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Abstract. In this paper, we present global and local convergence results for

an interior-point method for nonlinear programming. The algorithm uses an
`1 penalty approach to relax all constraints, to provide regularization, and to

bound the Lagrange multipliers. The penalty problems are solved using a sim-

plified version of Chen and Goldfarb’s strictly feasible interior-point method
[6]. The global convergence of the algorithm is proved under mild assumptions,

and local analysis shows that it converges Q-quadratically. The proposed ap-

proach improves on existing results in several ways: (1) the convergence anal-
ysis does not assume boundedness of dual iterates, (2) local convergence does

not require the Linear Independence Constraint Qualification, (3) the solution
of the penalty problem is shown to locally converge to optima that may not
satisfy the Karush-Kuhn-Tucker conditions, and (4) the algorithm is applicable

to mathematical programs with equilibrium constraints.

1. Introduction

There has recently been renewed interest in penalty methods. These methods,
as described in [8], have traditionally been an alternative to barrier methods, but
the focus of their recent reemergence is primarily due to the fact that they pro-
vide bounds for problems with unbounded sets of optimal Lagrange multipliers.
One such set of problems is Mathematical Programs with Equilibrium Constraints
(MPECs). The theoretical desirability of penalty methods for MPECs is studied
in, for instance, [1], while [2] shows that they work quite well in practice when
implemented in loqo, an interior-point code. In subsequent papers [3] and [4],
various other theoretical advantages of penalty methods within the interior-point
framework are provided, including warmstarting capabilities, regularization, and
infeasibility identification for both linear and nonlinear programming problems. Of
course, penalty methods have long been used extensively in sequential quadratic
programming codes, most notably in snopt as the elastic mode to aid in infeasi-
bility detection.

Our main goal in this paper is to use a penalty method approach in order to pro-
pose an interior-point algorithm whose convergence results use rather mild assump-
tions on the underlying problem. Traditional proofs of convergence for interior-point
methods, both with and without penalty approaches, generally make assumptions
on the boundedness of primal and dual iterates and the existence of strictly feasible

Date: June 11, 2007.
Key words and phrases. interior-point methods, nonlinear programming, mathematical pro-

grams with equilibrium constraints.
Research of the first author is sponsored by ONR grant N00014-04-1-0145. Research of the sec-

ond author is supported by NSF grant DMS-9870317 and ONR grant N00014-98-1-0036. Research

of the third author is supported by NSF grant DMS-0107450.

1



2 HANDE Y. BENSON, ARUN SEN, AND DAVID F. SHANNO

primal and dual solutions, among others. If used, the penalty approach is generally
employed to handle the equality constraints. Two recent works that propose and
prove the convergence of interior-point methods with a penalty approach are [9] and
[6]. In [9], Liu and Sun show that their interior-point algorithm converges glob-
ally under the standard assumptions of bounded primal and dual iterates. However,
they also propose using a steepest descent approach whenever the Newton direction
fails to be a descent direction. Doing so guarantees the convergence theoretically,
but would greatly increase the iteration count within an implementation. In [6],
Goldfarb and Chen analyze a Newton-method based interior-point method which
is similar to the underlying algorithms in loqo and ipopt, two highly efficient
interior-point codes. Their approach incorporates an `2 penalty function for use
with nonlinear programming problems (NLPs) that have inequality and equality
constraints. The authors prove that the algorithm either (1) finds a first-order
point, (2) approaches a minimizer of infeasibility, or (3) finds an optimal solution
that does not satisfy the Karush-Kuhn-Tucker (KKT) conditions by letting the
penalty parameter tend to infinity. They also assume that the primal and dual
iterates remain bounded.

The proposed approach improves on existing results in 4 ways: (1) the conver-
gence analysis does not assume boundedness of dual iterates, (2) local convergence
does not require the Linear Independence Constraint Qualification, (3) the solution
of the penalty problem is shown to locally converge to optima that may not satisfy
the Karush-Kuhn-Tucker conditions, and (4) the algorithm is applicable to mathe-
matical programs with equilibrium constraints. In the next section, we propose an
interior-point method that uses an `1 penalty approach. This approach will relax
all the constraints, which makes it trivial to identify a feasible solution. Therefore,
an assumption of a nonempty feasible region will not be necessary. It also ensures
that the dual iterates remain bounded, removing the need for the assumption of the
boundedness of the Hessian of the Lagrangian in [6]. In Section 3, we will start by
showing various characteristics of the algorithm that will be useful for developing a
convergence proof. With these results in hand, we will provide a global convergence
proof using results from [6], showing that our algorithm will either converge to a
first-order point, a non-KKT optimum, or an infeasible point that minimizes an `1
measure of infeasibility. We will discuss further properties of the penalty problem
for use in the local convergence proof in Section 4, including a result that shows
that the KKT solutions of the penalty problem locally converge to optima for the
original problem, even if the said optima do not satisfy the KKT conditions. Fi-
nally, in Section 5, we will show that locally, our algorithm has a Q-quadratic rate of
convergence under the Mangasarian-Fromowitz Constraint Qualification (MFCQ),
instead of the traditional Linear Independence Constraint Qualification (LICQ).
The proposed reformulation and algorithm will be applicable to Mathematical Pro-
grams with Equilibrium Constraints (MPECs), as well. In short, this approach will
strengthen the assumptions mentioned in literature and share characteristics with
efficiently-implemented interior-point methods.
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2. A Penalty Interior-Point Method for Nonconvex NLP

An NLP in standard form can be written as

(1)

min
y,z

f(y, z)

s.t. g(y, z) ≥ 0
h(y, z) = 0
y ≥ 0,

where y ∈ Rp, z ∈ Rl, f : Rn+l → R, g : Rn+l → Rq, and h : Rp+l → Rk. To
simplify our notation, we will convert our problem into

(2)
min

x
f(x)

s.t. r(x) ≥ 0,

where

x =
[
y
z

]
, and r(x) =


g(y, z)
h(y, z)
−h(y, z)

y


We will let n = p+ l and m = q+2k+p, so we have that x ∈ Rn and r : Rn → Rm.

In order to establish convergence results for an interior-point method solving
(2), we need to focus on two important features of this problem. The first is the
presence of the equality constraints. We chose to split the equality constraint into
two inequalities, which are incorporated separately into the penalty approach. The-
oretically, it is essential to do this, because relaxing an equality constraint means
introducing both lower and upper bounds. As later will be discussed, doing so
does not violate linear independence of the constraint gradients since a separate
slack variable is added to each constraint. Further, as demonstrated in [11], this
does not increase the problem size in practice as one of the two inequalities can
be expressed solely in terms of slack variables and reduced. The second important
feature of (1) is that we make no assumptions on the boundedness of the optimal
set of dual solutions. It is a well-known fact (see, for instance [1]) that the set of
optimal Lagrange multipliers for a large class of problems, mathematical programs
with equilibrium constraints, is always unbounded. Equivalently, it can be stated
that the Mangasarian-Fromovitz Constraint Qualification (MFCQ) cannot hold at
a solution, or that the solution is not regular. However, assumptions of regularity,
the satisfaction of MFCQ, or the boundedness of the optimal set of Lagrange multi-
pliers must appear in standard proofs of convergence for primal-dual interior-point
methods, because such methods approach the analytic center of the face of optimal
primal and dual solutions, and unboundedness implies that the algorithm will fail
to converge.

In [2], we proposed the use of a penalty method in order to resolve the issue
of having unbounded Lagrange multipliers within the context of an interior-point
method. In fact, other papers such as [1], also discuss the use of a penalty approach
for bounding the Lagrange multipliers. In [2], however, we applied an `∞ penalty
method by relaxing only the complementarity conditions. Here, we will consider
an `1 penalty method that relaxes all of the constraints in the problem.
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We first reformulate the problem using an `1 penalty approach on the constraints.
Thus, problem (2) is first converted to

(3)
min
x,ξ

f(x) + dT ξ

s.t. r(x) + ξ ≥ 0
ξ ≥ 0,

where ξ ∈ Rm are the relaxation variables and d ∈ Rm are the corresponding penalty
parameters. Note that the penalty approach used to form (3) corresponds to a
smooth version of the `1 penalty method due to the introduction of the relaxation
variables. Also, the use of vectors of penalty parameters serves to accommodate
scale differences in the problem and allows for a more stable implementation.

Now, we can apply either of the interior-point methods presented in [6] to solve
(3). The first is a quasi-feasible approach, where the constraints are always sat-
isfied, and the second is an infeasible interior-point method, where all constraints
are converted into equalities using slack variables, and the resulting equalities are
handled with an `2 penalty method. While the proofs of convergence differ slightly,
the convergence results for the two approaches are almost identical. The differences
are: (1) The objective and constraint functions need to be twice continuously dif-
ferentiable everywhere for the infeasible approach, whereas such differentiability is
only needed for the interior of the feasible region for the quasi-feasible approach,
and (2) The quasi-feasible approach requires a nonempty interior for the feasible
region, whereas the infeasible approach does not. The first is more restrictive for
the infeasible approach, while the second is more restrictive for the quasi-feasible
approach. While we could also easily use the infeasible approach, in this paper, we
focus on the combination of the quasi-feasible approach of [6] with the `1 penalty
method. Doing so simplifies the notation as we will not need slack variables, but
it is still easy to readily locate a feasible solution for the problem. We will assume
that twice continuous differentiability will be required everywhere, but as we will
discuss later, a less restrictive differentiability requirement may suffice.

2.1. The quasi-feasible interior-point method for (3). The barrier problem
associated with (3) for the quasi-feasible approach is

(4)
min
x,ξ

ρ(x, ξ;µ) = f(x) + dT ξ − µ
m∑

i=1

log (ri(x) + ξi)− µ
m∑

i=1

log (ξi)

s.t. r(x) + ξ > 0
ξ > 0,

where µ > 0 is the barrier parameter. Using this approach, therefore, requires
that there exist a strictly feasible solution to (3). Such a solution may be hard
to obtain without the `1 penalty on the inequality constraints, but simply setting
ξi > max{−ri(x), 0} will ensure that a strictly feasible solution for any x can be
found readily.

The first-order conditions for this system are

(5)

∇f(x)−A(x)Tu = 0
d− u− ψ = 0
U(r(x) + ξ)− µe = 0
Ψξ − µe = 0,
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where A(x) is the transpose of the Jacobian of r(x) and u, ψ > 0 are the Lagrange
multipliers. By convention, U and Ψ are diagonal matrices with entries from the
vectors u and ψ, respectively. In (5) and throughout the paper, e denotes a vector
of ones of appropriate dimension.

Applying Newton’s Method, at each iteration k we have the following system to
solve:

(6)

H(xk, uk)∆xk −A(xk)T vk = −∇f(xk)
vk + λk = d
(R(xk) + Ξk)vk + Uk(A(xk)∆xk + ∆ξk) = µe
Ψk∆ξk + Ξkλk = µe,

where R(xk) and Ξk are diagonal matrices with entries from the vectors r(xk) and
ξk, respectively,

H(xk, uk) = ∇2f(xk)−
∑

i

uk
i∇2ri(xk),

vk = uk + ∆uk, and λk = ψk + ∆ψk. Then, we let

(7)
xk+1 = xk + αk∆xk

ξk+1 = ξk + αk∆ξk

where αk ∈ (0, 1) is the steplength, such that
(8)
r(xk+1) + ξk+1 > 0
ξk+1 > 0
ρ(xk+1, ξk+1;µ)− ρ(xk, ξk;µ) < τ(∇xρ(xk, ξk;µ)∆xk +∇ξρ(xk, ξk;µ)∆ξk),

where the last inequality is a standard Armijo condition on the decrease of the
barrier objective function of (4). We update the Lagrange multipliers as follows:
(9)

uk+1
i =


vk

i , if min{θuk
i ,

µ
ri(xk)+ξk } ≤ vk

i ≤
µγ

ri(xk)+ξk

min{θuk
i ,

µ
ri(xk)+ξk }, if vk

i < min{θuk
i ,

µ
ri(xk)+ξk }

µγ
ri(xk)+ξk , if vk

i >
µγ

ri(xk)+ξk

ψk+1
i =


λk

i , if min{θψk
i ,

µ
ξk } ≤ λk

i ≤
µγ
ξk

min{θψk
i ,

µ
ξk }, if λk

i < min{θψk
i ,

µ
ξk }

µγ
ξk , if λk

i >
µγ
ξk

,

where θ ∈ (0, 1) and γ > 1. The iterations continue until the first-order condi-
tions (5) are satisfied to within a tolerance εµ for the current value of the barrier
parameter, that is

(10) res(x, ξ, u, ψ) =

∥∥∥∥∥∥∥∥

∇f(x)−A(x)Tu

d− u− ψ
U(r(x) + ξ)− µe

Ψξ − µe


∥∥∥∥∥∥∥∥ < εµ.

Note that v and λ can be eliminated from the system (6) to obtain

(11) Mk

(
∆xk

∆ξk

)
=

(
−∇f(xk) + µA(xk)T (R(xk) + Ξk)−1e
µ(R(xk) + Ξk)−1e+ µ(Ξk)−1e− d

)
,
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Set εµ > 0, γ > 1, θ ∈ (0, 1).
Initialize x(0) ∈ Rn, u(0) > 0, ψ(0) > 0, and
ξ
(0)
i > max{−ri(x), 0}, i = 1, . . . ,m.

Let k = 0.
while res(xk, ξk, uk, ψk) > εµ do

if (12) does not hold then modify H(xk, uk) such that it is positive
definite.
Compute (∆xk,∆ξk, vk, λk) from (6).
Compute steplength α such that (8) and an Armijo condition are satisfied.
Set uk+1 and ψk+1 as in (9) and xk+1 and ξk+1 as in (7).
Set k ← k + 1.

end
Algorithm 1: A description of the solution algorithm for (4) for a fixed barrier
parameter µ.

where

Mk =
[

Ĥ(xk, ξk, uk) A(xk)T (R(xk) + Ξk)−1Uk

(R(xk) + Ξk)−1UkA(xk) (R(xk) + Ξk)−1Uk + (Ξk)−1Ψk

]
Ĥ(xk, ξk, uk) = H(xk, uk) +A(xk)T (R(xk) + Ξk)−1UkA(xk).

In order to use the convergence results of [6], we need to ensure that, for each
iteration, the matrixMk is sufficiently positive definite. Since we have that

(R(xk) + Ξk)−1Uk + (Ξk)−1Ψk � 0,

we need to have

(12)
H(xk, ξk, uk) +A(x)T (R(xk) + Ξk)−1Uk(
(R(xk) + Ξk)−1Uk + (Ξk)−1Ψk

)−1 (Ξk)−1ΨkA(x) � 0

at each iteration. However, this may not always be the case. Then, we will modify
H(xk, uk) by adding a term of the form δI where δ is chosen to ensure that (12)
holds. While any value of δ above a certain threshold will work in theory, we would
also like to keep it as small as possible in order to make this algorithm work in
practice, as larger values of δ will make the algorithm behave as in steepest descent
which is not desirable.

The algorithm provided above is a simplified version of Algorithm I presented
in [6]. There are several steps that are not needed, such as the penalty parameter
update as we no longer have equality constraints and the termination due to MFCQ
failure as (3) always satisfies MFCQ. We will give a formal proof of convergence for
this algorithm in the next section.

This algorithm solves (4) for a fixed value of the barrier parameter µ. In order
to solve (3), we will need to solve a series of problems of the form (4) for decreasing
values of µ. In order to do so, we will apply Algorithm II from [6]. A formal
statement of this algorithm is provided below as Algorithm 2.

In the next section, we will show that Algorithm 2 will always terminate finitely
and find a point that satisfies the first-order optimality conditions (5) of the penalty
problem (3) for fixed values of the penalty parameters d. If ‖ξ‖ is sufficiently close
0 at this point, we will declare it as a first-order point for (2). Otherwise, we
will increase the penalty parameters and solve the problem again. The resulting
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Set µ0 > 0, εµ0 > 0, β ∈ (0, 1) and ε̂ > 0.
Initialize x(0) ∈ Rn, u(0) > 0, ψ(0) > 0, and
ξ
(0)
i > max{−ri(x), 0}, i = 1, . . . ,m.

Let j = 0.
while res(xj , ξj , uj , ψj) > ε̂ do

Starting from (xj , ξj , uj , ψj), apply Algorithm 1 to solve (4) with barrier
parameter µj and stopping tolerance εµj

. Let the solution be
(xj+1, ξj+1, uj+1, ψj+1).
Set µj+1 ← βµj and εj+1 ← βεj .
Set j ← j + 1.

end
Algorithm 2: A description of the solution algorithm for (3) for fixed penalty
parameters d.

Initialize x(0) ∈ Rn, u(0) > 0, ψ(0) > 0, and
ξ
(0)
i > max{−ri(x), 0}, i = 1, . . . ,m.

Set d > u(0) + ψ(0), εµ0 > 0, ν > 1 and ε̂ > 0.
Let i = 0.
repeat

Starting from (xi, ξi, ui, ψi), apply Algorithm 2 to solve (3) with penalty
parameters di. Let the solution be (xi+1, ξi+1, ui+1, ψi+1).
Set di+1 ← νdi.
Set i← i+ 1.

until ‖ξi‖ ≤ ε̂;
Algorithm 3: A description of the solution algorithm for (2).

algorithm will be shown to either converge to a first-order point of (2) for suffi-
ciently large but finite values of the penalty parameters, or to update the penalty
parameters infinitely many times while either approaching a point that minimizes
the infeasibility or that is a Fritz John point of (2) that does not satisfy MFCQ. A
formal description of the algorithm is given as Algorithm 3.

3. Global Convergence Results

We now present a formal convergence proof for Algorithm 3. We start by stating
our assumptions and proving some intermediate results. Lemmas 4 and 5 below
will show convergence of Algorithms 1 and 2, respectively, by using the convergence
results of [6]. Theorem 1 will establish the convergence of Algorithm 3.

Assumption 1. f and r are twice continuously differentiable everywhere.

This assumption also implies that the functions g and h of (1) are twice con-
tinuously differentiable. As stated before, this assumption is more restrictive than
actually needed. It is sufficient to assume that f and r are twice continuously dif-
ferentiable in a region that can be defined by bounds on x or on ξ. Another option
is to use the primal-dual penalty approach proposed in [4] which naturally provides
upper bounds for the primal variables.

Assumption 2. While applying Algorithm 1, the sequence {xk} lies in bounded
set.
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Assumption 2 can be guaranteed by using sufficiently large simple bounds on
x or by using the primal-dual penalty approach of [4], as well. We omit these
transformations for the sake of simplicity in this paper.

Lemma 1. Assume that the sequence {x} generated by Algorithm 1 remains bounded.
Then, the sequence {ξ} will also remain bounded.

Proof. By Assumption 1, if the sequence {x} generated by Algorithm 1 remains
bounded, then the sequence of constraint values {r(x)} will also remain bounded.
Assume now that ξi → ∞ for some i. Then, we must have that v, λ → 0 in order
to satisfy the last two conditions of (6) for a fixed value of µ. However, that would
violate the second equation in (6). Therefore, {ξ} must remain bounded. �

Assumption 1 is a standard assumption for all algorithms using Newton’s Method.
As stated, Assumption 2, along with Lemma 1, implies that the primal iterates gen-
erated by this feasible algorithm remain bounded, which is also a standard assump-
tion for convergence proofs. In fact, they are listed as assumptions A2 and A3 in
[6]. These are rather mild assumptions, and, in fact, they are the only assumptions
we will need to prove convergence of our approach. The remaining assumptions
made in [6] will always be satisfied as a result of using the `1 penalty as shown
below in Lemmas 2 and 3.

Lemma 2. The feasible region of (3) has a nonempty interior.

Proof. Let x̂ ∈ Rn and let ξ̂i > max{−ri(x̂), 0}, i = 1, . . . ,m. Doing so ensures
that

ri(x̂) + ξ̂ > 0
ξ̂ > 0.

Therefore, (x̂, ξ̂) lies in the interior of the feasible region of (3). This proves that
(3) has a nonempty interior. �

Lemma 3. The sequence of modified Hessians, {Hk}, is bounded.

Proof. The second equation in (6) is

vk + λk = d.

Therefore, the dual iterates will always remain bounded above by the penalty pa-
rameter. By this fact, and by Assumption 1, the sequence of Hessians is bounded.
Thus, the sequence of modified Hessians is also bounded. �

As stated, Lemmas 2 and 3 correspond to assumptions A1 and A4 of [6], respec-
tively. Therefore, the `1 penalty ensures that we will need fewer assumptions in
order to prove convergence of the interior-point method and strengthens the results
of [6].

We will now focus on showing that the proposed Algorithms 1 and 2 are equiva-
lent to Algorithms I and II for the quasi-feasible approach of [6]. The `1 penalty will,
in fact, allow us to simplify the algorithms by eliminating certain steps. We start
by presenting some preliminaries and then establish the convergence of Algorithms
1 and 2 in Lemmas 5 and 6.
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Definition 1. Given a point (x, ξ) feasible for (3), we say that the Mangasarian-
Fromowitz Constraint Qualification (MFCQ) holds at (x, ξ) if either (x, ξ) is strictly
feasible or there exists vectors s ∈ Rn and t ∈ Rm such that

∇ri(x)T s+ ti > 0, if ri(x) + ξi = 0, i = 1, . . . ,m
ti > 0, if ξi = 0, i = 1, . . . ,m.

Lemma 4. MFCQ holds on the feasible region of (3).

Proof. Let (x, ξ) lie in the feasible region of (3). The existence of (x, ξ) is guaranteed
by Lemma 2. If (x, ξ) is strictly feasible, then MFCQ holds at (x, ξ). Otherwise,
let s = 0 and t = e. Therefore,

∇ri(x)T s+ ti = 1, if ri(x) + ξi = 0, i = 1, . . . ,m
ti = 1, if ξi = 0, i = 1, . . . ,m,

and MFCQ holds at (x, ξ). Thus, MFCQ holds on the feasible region of (3). �

Definition 2. The point (x, ξ) is a Karush-Kuhn-Tucker (KKT) point of (4) if it
is a feasible point of (3) and res(x, ξ, u, ψ) = 0.

Definition 3. The point (x, ξ) is an approximate KKT point of (4) if it is a feasible
point of (3) and res(x, ξ, u, ψ) < χ for some χ > 0.

Lemma 5. Let Assumptions 1 and 2 hold. Then, Algorithm 1 will always find
an approximate KKT point of (4) satisfying termination criteria (10) in a finite
number of iterations.

Proof. Along with Assumptions 1 and 2, Lemmas 2 and 3 show that assumptions
A1-A4 of [6] hold. Therefore, we can use Theorem 3.12 of [6]. By Lemma 4,
MFCQ always holds, so the second part of Step 1 of Algorithm I of [6] is not
needed and, therefore, not included in Algorithm 1. Also, there is no need for an
`2 penalty term because (3) does not have equality constraints. Therefore, there
is no `2 penalty parameter that could be updated indefinitely. As such, a penalty
parameter update step is not included in Algorithm 1. Thus, our Algorithm 1 is
identical to Algorithm I of [6] for solving (4). By Theorem 3.12 of [6], we will
always identify an approximate KKT point of the barrier problem, satisfying the
termination criteria (10) in a finite number of iterations. �

Thus, Lemma 5 shows that Algorithm 1 will always succeed in finding an approx-
imate KKT point for the barrier problem for a fixed value of the barrier parameter
µ. We need to now show that we can solve (3) for a fixed value of the penalty
parameter, which means showing that the sequence of approximate solutions found
for the barrier problem for decreasing values of µ converges to a first-order point of
the penalty problem. Again, we will do so by showing that our proposed algorithm,
Algorithm 2, is equivalent to Algorithm II of [6], allowing us to use its convergence
results.

Definition 4. A point (x, ξ, u, ψ) is a first-order point of the penalty problem (3)
if (x, ξ) is feasible for (3) and conditions (5) are satisfied with µ = 0.

Lemma 6. Let Assumptions 1 and 2 hold. Ignoring the termination condition of
Algorithm 2, any limit point of the sequence (xj , ξj , uj , ψj) generated by Algorithm
2 is a first-order point of the penalty problem (3).
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Proof. Along with Assumptions 1 and 2, Lemmas 2 and 3 show that assumptions
A1-A4 of [6] hold. By Lemma 4, we have that MFCQ holds on the feasible region
of (3), and by Lemma 2, we have that (3) always has a local feasible solution.
Therefore, we satisfy all the assumptions of Theorem 3.14 of [6]. Since there is no
`2 penalty function, there is no penalty parameter to keep bounded. Because our
Algorithm 2 is identical to Algorithm II of [6], Theorem 3.14 applies here as well.
Therefore, ignoring the termination condition of Algorithm 2, any limit point of
the sequence (xj , ξj , uj , ψj) generated by Algorithm 2 is a first-order point of the
penalty problem (3). �

Lemma 6 shows that Algorithm 2 will always find a first-order point of the
penalty problem (3) for fixed values of the penalty parameters d. We will now
analyze Algorithm 3, which solves (3) for increasing values of d in order to find a
first-order point for (2) if such a point exists. We begin with some preliminaries
and then state our convergence result in Theorem 1.

Definition 5. A point (x, u) is a first-order point of the problem (2) if

r(x) ≥ 0
∇f(x)−A(x)Tu = 0
Ur(x) = 0
u ≥ 0.

Definition 6. A point x is a Fritz John point of the problem (2) if there exist
u0 ∈ R and u ∈ Rm with (u0, u) 6= 0 such that

r(x) ≥ 0
u0∇f(x)−A(x)Tu = 0
u ≥ 0.

Definition 7. The infeasibility problem corresponding to (2) is

min
x,ξ

eT ξ

s.t. r(x) + ξ ≥ 0
ξ ≥ 0.

Definition 8. A point (x, ξ, u, ψ) is a first-order point of the infeasibility problem
corresponding to (2) if

r(x) + ξ ≥ 0
ξ ≥ 0
A(x)Tu = 0
e− u− ψ = 0
U(r(x) + ξ) = 0
Ψξ = 0,

Theorem 1. Let Assumptions 1 and 2 hold. Then, one of the following outcomes
occurs:

(1) Algorithm 3 terminates successfully, and the limit point of any subsequence
{xi, ui} is a first-order point of (2).

(2) The termination criteria of Algorithm 3 are never met, in which case there
exists a limit point of iterates {xi} of Algorithm 3 that is either a first-order
point of the infeasibility problem or a Fritz John point of (2) that does not
satisfy MFCQ.
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Proof. By Lemma 6, Algorithm 2 terminates successfully for any d and finds (ap-
proximately) a first-order point of (3).

Case 1: For a sequence of solutions {xi, ξi, ui, ψi} to Algorithm 2, assume that
we have a finite subsequence such that {‖ξi‖} approaches 0. The solutions to
Algorithm 2 (approximately) satisfy the conditions

(13)

r(xi) + ξi ≥ 0
ξi ≥ 0
∇f(xi)−A(xi)Tui = 0
di − ui − ψi = 0
U i(r(xi) + ξi) = 0
Ψiξi = 0,

which reduce to the first-order conditions of (2) as ‖ξi‖ approaches 0.
Case 2: For a sequence of solutions {xi, ξi, ui, ψi} to Algorithm 2, assume that

we have a subsequence such that {‖ξi‖} approaches 0 only as i→∞. This means
that ui → ∞ as i → ∞ by (13). Thus, as i → ∞, the algorithm approaches a
solution satisfying (13) that has unbounded Lagrange multipliers. This means that
MFCQ for (2) does not hold at this solution. As such, the algorithm approaches a
Fritz John point that does not satisfy MFCQ.

Case 3: For a sequence of solutions {xi, ξi, ui, ψi} to Algorithm 2, assume that
there is no subsequence such that {‖ξi‖} approaches 0. Thus, at each iteration of
Algorithm 3, the penalty parameter di are updated so that di →∞.

We first show that as di → ∞, the sequence of solutions {xi} obtained from
Algorithm 2 remain bounded. By the optimality of (xi, ξi) and (xi+j , ξi+j), j ≥ 1,
for their respective problems, if ν is small enough such that Algorithm 2 converges
to a local solution, we have that

f(xi) + (di)T ξi ≤ f(xi+j) + (di)T ξi+j

f(xi+j) + νj(di)T ξi+j ≤ f(xi) + νj(di)T ξi,

which implies that

(di)T ξi ≥ (di)T ξi+j , j = 1, . . . .

Since both di and ξi are bounded below by 0, in order for this inequality to hold for
all j ≥ 1, we must have that the sequence {ξi} must remain bounded. This means
that the sequence

{
max1≤k≤m{rk(xi), 0}

}
, which is the sequence of constraint vi-

olations for (1), remains bounded. By Assumption 2, therefore, the sequence {xi}
must also remain bounded.

Let us now examine the behavior of the sequence {xi, ξi} as d → ∞. We start
by defining the set

J(x, ξ) = {j : −rj(x) = ξj , j = 1, . . . ,m}

for some (x, ξ). The set J(x, ξ) corresponds to those constraints of the original
problem (1) that are either violated or active at the point (x, ξ). Then, (xi, ξi) is a
local minimum found by Algorithm 2 for the penalty problem only if the following
condition holds for all directions s ∈ Rn such that ‖s‖ = 1:

(14) ∇f(xi)T s+
∑

j∈J(xi,ξi)

di
j∇rj(xi)T s ≥ 0.
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We also know that (xi, ξi) is a first-order point of the infeasibility problem only if∑
j∈J(xi,ξi)

∇rj(xi)T s ≥ 0

for all such directions.
Now assume that (xi, ξi) is not a first-order point of the infeasibility problem for

any finite i. Then, for all i, there exists a direction s ∈ Rn with ‖s‖ = 1 that is a
descent direction for the infeasibility, or∑

j∈J(xi,ξi)

∇rj(xi)T s < 0.

By Assumption 1 and the boundedness of {xi}, the sequence {∇f(xi)} remains
bounded as well. Thus, for large enough di, the condition (14) cannot hold. This
contradicts the optimality of (xi, ξi) for the penalty problems. It, therefore, fol-
lows that as i → ∞, {xi, ξi} approaches arbitrarily close to a minimizer of the
infeasibility problem. �

Therefore, by Theorem 1, we will be able to find a first-order point of (2) if one
exists. Otherwise, the problem is either infeasible or has an optimum that does
not satisfy the first-order conditions of (2). In these cases, the penalty parameters
will be updated infinitely many times and Algorithm 3 will not terminate. In an
implementation, it is easy to include an infeasibility detection phase, where Algo-
rithm 3 switches to solving the infeasibility problem of (2) after a finite number of
iterations. By Lemma 6, we are guaranteed to find a first-order point of the infea-
sibility problem, as it is simply the penalty problem (3) with f(x) = 0 everywhere
and d = e. Therefore, with a simple modification, we can show that a certificate
of infeasibility can be issued when necessary after a finite number of iterations of
Algorithm 3.

4. Local Convergence Results

In the previous section, we showed that our proposed algorithm gets arbitrarily
close to a solution of (2), if one exists. In this section, we examine the local
convergence properties of the proposed algorithm, including its rate of convergence.
Most local convergence proofs such as the one in [7] require the satisfaction of certain
constraint qualifications:

Definition 9. A feasible solution for an NLP satisfies the linear independence
constraint qualification (LICQ) for that NLP if the active constraint gradients at
the solution are linearly independent.

However, the constraint Jacobian for (3) is given by[
A(x) I

0 I

]
,

and if LICQ does not hold for the original problem, then it will not hold for the
penalty problem, either. Thus, requiring LICQ limits the applicability of any al-
gorithm, including ours, to large classes of problems such as MPECs which do not
satisfy this qualification. Therefore, it is our goal in this paper to use a less restric-
tive constraint qualification, namely MFCQ, to obtain local convergence results.
As shown in Lemma 4 of the previous section, MFCQ always holds for (3). We will
employ the theory developed in [12] to show local convergence under MFCQ.
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First, we need to make some modifications to our algorithm, which will allow
us to use the results of [12] and to show fast local convergence. In particular, we
need to modify the computation of the dual variables when the barrier parameter
is sufficiently close to 0. Instead of solving (6) and then using (9) to compute the
dual variables, we will solve the system (11) to obtain the primal step directions
and set the values of the dual variables as follows:

uk+1
i =

µ

ri(xk) + ξk
i

ψk+1
i =

µ

ξk
i

.

Note that doing so converts the algorithm to a purely primal one, but this is not a
substantial change in the structure of the algorithm since the dual step calculations
were not entirely independent when using the formula (9).

The second modification we will make is the choice of the barrier parameter at
each iteration of Algorithm 2. Rather than setting µj+1 ← βµj , we will update the
barrier parameter as follows:

µj+1 ← min{βσ(xj , ξj , uj , ψj), σ(xj , ξj , uj , ψj)2},
where

σ(x, ξ, u, ψ) = max{‖
[
∇f(x)−A(x)Tu

d− u− ψ

]
‖, ‖

[
U(r(x) + ξ)

Ψξ

]
‖}.

Note that doing so ensures that µj+1 ← βµj still holds away from the solution, as
σ(x, ξ, u, ψ) will be dominated by the complementarity terms which are all close to
µj . Close to the solution, however, the barrier parameter will be decreased at a
quadratic rate.

There are two assumptions required for fast local convergence: strict comple-
mentarity and second-order sufficiency. We now define these concepts.

Definition 10. For a strict local minimum x∗ of (2), strict complementarity holds
if there exists a corresponding Lagrange multiplier u∗ satisfying the first-order con-
ditions for (2) with

u∗i + ri(x∗) > 0, i = 1, 2, . . . ,m.

Definition 11. For a strict local minimum x∗ of (2), the second-order sufficient
condition (SOSC) holds if there exists a φ > 0 such that

sTH(x∗, u∗)s ≥ φ‖s‖2,
for each of its corresponding Lagrange multipliers u∗ and for all s ∈ Rn with s 6= 0
and ∇ri(x)T s = 0 for each active constraint i.

Lemma 7. Let strict complementarity hold for (2) at a strict local minimum x∗

with Lagrange multiplier u∗. Then, it holds for (3) with penalty parameter d > u∗

at (x∗, 0).

Proof. The condition

ui + (ri(x) + ξi) > 0, i = 1, 2, . . . ,m

reduces to
ui + ri(x) > 0, i = 1, 2, . . . ,m

when ξ = 0. Also, the first-order condition

d− u− ψ = 0



14 HANDE Y. BENSON, ARUN SEN, AND DAVID F. SHANNO

implies that ψ∗ = d−u∗ > 0. Therefore, there exists a Lagrange multiplier (u∗, ψ∗)
such that strict complementarity holds at (x∗, 0). �

Lemma 8. If SOSC holds for (2) at a strict local minimum x∗, then it holds for
(3) at (x∗, 0).

Proof. At (x∗, 0), we have that

r(x∗) + ξ∗ = r(x∗)
ξ∗ = 0.

Thus, the set of active constraints for (3) at (x∗, 0) is the set of active constraints
for (2) at x∗ along with the nonnegativity constraints on the relaxation variables.

For each s ∈ Rn with s 6= 0 and ∇ri(x)T s = 0 for each active constraint i, we
define ŝ = (s, 0) ∈ Rn+m. This means that ŝ 6= 0, and we have that[

∇ri(x)
ei

]T

ŝ = 0

for each active inequality constraint i and[
0
ei

]T

ŝ = 0

for each nonnegativity constraints i, with ei denoting the vector of zeros except for
a one in the ith place. Thus, for (3), we have that

ŝT

[
H(x∗, u∗) 0

0 0

]
ŝ = sTH(x∗, u∗)s ≥ φ‖s‖2.

Therefore, SOSC holds for (3) at (x∗, 0). �

Note that since MFCQ does not imply the uniqueness of the Lagrange multi-
pliers corresponding the x∗ in the first-order conditions, the above definitions and
lemmas accommodate the existence of multiple vectors. Therefore, the definition
of strict complementarity only requires one among possibly many optimal vectors
of Lagrange multipliers, and SOSC is defined to hold at every vector of optimal
Lagrange multipliers.

An additional assumption in [12] is that at least one of the constraints is active
at the optimal solution. We now show that this assumption will always hold for
(3).

Lemma 9. For a strict local minimum (x∗, ξ∗) of (3), ri(x∗) + ξ∗i = 0 or ξ∗i = 0
for some i = 1, 2, . . . ,m.

Proof. Suppose that for all i = 1, 2, . . . ,m, we have that

ri(x∗) + ξ∗i > 0
ξ∗i > 0.

Let
ξ̂i = min{ri(x∗) + ξ∗i , ξ

∗
i }.

Thus, we have that ξ̂ > 0, and, therefore, ξ∗ − ξ̂ < ξ∗ componentwise. Note also
that by the way we constructed ξ∗ − ξ̂, (x∗, ξ∗ − ξ̂) is feasible for (3). Since

f(x∗) + dT (ξ∗ − ξ̂) < f(x∗) + dT ξ∗,

(x∗, ξ∗) cannot be the strict local minimum, and we have a contradiction. �
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Lemma 10. Under Assumptions 1, 2, SOSC, and strict complementarity, with the
above modifications for fast local convergence, Algorithm 2 will always find a strict
local optimum of the penalty problem (3) and do so at a Q-quadratic rate.

Proof. By Lemma 4, (3) always satisfies MFCQ. Therefore, local convergence and
its rate of Algorithm 1 for the barrier problem follow from Theorem 8 of [12].
The results of Theorems 11 and 12 of [12] and the updated choice of the barrier
parameter guarantee that Algorithm 2 will solve the penalty problem and do so
Q-quadratically. �

We now show that with the modifications made above, Algorithm 3 converges
locally to a strict local minimum of (2) and does so at a quadratic rate.

Theorem 2. If Assumptions 1, 2, SOSC, and strict complementarity hold for
(2) at a first-order point x∗, then for sufficiently large but finite d∗, a solution
(x, ξ, u, ψ) = (x∗, 0, u∗, d∗ − u∗) exists for (3). If Algorithm 3 is applied with the
above modifications at a point (xi, ξi, ui, ψi) sufficiently close to this solution with
the penalty parameter set to d∗, then it converges to x∗ with no further update of
the penalty parameter needed, and the rate of convergence is Q-quadratic.

Proof. The first-order conditions (5) for (3) reduce to those of (2) at the solution
(x∗, 0, u∗, , d∗ − u∗) for d∗ > u∗, so it is a first-order point for (3). Since MFCQ
holds for the penalty problem by Lemma 4, there exists a u∗ which is finitely-
valued, and therefore, it is sufficient to have d∗ large and finite. This means that
when the penalty parameter is set to d∗ and we start sufficiently close, we only need
one iteration of Algorithm 2 to find the solution. Thus, by Lemma 7, Algorithm 3
converges to the solution and does so quadratically. �

5. Behavior of the Penalty Problem Near an Isolated Minimizer

Note that Theorem 2 essentially assumes that we have a KKT solution. How-
ever, we can still prove some results for a strict local minimum, x∗, that may not
necessarily be a KKT solution. We proved a similar result in Theorem 3 of [2], but
that was done with some assumptions, which we now drop.

In this section, we will establish that there is a sequence of solutions to the
penalized problem (2) which will converge to x∗(even if x∗ is not a KKT solution).
Again, we are not able to assert that the our algorithm will necessarily follow such
a sequence. However, absent truly pathological behavior, the algorithm often will
be able to track such a path if a starting point is chosen sufficiently close to x∗

for sufficiently large d. What we have provided is an explanation for behavior that
has in fact been seen in practice (see [2]), not a guarantee that such behavior will
always occur.

In the following results, the notation Bκ>0(x) refers to a ball of positive radius
κ centered at the point x.

Lemma 11. For all Bκ>0(x∗) there exists a d̄ such that xi ∈ Bκ for all di > d̄.

Proof. We choose r to be small enough such that f (x∗) < f(x) for all x ∈ Bκ(x∗)
with x feasible for (2). Suppose Bκ(x∗) does not contain xi for some di. The
function f(x) + dT ξ attains a global minimum over the set of solutions satisfying

r(x) + ξ ≥ 0
ξ ≥ 0
x ∈ Bκ(x∗),



16 HANDE Y. BENSON, ARUN SEN, AND DAVID F. SHANNO

since x is restricted to a closed and bounded set. Call this global minimum (x̂, ξ̂).
By assumption this global minimum must lie on the boundary of Bκ(x∗) and must
be better than any point in the interior, that is,

(15) f(x̂) + dT ξ̂ < f(x) + dT ξ

Furthermore, it must be true that ‖ξ̂‖ > 0, since otherwise x̂ would be feasible
for (2) with f(x̂) < f(x∗) which cannot happen. Now let S be the set of all such d
just described (i.e. those for which the penalty problem has no solutions in Bκ(x∗)).
We assume for the moment that S is unbounded. If we have that

(16) ∃ε > 0 s.t. ξ̂ > ε∀d ∈ S ,

then it is not hard to see that, since f is bounded on Bκ(x∗), we must have for
sufficiently large d in S,

f(x̂) + dT ξ̂ > f(x∗),
which of course contradicts (15). So suppose (16) does not hold. Then we have that,
for some sequence {dk} in S: limk→∞ x̂k = x̄ which must be feasible for (2) and lie
in Bκ(x∗) (since a closed set must contain its limit points). It must be true that
f(x̄) > f(x∗), and yet limk→∞ f(x̂k)+(dk)T ξ̂k = f(x̄), and f(x̂k)+(dk)T ξ̂k < f(x∗)
for all k. Obviously this cannot happen since the limit of a sequence cannot be
strictly greater than a number if all the elements of the sequence are strictly less
than it. Therefore S must be bounded and the lemma is proved. �

The proof of the claim now follows:

Theorem 3. There is a sequence of solutions (xi, ξi) which converges to (x∗, 0) as
di →∞.

Proof. We simply apply Lemma 10, and the result is obvious. In fact there are
uncountably many such sequences. �

6. Conclusion.

In this paper, we have proved convergence of an interior-point method under the
mild assumptions of twice continuous differentiability and the boundedness of the
primal iterates. By providing simple bounds on the variables, we can further relax
these assumptions. Therefore, incorporating the `1 penalty approach allowed us to
strengthen the convergence results of [6].

Note that we started by attempting to solve a general problem given by (1). As
mentioned, this problem had drawbacks, including the use of equality constraints.
Again, the use of the `1 penalty approach allowed us to incorporate all of these
constraints into the same framework while allowing for a strictly feasible interior
for the feasible region and bounded Lagrange multipliers. The convergence results
provided apply not only to NLP but to mathematical programs with equilibrium
constraints(MPECs), a wider class of problems whose optimal Lagrange multipliers
are always unbounded.
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