= f’—jb and

0 v<a
o ={ 7 vse 3)
the function is
14+b—2b2 b2
22(1-b) Y v 2< +b
1—2v b b
@) = 2 SV T (4)
v(14+b—2b%)—b(1-b) b b
ooy 146 = U<
% b<wv<l.

Using Proposition 21, k(x) = 7'25(3”)+"1fi]i(f:_”f(“)))

ofgb’ﬁ with r =1 —0. |

We observe that sequential-merge procedure shares some relations with the two-step MIR procedure of
Dash and Giinliik [2006a]. An important difference however is that the sequential-merge procedure uses, in
general, different rows of a simplex tableau. Also the two-step MIR procedure only uses MIR inequalities
as constituent functions. We will define, compare and discuss further the properties of the sequential-merge
procedure for one-dimensional group problems in Section 5.

We describe in the next proposition another family of facets for the two-dimensional group problem that
can be obtained using the sequential-merge procedure. The proof involves simple algebraic manipulations and
is omitted.

. It is easy to verify that this function is the automorphism

Proposition 25 Consider p(z,y) = [[¢]-, (x + [£]r, (y))](;i vy (@5 Y), where & is the GMIC, i.e. p(x,y) is the
sequential-merge inequality obtained using GMIC as both the inner and outer function. This inequality is the
function 1 o o where v is three-gradient facet-defining inequality for PI((r1,72),2) of Dey and Richard [2006]

and ¢ is the automorphism of I?, o(z,y) = (1 —y,x). O

4 Facet-defining Sequential-Merge Inequalities for PI(r,m+1)

In this section, we derive conditions under which sequential-merge inequalities are facet-defining for the m+1-
dimensional group problem PI(r,m+1). We begin by studying some geometric properties of gOh.

Definition 26 We define the set of points {(z,y) | * = (=Y + Roh(y))(modl)} as the support of the function
gOh. We denote the support of gOh by S(gOh). O

In Figure 4 we illustrate the support of a function gQh for the case where m = 1 and the inner function
is the three-slope facet defining inequality of Gomory and Johnson [2003] with a right-hand-side of 0.2. The
support of gQh is important because it contains all the equalities that h satisfies. In particular, we show in
the next proposition that for every equality that h satisfies there exists an equality that gOh satisfies that
involves points of its support.

Proposition 27 Let g and h be valid subadditive inequalities for PI(r1,1) and PI(re, m) respectively and let
[g]r, be nondecreasing. If vi,ve € I'™ are such that h(vy) + h(va) = h(vy + v2) and (u1,v1), (ug,v2) € S(gOh)
then

1. (ug + ug,v1 +v2) € S(gOh).
2. gOh(uy,v1) + gOh(uz,v2) = gOh(u1 4 uz,v1 4 v2)
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Figure 4: S(gOh) when h is the three-slope facet of Gomory and Johnson [2003] (From Dey and Richard,
2007)

Proof: Assume that h(vy) + h(ve) = h(vy 4+ v2). Let (ug,v1), (uz,v2) € S(gOh). From Definition 26 we know
that uy = (—=V4 + Rah(v1))(modl) and us = (—Va + Rah(vs))(modl).

1. uy +us = (=Vi 4+ Roh(v1))(modl) + (=Va 4+ Rah(vs))(modl) = [— (Vi 4+ V) + Ra(h(v1) 4+ h(v2))](modl)
= [—(V1 + V2) 4+ R2h(v1 4+ v2)](modl) where the last equality holds because h(vy) 4+ h(ve) = h(vy + v2).
Therefore, (uy + ug, vy + v2) € S(gOh).

2. For any point (u,v) € S(gOh) we have P(u+V —Ryh(v)) = 0. Therefore gOh(u,v) = i) trigBlurV=Rah(v)))

r1+Ra
= niQRz h()v) Now gOh(u1,v1) + gOh(usz, v2) = %h(vﬂ—!—%h(vg) = %h(m +v2) = gOh(u1 +
Ug, V1 + V2).

T1

|

Intuitively, because the function gOh has the equalities of h on its support, F(gOh) will have an unique

solution on its support up to scaling whenever E'(h) has a unique solution up to scaling. We next give a formal
proof of this observation that will be used in the proof of the Sequential-Merge Theorem 32.

Proposition 28 Let g and h be continuous, piecewise linear valid inequalities for PI(r1,1) and PI(rq,m)
respectively. Assume that [g]., be nondecreasing, and that E(h) has an unique solution up to scaling. If 9
is a valid function for PI(r,m+1) such that E(vy) 2 E(gOh), then ¥ (u1,us) = cgOh(uy,ug) = Tfff{z h(us)
Y(u1,uz) € S(gOh) where ¢ is a nonnegative real number.

Proof: Note first that Proposition 15 implies that 1) is continuous. Let 1 : I™ — I™ be the function,
n(u) = ((=U + Rah(u))(modl),u). Since h is continuous, 7 is a continuous function. Define now the function
B I™ — Ry as b (ug) = %w(ul,m) where (u1,u2) € S(gOh), i.e., W (u) = %d) on(u). We conclude
h' is a continuous function since h and 7 are continuous functions.

Now let h(y1) + h(y2) = h(y1 + y2) be any equality that h satisfies. Then using Proposition 27 we obtain
that gOh(z1,y1) + gOh(w2,y2) = gOh(z1 + z2,y1 + y2) Where (x1,y1), (T2, 2), (T1 + 22,91 + y2) € S(gOh).
Since E(v) 2 E(gOh), we obtain that ¢ (z1,y1) + ¥ (22, y2) = ¥(x1 + 22, y1 + y2). Finally by the construction
of h' we obtain h/'(y1) + h'(y2) = h'(y1 +y=2). Thus E(h') O E(h). However E(h) has an unique solution up to
scaling. Therefore h'(u) = ch(u), or equivalently, ¥ (uy,us2) = %h(uz) = cgOh(uy,uz) V(u1,uz) € S(gOh).
Moveover since 1 is a nonnegative function, ¢ is nonnegative. O

Although Proposition 28 establishes that E(gQh) has an unique solution up to scaling on its support, it
falls short of proving that E(g{h) has an unique solution over I, Therefore, we identify in Propositions 29
and 31 some equalities that gOh satisfies that help in extending the result of Proposition 28 to ™.

Proposition 29 If g and h are valid inequalities for PI(ri,1) and PI(rq,m) respectively and if [g]y, is
nondecreasing, then gOh(z1,y1) + gOh(d,0) = gOh(z1 + 6,41) V8 € I' and VY(z1,y1) € S(gOh).
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Proof: Because (z1,y1) € S(gOh), we know from Proposition 27 that P(z1 + Y1 — Rah(y1)) = 0. Therefore

it can be verified that gOh(x1,y1) = I‘;EQ?_(}%I) and gOh(z1 4 d,y1) = %}?M. Since gOh(4,0) = % we
obtain that gOh(z1,y1) + gOh(4,0) = gOh(xl +0,Y1)-
Next we present a simple result characterizing valid functions that are nondecreasing in their lifting-space

representation.

Proposition 30 Let f be a continuous, subadditive valid inequality for PI(r k). If the function [f], is non-
decreasing then f(x) = % for {x € I* | 0 < x; <r; Vi€ {1,...,m}}.

Proof: Since f is valid, we have that f(r) = 1. Therefore, [f].(r) = R — Rf(r) = 0. Now consider z € R™
such that 0 < x; < r; Vi € {1,...,m}. Let y € R™ be such that y; = r; — 2; Vi € {1,...,m}. Since f is
subadditive, [f], is superadditive. Then we have [f],(z) + [f]-(y) < [fl+(z +y) = [f]+(r) = 0. Finally, since

[f]» is nondecreasing we have that 0 = [f],(0) < [f]-(z) and 0 = [f],-(0) < [f]-(y). Therefore [f].(x) = 0 or
7o) = % 0

Proposition 31 Assume that g and h are valid subadditive inequalities for PI(r,1) and PI(r,m) respec-
tively. Assume also that [g]y, and [h]., are nondecreasing functions. Then gOh(x1,x2) = fli? V(z1,22) €
{(z1,22) | 0 < 21 < 71,0 < (22); < (r2);V1l < i < m}. Furthermore gOh(uy,v1) + gOh(UQ,vg) = gOh(us +

Uz, V1 + va) whenever uy, us, u1 + uz < 11 and vy, ve,v1 + vy < 1ro.

Proof: Since g is a valid subadditive function and [g],, is nondecreasing, we have from Proposition 30 that
g(z1) = % Y0 < x1 < rq. Similarly h(zy) = %. The result then follows from Proposition 21. O

Theorem 32 (Sequential-Merge Theorem) Assume that g and h are continuous, piecewise linear, facet-
defining inequalities of PI(r1,1) and PI(ra,m) respectively. Assume also that E(g) and E(h) are unique up to
scaling and that [g]y, and [h],, are nondecreasing. Then gOh is a facet-defining inequality for PI((ri,72), m+1).

Proof: Assume by contradiction that gQh is not facet-defining. Therefore we conclude from Theorem 9 that
there exists a valid inequality ¢ # gOh such that E(y)) 2 E(gOh). To obtain a contradiction, we now prove
that ¥(u) = gOh(u) Yu € I, The proof is in two steps. First we prove that gOh(u) = ¥ (u) Yu € S(gOh).
Then we prove that gOh(u) = v(u) Yu € I, This will provide the required contradiction.

We know from Proposition 31 that gQh(x1,x2) = n+Xs v < gy <7 and 0 < (22); < (re); V1 <i < m.

T rm+R
Because 9 satisfies all the equalities of gOh, we have that

P(21,0) + (0, 22) = P(z1,22) VO <21 <7,0 < (22); < (r2); V1I<i<m. (5)

In particular, because gOh(u1,0) + gOh(ug,0) = gOh(uy + uz,0) V(u1,usz) in the line segment between
(0,0) and (%,0), ¥ must satisfy these equalities. Therefore by Proposition 12,

¥(kry,0) = ki(r1,0) Vk e [0,1]. (6)
Similarly it can be shown that

¥(0, kre) = ki (0,13) Vk € [0,1]. (7)
Further, ¢ must be minimal as gQh is, and therefore

Y(r1,0) +(0,79) = 1. (8)

Let 1 be the vector (1,1, ...,1). Because h is a piecewise linear continuous function, there exists 0 < A < 1

such that h(1 — 57'2) = Jy V0 < § < A for some 7 > 0. Select 6 > 0 such that 6 < min{A, 1, 77—} Now
gOh(0,79) = - +R27 gOh(6 Ry + Royd, 1 — 6rg) = - +R h(1—6ry) = rRﬁg Since r9 — dry < ro, we have from
Proposition 30 that h(re — dre) = M Also 6vRs + 0R2 < 11, implies that g(yR20 + dR2) = 2040y

1

Using these two relations, we obtain that gOh(0Ro+ Royd, o — d1ra) = Rf%%z‘s. Thus, gOh(0,72) +gOh(d Ry +

R0, 1 — drg) = gOh(dR2 + Rayd, ra — d73). Therefore 9 satisfies the same equation, i.e.,

w(O, 7‘2) + w((SRQ + RQ’}/(S,T — (57‘2) = w((SRQ + RQ’}/(S, ro — (57”2). (9)
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Since § < 74> we have that Ry + Ryyd < r1. Also rp — dry < rz. Therefore using (5), (6), (7) we
obtain
V(Ra + Randry = br2) = Sy )+ B0y 0, 1) (10)
Using (9) and (10) we obtain
0(0,72) + (6 Rz + Rand T bry) = Ry, 0) - 2200, 1) ()

From Proposition 28, we obtain that 1 (u) = cgOh(u) Vu € S(gOh). In particular, we have

c—= Z[}(Oa TQ)
g(}h(07 7‘2)

since (0,72) belongs to S(gOh) and gOh(0,72) # 0. It is easy to verify that (0R2 + Royd, 1 — dra) € S(gOh)
and (0,72) € S(gOh). Therefore by using Proposition 28 again, we obtain

(12)

P(6Ry + Rov6,1—0m3) = cgOh(6Ry + Royd,1 — 613)
_ gOh(0Ry + Ry, 1 — dry) _
— S0R(0.72) ¥(0,79) = v61(0,72). (13)

Substituting (13) in (11) we obtain
r1(0,72) = Rato(r1,0). (14)

Thus using (8) and (14), we conclude that ¢(r1,0) = &= = gOh(r1,0) and ¥(0,72) = nii}%z =
gOh(0,73). Along with (12), this implies that ¢ = 1 and ¥ (u) = gOh(u) Yu € S(gOh).

Next note that since 1 satisfies all the equalities of gQh, v satisfies the equalities satisfied by gOh along
the xi-axis. It is easy to verify that the equalities of gQh along the zi-axis are the same as those of g since
gOh(21,0) = ;Z'5-g(x1). Since E(g) is unique up to scaling y(u) = ¢’gOh(u) for all u along the z;-axis. Also
¥(r1,0) = gOh(r1,0). Therefore 1 (u) = gOh(u) for all u along the x;-axis.

Finally consider any point (u,v) € I™™. There exists 6 such that (u1,v) + (6,0) = (u,v), where (u1,v) €
S(gOh). Since 9 satisfies all the inequalities of gOh, it follows from Proposition 29 that ¥ (uy,v) + ¥(4,0) =
P(u,v). But ¢¥(u1,v) = gOh(uy,v) since (u1,v) belongs to S(gOh) and 1(0,0) = gOh(4,0) as (d,0) belongs to
the x1-axis. Therefore, ¥(u,v) = gOh(u,v). O

We conclude from Theorem 32 that all the functions illustrated in Figure 3 are facet-defining for the
two-dimensional group problem.

Theorem 32 presents some sufficient conditions under which the sequential-merge operation generates facet-
defining inequalities for high-dimensional group problems from facet-defining inequalities of lower-dimensional
group problems. An interesting question is to determine which of these conditions are necessary for the
sequential-merge operator to generate facet-defining inequalities. In Theorem 32, we assumed the technical
conditions that g and h are facet-defining and F(g) and E(h) are unique up to scaling. It can be verified
that when g is not facet-defining then gQh is not facet-defining, thus showing that the condition that g is
facet-defining is necessary for gOh to be facet-defining. The condition that F(g) is unique up to scaling is
therefore not very restrictive as all known facet-defining inequalities for PI(r,1) satisfy this condition; see
Gomory and Johnson [2003]. On the other hand, the conditions that h is facet-defining and E(h) is unique
up to scaling in Theorem 32 seem more restrictive. We conjecture that there may exist functions gOh that
are facet-defining but do not satisfy these conditions.

We now extend the above results to the mixed integer case. To this end, we use a result from Johnson
[1974] which states that the coefficient of a continuous variable p, in a minimal group cut ¢ can be found as
to(w) = limp_o+ M where u € R™? is the column vector of coefficients of the continuous variable.

The following proposition describes how the sequential-merge facets obtained for PI(r,m+1) can be
generalized to m+ 1-dimensional mixed integer group cuts.
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Proposition 33 Let x € R', y € R™ and let ¢} = lim,_o+ 9(:) = %, cg = lim_o+ @, cn(y) = lime_ o+
h(ey)
€

. The coefficients of the continuous variables for gOh are given by

Racn(y)+rict (2+Y —Racn(y))

; — >
,Ungh(xvy) = RQCh(y)—lel_{'L‘R—fY—chh(y)) Zf (1’ +Y R2Ch(y)) >0 (15)
o o if (x+Y — Racp(y)) <0.

Proof: The proof for the two cases are similar. Therefore, we give the proof only for the first case. From
Johnson [1974] we obtain

gOh(B(cw)

trgon(u) = lime_o+ - (16)
Since h is piecewise linear, h(ey) = ecp(y) for sufficiently small €’s. Therefore P(ex + €Y — Roh(ey)) = P(ex +
€Y —eRycn(y)). Again, for sufficiently small €’s, we have that g(P(ex+€Y —eRacn(y))) = ecf (v +Y — Racn(y))

since © +Y — Racp(y) > 0. Therefore we obtain

gOh(P(e(z,y))) _  Roh(ey) + rig(P(ex + €Y — Roh(ey)))
€ (r1 + Ro)e
Raecp(y) + erict (x +Y — Racn(y))
- (r1 + Ra)e
_ Recp(y) +ricf (x+Y — Rocn(y))
B (r1 + Ra) .
This completes the proof. O

Next we illustrate on an example how the sequential-merge procedure can be applied to mixed integer
programs.

Example 34 Consider the following mized integer set

Sp—Zy < 1 17

3¢~ 3Y < (17)

1 2 3

S 2y < 2 1

373V = 3 (18)
x,y € Zy. (19)

whose feasible region is represented in Figure 5. We introduce continuous non-negative slack variables s1 and
sy and perform simplez iterations to obtain the tableau

x+281 482 = (20)

N~

. (21)

N | =

Y — 81+ 82 =

Using Proposition 33 and using GMIC as both the inner and outer functions, we obtain the sequential-merge
cut s1 + 2s9 > 1. This cut is illustrated in Figure 5 and is equivalent to x +y < 3. It can easily be verified
that this inequality is facet-defining for the convex hull of solutions to (17), (18) and (19).

It is also easily shown that the two GMICs generated from the individual rows of the tableau are 4s1+2s9 > 1
and 2s1 + 2so > 1. They are equivalent to x < 3 and 2x + y < 6 respectively. Interestingly, it can be shown
that these inequalities are not facet-defining for the convex hull of solutions to (17), (18) and (19). This
illustrates that the cuts generated from individual rows can be weaker than those generated by the sequential-
merge procedure.
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Sequential-Merge Cut

Figure 5: The Sequential-Merge Inequality.

In this example an even stronger result can be shown as it can be proven that there exists no split disjunction
that can be used to derive the cut x1 + xo < 3. To prove that no such disjunction exists, we show that the

point (§,2) belongs to the rank-1 split closure of (17), (18) and (19). This provides the desired proof as (§, %)
is cut off by x1 + x2 < 3. Consider the integer points A= (2,1), B=(3,1), C =(3,0), D = (4,0).
Consider now any split disjunction
Py = {(z,y) € R® | mz +my < mo} (22)
and
Py ={(x,y) € R? | mz + moy > mo + 1} (23)

where Ty, 1, T2 € Z. Denote the LP relazation of (17), (18) and (19) as LPR. Denote also the intersection
of Py with LPR as V1 and the intersection of Py with LPR as V5. A point p is not cut off by the disjunctive
cut if it is a convex combinations of points in Vi and V,. There are eight cases to be considered:

1. A,B,C,D € Py: It can be easily verified that the point (3, 3) € LPR. Also (3, 3) € Py since (%, %) =
1(A+ B+ C). Therefore (3,2) € Vi and the disjunction does not cut off the point (£, 2).

2. A,B,C € P1, D € Py: The proof is identical to that of case 1.

3. A,B,D € Py, C’ € Py: It can be easily verified that the point (3, 3) € LPR. Also (%

,2) € Py since
(8,2) = 2A+ 1D. Therefore (3,2) € Vi and the disjunction does not cut off the point (%

15)-
4. A,C,D € Py, B € Py: The proof is identical to that of case 3.
5. B7C,D € P, A € Py: It can be verified that (%,3) € LPR. Also (12,%) € Py since (,3) =
+(B+ C + D). Therefore (2,1) € V4. Also A € LPR and A € Ps, i.e., A € V3. Finally, note
that (3,2) = 1(12,3) + 3A. Therefore (§, 2) is a convex combination of points in Vi and Vz and the

disjunction does not cut oﬁ the point (3, 2)

6. A, B € Py, C,D € Py: It can be verified that the point (3,1) € LPR. Also (5,1) = 2(A+ B). Therefore,
(2,1) € V4. Also C € V3 since C € LPR. Finally, note that (£,2) = 2(3,1) + 1C Therefore (3, 2) is
a convex combination of points in Vi and Vo and the disjunction does not cut oﬁ the point (3, 3)

7. A,C € Py, B,D € P5: It can be verified that (3,3) € LPR. Also (,3) € P, since (2,3) =24+ 1C.

Therefore, (47 3) € Vi. It can be verified that the point (£,1) € LPR. Also (%,1) € P; since (%,1) =
1(B+ D). Finally, note that (§,2) = 2(3,3) + (%, 1). Therefore 8,2) is a convex combination of

(3
pomts in V1 and Vs and the disjunction does not cut off the point (§ %)
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8. A,D € Py, B,C € P,: This case is not possible.
O

It can be seen from Proposition 33 that sequential-merge inequalities have very diverse continuous variable
coefficients. To understand the strength of the continuous coefficients in sequential-merge inequalities we
consider the following example.

Example 35 Consider a continuous variable with coefficient (uq,us) € R2 with u; > 0, ug < 0, uy + ug +
roc,uz = 0. The coefficient of this continuous variable in gOh is T1T7‘2 (—uacy, ). If the group cut h was
used to generate a cut from the second constraint alone, the coefficient of the continuous variable would be

—usc;, > (—uacy, ). Similarly, if the group cut g was derived using the first constraint alone, the coefficient

T2
r1+7T2
of the continuous variable would be %ul. Since uy +ug +1rac;, uz = 0 the coefficient of the continuous variable

using gOh, ”TT?TQ(—UQC;) = % < %ul as ug < 0. Therefore in this case the continuous coefficients
generated using the two different cuts g and h individually will be strictly weaker than those generated using

gQh. O

We conclude from Example 35 that if both the inner and outer functions used in the sequential-merge
procedure are GMICs then the coefficient generated for the continuous variable is stronger than the coefficient
generated using each of the individual group cuts for a continuous variable with coefficient (uy,us) where
up > 0, ug < 0, uy + ug + rac uz = 0 (i.e., the coefficients of the sequential-merge inequalities are not
dominated by those of the GMICs). This result is significant because it can be proven that GMIC generates
the strongest possible coefficients for continuous variables among all facets of one-dimensional group problems.
Note also that although the above discussion was based on the specific case where u; > 0, us < 0 and
U1 + ug + rac;, us = 0, there exists a larger range of continuous variables coefficients for which the sequential-
merge procedure yields inequalities whose coefficients are not dominated by the continuous coefficients of the
one-dimensional group cuts derived from the individual rows.

5 Projected Sequential-Merge Inequality

In this section, we study methods to construct sequential-merge inequalities for low-dimensional group prob-
lems from sequential-merge inequalities for higher-dimensional group problems. Further, we derive conditions
for the resulting inequalities to be strong.

Consider first a valid subadditive function ¢ : I™" — R, for a m -+ 1-dimensional group problem. One
intuitive procedure to generate a cut for the m-dimensional group problem from ¢ is to first duplicate one
row of the m-dimensional system of constraints, scale the two identical rows with integer multipliers and then
generate a m-+ 1-dimensional cut for the expanded system. Algebraically, this construction corresponds to
defining the m-dimensional function

flxr, o, oy ) = O(x1, T, ooy N1 T, N2 Ty ) - (24)

The procedure presented in (24) is one of many possible ways of deriving inequalities of m-dimensional group
problems using inequalities of m + 1-dimensional group problems. We leave the investigation of different
constructions for future research. Moreover, while the procedure presented in (24) can be applied to any
m—+1-dimensional inequality, we study it only with respect to inequalities that are constructed by iteratively
applying sequential-merge operators to one-dimensional facet-defining inequalities, i.e., we analyze m + 1-
dimensional facet-defining inequalities ¢ of the form (¢10(g20...(9mOgm+))) where each g; is facet-defining for
PI(r;,1) and [g;],, is nondecreasing. Based on the procedure presented in (24), we are interested in deriving
conditions under which m-dimensional functions of the form (g1 0(g20...(gmOgm1))) (X1, T2, .., N1 T, N2 Ty
are facet-defining. Observe first that if we prove that the function (g, Ogmi)(M1Zm, N2Zm) is a facet-defining
inequality for the one-dimensional group problem and is non-decreasing in its lifting-space representation, it
will follow from the sequential-merge theorem that the 'projected’ m-dimensional function f(z1, 2, ..., Tm) is
facet-defining. Therefore, we begin this section by deriving conditions for which one-dimensional infinite group
cuts projected from two-dimensional sequential-merge inequalities are facet-defining. This result is presented
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Figure 6: Generating one-dimensional sequential-merge inequality.

S T T SO R N TS R N T
005 o1 015 02 02 03 0% 04 04 05 0% 06 08 07 075 08 0% 05 0% 1

Figure 7: The function [[¢],(z + [€]2r (Zx))](leT) where ¢ is the GMIC, is not extreme for PI(r,1).

in Lemma 40 and is then used to prove Theorem 41, a more general result that characterizes the projection
of m+1-dimensional sequential-merge inequalities.

Geometrically, when m = 1, and ny = ng = 1, the procedure in (24) corresponds to creating a one-
dimensional cut by computing the value of ¢ along the 'diagonal’ of I2. Figure 6(A) illustrates this case, while
Figure 6(B) shows the case when n; = 2. The construction of two-step MIR inequalities using sequential-merge
inequalities, that was presented in Proposition 24 is an example of this idea.

It was proven in Section 4 that under very general conditions, the sequential-merge procedure ¢ creates facet-
defining inequalities for high-dimensional group problems from facet-defining inequalities for low-dimensional
group problems. Surprisingly, the one-dimensional projection does not always produce facet-defining inequali-
ties for PI(r,1) even when the constituent functions are facet-defining for the one-dimensional group problem.
In fact, the result does not even necessarily hold when the constituent inequalities are GMICs. Figure 7 shows
an example where no = 2 and both the inner and outer functions are GMICs. It can be verified that this
function (denoted as ¢) is not facet-defining by showing that it is not extreme, i.e., ¢ = %(ﬁl + %¢2.

Figure 8 shows another example of this observation where the outer function is GMIC, the inner function is
a three-slope facet-defining inequality, and n; = no = 1.
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Figure 8: The function [[¢],(z + [h],n(x))](_rl7,) where h is a three-slope facet and & is the GMIC, is not extreme
for PI(r,1).

Interestingly, when the inner function is GMIC and ny = 1, the sequential-merge procedure generates facet-
defining inequalities for PI(r,1). We introduce some notation to represent this subfamily of one-dimensional
projected sequential-merge inequalities.

Definition 36 Let n € Zy be such that n > 1, r < 1/n. Given a valid inequality g for PI(nr,1) that is
such that [g]n is a nondecreasing function, we define the function gOLh: It — Ry as gOLh(x) = [[g)nr(nx +
Fle(@)h (02, 2).

In the remainder of this section £ is used to denote the GMIC. In order to prove Lemma 40, we begin by
studying in Propositions 38 and 39 some properties of the family of inequalities obtained using ¢.. Note first
that, using Proposition 21, it is easy to verify that

1

1 —

(@) +ng(B((n + 1)z — ré(x))). (25)

Next we identify some intervals of I' over which g01¢ satisfies some equalities. Define x) = %
= % for k € {0,...,n}. Also define x,, 11 = 1. It can be easily verified that z; < yi for all

k € {0,...,n}. The following proposition establishes some properties of the intervals [z, yr] and the function

gORE.

Proposition 37 Let g be a continuous valid subadditive function for PI(nr,1) and r < %, then

and y

1.z, >r Ve e {1,...,n}.
xp <yr <1Vke{l,..n}.
E<(n+l)z—ré(z) <k+nrVzc |z Vk € {1,..,n}.

(g, + 2,)(Modl) = Ty 4y (nt1) Vo1, k2 € {1,...,n} such that ky + ke > n + 1.

Gro e e

9OnE(x) = £ — Gty Vo € [wroyn] Yk € {1, n}.

6. 90L& (xh,) + gOné(Try) = gOLE( @k, 1hy—(nt1)) Vh1, ko € {1,...,n} such that ki + kg > n + 1.

7. [g0L€], is nondecreasing.

Proof:
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. First observe that x;41 > xf since x4 — x = (nﬂ)l(ﬁ Therefore to show that the result holds,

1 —nr+nr2 +r

it suffices to verify that x; > r. Now 21 —r = D (1= 47

> (0 since r < %

. Note that z; < yr < yr4+1. Therefore to show that the result holds, it suffices to verify that y, < 1.

A=n)ntnn)tr g Ghee n 4+ nr < n + 1.

Now Yn = (1=7)(1+n)+r

. Since # > r from part (1), we have that {(z) = 1=%. Therefore (n + 1) — ré(z) is a nondecreasing

function of x. Hence it suffices to verify the value of the function (n+ 1)z —r€(z) at x and yx to prove
the result. When x = zj,, we obtain

—(k=Dr r(n+1—k)

(n+ Dk —ré(an) =(n+ 1)(n+ DA-=r)+r (m+1)1—7) T (26)
Similarly, when x = yj, we obtain
B (A=r)(n+kr)+r) rin+l—k—nr)
(et Dye = rtlon) = (D) T T~ e DA =) £ r
= k+nr (27)
. Since k1 + ko >n+1, (k1 + ko)(L —7) +2r > (n+1)(1 — r) + r. Therefore
_ k’l — (kl — 1)7” kg — (kg — 1)1"
(i ¥ o) (modl) = e v T DA+
o k1+1€2—(1€1+k2—2)7'_
B n+1)(1—=r)+r
_ kitk—(kitk—2r—(n+ 1)1 —r)—r
B n+1)AQ—=r)+r
o k1+k27(n+1)7(k}1+k27(n+1)71)1"
B (n+1)(1—=r)+r
= Tgy4ka—(n+1)- (28)
. From (3) we know that, k¥ < (n+ 1)x — r§(z) < k + nr Vo € [vk, yx]. Therefore
JOL() = — < (€(@) +ng(B((n+ 1o — ré(@))
1—-2z n 1—-=z
- (I1-r)(1+n) + 1+ng((n—|—1)x—rlir —F)
- Loz 1 (g —riT% . (29)

1-7r)1+4+n) @Q+n)r 1—r

Note that the last equality follows from the fact that [g],, is a nondecreasing function and therefore
using Proposition 30 we obtain that g(u) = - V0 < u < nr. Simplifying (29) further, we obtain

e = Dok
50ahz) = r (n+1)r
. Using (5) we obtain
GO E(zh,) + g0 e (my,) = TP Th ko

r (n+1r 7_(71—&—1)7“
Thy + Thy k1 + ko

r (n+ r
oxp AT, — 1 ki t+k—(n+1)
B T (n+1r
= go}zg(l‘k1+k2*(n+1))‘ (30)
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Figure 9: The intervals [z, yi].

7. First observe that Proposition 30 shows that g(u) = - V0 < u < nr. Therefore gOL&(x) = £ for @ €
[0,7], i.e., [gOLE€],(z) = 0 for x € [0,7]. Assume now by contradiction that [gOL£], is not nondecreasing.
Since g is continuous, [gOL£], is continuous. Therefore there exists two points a and a + €, with € < r for
which [gOL€],(a) > [gOM],(a + ¢). However, this implies that [gOL€],(a) + [g01€](e) > [gOLE] (a +¢)
which contradicts the fact that gQL¢ is subadditive.

|

Figure 9 illustrates the intervals [z, yx] of the function gOl¢ where n = 3 and g is a two-step MIR
inequality. From this figure, we can observe some properties proven in Proposition 37 that are common to
all projected sequential-merge one-dimensional inequalities. First the value of the function gQL¢ is < in the
interval [0,7]. Also, the value of the function gOL¢ is fixed in the intervals [y, yx] V& € {1,...,n} and is
independent of g. Therefore these intervals provide a large number of equalities that help in proving that
gOL¢ is facet-defining for PI(r,1). In contrast, the value of the function in the intervals [y, x4 1] depends on
the function g. Intuitively, the shape of the function gQL¢ in the interval [y, 2% 1] is similar to the shape of

g in the interval [r,1). We next describe additional equalities that are found in sequential-merge inequalities.

Proposition 38 Let g be a continuous, valid subadditive inequality for PI(rn,1). The equality gOL&(a) +
gOLé(zn) = gOLé(a+ x,) holds for all a € [x,,1).

Proof: Using part (4) of Proposition 37 we have that z,, + x,, = ©,—1. Therefore x,,_1 < z,, + a < x,,. Also
it is clear that the numerical value of z,, + a is x,, + a — 1. There are two cases:

1. n > 1. First it follows from (26) that (n + 1)z, — ré(z,) = n which implies that gOL&(x,) = §@n)
Then because r < 1 < a + z,, < z,, we conclude that

since £(a) + &(zp) = 122 + =2 = 1200l — ¢(q 4 0,). Now gOLE(a+ zn) = q[E(a + @) +

1—7r

ng((n+1)(a+zn) —ré(a+n))] = 37[6(a) +&(@n) +ng((n+ a —ré(a) +n)] = g0p8(a) + 908 (wn)
where the second equality follows from (26) and (31).
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2. n = 1. There are two subcases:

(a) z1 4+ a > r. In this case, the proof is exactly the same as that presented when n > 1.

(b) 1 + a < r. Then it is easy to verify that ;1 < a < y; since xl +y1 = r. Using part (5) of

Proposition 37 we obtain that g01£(a) = ;——and g01&(z1) = L — L. Thus, g01&(a)+g01&(x1) =
%_§+7_217« _ xlja_%: 931+Ta71 _g<> g(xl_’_a)
|

The following proposition shows that every equality that the function g satisfies, yields an equality for the
function gOL¢. This result is used in the proof of Lemma 40 to prove that the projected sequential-merge
functions are facet-defining.

Proposition 39 For x € I' defineT ==z Then

1. P(1-2)+(1-7%)=(1—-7T—7) Yo,y € I%

2 Forxzel',1—-%>ux,.

3. If g(1 —x) +g(1 —y) = g(P(2 — z —y)) then g0,£(1 —T) +g0,6(1 —7) = g0r&(1 —T — 7).
Proof:

1. P((1-2)+(1-7)) = P(l_x(n+l)l(zir)+r +1—y(n+1)16£r)+r) =P(2— (x—i—y)(nﬂ)l(ﬁ) Now observe

that since 24—1 > 2, % < 1. Therefore, P(Q—(x+y)m) = (1—(x+y)m)

=1-7—79.
2. 1-7=1-u +1)1(Iir) = (?:iz)x()l(i;)l)jr > (ni(ll)(_lrlj)r 7 = T, where the last inequality follows from

the fact that the numerical value of x is less than or equal to 1.

3. Since 1 — T > x,, > r we have that {(1 —T) = 1z = 1; ( (n+1)1(1T1“) T) = (n+1)(31:—r)+r' Next we
compute
_ 1 _ _ _
goné(1-7) = 16 =) +ng(B((n + (1 - 7) —rE(1 —7)))]
- = ! +ng(B((n+1) ~ 7))
 ont+l | (n+ )1 —r)+r ngEn *
1 x
= 1_ . 2
n+1{(n+1)(1—r)+r+ng( x)} (32)
Therefore we obtain,
9Oné(1 =) + g0n&(1 —7)
1 r+y
= 1-— 1-—
n 1 [(n+1)(1—r)+r gl =) +ngl y)}
1 T+y
= P(2—xz— .
n+1 {(n—l—l)(l—r)—i—rJrng( 2-= y))] (33)
We now consider the following two cases:
(a) z+y < 1. In this case, P2 —z —y) = (1 — 2 — y). Then m[m +ng(P(2 —z —y))]

= %4‘”9(1—55—9)} = g0né(1 - Fy) = 90,61 -7 - 7).
(b) 1 < o+y < 2. In this case, P(2—z—y) = (2—x—y). First note that gQL&(z,) =

1
(n+1)((n+1)(1—r)+r)

1 +y—1
wrt D T

ng(1—(z+y—1))+ ((n+1)(1_r)+r)(n+1) = gonf(l T+yY— 1)"‘90%5(@%)- Since 0 <z+y—1<1,
1—x+y — 1> z,. Finally, using Proposition 38 we obtain that g0L¢(1—z +y — 1)+ g0Lé(zn) =
GOLE(@n+1—T Fy—1) = gOLE(1 — et 4 a4 B ) = g0Le(1-T—7).

Therefore we obtain from (33) that n+1 [m +ngP2 -z — y))} =
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Next we present the lemma that proves that the operator (! generates facet-defining inequalities for
PI(r,1) when the constituent inequality g is facet-defining for PI(nr,1).

Lemma 40 Let g be a facet-defining inequality for PI(nr,1) for which E(g) is unique up to scaling and [g]n
is nondecreasing, then gOL¢ is facet-defining for PI(r,1) and E(gQL€) is unique upto scaling.

Proof: First note that it can easily be verified from Proposition 23 that gQL¢ is minimal and subadditive.
Assume now by contradiction that g0.¢ is not facet-defining. Then there exists a valid subadditive function
¥ # gOL¢& such that E(v) D E(g0L€). By using a variant of Proposition 15 we can verify that v is a continuous
function.

To obtain a contradiction, we will prove that 1 = gOL¢. This proof will be made in three steps. First,
we will use the fact that E()) D E(gOL¢) to derive some properties of . In particular, we will show that
the value of ¢ is same as that of gOL¢ on the intervals [z, yx]. Second using this property, a new function
g : I' — Ry will be constructed from ¢. It will be shown that E(¢g’) 2 E(g). This result will in turn be
used to prove that ¢’ = g since ¢ is unique up to scaling. Third we will use the fact that ¢’ = g to prove that
= gOL&. This proof also establishes that E(gOL¢) is unique upto scaling.

First we establish a few properties of 1. Because gOL&(x) = 2 Vx € [0,r] it is easy to verify using
Proposition 12 that ¥ (z) = £ Va € [0,r].
Next observe that g0;¢(z) = £ — ﬁ Vo € [zg,yx] where 1 < k < n. Since ¢(z) = £ Vo € [0,7]

it is easy to prove using Proposition 12 that ¢(z) = £ + ¢ Vo € [zg,yx] where 1 < k < n. We also have
from Proposition 38 that gO}L&(zk, ) + gOnE(@k,) = 9ORE(Tky 4k —(nt1)) Whenever ky + kg > n+ 1. Because
satisfies these equalities, we have that

V(1) +Y(zn) = P(20) and Y(z2) + Y(zn) = Y(21).

It follows that 1 (x2) = ¥(xo) — 2¢)(xy,). Similarly, it can be verified that

Y(zj) = Y(xo) — j¥(zn). (34)
Therefore 9(x,) = ¥(xzo) — n(x,), or P(z,) = Ifl(—f’l) = %ﬁfo) where the last equality holds since zg < 7.
It is easy to verify using part (5) of Proposition 37 that %ﬁo) = gOL&(xy,). Therefore, ¥(x,) = gOL&(xy,).

Finally using (34), we obtain that ¢(z;) = ¥(z0) — ji(z,) = gOL&(z;). Thus ¢ = ni-u V1 <k <nand

x k
e . 35
v(z) =~ CESI z € [k, yi] (35)
Next we construct from 1 a function ¢’ : I' — R and show that E(g') 2 E(g).
The function is defined as

(n+1) x

e (S (o= (36)

g(1-z)=

Note first that ¢’ is a continuous function over I' since 1 is a continuous function over I'. Now consider
the following

L g'(nr) = g'(1— (1=nr)) = "y (1= (T = nr)) - s by - It can be verified that 1— (1 — nr) =
Yn. Therefore using (35) we obtain (1 — (1 —nr)) = ¥(y,) = (plr:;(lai)é;l()l(i;;lﬂ Thus, ¢'(nr) =

(I4+n)n(l—=r)+1 1—nr =1
n((n+1)(1—r)+r) n((n+1)(1—r)+r) — =

2. We next show that E(g') 2 E(g). Let g(1 —z) + g(1 —y) = g(1 — = + y) be any equality satisfied by g.
We show that ¢’ also satisfy this equality. Now ¢'(1 —z)+¢'(1 —y) = ("nﬂw(l —-Z)+ ("nﬂw(l —7) —

= (":1) v(1—-(T+7))— W where the last equality follows

z _ y
a((ntrD)(A—r)+r) ~ n((ntD)(A—r)+7r)
from Proposition 39. There are two cases:
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(a) @ +y < 1. By definition /(1 — (z +y)) = "1 - (T + 7)) - sty Which completes
the proof.

(b) x4+ y > 1. By Proposition 38, g0L&(1 — (x4+y — 1)) + g0ré(xn) = gOLE(1 — =+ y). Since ¢ also
satisfies these equalities,

Dy -y + O ey = B0 a),
Using (35) we obtain that “e(z,) = STty This completes the proof since
- ) - EE
= (”Z”W —(@ty-1) - n((nfl—’)_(zi:i) )
=g¢(1-(z+y—1)). (37)

Now since ¢ is unique up to scaling and ¢’ is a continuous function with ¢’(nr) = g(nr) = 1 we obtain that
g’ = g. Then (36) and (32) imply that ¢ = g0L&, which completes the proof that g0L¢ is facet-defining.

Finally note that since the assumption E (1)) D E(g0L¢) led to the proof that ¢ = gQL €&, we conclude that
E(g0L¢) has an unique solution up to scaling. |

In Figure 10(B), we present an example of a projected sequential-merge facet-defining inequality for the
one-dimensional group problem. The function is obtained by using Gomory and Johnson [2003] three-slope
facet (presented in Figure 10(A)) as the outer function and by choosing n = 1. The one-dimensional functions
that are obtained using sequential-merge are very different from most known facets of one-dimensional group
problems. Most known facets of the one-dimensional group problems have linear segments whose slopes either
equal to those at the origin or are aligned in such a way that their linear extrapolation passes through the
origin; see Gomory and Johnson [2003], Dash and Giinliik [2006a] and Miller et al. [2006]. This observation is
illustrated in Figure 10(A) where the middle segment of the function has a linear extrapolation (represented
by the dotted line) that passes through the origin. We observe however that there are intervals in I' for gOL¢&
where the function has a slope which is neither equal to those of the origin nor has an extrapolation that passes
through the origin. The line segment [p, q] in Figure 10(B) provides an example. Thus the family of functions
gOL¢ does not only form a new and large family of facets for PI(r,1), but also has geometric attributes that
are not seen in currently known facets of PI(r,1).

To conclude this section, we present the main result of this section that uses Lemma 40 to give conditions
under which projected sequential-merge inequality are facet-defining when m > 1 in (24).

Theorem 41 (Projected Sequential-Merge Theorem) Let ¢ : I — Ry be a facet-defining inequality
of PI((r1,...;Tma1), m~+1) that is of the form g10g20gs...0& where g;’s are piecewise linear, continuous, facet-
defining inequalities of PI(r;,1) such that [g;] is nondecreasing and E(g;) is unique up to scaling. Then
¢ 1™ — Ry defined as g10g2093..-0gmOLE is facet-defining for PI((ry, ..., m/n),m).

Proof: The function g,,0L¢ is facet-defining for PI(r,,/n,1) and E(g,,0L€) is unique upto scaling from
Lemma 40. Moreover, using Proposition 37 we conclude that [g,,0L¢] is nondecreasing. Therefore, using
Theorem 32, we obtain that ¢’ is facet-defining for PI((r1,...,7m/n), m). O

6 Conclusion

In this paper we presented a general sequential-merge procedure to produce facet-defining inequalities for
high-dimensional group problems using facet-defining inequalities of lower-dimensional group problems. We
proved that, under very general conditions, sequential-merge inequalities are facet-defining. These inequalities
illustrate that it is possible to strengthen the coefficient of continuous variables of group cuts by considering
several constraints simultaneously. In particular, it is possible to obtain inequalities that are not dominated by
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Figure 10: The function g and Sequential-Merge facet gOL¢ for one-dimensional group problem.

group cuts generated from individual constraints. Sequential-merge inequalities are also interesting because
they show strong relations between facet-defining inequalities of one-dimensional and high-dimensional group
problems.

We also showed that the sequential-merge approach can be used to generate inequalities for the m-
dimensional group problem using inequalities of the m + 1-dimensional group problem. In particular, we
presented conditions under which facets of m-dimensional group problems can be extracted from facets of
m+ 1-dimensional group problem. Two interesting observations can be made with respect to these inequal-
ities. The first is that the conditions that guarantee that projected sequential-merge inequalities are facet-
defining are restrictive. This is surprising since the conditions for generating sequential-merge inequalities
for high-dimensional group problem from lower-dimensional group problem were found to be general. The
second observation is that one-dimensional projected sequential-merge inequalities display patterns not seen
in currently known facets of one-dimensional group problems.

A few important theoretical and practical questions arise from this paper. The first is that, to date, all
the known facet-defining inequalities for high-dimensional group problems can be derived from facet-defining
inequalities of one-dimensional group problems. An interesting challenge is to discover group cuts for two-
and higher-dimensional infinite group problem that are difficult to derive from one-dimensional group cuts.

Finally, because sequential-merge inequalities are related to the two-step MIR inequalities of Dash and
Giinliik [2006a] and because these cuts have been shown to be successful in practice (see Dash et al. [2006]),
we expect sequential-merge inequalities to also be successful in practice. An important direction of future
research is to determine the computational potential of these cuts.
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