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This paper presents a three-stage optimization algorithm for solving two-stage robust
decision making problems under uncertainty with min-max regret objective. The structure of
the first stage problem is a general mixed integer (binary) linear programming model with a
specific model of uncertainty that can occur in any of the parameters, and the second stage
problem is a linear programming model. Each uncertain parameter can take its value from a
finite set of real numbers with unknown probability distribution independently of other
parameters’ settings. This structure of parametric uncertainty is referred to in this paper as
the full-factorial scenario design of data uncertainty. The proposed algorithm is shown to be
efficient for solving large-scale min-max regret robust optimization problems with this
structure. The algorithm coordinates three mathematical programming formulations to solve
the overall optimization problem.  The main contributions of this paper are the theoretical
development of the three-stage optimization algorithm, and improving its computational
performance through model transformation, decomposition, and pre-processing techniques
based on analysis of the problem structure. The proposed algorithm is applied to solve a
number of robust facility location problems under this structure of parametric uncertainty.
All results illustrate significant improvement in computation time of the proposed algorithm

over existing approaches.
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1. Introduction
In this paper we address the two-stage decision making problem under uncertainty, where
the uncertainty can appear in the values of any parameters of a general mixed integer linear
programming formulation.

max c'x +q'y

s.t. Wy<h

In this paper, lower case letters with vector cap such as x represent vectors and the notation

x, represents the i ™ element of the vector . The corresponding bold upper case letters such

as W denote matrices and the notation ¥, represents the (i, /) ™ element of the matrix W .

In the formulation, the vector X represents the first-stage binary decisions that are made

before the realization of uncertainty and the vector y represents the second-stage continuous

decisions that are made after the uncertainty is resolved. It is worth emphasizing that many
practical two-stage decision problems can often be represented by this mathematical

formulation. For example in a facility location problem under uncertainty in a given network
G =(N, A), the first-stage decision % {0,1}"'represents the decision of whether or not a

facility will be located at each node in the network G. These facility location decisions are
considered as long-term decisions and have to be made before the realization of uncertain

parameters in the model. Once all values of uncertain parameters in the model are realized,
the second-stage decision >0 can be made. These second-stage decisions represent the

flow of each material transported on each arc in the network G.

In this paper, we consider the problem such that each uncertain parameter in the model is
restricted to independently take its value from a finite set of real numbers with unknown
probability distribution. This captures situations where decision makers have to make the
long term decision under uncertainty when there is very limited or no historical information
about the problem and the only available information is the possible value of each uncertain
parameter based on expert opinion. For example, expert opinion may give the decision
makers three possible values for a given uncertain parameter based on optimistic, average,
and pessimistic estimations. Under this situation, decision makers cannot search for the first-
stage decisions with the best long run average performance, because there is a lack of

knowledge about the probability distribution of the problem parameters. Instead, decision



makers are assumed to require first-stage decisions that perform well across all possible input
scenarios: robust first-stage decisions using a deviation robustness definition (min-max
regret robust solution) defined by Kouvelis and Yu (1997).

Two-stage min-max regret robust optimization addresses optimization problems where
some of the model parameters are uncertain at the time of making the first stage decisions.
The criterion for the first stage decisions is to minimize the maximum regret between the
optimal objective function value under perfect information and the resulting objective
function value under the robust decisions over all possible realizations of the uncertain
parameters (scenarios) in the model. The work of Kouvelis and Yu (1997) summarizes the
state-of-the-art in min-max regret optimization up to 1997 and provides a comprehensive
discussion of the motivation for the min-max regret approach and various aspects of applying
it in practice. Ben-Tal and Nemirovski (1998, 1999, 2000) address robust solutions (min-
max/max-min objective) by allowing the uncertainty sets for the data to be ellipsoids, and
propose efficient algorithms to solve convex optimization problems under data uncertainty.
However, as the resulting robust formulations involve conic quadratic problems, such
methods cannot be directly applied to discrete optimization. Mausser and Laguna (1998,
1999a, 1999b) presents the mixed integer linear programming formulation to finding the
maximum regret scenario for a given candidate robust solution of one-stage linear
programming problems under interval data uncertainty for objective function coefficients.
They also develop an iterative algorithm for finding the robust solution of one-stage linear
programming problems under relative robust criterion and a heuristic algorithm under the
min-max absolute regret criterion with the similar type of uncertainty. Averbakh (2000,
2001) shows that polynomial solvability is preserved for a specific discrete optimization
problem (selecting p elements of minimum total weight out of a set of m elements with
uncertainty in weights of the elements) when each weight can vary within an interval under
the min-max regret robustness definition. Bertsimas and Sim (2003, 2004) propose an
approach to address data uncertainty for discrete optimization and network flow problems
that allows the degree of conservatism of the solution (min-max/max-min objective) to be
controlled. They show that the robust counterpart of an NP-hard « -approximable 0-1
discrete optimization problem remains « -approximable. They also propose an algorithm for
robust network flows that solves the robust counterpart by solving a polynomial number of
nominal minimum cost flow problems in a modified network. Assavapokee et al. (2007a)
present a scenario relaxation algorithm for solving scenario-based min-max regret and min-

max relative regret robust optimization problems for the mixed integer linear programming



(MILP) formulation.  Assavapokee et al. (2007b) present a min-max regret robust

optimization algorithm for two-stage decision making problems under interval data
uncertainty in parameter vectors ¢4k, and parameter matrixes 7, and 7, of the MILP

formulation. They also demonstrate a counter-example illustrating the insufficiency of the
robust solution obtained by only considering scenarios generated by all combinations of
upper and lower bounds of each uncertain parameter for the interval data uncertainty case.
This result is also true for the full factorial scenario design of data uncertainty case. As of
our best knowledge, there exists no algorithm for solving two-stage min-max regret robust

decision making problems under interval data uncertainty in parameter vector g and
parameter matrixes W, and W, of the general MILP formulation. Because the proposed

algorithm in this paper can solve the similar robust two-stage problems under full factorial
scenario design of data uncertainty in any parameter of the general MILP formulation, the
proposed algorithm can also be used as one alternative to approximately solve the deviation

robust two-stage problems under interval data uncertainty in parameter vector g and
parameter matrixes W, and W, of the general MILP formulation by replacing the possible

range of each uncertain parameter with a finite set of real values.

Traditionally, a min-max regret robust solution can be obtained by solving a scenario-
based extensive form model of the problem, which is also a mixed integer linear
programming model. The extensive form model is explained in detail in section 2. The size
of this extensive form model grows rapidly with the number of scenarios used to represent
uncertainty, as does the required computation time to find optimal solutions. Under full-
factorial scenario design, the number of scenarios grows exponentially with the number of
uncertain parameters and the number of possible values for each uncertain parameter. For
example, a problem with 20 uncertain parameters each with 3 possible values has over 3.4
billion scenarios. Solving the extensive form model directly obviously is not the efficient
way for solving this type of robust decision problems even with the use of Benders’
decomposition technique (J.F. Benders, 1962). For example, if the problem contains 3.4
billion scenarios and a sub-problem of Benders’ decomposition can be solved within 0.01
second, the algorithm would require approximately one year of computation time per
iteration to generate a set of required cuts.

Because of the failure of the extensive form model and the Benders’ decomposition
algorithm for solving a large scale problem of this type, the three-stage optimization

algorithm is proposed in this paper for solving this type of robust optimization problems



under min-max regret objective. The algorithm is designed explicitly to efficiently handle a
combinatorial sized set of possible scenarios. The algorithm sequentially solves and updates
a relaxation problem until both feasibility and optimality conditions of the overall problem
are satisfied. The feasibility and optimality verification steps involve the use of bi-level
programming, which coordinates a Stackelberg game (Von Stackelberg, 1943) between the
decision environment and decision makers, which is explained in detail in section 2. The
algorithm is proven to terminate at an optimal min-max regret robust solution if one exists in
a finite number of iterations. Pre-processing procedures, problem transformation steps, and
decomposition techniques are also derived to improve the computational tractability of the
algorithm. In the following section, we present the theoretical methodology of the proposed
algorithm. The performance of the proposed algorithm is demonstrated through a number of
facility location problems in section 3. All results illustrate impressive computational

performance of the algorithm on examples of practical size.

2. Methodology

This section begins by reviewing key concepts of scenario based min-max regret robust
optimization. The methodology of the proposed algorithm is then summarized and explained
in detail, and each of its three stages is specified. The section concludes with the proof that
the proposed algorithm always terminates at the min-max regret robust optimal solution if
one exists in a finite number of iterations.

We address the problem where the basic components of the model’s uncertainty are
represented by a finite set of all possible scenarios of input parameters, referred as the
scenario set Q. The problem contains two types of decision variables. The first stage
variables model binary choice decisions, which have to be made before the realization of
uncertainty. The second stage decisions are continuous recourse decisions, which can be

made after the realization of uncertainty. Let vector X, denote binary choice decision

variables and let vector y,6 denote continuous recourse decision variables and let
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and 7, denote model parameters setting for each scenario

weQ. |If the realization of model parameters is known to be scenario @ a priori, the

optimal choice for the decision variables X, and p, can be obtained by solving the

following model (1).
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When parameters’ uncertainty exists, the search for the min-max regret robust solution

comprises finding binary choice decisions, x, such that the function max(o’ -z (x))is
weQ)

2w

minimized where Z; (x) = max (@03, W03, <h, +T,,% W3, =h, +T,,% }+c,% . Itisalso
Vo=

worth mentioning that the value of O, —Z (%) is nonnegative for all scenarios @ € Q.

In the case when the scenario set Q is a finite set, the optimal choice of decision variables ¥

under min-max regret objective can be obtained by solving the following model (2).

St5>0—%%) X
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This model (2) is referred to as the extensive form model of the problem. If an optimal

(2)
VoeQ

solution for the model (2) exists, the resulting binary solution is the optimal setting of the
first stage decision variables x. Unfortunately, the size of the extensive form model can
become unmanageably large as does the required computation time to find the optimal
setting of x. Because of the failure of the extensive form model and the Benders’
decomposition algorithm for solving a large scale problem of this type, a new algorithm
which can effectively overcome these limitations of these approaches is proposed in the
following subsection. A key insight of this algorithm is to recognize that, for a finitely large
set of all possible scenarios, it is possible to identify a smaller subset of important scenarios
that actually need to be considered as part of the iteration scheme to solve the overall

optimization problem with the use of bi-level programming.

Min-Max Regret Robust Algorithm for Full-Factorial Scenario Design
We start this section by defining some additional notations which are extensively used in

this section of the paper. The uncertain parameters in the model (1) can be classified into



eight major types. These uncertain parameters can be combined into a random vector & =
(¢,q,h,hy, T, T,,W,,W,). In this paper, we assume that each component of & can

independently take its values from a finite set of real numbers with unknown probability

distribution. This means that for any element p of the vector &, p can take any value from

the set of {p), P(zys- P} SUch that p,, < p, <...< p; where the notation p denotes the
i T . L

number of possible values for the parameter p. For simplicity, notations p" = p, and

p’ = P Will be used to represent the lower bound and upper bound values of the parameter

pe&. The scenario set Q is generated by all possible values of the parameter vector &.
Let us define £(w) as the specific setting of the parameter vector & under scenario @ € Q
and Z={&(w)|weQ} as the support of the random vector £. As described below, we
propose a three-stage optimization algorithm for solving the min-max regret robust
optimization problem under scenario set Q that utilizes the creative idea based on the

following inequality where Q c Q.
AY = mag({O; —Z (%)}=min meg<{0; ~Z (%)}=min mag{O; ~-Z (X)}=A"

In the considered problem, we would like to solve the middle problem

(min mag({O;—Z;(?c)}), which is intractable because |Q| is extremely large. Instead, we

successively solve the left and right problems for AY and A*. The left problem is solved by
utilizing a reformulation as a tractable Bi-level model. The right problem is solved by

utilizing the Benders’ decomposition based on the fact that | Q| is relatively small compared

to | Q|. The proposed algorithm proceeds as follows.

Three-Stage Algorithm

Step 0: (Initialization) Choose a subset Q < Q and set AV =0, and A =0. Let X,, denote
the incumbent solution. Determine the value of &> 0, which is a pre-specified tolerance.
Step 1: (Solving the Relaxation Problem and Optimality Check) Solve the model (1) to

obtain O, Vwe Q. If the model (1) is infeasible for any scenario in the scenario set Q, the

algorithm is terminated; the problem is ill-posed.



Otherwise the optimal objective function value to the model (1) for scenario w is designated
as O, . By using the information on O, YweQ, Apply the Benders’ decomposition
algorithm explained in detail in Section 2.1 to solve the smaller version of the model (2) by

considering only the scenario set Q instead of Q. This smaller version of the model (2) is
referred to as the relaxed model (2) in this paper. If the relaxed model (2) is infeasible, the

algorithm is terminated with the confirmation that no robust solution exists for the problem.
Otherwise, set %, =X which is an optimal solution from the relaxed model (2) and set

A" =max{0, -z, (¥")} Which is the optimal objective function value of the relaxed model (2).
weQ)

If {AY- AM}< ¢, X, 1S the globally e-optimal robust solution and the algorithm is terminated.

Otherwise the algorithm proceeds to Step 2.

Step 2: (Feasibility Check) Solve the Bi-level-1 model described in detail in Section 2.2 by
using the X, information from Step 1. If the optimal objective function value of the Bi-
level-1 model is nonnegative (feasible case), proceed to Step 3. Otherwise (infeasible case),
Q « Qu{w’} where o] is the infeasible scenario for X, generated by the Bi-level-1 model
in this iteration and return to Step 1.

Step 3: (Generate the Scenario with Maximum Regret Value for X, and Optimality Check)

Solve the Bi-level-2 model specified in detail in Section 2.3 by using the X, information

from Step 2. Let ), eargmax{0, - Z, (%,)} and A”" =max{0 - Z' (%)} generated by the

weQ a)Eﬁ
Bi-level-2 model respectively in this iteration.

If A” <A, thenset X,, =X, and set A” =A”".
U L. _ . . . . . .
If {A™- A"}< & X, is the globally e-optimal robust solution and the algorithm is terminated.

Otherwise, Q < QuU{w’,} and return to Step 1.

We define the algorithm Steps 1, 2, and 3 as the first, second, and third stages of the
algorithm respectively. Figure 1 illustrates a schematic structure of this algorithm. Each of

the three stages of the algorithm is detailed in the following subsections.



First Stage

0 = - - L
Aptlmallty c_heck and?ene[atf X, and A
T, eargminmax{0, - Z, (%))

A =min man{O; -Z,(%)}

we

Second Stage

®, and AY o Feasibility check
’ ' (Bi-level-1 model)
Third Stage
Optimality check and Generate /
w,cargmax{0, - Z,(3,)} ¥, and A’

weQ
AV =min{max{0] - Z](5,)}. A"}

(Bi-level-2 model).

Figure 1: Schematic Structure of the Algorithm.

2.1. The First Stage Algorithm

The purposes of the first stage are (1) to find %, € arg min {maé({o;z -7z (fc)}} , (2) to find

A" =min ma(;({OL —Z (%)}, and (3) to determine if the algorithm has discovered an optimal

robust solution for the problem. The first stage utilizes two main optimization models: the

model (1) and the relaxed model (2). The model (1) is used to calculate O for all

scenariosw € Q — Q. If the model (1) is infeasible for any scenario @ € Q, the algorithm is
terminated with the conclusion that there exists no robust solution to the problem.
Otherwise, once all required values of O Vo eQ are obtained, the relaxed model (2) is
solved. In this paper, we recommend solving the relaxed model (2) by utilizing the Benders’
decomposition techniques as follow. The relaxed model (2) has the following structure.

min (max (0, -&,% -4,7,))

st. w,,y,-T,,x<h
h,

WZmyw ];mx =y va) € Q
7,20
x €{0,1}"

This model can also be rewritten as rr{ur; | f(x) where f(x)= mag((O; —-Q,(¥)—c!x) and
xef{o, 1™ we

Qa) (5(’:) = ma%( qz;j}w

Yo

S.t. ’/Vlmj}w S hla) + T X (ﬁl,w,g‘c)



where the symbols in parenthesis next to the constraints denote to the corresponding dual
variables. The results from the following two lemmas are used to generate the master
problem and sub problems of the Benders’ decomposition for the relaxed model (2).

Lemma 1: f(X) isaconvex functionon x.

Proof: f(¥)=max(0, -0, (¥)—c'x) is a convex function on ¥ because of the following
weQ)

reasons. (1) Q,(¥) and c.x are concave functions on ¥; (2) (-1)*concave function is a
convex function; (3) Summation of convex functions is also a convex function; and (4)

Maximum function of convex functions is also a convex function. O

—_ % % T —_ .
Lemma 2: (_CT )~ (Froc) Tow — (ﬂz,w(i),x(i))Tsz(i)) € of (x(i)) where

w(i

o(i) eargmax{O, —¢/x(i)—Q, (x(@))}, of (x(i)) is sub-differential of the function fat ¥(i)

weQ
and (77 500 F2.00009) 19 the optimal solution of the dual problem in the calculation of
0,(x) when o= w(i) and X =X(i).
Proof: From duality theory:
0,0(X(@) = (ﬁ;(u(i),f(i))T (}—Ila)(i) +T,,,x(@) + (ﬁ;,(u(i),)‘c(i))T (EZ(u(i) +T,,,X()
and O, (¥)< (ﬁ;m(i),,—((i))T (}_I;.a)(i) + I‘Iw(i)x) + (ﬁ-;,w(i) %

Thus, O, (x)- Q.0 (x@@) < (ﬁ-:,w(i),)?(i) ) T,,,(x—x(@)+ (ﬁ-;,w(i),)‘c(i) ) T1,,,(x - x(7)) and

*

- « . _ T _x T = oy
Ow(i) - Qa)(i) (X) 2 (i) Qw(i) (x@) - ((ﬁl,w(i),x(i)) T1w(i; + (7[2,(4)(1‘),)‘:(1‘)) TZw(i) ) (x—x()) .

o) Uy + T,y %) fOr arbitrary .

From _E(Z(i)x = _E(f(i)x(i) _E(f(i) (x-x(7) and f(x)= ng((OZ; -0,(X)—c,%),
f(f) 2 O;(z) - Qa)(i) (75) - Ei(i)x

* —7s ~T —y( T _* T _* T ~ =
20,0, (x(@) - cw(i)x(l) + (_cw(i) - (7[1,w(i),x(;)) T, (”2,w(z),x(z)) T, ) (x—x()

From w(i) e argmax{0, —¢/x(i) - 0, (¥(i))},

weQ)

f()?) 2 f(f(l)) + (_E(Z(i) - (ﬁ-::w(i),)?(i) )T Thu(i) - (ﬁ;,w(i),,?(i))TTZw(i) ) ()E - X(i)) o

Based on the results of the Lemma 1 and 2, we briefly state the general Benders

decomposition algorithm as it applies to the relaxed model (2).

Benders Decomposition Algorithm for the Relaxed Model (2):
Step 0: Set lower and upper bounds /b = —o and ub = +oo respectively. Set the iteration

counter £ = 0. Let Y° includes all cuts generated from all previous iterations of the

10



proposed three-stage algorithm. All these cuts are valid because the proposed algorithm
always add more scenarios to the set Q and this causes the feasible region of the relaxed
model (2) to shrink from one iteration to the next. Let ¥  denote the incumbent solution.
Step 1: Solve the master problem
b= rrguxn 0
st. 0>a'x+b  Vi=12,..k
(0,%)eY*
If the master problem is infeasible, stop and report that the relaxed model (2) is infeasible.
Otherwise, update £ = k£ + 1 and let x(k) be an optimal solution of the master problem.

Step 2: For each w e Q, solve the following sub problem:
0,(x(k)=max q,7,

st. W,p,<h,+T,%(k) (Zrwr)
WoFo = oy + T (K) G
where the symbols in parenthesis next to the constraints denote to the corresponding dual
variables. If the sub problem is infeasible for any scenario w € Q, go to Step 5.
Otherwise, using the sub problem objective values, compute the objective function value

f(x(k) = O;(k) —Eaf(k)?c(k)—Qw(k)(fc(k)) corresponding to the current feasible solution x(k)

where w(k) e argmax{O, —¢!%(k)-Q,(X(k))}. If ub > f(x(k)), update the upper bound

weQ)

ub = f(%(k)) and the incumbent solution " = X (k).

Step 3: If ub—Ib< A, where 1>0 is a pre-specified tolerance, stop and return "~ as the

optimal solution and ub as the optimal objective value; otherwise proceed to Step 4.

Step 4: For the scenario w(k) e argmax{0, —¢, x(k) -0, (X(k))}, 1et (7, o150 T 2000500 )

weQ)

be the optimal dual solutions for the sub problem corresponding tox(k) and (k) solved in
Step 2. Compute the cut coefficients a, =—(Z.y, + (71 <) Trow +(ﬁ;,(g(k),x(k))T];m(k))'
and b, =-a/ %(k)+ f(¥(k)), and go to Step 1.

Step 5: Let @ e Q be a scenario such that the sub problem is infeasible. Solve the following

optimization problem where 0 and 1 represent the vector with all elements equal to zero and

one respectively.

11



min(fy, + T, X (k)" ¥, + (hy, + T X (k)" 7,
st. WLy +Wriv,>0
0<w <1, -1<y,<1

Let % and v, be the optimal solution of this optimization problem. Set k = k — 1 and

Y Y O{E | (hy, + T, X)" ¥, + (hy, +T,;%)" v, >0} and go to Step 1.

If the relaxed model (2) is infeasible, the algorithm is terminated with the conclusion that

there exists no robust solution to the problem. Otherwise, its results are the candidate robust

decision, . =x", and the lower bound on min-max regret value, A* =max{O’ -Z (3
Q Q @ @
WE!

obtained from the relaxed model (2). The optimality condition is then checked. The
optimality condition will be satisfied when AY —A* <&, where £>0 is pre-specified
tolerance. If the optimality condition is satisfied, the algorithm is terminated with the & -

optimal robust solution. Otherwise the solution X, and the value of A* are forwarded to the

second stage.

2.2. The Second Stage Algorithm

The main purpose of the second stage algorithm is to identify a scenario @ € Q which

admits no feasible solution to Z (%) for @ =, . To achieve this goal, the algorithm solves

a bi-level programming problem referred to as the Bi-level-1 model by following two main
steps. In the first step, the algorithm starts by pre-processing model parameters. At this
point, some model parameters’ values in the original Bi-level-1 model are predetermined at
their optimal setting by following some simple preprocessing rules. In the second step, the
Bi-level-1 model is transformed from its original form into a single-level mixed integer linear
programming structure. Next we describe the key concepts of each algorithm step and the

structure of the Bi-level-1 model.
One can find a model parameters’ setting or a scenario @ € Q which admits no feasible
solution to Z, (%,) for @=a, by solving the following bi-level programming problem

referred to as the Bi-level-1 model. The following model (3) demonstrates the general

structure of the Bi-level-1 model.

12



0 3)
st. W,p+5=h+T3,

W,y +5, = h, +T,%,

_Wz)_’+§2:_ﬁz_Tz)—CQ

o1<s5, 81<5, 61<5, >0

In the Bi-level-1 model, the leader’s objective is to make the problem infeasible by
controlling the parameters’ settings. The follower’s objective is to make the problem feasible
by controlling the continuous decision variables, under the fixed parameters setting from the

leader problem, when the setting of binary decision variables is fixed at xX,. In the model
(3), J represents a scalar decision variable and 0 and 1 represent the vector with all elements

equal to zero and one respectively. The current form of the model (3) has a nonlinear bi-
level structure with a set of constraints restricting the possible values of the decision vectors
E=(¢,q,h,h, T, T, W,,W,). Because the structure of the follower problem of the model
(3) is a linear program and it affects the leader’s decisions only through its objective
function, we can simply replace this follower problem with explicit representations of its
optimality conditions.  These explicit representations include the follower’s primal
constraints, the follower’s dual constraints and the follower’s strong duality constraint.

Furthermore, from the special structure of the model (3), all elements in decision variable
matrixes T,,W,and vector 4, can be predetermined to either one of their bounds even before

solving the model (3). For each element of the decision matrix W; in the model (3), the
optimal setting of this decision variable is the upper bound of its possible values. The

correctness of these simple rules is obvious based on the fact that 3 >0. Similarly, for each
element of the decision vector %, and matrix 7, , the optimal setting of this decision variable
in the model (3) is the lower bound of its possible values.

Lemma 3: The model (3) has at least one optimal solution 7,4 W, , T, ,h,, and W, in
which each element of these vectors takes on a value at one of its bounds.

Proof: Because the optimal setting of each element of T,,/4, and W, already takes its value

from one of its bounds. We only need to prove this Lemma for each element of 7, ,/,, and

W, . Each of these variables T,,,4,, and W,

»; appears in only two constrains in the model

13



Q) D Wy, +sy=hy+ D Tyxo and = W, v, +s, =—hy, =Y T,,x, . Itis also easy to
j ! J !

see that s, = —s,, and min{s,,,s,,.}=—|s, —s, |/2. This fact implies that the optimal setting
of y which maximizes min{s,,,s,,} will also minimize |s, —s,, |/2 and vise versa under the

fixed setting of &. Because | s, — sy, [/2=|hy + Y Tpyx0 — > Wy, v, |, the optimal setting of
] j

T, hy;, and W, will maximize mir
Yex

22) | hZi +zni1xﬁl _ZVVZ;'/‘y,‘ |
l J

where y(3,)={p>0|W,5 <h +TX,, W,y <h,+T,X,}. In this form, it is easy to see that

the optimal setting of variables 7,,,

h,; and W, will take on one of their bounds. O
Let us define the notations L and E to represent sets of row indices associating with less-

than-or-equal-to and equality constraints in the model (1) respectively. Let us also define the

notationsw,, Vie L, w,, and w,, Vi E to represent dual variables of the follower problem

in the model (3). Even though there are six sets of follower’s constraints in the model (3),
only three sets of dual variables are required. Because of the structure of dual constraints of
the follower problem in the model (3), dual variables associated with the first three sets of the
follower’s constraints are exactly the same as those associated with the last three sets. After

replacing the follower problem with explicit representations of its optimality conditions, we

encounter with a number of nonlinear terms in the model including: W,y ., Wy,w;,, Wy,w,,,

hywy, , hyw,., T,yw,., and T,,w,,. By utilizing the result form Lemma 3, we can replace

these nonlinear terms with the new set of variables WYy, WWZTJWWZ;

HW,, HW,,
TW,,, and TW,, with the use of binary variables. We introduce binary variables
biT,,,bih,;, and biW,,; which take the value of zero or one if variables T,,h,, and W,
respectively take the lower or the upper bound values. The following three sets of constraints

(4), (5), and (6) will be used to relate these new variables with nonlinear terms in the model.

In these constraints, the notations yj.’ , wa” and w,’ represent the upper bound value of the

variables y;, w; and w, respectively. Terlaky (1996) describes some techniques on

constructing these bounds of the primal and dual variables.
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Ty = TzL,/ + (TzL,// - 7—v2€l)biTZil
Tyiwy, <TW,;, < Tywy,
Tyiwy, <TW,y, < Ty,
TG, 2 T, =T |+ T DO )A-0T) |
Wy < Tyywy, + (1T 1+ 1 T 0w )(BAT,,) “)
TWyy 2 Toywy, = (| Ty |+ 1 Ty N(wy” )= biT, )
TWyy < Ty + (| Ty | +1 T (w3 )(BiTy,)
biT,, €{0,1}

hy, = hy, + (hy, — hy,)bihy,
By, < HWy, < oy,

L - - U, -
hywy, < HWy; < hyywy,

HWy, > hywy, = (k5 |+ g )(wy? YL~ bih,,) ()

' VieE

HWy; < hyywy, + (g, |+ | By, )(ws,” ) (biy,)

HW,; 2 hyywy, = (| iy |+ by, )(wy,” )AL= biky,)

HWy, < hywy, + (| gy |+ | Iy, ) (w3 )(bihy,)

bih, €{0,1}
Wy = Way + Wy =Wy YbiW,
Wy, SWYy Wy,
WY,y 2 Wy, = (Way |+ Woy D)L= bily,)
WY,y <Woiy, +(Woy | +1 W55 NG/ )BT, ©)
Wws, <WW,, < W,
Wowy, SWW,, < Wywy, VieE, Vj
WWay 2 Wagwy, = ([ Wy |+ [ Wo ws YL biW,,)
WWoy < Woyws, + (W |+ Wy N(wy,” Y(iW,)
WWay 2 Woywy, = (W |+ [ Wy Nwy A= biWy,)
WWoy < Woywy, + ([ Wy |+ [ Wy, )(wi” )(biW,)
biW,, <{0,1}

After applying pre-processing rules, the follower problem transformation, and the result
from Lemma 3, the model (3) can be transformed from a bi-level nonlinear structure to a
single-level mixed integer linear structure presented in the model (7). The table in the model

(7) is used to identify some additional constraints and conditions for adding these constraints
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to the model (7). These results greatly simplify the solution methodology of the Bi-level-1

model. If the optimal setting of the decision variable & is negative, the algorithm will add
scenario @, which is generated by the optimal setting of 4, 4,,T,,T,,W,, and W, from the
model (7) and any feasible combination of ¢ and g, to the scenario set Q and return to the
first stage algorithm. Otherwise the algorithm will forward the solution X, and the value of

A" to the third stage algorithm.

min o
Ss.t.
Zngy/+si:hlLi+lex'leQZ Viel
J 1
ZWYZZ/+Sli:h2i+zT2ilel Vie E
J 1
_ZWY21j+S2i:_hZi_zTZilel Vie E
J 1
0<s, Viel, 60<s, ViekE, 0<s, ViekE )
Zng-Wli*Z (WWZ-:j_WWZZj)ZO Vvj
iel icE
ZW1I+Z(WQ[+W;[):1
iel ieE

o= Z (hlli +z Tlflxgz]wu +Z [HWZJ; - HW,, +Z (TWztz _TWZ_il)xQ[j
Ji 1

ielL ieE

w,20Viel, w;;20 VieE, w,;20VieE, y, 20V

Condition to Add the Constraints Constraint Reference Constraint Index Set
Always 4) Forall ie E, Forall/
Always (5) Forall ie E

Always (6) Forall i e E, Forallj

2.3. The Third Stage Algorithm

The main purpose of the third stage is to identify a scenario @, € arg max{o; —Z;(J?Q)} .

weQ)

The mathematical model utilized by this stage to perform this task is also a bi-level program

referred to as the Bi-level-2 model. The leader’s objective is to find the setting of the

decision vector &= (¢,q,h,h,,T,,T,,W,,W,) and decision vector (%,,7,) that result in the

maximum regret value possible, max{O, - Z, (x,)}, for the candidate robust solution %, .
weQ)

The follower’s objective is to set the decision vector y, to correctly calculate the value of

Z, (X,) under the fixed setting of decision vector & established by the leader. The general

structure of the Bi-level-2 model is represented in the following model (8).
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The solution methodology for solving the model (8) can be structured into two main
steps. These two main steps include (1) the parameter pre-processing step and (2) the model

transformation step. Each of these steps is described in detail in the following subsections.

{qTJ—’l"' C—Til - qr)_’z - ET)?Q)}

m ax
¥e {0,131 5,20,¢

s.t. el
W,y < };1+T1f1 (8)
Wi,y =h, +T,X%,
max gq }72
V220
s.t. W,y, < h +T,%,
wW,y, = }72 +T,X,

2.3.1. Parameter Pre-Processing Step

From the structure of the model (8), many elements of decision vector & can be

predetermined to attain their optimal setting at one of their bounds. In many cases, simple

rules exist in identifying the optimal values of these elements of decision vector £ when the
information on X, is given even before solving the model (8). The following section
describes these simple pre-processing rules for elements of vector ¢ and matrix 7, in the

vector &.

Pre-Processing Step for ¢
The elements of decision vector ¢ represent the parameters corresponding to coefficients

of binary decision variables in the objective function of the model (1). Each element ¢, of
vector ¢ is represented in the objective function of the model (8) as: (c,x, —¢,x,,). From
any given value of x,, the value of ¢, can be predetermined by the following simple rules. If

X, 18 1, the optimal setting of ¢, is ¢, =c,. Otherwise the optimal setting of ¢, is ¢, =c; .

Pre-Processing Step for T,
The elements of decision vector 7, represent the coefficients of the binary decision
variables located in the less-than-or-equal-to constraints of the model (1). Each element 7},

of matrix 7, is represented in the constraint of the model (8) as:

ZVVL’/ylj <h, +T1i1x11+kz; Ty and Z Wiyya, <h + Tlilel+z TaXor . From any given
J # J

k=l
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value of x,,,, the value of 7;, can be predetermined at 7;,=T7,, if x,=0. In the case when
Xy, = 1, the optimal setting of 7,, satisfies the following set of constraints illustrated in (9)
where the new variable 70X, replaces the nonlinear term 7,,x, in the model (8). The
insight of this set of constraints (9) is that if the value of x;, is set to be zero by the model,
the optimal setting of 7;, is 7, and TX,,, =0. Otherwise the optimal setting of 7, can not

be predetermined and 72X, =T,

TX,, -T,+T51-x,)< 0

~TX,, +T,-T5(1-x,)<0 ©)
Tlhx, <TXy, <T5x,

TliLl ST, < leLl + xl[(Tlg _leLz

2.3.2. Problem Transformation Step
In order to solve the model (8) efficiently, the following two main tasks have to be

accomplished. First, a modeling technique is required to properly model the constraint
£eZ. Second, an efficient transformation method is required to transform the original
formulation of the model (8) into a computationally efficient formulation. The following two
subsections describe techniques and methodologies for performing these two tasks.

2.3.2.1. Modeling Technique for the Constraint £ € =
Consider a variable p which only takes its value from p distinct real values, pq), p),

.y P+ This constraint on the variable p can be formulated in the mathematical

P P
programming model as: p = Zp(i)bii, Zbi,. =1 b, 20Vi=1..,p and {bi,bi,,..bi,}is
i=1

i=1
SOS1. A Special Ordered Set of type One (SOS1) is defined to be a set of variables for
which not more than one member from the set may be non-zero. When these nonnegative

variables, bi, Vi=1,...,p, are defined as SOS1, there are only p branches required in the

searching tree for these variables.
2.3.2.2. Final Transformation Steps for the Bi-level-2 Model

Because the structure of the follower problem in the model (8) is a linear program and it
affects the leader’s decisions only through its objective function, the final transformation
steps start by replacing the follower problem with explicit representations of its optimality
conditions. These explicit representations include the follower’s primal constraints, the

follower’s dual constraints and the follower’s strong duality constraint. The model (10)
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illustrates the formulation of the model (8) after this first transformation where decision

variables w,, Vie L and w,, Vie E represent the dual variable associated with follower’s

constraints. The model (10) is a single-level mixed integer nonlinear optimization problem.
By applying results from parameter pre-processing steps and modeling technique previously

discussed, the final transformation steps are completed and are summarized below.

max{z q;yy; + z € Xy _z qb,-yz,'_z € Xg}
J ! J !
st. £ekE
Z Wiy, S h1i+z T,,x, Viel
; 7

J

ZWliijjShli-‘-ZTli]le Viel
7 7

Z W,y = hz;-"'z Tryxy ViekE
J 1

ZWZiijj:h2i+ZT2ilx£Zl Vie E
7 7

Z Wiwy + Z WoyWai 24, VJj

ielL ieE

Z (hli + Z Tlilxgljwli + Z (hzz' + Z TZileIJWZi = Z q;Y,;
I 1 J

iel ieE

(10)

w,20Viel, y1,20,y,,20 Vj, x;, €{0,1} VI

Final Transformation Steps

Parameter ¢ : By applying the preprocessing rule, each variable ¢, can be fixed at c; .
Parameter 7, : By applying previous results, if the parameter 7, can be preprocessed, then
fix its value at the appropriate value of 7,,. Otherwise, first add a decision variable 7X,,

and a set of constraints illustrated in (9) to replace the nonlinear term 7j,x,, in the model

(10), then add a set of variables and constraints illustrated in (11) to replace part of the

constraint £ Z for 7,, in the model (10), and finally add a variable TW,, and a set of
variables and constraints illustrated in (12) to replace the nonlinear term 7;,w,, in the model
(10), where wi, and wj; represent the upper bound and the lower bound of dual variable w,
respectively.

Ty Ty

Iy, = Z_llzli/(s)biﬂi/(s)’Z_l:bﬂlﬂ(s) =1 biTy,) 20 Vse{l, 2,..., T} and g{biz’ii/(y)} isSOS1  (11)

Ty
™m, = ZZLI(A')ZTVVJJI(S)
2 U L U )
WibiTyy < ZTWyy SWbiTy gy ZTWyy <wy —wy (=il ), ZTW 2w, —wy; (I=biTy ) Vsefl,.., T}
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Parameter 7,: We first add a decision variable 7.X,,, and a set of constraints illustrated in
(13) to replace the nonlinear term 7,,x;, in the model (10), then add a set of variables and
constraints illustrated in (14) to replace part of the constraint & € = for 7,, in the model (10),
and finally add a variable 7%,, and a set of variables and constraints illustrated in (15) to
replace the nonlinear term T,,w,, in the model (10), where w}, and wy, represent the upper

bound and the lower bound of variable w,, respectively.

Ty
Tsz = ;T;il(x)ZTXZJiI(S) (13)
OSZTsz(s) <1, ZTquz(s) SbiTzl‘z(s)’ ZTquz(s) <Xy ZTsz(s) 2biTziz(s) +x, -1 Vse{l,..., T}

T

Dy - .
Ty = Z_];];il(s)bizéi/(s)’ Z_l:biTzl’z(s) =1 biTy, 20 Vse{l,2,...T,,} and g{biTzl’/(s)} IsSOS1 (14)

Ty
™wm, = ZGI@)ZMH(S)
. s=1 ” . U _ (15)
WobiTyy ) < ZTWy) SWybiTyyy ZTWy) < Wy =Wy U=biTyy ), ZTW,y 2 Wy =Wy (L=biTy ) - Vs €4l Ty}

Parameter /, and /,: We first add a set of variables and constraints illustrated in (16) and
(17) to replace part of the constraint &= for A, and h,, respectively in the model (10).

We then add variables HW,,, HW,,and a set of variables and constraints in (18) and (19) to

replace the nonlinear terms #,w,, and &,,w,, respectively in the model (10).

2 2 _ _
h, = ;hli(s)biHb.(s), ;biHli(S) =1, biHyy >0 Vs e{L2,... 1} and U{bifl,,}is SOS1 (16)

Iy I _ _
hy, = Zl"hZi(s)binl.(s), ZlbiH%’ =1, b,y 20 Vs e{L2,... hp} and AbiH,,,} is SOS1 (17)

Jy;
HW, = Iy ZHW,,
L ; () Li(s) (18)

WobiH,, < ZHW,  <wibiH, ), ZHW, <w,—wi(-bifl, ), ZHW, >w,—wj (1-biH,) Vsefl,..h}

Iy
HW,, = Zh’Zi(s)ZHVVZi(s)
P (19)

WzLibinf(s) SZHWy, ) < ngiHZi(s)’ ZHWy; ) < Wy, _WzLi(l_biHZi(s))! ZHWy () 2 Wy, — Wy, (A-bitd, ) Vsefl,...h}
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Parameter g: We first add a set of variables and constraints illustrated in (20) to replace

part of the constraint £ € = for ¢, in the model (10). We then add decision variables QY ,
QY,, and a set of variables and constraints in (21) to replace the nonlinear terms ¢;y,, and
q,y,; respectively in the model (10) where yﬁj. and yfj represent the upper bound and the

lower bound of variable y, respectively for »=1and 2.
qj ‘7/

4, =2 4,0bi0,y, D b0 =1 b0, >0 Vse{l2,...q}and U{biQ,,}is SOS1 (20)
s=1 s=1

Zq/ s)ZQ 1j(s)
yljle](v)— 20Y, y1,le,(;)v 0% <1 J’l,(l le,(v)) Z0% ylj—yf;(l—bin(s)) Vse{l,...,c?j}

oy, = Z‘b(x)ZQYz;‘(s)

(21)

yZ/le/(s) —ZQYzj(v) —yzjle,(sy ZQY2J ) SV yz,(l biQ /(s)) ZQYz,(s) 22, yz,(l le/(y)) Vs efl,.. 1‘1,}
Parameter W, and W,: We first add a set of variables and constraints illustrated in (22) and

(23) to replace part of the constraint £ e = for W, and W, respectively in the model (10).

Lj

We then add a set of variables and constraints illustrated in (24) and (25) together with

variables WY, , WYy, \ WY, WYy, WW,,, and WW,, to replace the nonlinear terms 1,

lyylj !

Woihr; WigVass Waydas s Wiywy» and Wy,w,. in the model (10).

Wy Wy

Wi = D WiihiWi Z‘biWw(s) =1, bW,y = 0Vsefl2,.. W, }and U{bil,, )} is SOS1 (22)

Way Wy

W,, = ZWZ,/(S)szZU(S), z_;biww =1, bilW,yy 20 Vs e{l.2,... W, } and A{biW,,,} is SOS1(23)

WYlll/ ZVV]JJ( )ZWYﬂJJ( 5)

s=1

le(s)_ZWYlhj(s)_yl/blVVly(s)‘ ZWYuzj(:)—yy y1,(1 4 ,(s)) A/44 i) 2V~ yl,(l biw, /(s)) Vsefl..., 11/}

Wl/

12!/ ZVVIIJ(A)ZWYIZV( 5)

b’WL/(s)SZWKZV(s)—yz/b’VVl:,(s)l ZWyiz,/(s)—yz/ yz,(l biW, /(s)) ZWYlsz(:)—yZJ yz/(l biw, ,(:)) Vsefl..., 11,}

(24)

7y
Wy = 3 W I,

Lj(s)

wLszh/(x)SZWVVL/(S)_ lelU(S), ZWW9 SWy— W L-biW, Wi ZWWoy 2w, — wl (L-bil, Wiw) Vsefl.. JJ/}
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oy

211] ZWzy s)ZWY;hj

<y _J’1Lj A=biWyy)s ZW Yy 2 0y, _JﬁUj (1-bi,

bWy S ZW 0 <VubiMo ZW Yy
Wi
22y ZVVZA/(Y ZWYZZy
blVVZy (s) SZVVYZZ[/ (s) —yZJblVVZy (s)? ZWYZZ[/(&) -
oy
sz ZVVZU(A)ZWVVZU(A
M/Llel/(A) _ZWVI/ZI/(A) - WZbZVVZI/(s ZWVVZI/ (s) — WZi _M)ZLI(l_blVVZ A)) ZWVVZ

ij(s)

) Vsedd,..,

ij(s)

y2/ y2/(1 blVVZy v)) ZWYZZy(v)_yZ/ yZ/(l blVVZt/ v)) vse{l'

= WZl WZ! (l bi VVZI/(; ) Vs G{l, " 21/}

Wy}

(25)
oy

By applying these transformation steps, the model (10) can now be transformed into its final

formulation as a single level mixed integer linear programming problem as shown in the

model (26). The table in the model (26) is used to identify some additional constraints and

conditions for adding these constraints to the model (26).

AT = maX{ZQYlj +ZC7)C]_, _ZQYZj _chxaz}
j ] J ]

z lly<hli+ z TXy, + Z

llindy=1

z i =i +ZTX 210l
z 12y

lind,=1
ZWYZZI']' =My, +ZTzﬂxgz
7 7

DI+ 3 W, 24,

iel ieE
ZH%+ZH%+Z(
ieL ieE ieL

»,20,3,,20 Y,

z Tyxo + Z

lindy=1

T,x, Viel
I\ndy=0
VieE
T.x, Viel
IlInd;=0
VieE
vj
> Wyxg+ D,

lIndy=0

>0 Viel, x, {05} VI

q,whx@}Z(ZTWMsu]

ieE J

2.0%,

Condition to Add the Constraints

Constraint Reference

Constraint Index Set

Ind;=1 (9), (11), and (12) Forall ie L, Forall!/
Always (13), (14), and (15) Forall ie £, Forall /
Always (16) and (18) Forall ie L

Always (17) and (19) Forall ie E

Always (20) and (21) For all

Always (22) and (24) Forall ie L, Forall;
Always (23) and (25) Forall i e E, Forallj
Where
nd 1 if 7, value cannot be predetermined.

" =00 otherwise

L

0 Otherwise

. {Preprocessed value of 7}, if 7, can be preprocessed
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The Bi-level-2 model can now be solved as a mixed integer linear program by solving the
model (26). The optimal objective function value of the model (26), A", is used to update

the value of AV by setting AV to min{ AY", A"}. The optimality condition is then checked.

If the optimality condition is not satisfied, add scenario @, which is the optimal settings of

§=(E,q,}i,fzz,Tl,T2,m,Wz) from the model (26) to the scenario set QQ and return to the

first stage algorithm. Otherwise, the algorithm is terminated with an &—optimal robust
solution which is the discrete solute on with the maximum regret of AY from the model (26).
In fact, we do not have to solve the model (26) to optimality in each iteration to generate the

scenario @,. We can stop the optimization process for the model (26) as soon as the feasible

solution with the objective value larger than the current value of AY has been found. We can
use this feasible setting of &=(¢,q,/,h,,T,,T,,W,,W,) to generate the scenario @, in the
current iteration. The following Lemma 4 provides the important result that the algorithm
always terminates at an g-optimal robust solution in a finite number of algorithm steps.
Lemma 4: The three-stage algorithm terminates in a finite number of steps. When the
algorithm has terminated with £>0, it has either detected infeasibility or has found an e-
optimal robust solution to the original problem.

Proof: The result follows form the definition of A” and A* and the fact that in the worst
case the algorithm enumerates all scenarios @< Q and | Q]| is finite. O

The following section demonstrates applications of the proposed three-stage algorithm for
solving min-max regret robust optimization problems under full-factorial scenario design of
data uncertainty. All results illustrate the promising capability of the proposed algorithm for
solving the robust optimization of this type with an extremely large number of possible

scenarios.

3. Applications of the Three-Stage Algorithm

In this section, we describe numerical experiments using the proposed algorithm for
solving a number of two-stage facility location problems under uncertainty. We consider the
supply chain in which suppliers send material to factories that supply warehouses that supply
markets as shown in Figure 2 (Chopra and Meindl). Location, capacity allocation, and
transportation decisions have to be made in order to minimize the overall supply chain cost.
Multiple warehouses may be used to satisfy demand at a market and multiple factories may

be used to replenish warehouses. It is also assumed that units have been appropriately

23



adjusted such that one unit of input from a supply source produces one unit of the finished
product. In addition, each factory and each warehouse cannot operate at more than its
capacity and a linear penalty cost is incurred for each unit of unsatisfied demands. The
model requires the following notations, parameters and decision variables:

Suppliers Factories Warehouses ~ Markets

0
0

Figure 2: Stages in the Considered Supply Chain Network (Chopra and Meindl).

m - Number of markets W, : Potential warehouse capacity at site e

n : Number of potential factory location f;; : Fixed cost of locating a plant at site i

[ : Number of suppliers f2. : Fixed cost of locating a warehouse at
site e
¢t Number of potential warehouse c1i - Cost of shipping one unit from
locations supplier 4 to factory i
D; : Annual demand from customer j c2ie - Cost of shipping one unit from factory

to warehouse e

K; :Potential capacity of factory site c3e - Cost of shipping one unit from
warehouse e to market ;

S, . Supply capacity at supplier / p; - Penalty cost per unit of unsatisfied
demand at market ;
yi . =11if plant is opened at site ; z. . =1if warehouse is opened at site ¢;
: = 0 otherwise : = 0 otherwise

x1,; - = Transportation quantity from X2i . = Transportation quantity from
supplier 4 to plant i plant i to warehouse e

X3¢ = Transportation quantity from s; © = Quantity of unsatisfied
warehouse e to market ; Demand at market j

In the deterministic case, the overall problem can be modeled as the mixed integer linear
programming problem presented in the following model. When some parameters in the
model are uncertain, the goal becomes to identify robust factory and warehouse locations
under deviation robustness definition. Transportation decisions are treated as recourse

decisions which will be made after the realization of uncertainty.
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n t I n n_t t m m
min Zfliyi + ZfZeZe + chlhix”lhi + chzl'ele'e + chsejxaej + ZP(,-S_,-
i=1 j=1

e=1 h=l i=1 i=l e=1 e=1 j=1

n ! t
S.t. leh,. <S, Vhe{l.. l}, lehl. —sz,.e =0 Viel,..,n}
i=1 =1 e=1

t n m
szie SKiyi Vie{ly"'yn}v ZxZié’_zx3ej :0 Vee{l,...,t}
i=1 Jj=1

e=1

m 1
Zx3¢/SVI{gze Veedl,...t} Zx3£j+sj:Dj vjedd,...,m}
e=1

;1; >0 Vh Vi, x,, >0 Vi Ve, x,,>0 Ve Vj, 5,20 Vj, y, {01} Vi, andz, €{0,1} Ve

We apply the proposed algorithm to 20 different experimental settings of the robust
facility location problems. Each experimental setting in this case study contains different
sets of uncertain parameters and different sets of possible locations which result in different
number of possible scenarios. The number of possible scenarios in this case study varies
from 64 up to 3% scenarios. The key uncertain parameters in these problems are the supply
quantity at the supplier, the potential capacity at the factory, the potential capacity at the
warehouse, and the unit penalty cost for not meeting demand at the market. Let us define
notations I’, n’, t’, and m’ to represent the number of suppliers, factories, warehouses, and
markets with uncertain parameters respectively in the problem. It is assumed that each
uncertain parameter in the model can independently take its values from » possible real

values. The following Table 1 describes these twenty settings of the case study.

Table 1: Twenty Settings of Numerical Problems in the Case Study

Size of Extensive Form Model

Problem ! n ¢t m [ n ¢ m r | QO | #Constraints ~ #Continuous  #Binary
Variables Variables
S1 8 8 8 8 0 2 2 2 2 64 3.14x10° 1.13 x 10° 16
S2 8 8 8 8 0 2 2 4 2 25 1.25 x 10* 451 x 10* 16
S3 8 8 8 8 0 2 4 2 2 25 1.25 x 10* 451 x 10* 16
S4 8 8 8 8 0 2 2 6 2 1024 5.02 x 10* 1.80 x 10° 16
S5 8 8 8 8 0 2 4 4 2 1024 5.02 x 10* 1.80 x 10° 16
S6 8 8 8 8 0 2 6 2 2 1024 5.02 x 10* 1.80 x 10° 16
S7 8 8 8 8 0 2 4 6 2 409% 2.01x10° 7.21x10° 16
S8 8 8 8 8 0 2 6 4 2 409 2.01x10° 7.21x10° 16
59 8 8 8 8 0 2 6 6 2 24 8.03x 10° 2.88 x 10° 16
ML 8 8 8 8 0 6 6 6 2 28 1.28 x 107 4.61 x 10 16
M2 6 6 6 6 6 6 6 6 3 3% 1.04 x 10%° 2.71x 10" 12
M3 6 6 6 6 6 6 6 6 3 3% 1.04 x 10%° 2.71x 10% 12
Mi 6 6 6 6 6 6 6 6 3 3% 1.04 x 10%° 2.71x10% 12
M5 6 6 6 6 6 6 6 6 3 3% 1.04 x 10%° 2.71x10% 12
M6 6 6 6 6 6 6 6 6 3 3% 1.04 x 10%° 2.71x 10% 12
L1 8 8 8 8 8 8 8 8 3 3% 9.08 x 10%° 3.26 x 10 16
L2 8 8 8 8 8 8 8 8 3 3% 9.08 x 10%° 3.26 x 10 16
I3 8 8 8 8 8 8 8 8 3 3% 9.08 x 10% 3.26 x 10 16
14 8 8 8 8 8 8 8 8 3 3% 0.08 x 10% 3.26 x 10Y 16
L5 10 10 10 10 10 10 10 10 3 3% 7.42 x 107 3.40 x 10% 20
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All case study settings are solved by the proposed algorithm with ¢ = 0 and extensive
form model (EFM) both without and with Benders’ decomposition (BEFM) on a Windows
XP-based Pentium(R) 4 CPU 3.60GHz personal computer with 2.00 GB RAM using a C++
program and CPLEX 10 for the optimization process. MS-Access is used for the case study
input and output database. In this case study, we apply the proposed algorithm to these
twenty experimental problems by using two different setups of initial scenarios. For the first
setup, the initial scenario set consists of only one scenario. For the second setup, the initial
scenario set consists of all combinations of upper and lower bounds for each main type of
uncertain parameters. For example, there are three main types of uncertain parameters in the
problems S1 to S9, the initial scenario set of these problems consists of 2° = 8 scenarios for
the second setup. Table 2 illustrates the computation time (in seconds) and performance
comparison among these methodologies over all 20 settings. If the algorithm fails to obtain
an optimal robust solution within 24 hours or fails to solve the problem due to insufficiency
of memory, the computation time of “--“ is reported in the table. Because the problems
considered in this case study are always feasible for any setting of location decisions, the

Stage?2 of the proposed algorithm can be omitted.

Table 2: Performance Comparison between Proposed Algorithm and Traditional Methods

Proposed Algorithm
Problem EFM BEFM Initial Scenarios Setup 1 Initial Scenarios Setup 2
Solution  Solution  Stagel Stage3 Total #lteration Stagel Stage3 Total #lteration

Time Time Time  Time Time (1Q]) Time  Time  Time (1Q])
S1 80 56.6 9.4 27 121 4 (5) 5.6 0.9 6.5 1(9)
S2 1495 178.9 9.9 27 126 4 (5) 5.8 1.1 6.9 1(9)
S3 1923 186.4 9.4 24 118 3(4) 5.7 1 6.7 1(9)
S4 27540 743.2 10.6 2.7 13.3 4 (5) 5.8 1.3 7.1 1(9)
S5 38630 802.4 9.6 18 114 3(4) 5.9 0.9 6.8 1(9)
S6 39757 805.2 95 28 123 4 (5) 11.8 2.2 14 3(11)
S7 - 5382.8 9.9 16 115 3(4) 6.2 1.1 7.3 1(9)
S8 - 62895  10.8 27 135 4 (5) 12 2.1 14.1 3(11)
S9 - 64521.6 114 29 143 4 (5) 13.1 2 151  3(11)
M1 - - 57.2 71 643 9(10) 45.2 54 506  5(13)
M2 - - 1135 337 1472 28(29) 40 157 557  10(26)
M3 - - 659 1469.8 15357 17 (18) 39.2 13105 13497 11(27)
M4 - - 571 245 816  15(16) 21.9 9 309  5(21)
M5 -- -- 91.3 1702.4 1793.7 22 (23) 29.3 1201.1 1230.4 8 (24)
M6 -- -- 137.5 142.1 279.6 14 (15) 55.6 178.7 234.3 6 (20)
L1 -- -- 550 26553 27103 42 (43) 149.9 24394.8 24544.7 17 (33)
L2 -- -- 221.2 948 1169.2 19 (20) 69.8 1069.6 1139.4 10 (26)
L3 -- -- 548.5 771 625.6 35 (36) 158.4 36.2 194.6 11 (27)
L4 -- -- 952 12816 13768 49 (50) 110.9 8125.8 8236.7 15(31)
L5 -- -- 51338 33765 85103 87 (88) 17559 29038 46597  75(91)
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All results from these experimental runs illustrate significant improvements in
computation time of the proposed algorithm over the extensive form model both with and
without Benders’ decomposition. These results demonstrate the promising capability of the
proposed algorithm for solving practical min-max regret robust optimization problems under
full factorial scenario design of data uncertainty with extremely large number of possible
scenarios. In addition, these numerical results illustrate the impact of the quality of the initial
scenarios setup on the required computation time of the proposed algorithm. Decision
makers are highly recommended to perform thorough analysis of the problem in order to

construct the good initial set of scenarios before applying the proposed algorithm.

4. Summary

This paper develops a min-max regret robust optimization algorithm for dealing with
uncertainty in model parameter values of mixed integer linear programming problems when
each uncertain model parameter independently takes its value from a finite set of real
numbers with unknown joint probability distribution. This type of parametric uncertainty is
referred to as a full-factorial scenario design. The algorithm consists of three stages and
coordinates three mathematical programming formulations to solve the overall optimization
problem efficiently. The algorithm utilizes pre-processing steps, decomposition techniques,
and problem transformation procedures to improve its computational tractability. The
algorithm is proven to either terminate at an optimal robust solution, or identify the
nonexistence of the robust solution, in a finite number of iterations. The proposed algorithm
has been applied to solve a number of robust facility location problems under uncertainty.
All results illustrate the outstanding performance of the proposed algorithm for solving the

robust optimization problems of this type over the traditional methodologies.
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