Necessary optimality condition for Nonsmooth Switching Control problem.
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Abstract. This paper is concerned with a class optimala@wig nonsmoth optimal control
problem is considered. Both the switching instamsd the control function are to the chosen
such that the cost functional is minimized.The essary optimality conditions are derived
by means of normal cone and Dubovitskii Milyutineory.

1.Introduction

A switching system consists of a number of subsystand a switching law.The switching
law is to define of the subsystem to be activateckaain specified switching instants during
the planing horizon.Switching system arise in meeaf world aplications,such as the control
of mechanical systems,the automative industryairand air traffic control,and switching
power converts.Some details on these aplicationdbedound in [20]

For problem of the optimal control of switching ®ms,the objective is to seek a switching
law and a control function such that some perforaamiterion is minimizing subject to some
constraints on the state and the control variabtese optimal control problems have
atractyed increasing attention (see [1,3,4,5,6,88,19,20] because of their practical
significance and theoretical challenge.However,thee many open issiues yet to be
answered.For example,even for problems only lisedsystems and quadratic costs,a closed
form solution of the optimal switching instantsstdl unavailable.

In the present paper, the author's main aim isaonfilate necessary optimality conditions for
nonsmooth case (cost functional is nonsmooth) lygusonsmooth analysis and the methadhich
was suggested and formalized by Dubovitskii and/iih [7,2]

The Dubovitskii and Milyutin formalizm containtsetiollowings three major companents:
a)To treat local minima via the empty intersectiorceftain sets in the primal space built
upon the inital cost and constraints data

b)To approximate the above sets by convex condsneiintersections.

c)To arrive at dual necessary optimality conditiamshe form of an abstract Euler equation
by employing convex separation

To start our discussion, first we have describéagepoints about functional analysis and nonsimoot
analysis construction. For more information we réfie reader to [13].

2.Tools of nonsmooth analysis.

If ¢@,is lower semicontinuous around x, then its basibditerential can be shown by:

)~ 90~ (xu =)
e

6¢(x°): Limsoup3¢(x).Here,3¢ (xo):: x"OR"Li min f

is the Frechet subdifferential. By using plus-nsisymmetric constructions, we can write

3*¢(x°):= -a(- 4)(x°), 87 8(x°) = -0(- 8)(x°)

which are called basic superdifferential and Fe¢shiperdifferential, respectively. Here



¢ (x)-¢ (xo)—<xD,x— x°>

x=x

A

0g" (XO)Z= x"OR"Limsup >0;.For a Locally Lipschitzian

function subdifferential and superdifferential ntagy different. For example, if we tak¢(x) = |x| on
R, thendg@(0) = [- 11] but d¢(0) ={- 11}.

If ¢ is Lipschitz continuous around poirtthen, the strictly differentiability of
the function ¢ at x°(sed213)) are equivalent todg(x°)=0"¢(x°)={0s(x’}. If

a¢(x°):3¢(x°) then, this function lower regular at. Symmetrically we can give
upper regularity of the function at the point byngsdefinitions of superdifferential
and Frechet superdifferential. Also if the extendeal-valued function is Lipschitz
continuous around the given point and upper regatldhis point then the Freshet
superdifferential is not empty. Furthermore it igual to Clarke generalized
subdifferential at this point (for proof, de€]). By using all these nonsmooth
analysis tools, we will try to find the Frechet sugifferential form of the
necessary optimality condition for the step disetstem.

3.Problem for mulation

%, = f, (%, u,t), t,, St<t, (3.1)

X, (to) = %o

Flx(ty)t]<0 i=1,2,.... 3.2)
Flx(ty)ty]=0 i=+1,1+2,..., m (3.3)
X (t) = M (X (8, ).t,) , k=1,...,N-1 (in here,,t,,....t,, be unknown) (3.4)
G(x(t)t)<0 (3.5)

S(xu)= Zn:¢| (%, Uy t) (3.6)

In this problem,f, :RxR"xR" . R",G, ,M,and F, are given continuous, at least
continuously partially differentiable vector-valukahctions with respect to it's coordinates ,
M,:R"xR -~ Rand G:R"xR - R,¢ (x_,u,t) are given functions which satisfying
Frechet subdifferentialu, (t): R—> U, OR" are controls . The sét, , are assumed to be
nonempty and bounded.
Theorem 1: Assume that ¢ :R" - R is finite at xio(ti) , then for the optimality of pairs
(uo(t), xo) in the problem described (3.1)-(3.6) it is necessary that for any X[ 3¢(x° (t, )) the
following conditions are true:
Discrete maximum principle for the control
ti—1
Z4i(t)Hi[t]so,for al u(t)0U,, i=123, tOT, 3.7)
t=tiy
Discrete maximum principle at the switching points t, k=12,..,N -1
oM,

T, —T, = k=1..,N-1 (3.8)

At the end of the pointt



p+g
aFt (3.9)

1-N = ZE: % é, -

v=l

where T, = mmaka(xk,uk,t//k,t) and l/l() isadjoin trajectory and satisfying (3.11) systems. If the

set f, (t,XO,U) is convex, then the necessary optimality condition is global over all u, LU, .

Remark.In this theorem it is necessary (3.8) and (3.9) conditionsBecause we dont know when
structure of the system will be change we we will try find optimality conditions at the switching
points.We can image this problem as a rocket with two types of engines that work consecutively. With
work of the second engine depends on the first one. Moreover, the rocket moves from one controlling
area to a second one that changes all the structure (controls, functions, conditions, etc.

Proof .Let (uo(t), xo) be optimal process.As we already mentioned we will implement the
Dubovitskii-Milyutin formalism and definition of Frechet subdifferential .\We start analize the cost
criterien.Let take any X [J 6¢(x° (t )) and any pairs (uk , Xk) which satisfying (3.1)-(3.6)
conditions.Then by using of the Frechet subdifferential definiation we can write
n n
s(xu)- s(x°,u°) = (¢, (x.u.t)-9, (x.u0.t) )= > <xk'],xk - xk°> +00xk —xko‘)
i=1 i=1
From this releation we can get
: ( O, _y0
Z X s X = X +00xk —xko‘)so.AppIying theorem of Girsanov [2, theorem 7.4]
i=1
we get that the cone of directions of decreasa@tbst criterion is

K, = {xk > <ka,A)'(k )< O>}.For the moment, assume th&t # 0.Then dual cone oK,

i=1

is given byK, = {—)IZ( <ka,AXk°>} =
i=1
Let us investigate admissble variation for t{&.5).
If G, (X, (t),t) <0 satisfaing for anyt D[tk_l.tk] then set of admissble variation is the all
space.lt is meanimg that we have to investigatalé@gcondition Gk(xk(t),t) =0.In this case

set of admissble variation corrosponding prohobitagiation for the following minimizing
function

®(x,u) = maxG, (X, (t)t) (see [2,7])Then
A, D(x,U) = mta>{ G, (X% (t).t) + &AG, (X’ (t),t)%, +0(e,t) |=

. ... .0
g%Ax +0(&,t) .From here set of admissble variatiomisix—
X

Ax, <0.ltis clear that set
t o 0X,

: o : 0G
of admissble variation is conus and let we denatedonus byK, = {xk ; max—"Axk} It

k
is known that linear functional on the continousdtions has a integral form.By using the [2 ]

t
¢ 0G
we can put dual conus form &f) = —a, J' a—kAxk
Xy

(]
It is interesting to find admissible variation the (3.2), (3.3) togather.If we will tray to find
admissible variation for the (3.2) and (3.3) byngs{2.4) condition we can that admissible
conus for this relation will be following form.



N-1 aM p+g .
Zﬂk {Tkﬂ =T, ——"} =Bul T (full proof can be found in the
=ty t=ty

=} ot
appendix).Now if we can formulate Euler equationﬁroblem Then we can write
N N-1 aM ‘ p+g
S AH [+ D B Tew —Te - - Byl Ty —Z)I =0. (3.10)
k=1 k=1 ot t=t, 6'[ t=ty-
Herer:(fk’lﬂk) A% lﬂk _[

tkl

cq((t)-solution of following conjucate dlfferentlal ediean with the inital condition.

AT I
a&(t)_ _K @ + A%, (tk—1StStk)
k

. oM
aft ) == *@ult)  k=1..N -1, (3.11)

k

( ) E‘?A oF [XN( )N]

If we conS|der (3.10) ,consequensely we can getsseey optimality conditions (3.7),(3.8)
and (3.9)

Corollary 3.1. Let ( °(t), 0) bean optimal processto the (3.1)-(3.6) problem where
¢. ' R" - R isassumed to be differentiable at x; ( )Then one has the maximum principle (3.7)-

(3.9) with e (t) satisfying (3.11) anc” 6¢( °(t )) D¢(xk (,))

Example:

Consider the following two step time optimal cohrooblem.

X =X, X, =U o<st<r, (3.12)
Y=Y,y Vo ==Y, TSt<T (3.13)
y,(7)=x(7), y,(r) = %,(r), y;(r) = -1, y,(r) = 0-switching condition (3.14)

Problem is that arrive the shortest time from poir{ix, (0), x,(0)) = (c:0) to the point
(v,(T), y,(T)) = (©0), wherec > 0, controls satisfaying |u/ <1 and|M<1
conditions.Thus Hamilton-Pontryagin functions gdhe optimal controls are following
form.

H,=H (¢,X,U) = X2¢1 +u¢2' H,=H (l//’ y’V) SY WY, Y Y VY,

Here ¢ = (¢1,¢2) andy = ((//1,(//2,(,03,4[/3) is solution of folowing differential equation

$,=0,¢,=-¢,,0st<sr1 (3.15)
lﬂ=0,4//:—<//1+¢/2'lﬂ=0,lﬂ=—l//3+lﬂ4 (3-16)
with inital conditions

¢, (1) =9.(1) 8,(t) =, (0) . (t) = 2,0, (t) = 0,405 (t) = b, (t) = 0, (3.17)

here a and b unknown numbers.
Let us justify following two conditions.
1.If a#0,thena)a< Ob)b# 0 .

Let us prove these releations.



a) From optimality condition (1) we can get
u(t) = signg, (t) = signa[r —t+1- eT‘T] = signa ,because for the< 7 it is imply

r—-t+1-¢e" >0 .Then optimal control for above requarement protierm = +1 and
corresponding solutions will be
2
xl(t):%+c and x,(t)=t for u=1 (3.18)
2
x(t) = —% +c and x,(t) = -t ,for u=-1. (3.19)

If we consider (3.18) in the (3.1),(3.2) and (3:) can find easly that for the= , 1

y,(t) = x(7) + x,(r)lL-€"|>0 forallt =7 .But it is contradiction of the inital condition
y(T)=0 Itis means that u=-1 and a<0.

b) Assume contradictionb = ,theny, = Oandy, =0 for all thet O[r, T].

If we consider optimality condition (3.8) it is iys that

[X2¢1 - x2¢2]t:r = [yzt//l - Yz‘//z]t=r ,but from (3.4) and first relation of the (3\8¢ can get
x,(r) =1, which it is contradiction of the,(r) = -7

2.1f b# 0 then a)b>0 and @)% We get

Let us prove these reieations.
a) From optimality conditionl,for the control v,

v(t) = signy, (t) = signb{l- &7 ) = signb . (L~ &" "7 )> 0 for any t<T,consecuently =1

But if we get v=-1 then corresponding solutigg(t) =r-t-e " <0 for all thet > .But
is it contrary for they(T) = 0.Then v=1 and b>0.

b) Assume a=0 Them,(t)= 0 ¢,(t) = 0 for all thet O[r,T| and ¢, =0, ¢, =0 for all the
t [O, r] If we consider necessary optimality condition J3aBd switching conditiory(r) =0
we can gety,(r) = 0.Itis means thab{L-e"" ) = 0 ,which contrary in the case af<T This

can be prove as 1(b).We have to use necesarytmred{3.8) and switching conditions .
At least we get that our optimal control igt) = -1 for the0O<t <7 and v(t) =1 for the

rT<t<T.
Indeeed, if we takey,(t) = x (7)+ X, (r)[l—er“J ,y(T) =0 consider (3.19) we can get
r2+2rfl-e"|-2c=0
If we take y,(t)=7-t-e"" andy(T)=0 wecanger -T-€"" = 0
Solwing following two nonliner equation we candiswitching pointr and minimal

finishing time T for the control prossess .
r’ +2r[1—eT‘TJ—2c:O, r-T-e ' =0.
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4.Appendix
If (x(t),u, (t)) admissible trajectory for the system (3.4) then

X1 () = X () = M (%, (£, 1) =M, (%] (t,),t) .From here



o (1) = MO

of this equation by the, (t) and summing up from 1 up to N-1 ,we can get

Z‘//k () Xsa (ty) = Zwk (t)(w

oM, ();kt(tk),t) m=1,2,3,...,N-1.If we multiply both sides

DX, (t)j .Theis sum we can write

zwk S (OX () L (OX (o) — ¢ OX%,(t) = z(//k (t)(

If conS|der the equation of (3.1),then

Zwk(t)xk(tk )+ % () s % () = f%(t)(a“"k(gxk“k)'”Axk(o+aMk(zkt(tk)’t)j

M, (% (£).1) k(t)+aMk(xk(tk),t)j
Xy ot

OM,, (%, (t), 1)
0X,

hf(wk_l -0, 0
Zwk M 050

jxk (i) + @0 (OX () — ¢ (O% () =

If we con3|der conjugate system we can get &hdx,,u,,%,,t) =, (t) f (x,,u.,t)) then
Hy (X Un @y t) = Hy (%, U, ¢05,1) =0
From here we can rewrite last relation follawing’rlio

f(Hk+1(xk+l,uk+l,z//k+l,tk)— H, (X Uty ) = Z(/lk (Xk (t).t )) It is means that

k=1
admissible control for switching equation satlsg/ihls equatlon.




