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Abstract

In this paper, we propose a new trust-region SQP method, which uses no penalty
function, for solving nonlinearly constrained optimization problem. Our method
consists of alternate two algorithms. Specifically, we alternately proceed the feasi-
bility restoration algorithm and the objective function minimization algorithm. The
global and superlinear convergence property of the proposed method is shown.

1 Introduction

In this paper, we consider the nonlinearly constrained optimization problem

minimize  f(x) (1)

subject to  g(z) =0, x>0,

where f : R® — R, ¢; : R" — R,i = 1,...,m are smooth functions and g(x) =
(g1(x), ..., gm(z))T. There are several numerical methods for solving the above problem,
which include the augmented Lagrangian function method, the sequential quadratic pro-
gramming (SQP) method, the trust-region SQP method, and the interior point method.

Most of the methods use penalty functions as merit functions in the line search strategy
or the trust-region strategy. The penalty function is a linear combination of the objective
function and some measure of the constraint violation, in which the objective function
minimization and the constraints satisfaction are treated together within the framework
of a single penalty function minimization problem. There are several difficulties associ-
ated with the use of penalty functions. A typical difficulty arises in choosing a penalty

parameter.
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In order to remedy these defects, some researchers proposed methods that use no
penalty functions, in which the above two goals are treated separately. These methods
are contained in the category of a multi-objective optimization. For example, Yamashita
[5] proposed a method based on the SQP method for solving equality constrained op-
timization. In his method, the restoration algorithm that improved feasibility and the
minimization algorithm that reduced the objective function value were done at each iter-
ation. Fletcher and Leyffer [3] proposed the filter method for solving general constrained
optimization problems, and they presented some numerical experiments that suggested
the good performance of their method. Furthermore, Fletcher et al. [2] proved the global
convergence property of the filter method within the framework of the trust-region SQP
method. On the other hand, Ulbrich and Ulbrich [4] proposed non-monotone trust-region
methods for nonlinear equality constrained optimization without a penalty function.

In this paper, we will propose a new method without a penalty function. The pro-
posed method is based on the trust-region SQP method and consists of alternate two
algorithms. Specifically, we will alternately proceed the feasibility restoration algorithm
and the objective function minimization algorithm. The global and superlinear conver-
gence property of the proposed method will be shown. The present research is motivated
by the earlier paper by Yamashita [5]. This paper is organized as follows. In Section 2,
we will give some notations used in the subsequent sections. In Section 3, we will describe
the algorithms of our method, and in Section 4, we will prove the global convergence
properties of the proposed method. In Section 5, the rate of convergence of our method
will be analyzed.

Throughout this paper, || - || denotes the l; norm for vectors and the induced norm for

matrices.

2 Notations

Let the Lagrangian function of problem (1) be defined by

L(w) = f(z) —y'g(x) — 2"z, (2)

t and y € R™ and z € R" are the Lagrange multiplier vectors which

where w = (z,y, 2)
correspond to the equality and inequality constraints, respectively. Then Karush-Kuhn-
Tucker (KKT) conditions for optimality of the above problem are given by
V.L(w)
r(w) = g(z) =0, ©>0,2>0, (3)
XZe

where



e = (1,---, 1) € R™

We define a first order approximation f;(z;s) : R® — R and a second order approximation

fq(x;s) : R™ — R to the objective function f(x) by
filwss) = fz)+Vf(2)'s
folwis) = J(a)+VI)'s + 35 Hs,

respectively, where s € R" is a step and H € R™*" is a suitable symmetric matrix given
below. We also define the differences

Afi(zys) = filzys) = flz) = Vf(x)t&
Afy(z;s) = fola;s) — f(x)
Af(x;s) flz+s)— f(x).

The differences Afj(x;s) and Af,(z;s) are used as objective functions in LP and QP
subproblems given below, respectively. The differences A f(z;s) and Af,(z;s) are used in

1
Vf(z)s+ istHs,

adapting trust-region radii. They are usually called the actual reduction and the predicted
reduction, respectively.

3 Algorithm of Our Method

In this section, we present the algorithm of our proposed method. Our method aims to
obtain a point that satisfies the KKT conditions. The main algorithm consists of the fea-
sibility restoration algorithm and the objective function minimization algorithm. In both
algorithms, the nonnegativity of primal and dual variables is maintained. The feasibility
restoration algorithm finds a point that approximately satisfies the equality constraints
within given tolerances. The objective function minimization algorithm decreases the ob-
jective function values, while the magnitude of the equality constraints is restricted within
the tolerance given by the preceding restoration algorithm. In what follows, ||7(w)||. is
defined by the form

I (w) |« = max([|Vo L(w)l[, llg(@)]l, [|X Zel)-

First, we describe the main algorithm of our method.

[Main Algorithm of our method]



(Step 0) Initialization:
wo (with zg > 0), € > 0,7 € (0,1) are given. Set k = 0.
(Step 1) Set 05, = 7|7 (wg)||«-
(Step 2) Perform Restoration Algorithm by starting from the point x and find
Wiyl = (%%a Yr+ds Zk+%)t

that satisfies
||g(xk+%)\| < O, Tpyet 20 and  z 0 > 0.

If Wy 1 satisfies ||r(wk+%)||* < dg, then set wi; = Wy 1 and go to Step 4.
(Step 3) By Minimization Algorithm with an initial point Tyt 20, find
Wr4+1 = (ﬂsz+1, Yk+1, Zk:-i-l)t

that satisfies

[r(wisn)ll« <0k, g1 >0 and 2z > 0.

(Step 4) Convergence Check:
If ||r(wg+1)]]« < &, then stop. Otherwise, set k := k + 1 and go to Step 1.

Next, we give the feasibility restoration algorithm, in which one QP subproblem is

solved. The algorithm proceeds until the magnitude of the equality constraints becomes

less than a prescribed tolerance 9.

[Restoration Algorithm]

(Step 0) Initialization:
wo (with zg > 0), 6 > 0,A¢ > 0,50 € (0,1) and 5 € (0,1) are given. Set k = 0.

(Step 1) Calculate a matrix Gy. (Gj is the Hessian matrix V2L (wy) or its approxima-

tion.)

(Step 2) QP subproblem:

Calculate the step s and multipliers (y.1, 2x11)" corresponding to the equality and

nonnegativity constraints by solving the QP subproblem

(QPr(1))

1
minimize §stGks + Vf(ay)'s
subject to  g(zy) + A(z)s =0, 2 +5>0, [s]e <A
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If necessary, the trust-region radius Ay is adapted so that the QP subproblem is
feasible.
(Step 3) Line Search:

Find the least nonnegative integer [, that satisfies

lg(zx + 8% s0)|| < max{s, (1 — eo8™)llg(xe)|},

and set oy, = .
(Step 4) Set w11 = Tp + apsp and set W1 = (Tpy1, Yrat, 2hr1)’

(Step 5) Convergence Check:
If ||g(zk+1)]| < 0, then stop.

(Step 6) Set k := k+ 1 and go to Step 1. O

The given constant ¢ in Step 0 means a tolerance d; used in Step 1 of [Main Algorithm].
In Step 2, the actual form of the trust-region constraint ||s|| < Ay is defined by the
bound constraints —Age < s < Age, where e = (1, ..., 1)

Remark: Unlike usual trust-region methods, our trust-region strategy does not make the
radius tend to zero. The trust-region radius is uniformly bounded below.

To close this section, we give the minimization algorithm, in which one LP subproblem
and two QP subproblems are solved. The LP subproblem plays an important role in
calculating estimates of the multipliers y and z, while the QP subproblems find a search
direction of the primal variable x. The algorithm proceeds until an approximate KKT

point is obtained within a prescribed tolerance ¢.
[Minimization Algorithm]

(Step 0) Initialization:

wp, & > 0,Ag > 0, Ag, > 0 and # € (0,1) are given, where Ar, < Ay, and x
satisfies o > 0 and ||g(xo)|| < . Set k= 0.

(Step 1) LP subproblem:

Calculate the step dj, and multipliers (ygy1, 2141)" corresponding to the equality and

nonnegativity constraints by solving the LP problem
(LP(z1))
minimize  Afi(zy;d) = Vf(x)'d
subject to  A(zy)d =0, zx+d>0, [d|e <1

_ t
Set wy, = (Tk, Yr+1, 2rt1)"-



(Step 2) Convergence Check:

If wy, satisfies ||r(wg)|| < 6, then stop.

(Step 3) Two QP subproblems:

Calculate a symmetric matrix H, € R™*". Obtain two steps sz, and s by solving

the following two QP subproblems:

(QPr(xr))
1
minimize  Af,(zx; s7) = §stTHksT + Vf(xr) sy
subject to  A(zg)sr =0, zp+sr >0, |sr|e < Ag,
and
(QP(xy))

1
minimize  Af,(zx;s) = §stHks + Vf(xg)'s
subject to  g(zx) + A(zk)s =0, z+5>0, [s]e < Ag,

where Ay, is chosen such that A, < A, and subproblem (QP(xy)) is feasible.

(Step 4) Set 5, = <min{”HST’“|:|°°, 1}) sg. Find the least nonnegative integer [, that
Sk|loo
satisfies

1
A fy(m; (1= B%)sq, + B%5;) < §qu(Ik; 57, ), (4)
and set p, = B%. Set Sp, = (1 — pr)sm, + prSk-

(Step 5) Trust Region Radius:
1

If ||g(@x + 5,,)|| = 6, then set Ap, = §ATk-

Otherwise

if Af(zg;s,,) > %qu(xk; Sy ), then set Aq | = %AT,C
if Af(zg;s,,) < %qu(xk; Sp ), then set Aq, = 2Ag,
otherwise Ap, = Aqy.

(Step 6) If Af(zk;sp,) <0 and [[g(xr + s,,)|| <6, then set xp41 = 2 + s,,. Otherwise,

set Tpy1 = Tk

(Step 7) Set k := k + 1 and go to Step 1. O



The given constant ¢ in Step 0 means a tolerance d; used in Step 2 of Main Algorithm.
In Step 1 and Step 3, the actual forms of the trust-region constraints ||d||. < Ay, ||57|l00 <

Ar, and ||s]| < A are defined by the bound constraints —Age < d < Age, —Ape <

sp < Ap.eand —Age < s < Age, respectively. In Step 3, several kinds of matrices can be
considered as Hj,. Typical choices are V2f(x},), V2L(wy) and their approximations. Note
that subproblems (LP(zy)) and (QPr(xy)) are always feasible, because the zero vector is
a feasible solution. Thus the following relations hold

Afi(zr; dp) < Afi(zy;0) =0,
and

Afy(wr; st,) < Afy(xr;0) = 0.
Roughly speaking, subproblems (QPr(zx)) and (QP(xy)) produce a descent search di-
rection for the objective function and the Newton direction for the nonlinear equations
g(x) = 0, respectively. This is a reason why we combine the two directions in Step 4. By
choosing a step s,,, which satisfies (4), as close to the Newton direction as possible, we
can expect to have a fast convergence. Since the estimate

. S
5elloe = <mn{”“°° 1}) lselloe < 152, lle < Ag,

[EAPe
holds, we have
Ipilloe < (1= pi)llszilloc + prllSkllc0 < Ay
We note that the generated sequence {wy} satisfies the conditions z; > 0, z; > 0 and
lg(zp)]] < 0.

4 Global convergence

In this section, we devote to prove the global convergence of our algorithm. For this
purpose, we make the following assumptions.

Assumption G
(G1) The functions f and g;,i = 1,...,m, are twice continuously differentiable.

(G2) The set {x € R"|f(z) < f(zo)} N{zx € R"| |lg(z)]] < do} N{z € R"| z > 0} is
compact for any xy, where the set {z € R"|f(x) < f(x¢)} denotes the level set of
the objective function f(z) at xy € R™.

(G3) The matrices Gy and Hy are uniformly bounded.

(G4) There exists a positive constant A such that
0<ATk§Ak§A for all k.



4.1 Global convergence of Restoration Algorithm

The following theorem implies the global convergence of Restoration Algorithm.

Theorem 1 Suppose that Assumption G holds. Let the sequence {xy} be generated by
Restoration Algorithm. Then the line search procedure in Step 3 terminates in a finite

number of iterations. Furthermore, any accumulation point x., (€ R™) of the sequence
{zx} satisfies g(x) = 0.

Proof. Suppose that g(xy) # 0 for any k. Letting
O(z) = [|lg(=)|1,

we have

Vo(r) =2A(z) g(z).
Since the search direction s; obtained in Step 3 satisfies
VO (x) s = 29(xx) Alzr) sk = 2g9(zi) (—g(xr)) = —2®(xx) <0,

sk 1s a descent direction for ®(z) at .
For any fixed number gy € (0, 1), there exists a positive number « such that

= (1 —2g0a)P(zy).

O(xy, +asy) < O(zp) +e0aVP(xy) sy,

By the facts that s is uniformly bounded for each k and that V®(z) is uniformly contin-
uous on the compact set, there exists an integer L < oo such that we can find an integer
I, € [0, L] satisfying

O(zp + B%s1) < (1 —208"%)D ().

Thus we have

lg(ze + B%se)ll - < /1 = 2e08%]lg(z)

< (1 —eoB")lg(n)ll-

The finite termination property is obvious from [;, € [0, L] for each k, which implies that
Step 3 is well-defined.
Since the preceding equation implies

lg(zrsn)l < (1 = 20)llg () |

at each iteration and 0 < 1 — go8% < 1 is satisfied, the magnitude of ||g(x})|| approaches

zero. Therefore, the theorem is proved. a



4.2 Global convergence of Minimization Algorithm

In this section, we study the global convergence property of Minimization Algorithm. We
begin with the following lemma, which suggests the roles of the differences A fj(xy; dy)
and Af,(xy; s, ).

Lemma 1 Suppose that Assumption G holds. Let dy, yr+1 and zx+q be an optimal solution
and corresponding multipliers for problem LP(xy ), respectively. Then the following hold:
(i) If Afi(xy; dy) = 0 at some k, then the point wy = (Tk, Yri1, 2611)" satisfies

Hg<xk’)” < 57 VIL(wk) = 07 Xka-i-le = 07 xp 2> 0, Zk41 2 07

for a given § > 0.
(i) If there exists a subsequence K C {0,1,2,...} such that

llII}CEK Afi(zy; dy) =0,

k—o00,

then any accumulation point We = (Toos Yoo, 200)t Of {(Tks Yka1, 2x41)'} satisfies
lg(zs)|| <0, Viol(ws) =0, XoZoe=0, z,>0, 2z, >0,

for a given § > 0.
(i) If Afy(xy; sp,) = 0 at some k, then Afi(xy;di) = 0 holds.
(iv) If there exists a subsequence K C {0,1,2,...} such that

m Kqu(xk;sTk) =0 and hmi?efKAT’“ > 0,

1
k—o0, k€ k—o00,

then IHCE’H}%K Afi(zx; d) = 0 holds.
Proof. (i) The KKT conditions for problem LP(z}) can be represented by

Vf(2k) — A(@k) Yrs1 — Zepr — Argt + e = 0,

Alzg)d, =0, ||dillo <1

T+ dp >0, zp >0, Z,iH(xk +di) =0, (5)
e+dp, >0, MNp1 >0, Ny (e+dy)=0,

e—dp >0, i1 >0, gy (e—dp) =0,

where 2pi1, A\gi1, per1 are multipliers corresponding to the inequality constraints. By
premultiplying the vector di, we have

di(Vf(xk) - A(l’k)tyk;—f—l — Zk+1 — >\k+1 + ,uk+1) =0,

and we have
AV f (o) + 2p 1Tk + A€ + e = 0. (6)

9



Since di,V f(xr) = Afi(zg;di) = 0, 2426 > 0, Al 1e > 0 and pf,, e > 0, equation (6)
yields

2k =0, M1 =0, pgy1 =0.
Therefore we obtain the result from (5).
(ii) In the same way as the proof of (i), we have equations (5) and (6). Since for k € K,
diV f(zg) = 0, 22 > 0, A ;e > 0 and pf e > 0, equation (6) yields

t
Zp1Tk — 0, A1 — 0, pgpgr — 0.

Therefore we obtain the result.
(iii) Since Af,(xy;sr,) = 0, the step Sy, = 0 is also an optimal solution to subproblem
(QPr(zx)). Thus there exist multipliers ¢, Z, @ and o corresponding to S5, and they
satisfy the following KKT conditions:

Hydr, + V() — Alzp)'g—2—a+9 =0,

A(zy)dr, =0, xp+385, >0, —Ape <5y, <Agpe,

z2>0, >0, v>0,

,%t(a:k + ng) =0, ﬂt(ATke + ng) =0, 1~)t(§Tk - ATke) =0,
which yields

Vf(xk) - A(ZBk)tg —Zz= , Tk Z O, z Z 0, thEk =0.
This implies that the point (0,7, Z,0,0) satisfies the KKT conditions for subproblem
(LP(zy)). Therefore the optimal value becomes A fj(xg; di) = Afi(x;0) = 0.
(iv) Let 8 = AT’“\CIT and & be a positive number. Since &5, is a feasible solution to

k|| oo

(QPr(xy)) for & sufficiently small, we have
Afg(wrssn,) < Afg(wr; i)
= GV f(xg)'s + gk( w) Hy8p. (7)
By choosing the sequence {&;} such that

. Afy(xx;st,)
k—»lolor,llieK & =0 k—xl)lonl:eK & =0,
equation (7) yields, for k£ € K sufficiently large,
Afq(xg; sty
&k

. oy -
Therefore, we have k_}log,rkleK Afi(xg;dy) = 0.

< V() 8,4+ 0(&) <0

The following lemma estimates A f,(zx; s7,)-

10



Lemma 2 Assume that the point xy, satisfying x > 0 and ||g(xy)|| < 6 is given. Let Ap,
be sufficiently small. If Af(xy;dy) <0, then there exists a positive constant ¢ such that

|Afo(@s s1)| = erllsmlloo-

Proof. By setting v = Aq,dg, the vector © becomes a feasible solution for subproblem
(QPr(z)), because A(zg)dy = 0 and zp + di, > 0 imply A(zg)0 = 0 and 2 +0 > 0
respectively. Thus we have

Afy(zy; s,) < Afg(zy;0) < 0. (8)
Since (8) holds for A, sufficiently small, it follows that
|Afq(zrssn)l = [Afq(k;0)]

= ;ﬁtHkﬁ + V()
> |V f(zp) o] — ;@tka)
> SISl
> I dullsn e
Therefore the proof is complete. O

The following lemma guarantees that the procedures in Steps 4 and 5 are well defined.

Lemma 3 Suppose that Assumption G holds. Then Step 4 always finds py which satisfies

1
Afolarssp) < 5Af(2issm,)-
Furthermore,
lg(xr + sp)ll <0

is satisfied for Arq, sufficiently small.

Proof. We can assume Af,(zg; s7,) < 0, because if Af,(zg;sr,) = 0, then the algorithm
terminates by (i) and (iii) of Lemma 1. Since the gradient vector, the matrix Hy and the
radius Ag, are uniformly bounded, we have

A (1 = p)s, + psi) = 5Afylawiom,)
= ;qu(xk; st.) + p(=V f(xr) s, + V f(x1) 5k — s, Hesty, + s, Hir)
+p? (;StTkasTk + ;SZHksk — stTkask>
< ;qu(xk; st) + 20(v/n||V f (i) [[[s7, oo + nll Hellllsm]15) + 200° | Hi | |57, 112

IA

1
3 (allszill2p® + bllsmlloe (1 + llszelloc)p + Afy(wni sm,)) (9)

11



where a and b are positive constants independent of k. We note that

bl oo (1 + 1513 loe) + P lsm B (1 smlloe)® — dallsm [RASy (o 57,)
2all s, 2,
Pl Tnlloe) = dallsn BASy(ons5m,) = bllsnlloe(1+ Ismlle)
2alls 2,
(annzo(l I3 l)® — dallsml oAyl 57, + Dl (1 + ||sTk||oo>)
VPTsr Bo(U+ 5m, o) — dallsn B A fyons 5m) + bllsm oo 1+ 157, )

_ 2 fy (s 51,)

VPIsr B+ Tsn 0 + Aallsr B ATy (o sm)l + s o1+ 157, 1)
L 1y sn)|

sz lloo

(10)

where 7 is a positive constant independent of k£ such that

VPl P (14 7 lloo)? + dallsr 2| A fy (@i 51| + bllsm oo (1 + [ls7,[lo0) < 23157, ]l

[Afq(xx; 51|

Let pr = min (
Mszlloo

have

, 1>. If we choose p such that 0 < Bpr, < p < p, then we

allszll2p® + bllst oo (L + lls7lloc)p + A fo(aas 57,,) < 0.

Thus the procedure in Step 4 finds p, which satisfies

Afglar;sp,) <

Since A(zy)sr, = 0 and A(xy)s, = —g(xx), we have

gan) + Alze)sn, = alze) + Alz) ((1—pk>sn+pkmm{”sﬂ”°° 1})

[ER[
— <1 — prmin { HST’“”oo, 1}) g(xy).
[EI[™

S szl
18pilloc < (1 = pr)llszlloc + 1 mm{ HS:H » Lo llskllee = O(llsz]lo0)

We note that

and the bounds ||sg|lee < Ar < A and ||s7, |l < Ap, < A yield
S szl } . {llSTkHoo } 573 [l
min , 13> min L= 1y = — =
{ [skllo0 A A

12




Furthermore, since the algorithm does not terminate, we have Af;(zy;d;) < 0. Then

|Afy(zx: s7.)| > c1]|sT, || holds for some positive constant ¢; by Lemma 2. Thus we have
A .
sz lloo g

Using these facts, we obtain

loGes 00l = llge) + Aas)sp, + Ol P
. STy |l oo
< (1= g {0 1) ool + Olon )

< (1=nl Y s o) e lol <o

Pro
A

6 . —
< 0= Bpexlsnille + OllsrillZ)  (since B < pi)

= 0= Fllsnlles + Ollls.II2)

o .
< o= g min{ 2} fon o+ O(lon ) (1)

Therefore by (11), we obtain ||g(xy + s,,)|| < ¢ for Ap, sufficiently small.
Therefore the proof is complete. O

The following lemma will be used in proving Theorem 2.

Lemma 4 Suppose that Assumption G holds. If h;?ig‘f |Afi(zy; dy)| = ca > 0, then
h,?i g}lf pr >0,
and there exists a positive number Ar independent of k such that the step s, satisfies
lg(zx + sp)ll <0

for any Ap, € (0, Ar).
Proof. We first note that if Ag, is sufficiently small, the vector Ar, dj, is a feasible solution
to subproblem (QPr(xy)). Since ligglf |A fi(zg; di)| > 0 holds and the sequence {xy}
remains in a compact set, we have

Afg(xr; sn,) < Afg(ar; Ardy)

= LA HG - A A (s dy)

2
1

< §ATkAfz(ZEk;dk)
1

< ZATk(—Cz)

< 0

13



for Aq, sufficiently small. In the same way as the proof of equation (10), the above
inequalities yield
2|A fq(@r; s1,)|
VO lsm 12 (1 + [ls7,[loo)? + dallsz 2] A fo@n; sz)] + bllszilloo (1 + [[57,]lc)?

[Afo(zrisn)l o Anc o
Monllee  — 4vllsnlle — 4y

c
Let p = min <42, 1>. Note that p is independent of the iteration count k. In Step 4, we
2

can find p; such that 0 < Gp < pr < p. In the same way as the proof of equation (11),

we have for some positive constant &

P10
oot 50l < 6+ fomllo (=257 + Ol )

0 : _
< 0+ Isplleo <—ﬁPA +5ATk> . (since (p < pi)

_ ) _
Let Ap = @ We should note that Ar is independent of the iteration count k. If we
EA

choose the radius A, such that 0 < Aq < Ay, then we have

)
—ﬁpz + £ATk < 0.

Thus the step s, satisfies ||g(zx. + s,,)|| < 0 for any Az, € (0, Ar).
Therefore the proof is complete. O

Now we present the global convergence theorem.

Theorem 2 Suppose that Assumption G holds. Then Minimization Algorithm terminates
in a finite number of iterations or there exists an accumulation point Weo = (Toos Yoos Zoo )
that satisfies

lg(zo0)|| <6, Vil(ws) =0, XoZoe=0, o0>0, 2z, >0, (12)
for a given § > 0.

Proof. Suppose the infinite sequence is generated. Without loss of generality, we can
assume that Af,(zg;sp,) < 0 holds for all £ > 0 from Lemma 1-(iii), which guarantees
Afy(xi; s,,) < 0from Step 4 of the algorithm. Let Ko = {k| ||g(xr+s,,)|| > 0}. We define
subsequences K7 C {0,1,---} and Ky C {0, 1,---} that satisfy KUK, = {0,1,2,---}\ K
and K, N Ky =0 by

Af(xg; sp,) > lefq(xk;spk), ke Ky, (13)

14



1
Af(xg; s,,) < Zqu(xk;Spk)’ ke K. (14)

(i) Suppose that K7 is an infinite sequence.
(i-a) Suppose that liminf Az = 0. Then there exists an infinite set K] C K; such

k—oo,ke K1

that Ay, — 0 for k € K. Note that ||s,, || — 0 for & € K. Since equation (13) yields

1 2
zqu(ku Spk) < Af<xk; SPk) = AftI(xk; SPk) + 0 (”“Spk”oo) )
there exists a positive constant c3 such that
—Afo(2r;5,) < cllsp )% < e3A7, (15)

Assume that khm énf Afi(xg;d) < 0. Without loss of generality, we can assume that
—o00,keK 1

dy,
lim Afl(xk7dk) < 0. Then §; = Apy ——— i
k

k—oo0,ke K| Hoo

the matrix {V?f(x4)} is uniformly bounded, we have

is a feasible solution to (QPr(zy)). Since

2Afo(xr; sp) < Afy(xr; sn,)
< Afy(xr; 8k)
< Arg, (Afl(m;dk)) + A,
(xS ‘
for a positive constant ¢,. Thus there exists a positive constant cs such that
—2Afo(r; s,,) > Ar, (W) — c4A2Tk > csAr,, (16)

for k € K| sufficiently large. This contradicts equation (15). This implies that

li A ; =0.
i Ao ) =0
Thus it follows from Lemma 1-(ii) that any accumulation point of the sequence {wy}
satisfies equations (12).
(i-b) Suppose that liminf Az, > 0. Then the condition Af(zy;s,,) < 2Af,(Tk; 5p,)

k—oo,ke K1
must be satisfied infinitely many times for & ¢ K; and this case corresponds to (ii) below.

(ii) Suppose that K, is an infinite sequence.

(ii-a) Suppose that there exists an infinite sequence K% C K5 such that . lim ;nf Agq, > 0.
—o0,k€K,

Since {f(x)} is bounded below and decreasing, and A f(zy; s,,) < 0 for k € K, we have

f('rk-&-l) - f(xk) = Af(mkv Spk) - Oa k € KQ

and thus Af,(zg;s,,) — 0, k € Ky, from (14), which implies that Af,(xy; s,) — 0, k €
K, by (4). It follows from Lemma 1-(iv) that . lirlrcl . Afi(zy;di) = 0. Thus it follows
—00,kE é
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from Lemma 1-(ii) that any accumulation point of the sequence {wy} satisfies equations
(12).

(ii-b) Suppose that . liril « Ar, = 0 holds. Assume that any accumulation point does
—00,KE L2

not satisfy conditions (12), which implies kggig( : |Afi(zg; di)| = 6 > 0 by Lemma 1 -
(ii). It follows from Lemma 4 that the numbers of each consecutive iteration that belongs
to Ky are uniformly bounded. Thus K; is an infinite sequence and this case reduces to
Case (i). For Case (i-a), we obtain the desired result. On the other hand, Case (i-b) does
not hold, because if this is the case, then we have

liminf Ap >0 and lim Agp =0,
k—o0,ke K1 k—o00,ke Ko

which is a contradiction. Hence there exists an accumulation point that satisfies conditions
(12).
Therefore, the proof of the theorem is complete. a

4.3 Global convergence of Main Algorithm

To end this section, we present the global convergence property of Main Algorithm as the

following theorem.

Theorem 3 Suppose that Assumption G holds. Then Main Algorithm terminates in a
finite number of iterations or any accumulation point of a generated sequence {wy} satisfies
the KKT conditions.

Proof. The conditions ||r(wg)|[« < 0k , x > 0 and z; > 0 in Step 2 are satisfied at each
iteration and the sequence {d;} approaches zero, the result immediately follows. O

5 Superlinear convergence of Main Algorithm

In this section, we analyze the rate of convergence of Main Algorithm under the assump-
tion that the sequence {wy} converges to a KKT point w*. We will show that in Main
Algorithm, Restoration Algorithm terminates in one iteration with a unit step size and
Minimization Algorithm is skipped. The local convergence property of the standard SQP
method enables us to obtain the superlinear convergence property of Main Algorithm. Let
xp be the kth iterate of Main Algorithm. Thus z;, is used as an initial point of Restora-
tion Algorithm. In what follows, we add a superscript ”r” to scalars and vectors dealt in
Restoration Algorithm in order to distinguish from those used in Main Algorithm. Fur-
thermore, we omit the iteration count in Restoration Algorithm, because the first step is
only dealt with in Restoration Algorithm. Suppose that w;, is sufficiently close to a KKT
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point w*. We should note that the initial trust-region radius A" of Restoration Algorithm
that starts from wy is uniformly bounded away from zero. Therefore, the trust-region
constraint [|s"|| < A" becomes inactive, because the magnitude of ||s"|| is sufficiently
small and the trust-region radius A" is bounded away from zero.

We first give the following lemma.

Lemma 5 Suppose that the sequence {wy} generated by Main Algorithm converges to a
KKT point w*. Assume that the linear independence constraint qualification, the strict
complementarity condition and the second-order sufficient condition are satisfied at w*.
Let s",y", and 2 be an optimal solution and corresponding multipliers for QPr(xy), re-
spectively. Suppose that the matrices Gy are uniformly positive definite on the null spaces
of the matrices whose rows are Vg;(xx)', i = 1,...,m and the gradient vectors of active
inequality constraints. Suppose that the matrices Gy are uniformly bounded and have

uniformly bounded inverses, and that the matrices Gy satisfy
- |Pe(Gr — VEL(w)) ((2k + ™) — )|

lim
k=00 [(zx + 57) — x|

=0,

where Py is the orthogonal projection matrix onto the tangent space to the equality and

active inequality constraints at xy. Then the following holds for k sufficiently large:

(2 + 8"y 2N < Brellr (wi )l

where { B} is a positive sequence such that klirn Gr = 0. O

The proof can be found in [1]. We note that z; + s” > 0, 2. > 0 and (2]);(xx + s7); =
0,2=1,...,n hold. By using the preceding lemma, we have the following theorem.

Theorem 4 Suppose that all the assumptions of Lemma 5 hold. Then for k sufficiently
large, Restoration Algorithm terminates with Wy 1 = (xp+s", 90, 2%), and Main Algorithm
adopts wis, = Wi 1 in Step 2 and skips Step 3. Therefore, the sequence {wy} generated
by Muain Algorithm satisfies the relation

I (wes )| < Bellr(wi) - (17)
Proof. Since
I (w) |l = max([|[Va L(w)]], [lg(z)], [ X Ze]) < [|r(w)]
and
lr(w)|I* = IVaL(w)[I* + [lg(@)I* + [|X Ze||* < 3]r(w)]Z,
we have

1
Sl = lir(w)l. < fir(w)]. (18)
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Equation (18) and Lemma 5 yield

lg(zr+ s < lr(ze + 5", 9%, 20|
< (e + 8", 9%, 24|l
< Bellr(wg) |l
< V3Bllr(wy)]ls
- (),
- k
-
< (Slm

for k sufficiently large. Since the relations
lg(ze +s")|| <0k, xrp+s" >0 and 2} >0
hold, we have
Wil = (o + 8"y, 20).
Furthermore the fact ||7(xy, + 5", ¢y, 21|« < 6 yields
Wrt1 = Wiy 1,
which implies that Step 3 is skipped. Therefore, by Lemma 5, the proof is complete. O

Equation (17) implies that our method converges superlinearly to a KKT point.

6 Concluding remarks

In this paper, we have proposed a new trust-region SQP method. Our method consists
of Restoration Algorithm and Minimization Algorithm, and the method does not use a
penalty function. We have proved the global and superlinear convergence property of the
present method. We note that our method is different from the filter method proposed
by Fletcher et al. We emphasize that our method avoids the Maratos effect.

In Step 1 of Main Algorithm, we have specified the way of choice of the parameter dy.
This choice of J; plays an important role in showing the superlinear convergence property
of our method, but the condition that {J;} approaches zero is sufficient to prove the global

convergence property.
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