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Abstract

We present a general procedure for handling equality constraints in optimization
problems that is of particular use in direct search methods. First we will provide
the necessary background in differential geometry. In particular, we will see
what a Riemannian manifold is, what a tangent space is, how to move over a
manifold and how to pullback functions from a manifold to the tangent spaces.
The central idea of our optimization procedure is to treat the equality constraints
as implicitly defining a C2 Riemannian manifold. Then the function and inequality
constraints can be pulled-back to the tangent spaces of this manifold. One then
needs to deal with the resulting optimization problem that only involves, at most,
inequality constraints. An advantage of this procedure is the implicit reduction in
dimensionality of the original problem to that of the manifold. Additionally, under
some restrictions, convergence results for the method used to solve the inequality
constrained optimization problem can be carried over directly to our procedure.
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straints, geodesics
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1 Introduction

Direct search methods are typically designed to work in (a subset of) Rk. So, if we only
have inequality constraints present that define a full-dimensional feasible region, some
of these methods that have convergence results for inequality constrained problems
are potentially useful procedures to employ, e.g., [1, 2, 3, 7, 8, 11, 21]. However, the
presence of even one equality constraint defining a feasible set M of measure zero
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creates difficulties. The LTMADS algorithm [2] provides a typical illustration. The
probability that a point on the mesh used in LTMADS also lies on the manifold M is
zero. So every point that LTMADS considers will likely be infeasible. Filter techniques
[1, 3, 12] may be able to alleviate this situation if one is willing to violate the equality
constraints somewhat. Also, the augmented Lagrangian pattern search algorithm in
[18] extends the method in [6] to non-smooth problems with equality constraints. ([18]
also contains a nice survey of previous methods to deal with equality constraints using
direct search methods.) We have in mind something quite different.

The way we will extend direct search methods to equality constrained problems
is to employ some techniques from differential geometry. Equality constraints will
implicitly define a subset of the ambient space Rk of our optimization variables. Under
some assumptions to be made precise later, this subset can be taken to be the central
object of differential geometry: a manifold. Section 2 provides an overview of the
required differential geometry. We have tried to make this as self-contained as possible,
which has resulted in a very long section. Additionally, the concepts are developed in a
non-linear programming ‘language’ as much as possible. Finally, for ease of exposition,
we assume in this section some additional smoothness requirements on our objective
function and inequality constraints that will be dropped when we move onto the direct
search methods in Section 3. We hope that this will allow the reader to understand our
direct search extension as easily as possible.

In Section 3 we outline our general procedure. We borrow some of the computational
techniques developed in Section 2 to make sure that every point we consider in our
optimization algorithm will always satisfy the equality constraints present. As we
will see, this will result in an equivalent problem that only has, at most, inequality
constraints, if such constraints were present in the original problem. Let us make the
following quite clear from the outset: we are only concerned with extending direct
search methods to problems with equality constraints. As such we assume that these
methods are appropriate for the problem at hand. For example, perhaps the objective
function is only Lipschitz. Whether the techniques we develop along the way have
applications beyond this limited objective will not concern us at all.

An illustrative example is given in Section 4. The reader may find it useful to
follow this example as they read the previous sections in order to make the ideas
more concrete. A comparison with the generalized reduced gradient (GRG) method is
provided in Section 5. Finally, Section 6 is a discussion of our results.

2 Manifolds

The object of our study is the following problem:

min
x∈Rn+m

: f(x) (2.1a)

subject to : g(x) = 0 (2.1b)
h(x) ≤ 0. (2.1c)
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Here f : Rn+m → R, g : Rn+m → Rn and h : Rn+m → Rl. The set of points
Mc = {x|g(x) = c} is called a level set of g(x). For ease of exposition, all of
the functions are assumed to be C2 in this section only. In this section our focus
will be on the constraints associated with the nonlinear program in (2.1). Our goal
here is to illuminate the geometry associated with the feasible region defined by the
equality constraint in (2.1b) and the inequality constraint in (2.1c). So we’re not going
to concern ourselves with any algorithms for actually solving (2.1). Useful references
for this material are [14, 15, 16, 17, 19, 20, 24, 25]. These references can be consulted
for derivations of the differential geometry and topology results used in the sequel.

2.1 Implicit Function Theorem and Regular Level Sets

We’re going to begin by examining the level set defined by the equation g(x) = 0.
Let’s start with something familiar: the implicit function theorem. This will be an
essential tool when we begin to look at manifolds. First let us state the theorem, see
Figure 1 also:

Theorem 2.1 (The Implicit Function Theorem) Let g(x) be a Ck function, with k ≥
1, defined on some open set U ⊂ Rn+m and taking values in Rn. Assume that
x0 = [x1

0, . . . , x
n+m
0 ] satisfies the equation g(x0) = 0. Let y = [x1, . . . , xm],

y0 = [x1
0, . . . , x

m
0 ] and w = [xm+1, . . . , xn+m]. Denote the first-order derivatives of

g(x) with respect to w by ∇wg(x). Finally assume that det(∇wg(x0)) 6= 0, where
det(·) denotes the determinate. Then there exists open neighborhoods V ⊂ Rn+m of
x0 and Y ⊂ Rm of y0 and, unique Ck functions ψ1(y), . . . , ψn(y), y ∈ Y , such that

g(y, ψ1(y), . . . , ψn(y)) = 0. (2.2)

So what is this telling us? For our level set g(x) = 0 in (2.1b), pick any point x0

that is on this level set. Now consider the Jacobian ∇g(x0). If this is full rank, we can
choose n columns of the Jacobian that are linearly independent. Then the n variables
that correspond to our chosen columns of the Jacobian can be expressed as functions
of the remaining m variables. We can always do a change of coordinates so that the n
dependent variables correspond to the last n columns of ∇g(x).

But we have more than that. Let M = {x|g(x) = 0} and V = M∩ V , where
V ⊂ Rn+m is the neighborhood of x0 in Theorem 2.1. Every x ∈ V can be given a
unique m-dimensional coordinate by using the ψ1(y), . . . , ψn(y) functions in (2.2).
Namely, for the point [y, ψ1(y), . . . , ψn(y)]T ∈ V , we can assign it the coordinate y.

Letting Π = [Im 0], where Im is them-dimensional identity matrix, for every x ∈ V
we have that y = Πx. So Π : V → Rm. If we let Ψ(y) = [y, ψ1(y), . . . , ψn(y)]T ,
then y = (Π◦Ψ)(y). That is, Π is the inverse of Ψ restricted toV , denoted Π = Ψ−1|V .

Example 2.2 Let’s look at the unit sphere S2 defined by

g(x, y, z) = x2 + y2 + z2 − 1 = 0. (2.3)
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Figure 1: The implicit function theorem.

Letx0 = [0 0 1]T . Now,∇g(x0) = [0 0 2]T , so the implicit function theorem tells us that
we can express the z variable as a function ψ of x and y such that g(x, y, ψ(x, y)) = 0.
The functionψ(x, y) =

√
1− x2 − y2 will work and is C∞ for all z > 0, i.e., the upper

hemisphere of the unit circle not including the equator. We can find the coordinates for
the upper hemisphere of S2 by using the projection Π = [I2 0]. Namely, for a point
x ∈ S2 that lies on the upper hemisphere, we have that Πx = [x y]T .

To make the implicit function theorem work for every x ∈ M, we would need
∇g(x) to have rank (n−m) at every point x ∈M.

Definition 2.3 (Regular Level Sets) Let ∇g(x) have full rank at every point on the
level set g(x) = c. Then g(x) = c is called a regular level set of g(x).

Regular level sets will be the object of our attention in the remainder of this paper.
Whenever we say level set in the sequel we mean regular level set. They will turn out
to be manifolds. But first let us define what manifolds are.

2.2 Manifolds

Let’s return to our level set M defined by (2.1b). Using the implicit function theorem,
we found around a point x0 ∈ M a mapping Ψx0 : Rm ⊃ Y → Vx0 ⊂ Rn+m given
by Ψx0(y) = [y, ψ1(y), . . . , ψn(y)] such that Ψx0(y0) = x0. We also learned that
around x0 we can place local coordinates on M. The neighborhood of M where this

4



can be done is given by Vx0 = M ∩ Vx0 and the coordinates are given by y. We
call the pair (Vx0 ,Ψ

−1
x0

) a chart or coordinate system on M. Note that Ψ−1
x0

maps
Vx0 ⊂ M into Rm. So, for a point x ∈ Vx0 we can assign it the local coordinate
Ψ−1

x0
(x) ∈ Y ⊂ Rm.

Now, sinceM is a regular level set, we can do the same thing for any point x ∈M.
Suppose we do this to obtain a whole set of charts {(Vi, φi)}i∈I , where I is some index
set. Remember that Vi ⊂M and φi : Vi → Rm. If M =

⋃
i∈I Vi then {(Vi, φi)}i∈I

is called an atlas on M. Now every point on M must be in some neighborhood Vi

in our atlas. So every point x ∈ M will have at least one local coordinate defined on
it. We then call M a manifold. In other words, M is a set of points in Rn+m that is
locally diffeomorphic to Rm.

Let us note that there are other technical requirements for a set of points in Rn+m

to be a manifold. We won’t concern ourselves with these since exploring them would
take us too far afield and will have no impact on our future developments. Instead, we
state the following:

Theorem 2.4 (Regular Level Set Manifolds) Every regular level set of the C2 func-
tion g(x) is a manifold.

If we only need a finite number of charts to coverM so thatM =
⋃n

i=0 Vi, n <∞,
we callM compact. Intuitively, a compact manifold is finite: it doesn’t have any points
‘at infinity’. If every point x ∈ M can be connected to every other point y ∈ M with
some path that lies completely in M, we call M connected. That is, M consists of
only one piece.

Example 2.5 Consider the hyperbola defined by the equation

gh(x, y) = xy − 1 = 0. (2.4a)

The manifold is neither connected nor compact. The parabola defined by

gp(x, y) = x2 − y = 0 (2.4b)

is connected but not compact. The circle

gc(x, y) = x2 + y2 − 1 = 0 (2.4c)

is both connected and compact.

What about those points on M that lie in more than one coordinate system: Can
we relate the different coordinate systems to each other? What we do here is define
an overlap or coordinate change function. Suppose x ∈ M lies in the neighborhoods
V1 and V2 on M. Let W = V1 ∩ V2 ⊂ M and, W1 = φ1(W) ⊂ Rm and W2 =
φ2(W) ⊂ Rm. Consider the function (φ2 ◦ φ−1

1 ) : W1 → W2. Let’s look at what’s
going on here. First φ−1

1 maps W1 ⊂ Rm onto W ⊂M. On the neighborhood W of
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Figure 2: Overlap functions for a manifold.

M, φ2 is well defined because W ⊂ V2. So φ2 is mapping W back onto W2 ⊂ Rm.
In this way, we can relate the two different coordinate systems defined onW by φ1 and
φ2. The situation is illustrated in Figure 2

If all of our coordinate change functions are C2 then M is called a C2 manifold.
For us, the implicit function theorem guarantees that all of the functions φi and φ−1

i are
C2. So all of our overlap functions are also C2 and, hence, so is M. In fact, it’s easy to
see that M is of the same smoothness class as the g(x) in (2.1b).

Example 2.6 Let us return to S2 given by

g(x, y, z) = x2 + y2 + z2 − 1 = 0. (2.5)

We already have one chart given by V1 = {x ∈ S2|z > 0} and φ1 = [I2 0]. A
second chart is given by V2 = {x ∈ S2|x > 0} and φ2 = [0 I2]. Then W =
V1 ∩ V2 = {x ∈ S2|x, z > 0}, W1 = {y ∈ R2|‖y‖ < 1 and y1 > 0} and
W2 = {z ∈ R2|‖z‖ < 1 and z2 > 0}. The coordinate change function is given by

(φ2 ◦ φ−1
1 ) : W1 →W2

=
[
y2

√
1− y2

1 − y2
2

]T

. (2.6)
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2.3 Normal and Tangent Spaces

An important point in the implicit function theorem was that ∇g(x) be full rank. But
what is ∇g(x)? The short answer is that span([∇g(x)]T ) gives us all of the normal
directions toM at x, denoted byNxM. This, in turn, implies that null(∇g(x)) is the
tangent space to M at x, which we write as TxM. Let us examine this in a little more
detail.

You may have seen the following definition for the tangent cone:

Definition 2.7 (Tangent Vector and Tangent Cone) The vector w ∈ Rn+m is called
a tangent vector to M at x if

w = lim
k→∞

λ
xk − x
‖xk − x‖

, (2.7)

where λ ≥ 0, xk ∈ M for every k and, xk → x, xk 6= x. The set of all such vectors
is called the tangent cone.

This definition coincides with the definition TxM = null(∇g(x)).

In differential geometry, one will normally construct TxM in an alternate way. Let
y(τ) be a curve on M defined for τ ∈ [a, b], where a < 0 < b and y(0) = x. Now
consider the vector ẏ(0) ∈ Rn+m. This will be a tangent to the curve y(τ) at τ = 0.
But, since y(τ) ∈ M for all τ ∈ [a, b], ẏ(0) will also be a tangent vector to M. The
collection of all such tangent vectors to all of the curves on M that pass through x at
τ = 0 gives us the tangent space to M at x.

The normal cone is defined as the orthogonal complement to the tangent cone:

Definition 2.8 (Normal Cone) The normal cone to M at x is the collection of all of
the vectors n ∈ Rn+m such that n ·w = 0 for every w ∈ TxM.

Of course this also corresponds with our original definition of the normal directions,
namely NxM = span([∇g(x)]T ). Note that we can replace the word cone with
subspace in the above definitions when we are only dealing with the equality constraint
g(x) = 0 that implicitly defines M.

It’s easy to see that Rn+m can be decomposed into the direct sum of the tangent and
normal spaces to M at x. That is Rn+m = TxM⊕NxM because, by construction,
TxM∩NxM = {0}. Here, 0 ∈ Rn+m corresponds to the base point x ∈ M where
TxM and NxM are ‘attached’ to M. This is an important point, so let us state it
again. The origin 0 of TxM corresponds to x ∈ M and, the origin 0 of NxM also
corresponds to the point x ∈M.

An alternate way of thinking about this is as follows. TxM is an m-dimensional
affine subspace of Rn+m. So TxM is a copy of Rm, denoted TxM∼= Rm. Let T be a
full-rank (n+m)-by-m matrix who’s columns form a basis for TxM. Then the affine
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mapAx(w) = Tw +x maps Rm into Rn+m. It does this in such a way that the image
of Rm corresponds to our intuitive notion of what the tangent space to M should be.
Namely, we have anm-dimensional plane ‘attached’ toM at the point x that is tangent
to M at x. Note in particular that Ax(0) = x. Here the w will be our coordinates on
TxM and, Tw will be our tangent vectors in the ambient space at the point x ∈ M,
i.e., Tw ∈ TxM. The situation is illustrated in Figure 3. A similar concept holds for
NxM.

 

Figure 3: The tangent space TxM∼= R as a subspace in R2 and visualized as an affine
subspace attached to our manifold M.

2.4 Riemannian Metrics and Manifolds

One thing that is potentially useful to do is to take the inner products of two different
tangent vectors v,w ∈ TxM at a given point x ∈ M. A Riemannian metric is
a smooth mapping m(·, ·) : TxM× TxM → R defined over all of M that is: 1)
symmetric, i.e., m(v,w) = m(w,v) for every v,w ∈ TxM, and; 2) positive definite,
i.e., m(w,w) > 0 for all 0 6= w ∈ TxM. The pair (M,m) is called a Riemannian
manifold.

All the manifolds we consider will be subsets of some ambient space Rn. As such,
their tangent spaces have a natural metric defined on them that they inherit from Rn,
namely, the restriction of the standard Euclidean inner product w · v =

∑n
i=1 w

ivi to
each TxM for every x ∈ M. A Riemannian metric derived in this way is called an
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induced metric. In particular, all of our tangent spaces will have a sense of tangent
vector lengths and angles between tangent vectors. While all our manifolds will be
Riemannian, we will have no explicit use for the metric m in the sequel.

2.5 Manifolds with Boundaries and Corners

Things are complicated slightly when we have inequality constraints present. Let
Ω = {x|x satisfies h(x) ≤ 0} and MΩ = M∩ Ω. That is, MΩ is our feasible set.
Now, if M is a manifold then MΩ will also be a manifold. However, now we have
points on MΩ that are at a boundary. To see this let x∗ ∈ MΩ satisfy some of our
inequality constraints in (2.1c). Around x∗ there will be points onMΩ as well as points
that are on M but not on MΩ. These latter points will satisfy the equality constraints
in (2.1b) but will violate the inequality constraints in (2.1c). We can fix things up by
appropriately defining what we mean by a boundary of a manifold.

Let the m-dimensional half-space be given by Hm = {x ∈ Rm|x1 ≥ 0}. The
boundary of Hm is given by ∂Hm = {x ∈ Hm|x1 = 0}. To define a boundary for a
manifold, we allow our diffeomorphisms φi in the charts (Vi, φi)i∈I to map Vi ⊂MΩ

into Hm instead of Rm. Then the boundary of the manifold MΩ is given by the set
of points ∂MΩ = {x ∈ MΩ|φi(x) ∈ ∂Hm for some i ∈ I}. If ∂MΩ 6= ∅, we call
MΩ a manifold with boundary. Somewhat more difficult to show is that ∂MΩ is well
defined:

Theorem 2.9 If φi(x) ∈ ∂Hm for x ∈ Vi, then φj(x) ∈ ∂Hm if x ∈ Vj with
j 6= i. That is, a boundary point of MΩ remains a boundary point under a change of
coordinates.

We can also consider more general situations. We can replace Hm above with
Rm

+ = {x ∈ Rm|xj ≥ 0 for j = 1, . . . ,m} to define the corners of a manifold. A
point x ∈ MΩ is a corner of MΩ if φi(x) = 0 for some i ∈ I. If MΩ has a corner,
we call it a cornered manifold.

Both manifolds with boundary and manifolds with corners are special cases of
manifolds with generalized boundary. That is, Hm and Rm

+ are special cases of the
more general range space Bm

k = {x ∈ Rm|xj ≥ 0 for j = 1, . . . , k ≤ m}. The
boundary of Bm

k is given by ∂Bm
k = {x ∈ Bm

k |xj = 0 for at least one 1 ≤ j ≤ k}.
Then ∂MΩ is given by those points x ∈MΩ that are mapped by some φi to ∂Bm

k .

2.6 Linear Independence Constraint Qualification

One common constraint qualification you may have seen is the following:

Definition 2.10 (Linear Independence Constraint Qualification) Let our constraints
be given by g(x) = 0 and h(x) ≤ 0. At the point x∗, assume that hi(x∗) = 0 for
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i ∈ A(x∗). The set of indices A(x∗) is called the active inequality constraint set. If
the set of gradients {∇g(x∗)}

⋃
{∇hT

i (x∗)}i∈A(x∗) are linearly independent then the
linear independence constraint qualification (LICQ) is said to hold.

In this section only, for simplicity we will only consider those constraints that satisfy
the LICQ everywhere. Appropriately, we’ll give the set they define a special name.

Definition 2.11 (Regular Constraint Set) If the LICQ holds for every feasible point
x ∈MΩ = M∩ Ω, we call MΩ a regular constraint set

The importance of regular constraint sets is given by the following:

Theorem 2.12 If g(x) and h(x) are Ck, then MΩ is a Ck manifold with generalized
boundary.

Now let us assume that the LICQ holds at every point on M. Then we can use the
slack variables z = [z1, . . . , zl] to change our optimization problem from one that has
both equality and inequality constraints into one that has only equality constraints. If
we let z � z = [(z1)2, . . . , (zl)2] and y = [xT , zT ]T , (2.1) can be restated as

min
y∈Rn+m+l

: f(x) (2.8a)

subject to : g(x) = 0 (2.8b)
h(x) + z � z = 0. (2.8c)

Because the LICQ holds, the set M̃ defined by (2.8b) and (2.8c) is a regular level set
and, hence, a manifold.

Again let Ω = {x|x satisfies h(x) ≤ 0} and MΩ = M∩ Ω. By converting (2.1)
into the equivalent form in (2.8), we are taking multiple copies of MΩ and ‘sewing’
them together to get M̃. To see this, consider some point x ∈ MΩ. Then y ∈ M̃ if
and only if zi = ±

√
−hi(x) for i = 1, . . . , l. So we take 2l copies of MΩ and ‘sew’

them together at their boundaries to get M̃. Note that if MΩ is compact, then M̃ is
also compact. Also, M̃ has no boundary. From the above developments, we see that
we can restrict our attention to problems of the form

min
x∈Rn+m

: f(x) (2.9a)

subject to : g(x) = 0, (2.9b)

where f : Rn+m → R and g : Rn+m → Rn, provided the LICQ holds everywhere.

2.7 Geodesics I

We’re done defining the types of manifolds we’re going to be dealing with. Of course,
just realizing that our constraints define a manifold doesn’t get us very much. We

10



want to be able to actually use the concept of a manifold in a practical way. This
section marks the beginning of actually working with our manifolds. Here we’ll define
some special paths on M: geodesics. After developing some additional concepts in
later sections, we’ll revisit geodesics again where we’ll derive an actual formula for
calculating them.

In Rn+m the shortest distance between any two points x and y is the straight line z
that connects them. We can parameterize the line between x and y by letting z(0) = x
and z(1) = y, where z(τ) is defined for τ ∈ [0, 1] and ż(τ) = y − x. What’s special
about this line? Let l(τ), τ ∈ [0, 1], be any line that connects x to y, where l(0) = x
and l(1) = y. Now consider the following integral:

L =
∫ 1

0

√
l̇(τ) · l̇(τ) dτ. (2.10)

The integral tells us the length we travel along l(τ) as we go from x to y. Suppose we
want to minimize L. Then the first variation of (2.10) must vanish, i.e., δL = 0, which
results in the equation l̈(τ) = 0 whose solution is z(τ).

We can generalize this concept to our manifoldM. A geodesic between two points
x and y on M is a path z(τ), τ ∈ [0, 1], on M such that z(0) = x, z(1) = y and,
the first variation of the length of z(τ) vanishes. We’ll be able to derive a formula for
finding the geodesics on M but first we need to develop a little more machinery.

2.8 Lagrangians and Covariant Derivatives

Associated with our optimization problem (2.9) is the Lagrangian

L(x, λ) = f(x)− λ · g(x), (2.11)

where λ ∈ Rn. Suppose we want to know how f(x) changes around some point
y ∈ M as we move away from y along paths x(τ) that are restricted to lie on M and
pass through y at τ = 0. Now, ẋ(0) = w ∈ TyM. The directional derivative of f(x)
in the direction w at the point y is given by

Dwf(y) = ∇fT (y) ·w
= ∇xL(y, λ) ·w, (2.12)

where ∇fT (y) is the transpose of ∇f(y) and

λ = ∇fT (y) ·
[
∇gT (y) ·

[
∇g(y) · ∇gT (y)

]−1
]
. (2.13)

We use (2.13) as our λ because it will result in the projection of ∇fT (y) onto TyM,
as we’ll see shortly. Notice that

∇g+(y) = ∇gT (y) ·
[
∇g(y) · ∇gT (y)

]−1
, (2.14)
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is the pseudo-inverse of ∇g(y) [13] and satisfies

∇g(y) · ∇g+(y) = In. (2.15)

So (2.13) can be rewritten as

λ = ∇fT (y) · ∇g+(y). (2.16)

In differential geometry the directional derivativeDwf(y), where w is restricted to
lie in TyM, is replaced with the first covariant derivative of f(y). It is the projection of
∇fT (y) onto the tangent plane TyM and will be denoted by f;j(y), j = 1, . . . , n+m.
Using (2.13) in (2.12), we have that

f;j(y) = [∇xL(y, λ)]j (2.17)

=
[
∇fT (y) ·

(
I −∇g+(y) · ∇g(y)

)]
j
.

Notice that (I −∇g+ · ∇g) is the projection onto TyM. For z = [z1, . . . , zn+m]T ,
where now z does not have to lie in TyM, we’ll write the covariant derivative of f(y)
in the direction z as

f;jz
j =

n+m∑
j=1

f;j(y)zj . (2.18)

In (2.18) we introduced the Einstein summation convention. This means that a repeated
index is summed over if it occurs once as a superscript and once as a subscript. So,
for example, xjyj =

∑
j x

jyj . Combinations like xjyj and xjyj are not allowed and
generally indicate an error occurred somewhere in a derivation. If z ∈ TyM, (2.18)
becomes

f;jz
j = f,jz

j , (2.19)

where f,j is the partial derivative of f(y) in terms of xj , which is exactly (2.12). The
‘comma’ and ‘semicolon’ notation are commonly (though not always) used to indicate
partial and covariant derivatives, respectively, in the literature.

Now we’ll look at the second covariant derivative of f(y), which is the second
order changes in f(y) when we are restricted to moving on M. Letting w ∈ TyM,
we have that

L(y + w, λ) ≈ L(y, λ) +∇xL(y, λ) ·w (2.20)

+
1
2
w ·

[
∇2

xL(y, λ)
]
·w,

or, equivalently,

f(y + w) ≈ f(y) +∇xL(y, λ) ·w +
1
2
w ·

[
∇2

xL(y, λ)
]
·w. (2.21)
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We’ve already seen that∇xL(y, λ) gives us the first covariant derivative of f(y). One
would suspect that ∇2

xL(y, λ) will give us the second covariant derivative of f(y)

f;j;k(y) =
[
∇2

xL(y, λ)
]
jk

(2.22)

=
[
∇2f(y)−

(
∇fT (y) · ∇g+(y)

)
· ∇2g(y)

]
jk
,

j, k = 1, . . . , n+m. This is in fact correct, which we’ll now demonstrate.

We’re going to derive the equations for the first and second covariant derivative of
f(y) in an intrinsic way. That is, we’re going to restrict ourselves to only working
on M by constructing a coordinate chart around y ∈ M. Then we can restate
everything extrinsically in the ambient space Rn+m. Assume that y = 0, which
means that g(0) = 0. Additionally, let T0M correspond to the first m coordinates of
Rn+m. Now we can use the implicit function theorem to find a function ψ(w) ∈ Rn,
w ∈ T0M∼= Rm, such that g(w, ψ(w)) = 0. Notice that ψ(0) = 0 and, since T0M
corresponds to the firstm coordinates of Rn+m,∇wψ(0) = 0n×m, where 0n×m is the
n-by-m matrix of all zeros. Now,

∇wg(0, ψ(0)) = ∇xg(0) ·
[

Im
∇wψ(0)

]
= ∇xg(0) ·

[
Im

0n×m

]
(2.23)

= 0n×m,

since ∇xg(0) is normal to M at 0 and T0M = span([Im 0m×n]T ). This tells us that

∇xg(0) =
[

0n×m G(0)
]
, (2.24)

where G(0) ∈ Rn×n is nonsingular. We then have

∇2
wg(0, ψ(0)) =

[
Im 0m×n

]
· ∇2

xg(0) ·
[

Im
0n×m

]
(2.25)

+ G(0) · ∇2
wψ(0)

= 0n×m×m,

since ∇wg(w, ψ(w)) = 0n×m for all w ∈ T0M sufficiently near 0. Solving for
∇2

wψ(0) gives us

∇2
wψ = −G−1 ·

([
Im 0m×n

]
· ∇2

xg ·
[

Im
0n×m

])
. (2.26)

Intrinsically, i.e., using the coordinate system we constructed via the implicit func-
tion theorem, f;k is given by

f;k =
[
∇wf

T (0, ψ(0))
]
k
, (2.27)
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for k = 1, . . . ,m, where

∇wf
T (0, ψ(0)) = ∇xf

T (0) ·
[

Im
∇wψ(0)

]
(2.28)

= ∇xf
T (0) ·

[
Im

0n×m

]
.

Then f;kwk tells us how f(0) changes in the direction w = [w1, . . . , wm]T for an
arbitrary w ∈ T0M. Extrinsically, i.e., in the ambient space Rn+m, we can restate
(2.27) as

f;j =
[
∇xf

T (0) ·
(
I −∇xg+(0) · ∇xg(0)

)]
j

(2.29)

= [∇xL(0, λ)]j ,

where j = 1, . . . , n+m. This is just (2.17).

A similar derivation will give us the second covariant derivative of f(0). Intrinsi-
cally we have

f;k;l =
[
∇2

wf(0, ψ(0))
]
kl
, (2.30)

for k, l = 1, . . . ,m, where

∇2
wf(0, ψ(0)) =

[
Im 0m×n

]
· ∇2

xf(0) ·
[

Im
0n×m

]
(2.31)

+∇xf
T (0) ·

[
0m×m

∇2
wψ(0)

]
.

Extrinsically, we let[
Im 0m×n

]
· ∇2

xf(0) ·
[

Im
0n×m

]
→ ∇2

xf(0) (2.32a)

and, using (2.26),

∇xf
T (0) ·

[
0m×m

∇2
wψ(0)

]
→ −

(
∇xf

T (0) · g+(0)
)
· ∇2

xg(0). (2.32b)

Hence,

f;i;j =
[
∇2f(0)−

(
∇fT (0) · ∇g+(0)

)
· ∇2g(0)

]
ij

(2.33)

=
[
∇2

xL(0, λ)
]
ij
,

where i, j = 1, . . . , n+m, which is (2.22).

Equation (2.33) is only correct when used with the vectors w ∈ T0M. That is,
f;i;jw

iwj = w · ∇2
xL(0, λ) ·w only if w ∈ T0M. For a general vector w ∈ Rn+m

we would first need to project it down onto the tangent space T0M. This could be
accomplished by letting f;i;j = [(I − ∇g+∇g) · ∇2

xL · (I − ∇g+∇g)]ij . Since we
will only be working with tangent vectors, we’ll take (2.33) as defining the extrinsic
form of f;i;j .
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2.9 One-forms and the Cotangent Space

The cotangent space T ∗xM toM at the point x is the dual space to TxM. An element
ω ∈ T ∗xM is called a one-form, which is a linear mapping from TxM to R. So, for
y, z ∈ TxM and a, b ∈ R, we have that

ω(ay + bz) = aω(y) + bω(z) ∈ R. (2.34)

The collection of all such one-forms at x ∈ M gives us the cotangent space T ∗xM.
For us, we will generally take a vector w ∈ TxM as being a column vector. Then
one-forms can be taken as row vectors.

The components of a vector w ∈ TxM will be written with superscripts, so
w = [w1, . . . , wn+m]T . For a one-form ω ∈ T ∗xM the components will be written
with subscripts: ω = [ω1, . . . , ωn+m]. Then the inner product ω ·w is written as ωjw

j

using the Einstein summation convention.

We work with one-forms all of the time: ∇f(x) is a one-form. Let us return
to (2.12). We see that taking the inner product of ∇fT (x) with the tangent vector
w ∈ TxM gives us the directional derivative of f(x) at x ∈ M in the direction
w. Thus, ∇f(x) is a linear mapping of TxM into R, so ∇f(x) is a one-form.
Notice that we had to take the transpose of ∇f(x) in order to make the inner product
work. Convention forces us to treat∇f(x) as a column vector, though a more sensible
convention would be to treat it as a row vector.

There’s a nice mental picture of what one-forms are. Around x ∈ Rn+m we can
model f(y) as a series of planes since f(y) ≈ f(x) +∇fT (x) ·w, w ∈ Rn+m. One
of the planes satisfies ∇fT (x) ·w = 0 and all of the other planes are parallel to this
one with∇f(x) being their normal direction. So every plane satisfies∇fT (x) ·w = c
for some fixed constant c. We can then imagine ∇f(x) as being these planes. The
situation is illustrated in Figure 4.

2.10 Christoffel Symbols

Let ω(x) = [ω1(x), . . . , ωn+m(x)] be a one-form field defined on M. That is,
ω(x) ∈ T ∗xM. The equation for the first covariant derivative of ω(x) one will normally
see in a differential geometry book is

ωi;j = ωi,j − Γk
ijωk, (2.35)

where the coefficients Γk
ij are called the Christoffel symbols. We’ll find it very con-

venient to have a formula for finding the Γk
ij given some level set g(x) = 0. An

important one-form field for us is the first covariant derivative of f(x), i.e., ωi = f;i.
Using this in (2.35) gives us

f;i;j = f;i,j − Γk
ijf;k (2.36)

= f,i,j − Γk
ijf,k,
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Figure 4: Visualization of a one-form around a point x ∈M.

which is the second covariant derivative of f(x). Comparing (2.36) with (2.33), we
see that

Γk
ij =

[
∇g+ · ∇2g

]k

ij

=
∂gT

∂xk
· (∇g · ∇gT )−1 · ∂2g

∂xi∂xj
. (2.37)

With the Christoffel symbols in hand, we can now define what the first covariant
derivative of the vector field w(x) ∈ TxM is:

wi
;j = wi

,j + Γi
kjw

k, (2.38)

where w(x) = [w1(x), . . . , wn+m(x)]T . To see this, let the curve x(τ) ∈ M satisfy
w(x(τ)) = ẋ(τ), which means we just have to solve an ordinary differential equation
(ODE) for the unique solution x(τ). Now consider the function

L(x(τ), λ) = x(τ)− λ · g(x(τ)), (2.39)

where λ = ∇g+(x(τ)), see (2.13). Then

ẋ =
[
I − [∇g+(x)] · ∇g(x)

]
· ẋ

= ∇xL(x, λ) · ẋ, (2.40)

because ∇g(x(τ)) is normal to M while ẋ(τ) ∈ Tx(τ)M. So now we have

w(x) = ∇xL(x, λ) ·w(x), (2.41)
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Taking the second derivative with respect to τ gives us

ẇ(x) = [∇w(x)] · ẋ
= ẋ ·

[
−∇g+ · ∇2g

]
·w +

[
I −∇g+ · ∇g

]
· ∇w · ẋ (2.42)

= w · ∇2
xL(x, λ) ·w +∇xL(x, λ) · ∇w ·w.

Rearranging (2.42) gives us[
I −∇g+ · ∇g

]
· ∇w ·w = ∇w ·w + w ·

(
∇g+ · ∇2g

)
·w. (2.43)

Since this holds for an arbitrary w(x(τ)), we have that[
I −∇g+ · ∇g

]
· ∇w = ∇w +

(
∇g+ · ∇2g

)
·w. (2.44)

Now, the left-hand side of (2.44) is the projection of ∇w(x(τ)) onto Tx(τ)M. So it
is the first covariant derivative of w(x(τ)). Looking at the individual components of
(2.44), we see that it is exactly (2.38).

Now consider some path x(τ) defined on M. We can find the first covariant
derivative of ω(x(τ)) and w(x(τ)) along the path x(τ) by using the formulas

ωi;j ẋ
j = ωi,j ẋ

j − Γk
ijωkẋ

j (2.45a)

and

wi
;j ẋ

j = wi
,j ẋ

j + Γi
kjw

kẋj , (2.45b)

respectively. Examples of the above formulas were given in (2.12) and (2.42).

2.11 Parallel Transport

There are special vector fields w(x) who’s first covariant derivative along the path
x(τ) ∈M vanishes. So, using (2.45b) we see that

wi
;j ẋ

j = 0

= wi
,j ẋ

j + Γi
kjw

kẋj . (2.46)

Such a vector field is said to be parallel transported along the curve x(τ). This is the
natural generalization to a manifold of a concept that is actually very familiar to you.
Suppose we want to add some vector y ∈ Rn+m to another vector x ∈ Rn+m. To do
this, you place the ‘tail’ of y on the ‘head’ of x to get x + y. Originally the tail of y
was at the origin 0 of Rn+m. When we transported the tail of y to the head of x, we
didn’t rotate y. That is, we kept y constant as we moved it from 0 to the point specified
by x. So we parallel transported y along the path specified by x. When y is parallel
transported in this way, we move y from the tangent space T0Rn+m to the new tangent
space TxRn+m, keeping it constant all along the way. Typically we wouldn’t think of
it this way because TxRn+m ∼= Rn+m. Yet, this added complication is what we need
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p 

q c(t) 

Figure 5: Parallel transporting a vector from p to q along the curve c(t) in R2.

in order to extend what is an easy thing to do in Rn+m to a general manifold M. The
concept is illustrated in Figure 5 for a curve in R2.

Given some curve x(τ) ∈ M and an initial vector w0 ∈ Tx(0)M, there is a
unique parallel transported vector field w(τ) along x(τ) such that w(0) = w0 and
w(τ) ∈ Tx(τ)M. Note the requirement that w(τ) is always a tangent vector to M.
We are not parallel transporting w0 as a vector in Rn+m as in Figure 5. Looking at
(2.46), we see we only need to solve the ODE

ẇi(x) = wi
,j ẋ

j = −Γi
kjw

kẋj . (2.47)

Parallel transport then gives us a way to compare two vectors that live in different
tangent spaces. Returning to Rn+m again, suppose we have a vector y ∈ Tx1Rn+m

and another vector z ∈ Tx2Rn+m that we want to compare. We can’t do this directly
because they live in different tangent spaces. In order to compare z to y, we must first
parallel transport z from x2 to x1. Now z is in the tangent space Tx1Rn+m and can be
directly compared with y because both vectors are in the same tangent space.

The same concept holds for a general manifold M. Now, if our tangent vectors y
and z lie in Tx1M and Tx2M, respectively, we construct a path w(τ) onM connecting
x2 to x1. Then z is parallel transported along w(τ) from x2 to x1 to get the new vector
z∗. Now z∗ and y can be directly compared because they lie in the same tangent space,
namely Tx1M.

Generally the z∗ found by parallel transporting z along the path w(τ) will be path
dependent. So, if ŵ(τ) is a different path connecting x2 to x1, the resulting ẑ∗ ∈ Tx1M
will not be the same as z∗. To see this, consider some vector z at the equator of the
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earth. We’ll parallel transport this vector to the north pole by using two different paths.
First, parallel transport z directly to the north pole to find z∗. For our second path, first
parallel transport z 180◦ eastward to find z̃∗. Now parallel transport z̃∗ to the north
pole to find ẑ∗. The vectors z∗ and ẑ∗ will point in opposite directions! Such things
are the price to be paid when working with general manifolds.

2.12 Geodesics II

Now we’ll look at geodesics again. First we’ll give an alternate definition of geodesics.
Using this new definition, a quasi-linear system of ODEs will be derived for actually
finding a geodesic given some initial conditions. Finally, we’ll state some properties
that geodesics have.

We’ve already defined geodesics as those paths on M who’s lengths don’t change
under infinitesimal perturbations. An example of such a path would be the shortest
path connecting two points x ∈ M and y ∈ M. Now, in Rn+m the shortest path
between any two points is the straight line that connects them. Let z(τ), τ ∈ [0, 1], be
the straight line of constant velocity ż(τ) = y − x that connects x to y. So z(0) = x
and z(1) = y. We can state this as follows: the shortest path z(τ) between x and y
is that which parallel transports it’s initial velocity vector ż(0) = y − x along itself.
This is how we’ll define our geodesics. The two alternate definitions of a geodesic are
equivalent, but it would be somewhat difficult to show that so we won’t bother.

Using (2.47), our new definition of a geodesic is a path x(τ) on M that satisfies
the equation

ẍi = −Γi
kj ẋ

kẋj , (2.48)

where we used that fact that nowwk = ẋk. Notice that (2.48) is the quasi-linear system
of ODEs that we promised. Since we can find the Christoffel symbols using (2.37), if
we know∇g(x) and∇2g(x), we can find the geodesics on our manifoldM implicitly
defined by the level set g(x) = 0. Solving (2.48) allows us to move away from y ∈M
while all the time remaining on M. That is, we can ensure that our constraints in
the optimization problem (2.9) are always satisfied provided we start with some initial
feasible point y.

Some properties that any geodesic x(τ) will satisfy are the following:

‖ẋ(0)‖ = ‖ẋ(τ)‖, (2.49a)
ẋ(τ) ∈ Tx(τ)M, (2.49b)
ẍ(τ) ∈ Nx(τ)M, (2.49c)

and, the length that x(τ) travels on M from τ = 0 to τ = 1 is given by∫ 1

0

√
ẋ(τ) · ẋ(τ) dτ = ‖ẋ(0)‖. (2.49d)
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Let us revisit covariant derivatives. Let x(τ) be a geodesic on M where x(0) = y
and ẋ(0) = w and consider the function f(τ) = f(x(τ)). Now, using (2.49b), we
have that

ḟ(0) = [∇xL(y, λ)]j w
j

= f;jw
j , (2.50)

where λ is given by (2.16). Using (2.49c), we see that

f̈(0) =
[
∇2

xL(y, λ)
]
jk
wjwk

= f;j;kw
jwk. (2.51)

So the first and second covariant derivatives of f(x) tell us how f(x) changes as we
move away from y ∈M on M via a geodesic x(τ).

2.13 Geodesically Complete Manifolds

Here we’ll take one final look at the manifolds M implicitly defined by g(x) = 0 in
our optimization problem (2.9). We already stated that we’ll assume M is compact
and without boundary. Is M connected? Generally the answer is no. M can consist
of multiple pieces that are not connected to each other via a path that lies on M. So
let M =

⋃N
i=1Mi, where the Mi are the disjoint pieces of M and, we’re assuming

there’s a finite number of them. Note that theMi are themselves manifolds of the same
dimension asM and, sinceM is without boundary theMi are also without boundary.

Now take an arbitrary point x ∈ MK for some K ∈ {1, . . . , N}. An important
question we’d like to answer is the following: Can we reach any other point y ∈ MK

via a geodesic that starts at the arbitrary point x ∈ MK? The answer is yes. First let
us give a definition of the type of manifold we’re considering here:

Definition 2.13 (Geodesically Complete Manifolds) A connected manifoldM is called
geodesically complete if every geodesic x(τ) is defined for all τ ∈ R.

Geodesically complete manifolds have the following important property:

Theorem 2.14 Any two points on a geodesically complete manifold M can be joined
by a minimal length geodesic.

We would like to be able to have a useful criterion for deciding if a manifold M is
geodesically complete. The following theorem is particularly relevant for us:

Theorem 2.15 Let M be a regular level set that consists of the disjoint connected
pieces Mi, i = 1, . . . , N . Then each Mi is geodesically complete.
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Now you may be asking yourself: Who cares? Well, consider starting our opti-
mization problem in (2.9) with some point y ∈ MK . Since we have a nice equation
for the geodesics of MK given by (2.48), it makes sense to move over MK using
geodesics. But imagine the problems that could occur if we couldn’t reach some other
point x ∈MK via a geodesic starting at y. Since we’re guaranteed this can’t happen,
our lives just became significantly easier. Further, the geodesic completeness of the
Mi allows us to extend the idea of basic variables in a rather significant way.

2.14 Basic Variables and Pullbacks

Let g : Rn+m → Rn be an onto function. Suppose we have another function F :
Rn → R and consider the composition:

(g∗F )(x) = (F ◦ g)(x), (2.52)

where x ∈ Rn+m. Then g∗F : Rn+m → R is called the pullback of F (y), y ∈ Rn,
by g(x), see Figure 6.

 

Rn 

g 

F g*F 

Rn+m Rn 

Figure 6: The pullback of F from Rn to Rn+m by the mapping g : Rn+m → Rn.

In the above definition we can replace Rn with an n-dimensional manifold M.
Then g∗F is the pullback of F (y) from M to Rn+m. Later we will use a pullback
procedure like this where m = 0. Our manifold M will be implicitly defined by our
equality constraints while our Rn will be some tangent space TxM.
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The idea of basic and nonbasic variables is to express some of our variables (the
basic ones) in terms of the remaining variables (the nonbasic ones). An example of this
is provided by the implicit function theorem in Theorem 2.1. There we were able to
locally express n of our variables in terms of m other variables by using the functions
ψi(y), i = 1, . . . , n. This ensured that we would always remain on the level set defining
our feasible region.

With a geodesically complete manifold M, we can extend this idea globally over
M. By definition, every geodesic x(τ) is defined for all τ ∈ R. Now, the geodesic
x(τ) is found by solving the equation (2.48). In order to solve this equation we need
two things: 1) An initial starting point y ∈ M, and; 2) An initial velocity vector
w = ẋ(0) ∈ TyM. Since our manifold is geodesically complete, this implies that we
can also find a new geodesic x̂(τ) where x̂(0) = y and ˙̂x(τ) = αw for any α ∈ R.
Continuing this line of reasoning, we see that all of TyM can be mapped onto M via
geodesics. This mapping is called the exponential mapping and is denoted by

Expy : TyM → M. (2.53)

For every w ∈ TyM, by definition Expy(τw) = x(τ) where x(τ) is the geodesic
satisfying x(0) = y and ẋ(0) = w and, Expy(w) = x(1).

So what we have done is expressed all of our (n+m) variables in terms of the fixed
m variables of TyM, where the point y ∈ M was arbitrarily chosen. Notice that the
Expy mapping is onto but it’s not bijective. So, for a point x ∈ M we will generally
have multiple coordinates assigned to it.

We can do something very special with the Expy map. Consider a tangent vector
w ∈ TyM. Then z = Expy(w) ∈ M and, we can evaluate f(x) at z. Now assign
the value f(z) to w. What we have just done is pulled-back the function f(x) from
M to TyM by using the composite mapping (f ◦ Expy)(w) defined on TyM. It can
be shown that if f is C2, then (f ◦ Expy) is also C2.

Now for the punch line. Since TyM ∼= Rm, using the pullback operation we can
restate our optimization problem in (2.9) as the equivalent problem:

min
w∈Rm

: (f ◦ Expy)(w). (2.54)

on each piece Mi of our manifold M. So what have we seen? Suppose our original
problem included some equality constraints and inequality constraints as in (2.1). By
using slack variables in (2.8), we were able to convert (2.1) to an equivalent problem
(2.9) that only had equality constraints. Further, if our original problem defined a
compact feasible set of dimension m, our new problem also defines a compact feasible
set of dimension m. By using the pullback operation, we finally end up with the
unconstrained optimization problem in (2.54) with onlym variables, versus the original
(n+m) variables.
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3 Extending direct search methods to equality constrained
problems

The problem we will look at now is

min
x∈Rn

f(x) (3.1a)

subject to : g(x) = 0 (3.1b)
h(x) ≤ 0, (3.1c)

where f : Rn → R is Lipschitz, g : Rn → Rm is C2 and, h : Rn → Rl is Lipschitz.
Let Ω = {x|h(x) ≤ 0}. We will require that ∇g(x) is full rank for every x ∈ Ω that
satisfies (3.1b). Our approach to dealing with (3.1) will be to employ some techniques
from differential geometry to ensure that (3.1b) is always satisfied. The way we will do
this is by treating g(x) = 0 as implicitly defining a manifold and, require that we always
remain on this manifold as the algorithm proceeds. Since this effectively removes the
equality constraints from further consideration, we then only need to concern ourselves
with solving an inequality constrained optimization problem.

Note that ∇g(x) only needs to be full rank on N = M∩ Ω above. The specific
reduced dimensional problem we will have to solve is

min
w∈R(n−m)

f̂(w) (3.2a)

subject to : ĥ(w) ≤ 0, (3.2b)

where the hat denotes the functions f(x) and h(x) after they are pulled-back to the
tangent space TyM and, w ∈ TyM is a tangent vector. There are certain advantages
to this procedure. First, we have an implicit reduction in the dimensionality of the
problem from n to (n − m), the dimension of the manifold. Secondly, with some
qualifications, the convergence results associated with the method chosen to solve (3.2)
carry over without modification to (3.1).

Our procedure would seem to be particularly useful when employed in conjunction
with the filter methods in [1, 12], the MADS algorithms in [2, 3], DIRECT [11] or,
the frame methods in [7, 8, 21]. These methods can handle inequality constrained
problems, i.e., they have convergence results for these types of problems, and, thus, are
viable solution techniques for (3.2). By treating the equality constraints as a manifold
and remaining on that manifold, we can then extend the above algorithms to (3.1).
Additionally, it may be difficult to use any derivative information about f̂(w) and ĥ(w)
after the pullback operation. So direct search methods may be the only methods that can
be effectively employed to solve (3.2). The main point of our procedure is to extend
direct search methods to problems that include equality constraints. If f(x) and h(x)
were smooth, and one had access to their derivative information, the pullback method
advocated here would not likely be the best choice for an optimization procedure. But
if one has no derivative information about f(x) and/or h(x) because, e.g., they’re only
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Lipschitz, there’s nothing to be lost, theoretically at least, by employing a pullback
method.

All of the pieces are in place to state the procedure that will be used to extend direct
search methods to (3.1). Let M be our (n − m)-dimensional Riemannian manifold
implicitly defined by (3.1b). We have the following situation:

Choose a piece of M: M may be composed of disjoint pieces. Pick a point y on one
of these pieces, which we’ll call M̂.

Geodesically complete: M̂ is geodesically complete, so we can reach any other point
x ∈ M̂ via a geodesic starting at y.

Pullback the functions: Because of the geodesic completeness ofM̂, we can pullback
the objective and inequality constraints functions from M̂ to TyM̂. This is done
by solving the geodesic equation (2.48) for geodesics starting at y with an initial
velocity w ∈ TyM̂.

Minimize the pullback: Since TyM̂ ∼= R(n−m), we’re back in a setting that (some)
direct search methods can deal with. Namely, minimizing a function subject to
some inequality constraints.

Pushforward the solution: Let w∗ ∈ TyM̂ solve the pulled-back optimization prob-
lem above. This defines a geodesic x∗(τ), where x∗(0) = y and ẋ∗(0) = w∗.
Then the solution to our original problem is given by x∗(1) ∈ M̂.

This outline effectively describes our entire method. Now for some details and com-
ments.

To find the initial point y ∈ M, one could, for example, perform the following.
First, minimize, e.g., G(x) = g(x) · g(x) to find a point y∗ ∈ M where G(y∗) = 0.
Now, y∗ may or may not be a feasible point. If it is feasible we can let y = y∗. If it
is an infeasible point, we have a few alternate ways of proceeding. One way is to let
y = y∗ and use a technique like filter MADS [3], that can consider infeasible points,
to minimize the pullback. Alternately, one could try to move over M to find an initial
feasible point y by minimizing, e.g.,H(x) = maxi max(hi(x), 0), where i = 1, . . . , l
and x ∈ M, using the method outlined above. Note that H(x) is Lipschitz because
h(x) is.

Given our M implicitly defined by (3.1b), the inequality constraints in (3.1c) will
confine us to allowed regions of M. We will take (3.1c) as implicitly defining r
full dimensional disjoint regions Vi ⊂ Rn, i = 1, . . . , r, with Vi

⋂
M 6= ∅. Let

Ui = Vi

⋂
M, where we will assume that the Ui have dimension (n−m) everywhere.

Then the Ui are the feasible sets to (3.1). Let us start at an initial point y ∈ Uj for
some j ∈ [1, . . . , r]. Then it is a simple matter to apply, e.g., the pattern search method
in [1] to TyM and use the pullback procedure described in Section 2.14. That is, we
will use the Expy mapping from TyM to M given by the geodesic equation (2.48) to
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pullback the objective function values f(x) and the inequality constraints h(x) from
M to TyM. This results in the implicitly defined, dimensionally reduced optimization
problem given by (3.2). In particular, the inequality constraints in (3.1c) will become
‘black-box’ constraints on the tangent vectors w ∈ TyM. It is the feasible tangent
vectors that, when used as initial conditions in (2.48), will result in a point x(1) ∈ Uj .

Note two things. First, if we start in Uj , we will always remain around Uj , assuming
the Ui are sufficiently separated. Depending on the algorithm used to solve (3.2), it
may be possible to jump from Uj to Ul, l ∈ [1, . . . , r] and l 6= j, if they lie close enough
together on the same connected piece of M. This will not typically be the case and,
since M consists of geodesically complete pieces, will not cause any problems even
if it does occur. Secondly, given a tangent vector w, we evaluate the corresponding
geodesic at τ = 1. Then the length that we travelled from x(0) = y to x(1) will be the
same as the Euclidean length of w.

Why should the inequality constraints in (3.1c) be taken as ‘black-box’ constraints
on TyM? The reason is that it would often be very difficult to restate the constraints
that define Uj directly in terms of constraints on TyM. Instead, we will solve (2.48)
for our geodesic x(τ) and find what the constraint value is at our new point x(1) on the
manifold. We will then assign this value, along with any objective function evaluation,
to the corresponding tangent vector ẋ(0).

All of the convergence results concerning the method chosen to solve (3.2) carry
over to our extension without modification. This is because (2.48) allows us to
implicitly restate the problem of minimizing f(x) in (3.1a) over Uj ⊂ M as one of
minimizing f̂(w) over TyM ∼= R(n−m), subject to our ‘black-box’ constraints. The
implicitly defined functions f̂(w) and ĥ(w) are of the same smoothness class as f(x)
and h(x) since the Expy mapping is smooth [15]. So if f(x) and h(x) are Lipschitz,
f̂(w) and ĥ(w) are also Lipschitz.

The general method is given by Procedure 3.1. The key feature for showing con-
vergence results for our method is that the tangent space TyM is fixed in Step 4. By
fixing TyM we are fixing our functions f̂(w) and ĥ(w) defined on TyM. This fixing
of TyM creates difficulties if we want to pullback derivative information about f̂(w)
and ĥ(w). This is examined in Section 5. Since our main concern is extending direct
search methods to equality constrained problems, this inability to pullback derivative
information is not a particular drawback for us. Additionally, z∗ has the same ‘proper-
ties’ as w∗. By this we mean, e.g., that if w∗ is guaranteed to be a local/global solution
to (3.2), then z∗ is guaranteed to be a local/global solution to (3.1).

The requirement that we remain in a single tangent space TyM can be relaxed in
a certain way. What we will do is allow ourselves to move around on M initially.
This movement on M can be done by any procedure the user desires. This freedom
is similar to the freedom available in the SEARCH step of LTMADS [2]. What we are
looking for is a point y ∈ M that is, or is suspected of being, close to the solution z∗

of (3.1). This y can then be used in Procedure 3.1. The reason for this additional step
is to reduce the cost of solving the geodesic equation since we will hopefully only need
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Procedure 3.1 The General Method for Problem (3.1)

1. Let the equality constraints g(x) = 0 implicitly define a manifold M.

2. Find an initial feasible point y ∈M.

3. Use the geodesic formula (2.48) to pullback the inequality constraints h(x) ≤
0 and, the function f(x) from M to TyM. That is, given any tangent vector
w ∈ TyM that results in a geodesic x(τ) such that x(1) = z, associate with
w the function values h(z) and f(z). Call these pulled-back functions ĥ(w)
and f̂(w).

4. Use any desired procedure to solve the resulting reduced dimensional problem
given by (3.2).

5. Let w∗ be the solution to (3.2) found in Step 4. If x∗(τ) is the geodesic
corresponding to w∗ via (2.48) and, z∗ = x∗(1), then z∗ is the solution to
(3.1).

to look at points on M that are close to y. It is up to the user to specify how to find
such a y and, when to halt this initial search and enter Procedure 3.1.

One example of a potential way of doing this initial movement over M is by
switching from TyM to TxM if the feasible tangent vector w ∈ TyM that corresponds
to x ∈ M has norm ‖w‖ > ε for some user specified ε > 0 and, f(x) < f(z) for
all previously considered z ∈ M. Let us use LTMADS [2] in the tangent spaces.
Assume that f(x) has a unique global minimum x∗ ∈ N = M∩Ω and, we eventually
enter into a small enough neighborhood Ux∗ ⊂ N of x∗ at the point y ∈ Ux∗ . Then
given some user specified integer i > 0, there will be a sequence of improving points
xι, ι = 1, . . . , i, that correspond to feasible tangent vectors wι ∈ TyM such that
‖wι‖ ≤ ε for all ι = 1, . . . , i. We are guaranteed that this must happen when we
enter Ux∗ because N is compact. When this occurs, we can enter Procedure 3.1 with
y ∈ Ux∗ .

4 An illustrative example

Here we’ll look at a relatively simple but illuminating example. Let us consider
minimizing some function f(x) over the upper half of S2, the unit two-dimensional
sphere embedded in R3. So our optimization problem is

min
x∈R3

f(x) (4.1a)

subject to : xT x = 1 (4.1b)
x3 ≥ 0, (4.1c)
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where x = [x1, x2, x3]T . We will be able to explicitly state the problem that Proce-
dure 3.1 solves implicitly. First we fix a point y ∈ S2, which also fixes the tangent
space TyM that we will work on. Then the mapping

Expy : TyM → S2, (4.2)

is found. This mapping is given by x(w) = Expy(w) ∈ S2, where w ∈ TyM.
That is, we evaluate the geodesic x(τ) = Expy(τw) at τ = 1, where x(0) = y and
ẋ(0) = w. Then (4.1) can be restated in terms of the w ∈ TyM.

First we need to place coordinates on TyM. Fix a point y ∈ S2. The tangent plane
TyS2 is given by null(∇(xT x)) evaluated at y. So

TyM = y⊥, (4.3)

the orthogonal complement to y. This is a 2-plane in R3. When we say that TyS2 can
be imagined as a copy of R2 translated to the base point y ∈ M what we mean is that
there is an affine transformation A : R2 → R3 given by

A(z) = Az + y, (4.4)

where the columns of A ∈ R3×2 form a basis for the 2-plane given by (4.3). Then
Az ∈ TyS2 and the z give the coordinates on TyS2. Note that A(0) = y.

Now for the Expy mapping, i.e., the geodesic equation. The equations for the
Christoffel symbols associated with (4.1b) are, see (2.37),

Γk
ij(τ) = xk(τ)Iij . (4.5)

Then (2.48) is given by

ẍk(τ) = −xk(τ)[ẋ(τ) · ẋ(τ)]. (4.6)

Remembering that ‖ẋ(0)‖ = ‖ẋ(τ)‖, we have

xk(τ) = yk cos(ωτ) +
wk

ω
sin(ωτ), (4.7)

where x(0) = y = [y1, y2, y3]T , ẋ(0) = w = [w1, w2, w3]T , ω = ‖w‖, y ∈ S2

and w = Az ∈ TyS2 ∼= R2. Letting A = [ak
i], where k is the row index, and

z = [z1, z2]T , we can rewrite (4.7) as

xk(τ ; z) = yk cos(ωτ) +
2∑

i=1

ak
iz

i

ω
sin(ωτ), (4.8)

or, in more formal notation, x(τ ; z) = Expy(τAz). Evaluating the mapping in (4.8)
at τ = 1 gives us the explicit relationship x(1; z) = x(z) = Expy(Az) or

xk(z) = yk cos(ω) +
2∑

i=1

ak
iz

i

ω
sin(ω), (4.9)
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So we can restate (4.1) in the following equivalent form:

min
z∈R2

f̂(z) (4.10a)

x3(z) ≥ 0, (4.10b)

where f̂(z) = f(x(z)). That is, we have pulled-back (4.1a) and (4.1c) from S2 ⊂ R3

to TyM∼= R2.

Our method in Procedure 3.1 implicitly works with the z variables, which are related
to the tangent vectors w via the relationship w = Az. That is, the z are the coordinates
for TyM once we fix a basis given by the columns ofA. Also, in this example a closed
form solution was given for the Expy mapping in terms of the z. Whether a problem
allows this or not has no theoretical impact on our method. Practically though, a closed
form solution is useful since one does not then need to solve the geodesic equation
(2.48) numerically.

If f(x) in (4.1a) is Lipschitz, then so is f̂(z) in (4.10a). So now an LTMADS
[2] could be done over the z ∈ R2, for example. All of the convergence results for
LTMADS carry over to our problem because we are simply minimizing some Lipschitz
function subject to some inequality constraints. If z is a trial point used by LTMADS
in R2, we map this to a point x(z) ∈ S2 by Expy(Az). Then the values f(x(z)) and
x3(z) are assigned to z. If x3(z) violates the constraint in (4.1c), i.e., z is not a feasible
point, we assign the value f̂(z) = ∞ to z. The fact that the objective function f̂(z)
and the inequality constraints function ĥ(z) would generally be ‘black-boxes’ creates
no difficulty if one employs a direct search method on the z variables.

LTMADS is not the only direct search procedure that can be done in TyM. If a
global solution is desired then one may want to employ, e.g., DIRECT [11] to attempt
to find it. If we are willing to allow the inequality constraints to be violated as the
algorithm proceeds, a filter version of LTMADS could be employed [3].

5 Relation to the generalized reduced gradient method

Remaining on or near the feasible set is not a novel idea. For example, the generalized
reduced gradient method [4] and the filter method [12] both attempt this. What is
novel is that (2.48) provides a way for remaining on a manifold M by solving for the
geodesics on M. This removes the burden of having to satisfy equality constraints
from the optimization method and places it on the particular numerical solver for the
ODE system in (2.48). It is exactly this shifting of the burden that allows us to trivially
extend (at least theoretically) direct search methods to C2 Riemannian manifolds.

There is nothing particularly special about the Expx mapping. An alternate tech-
nique would be to use the implicit function theorem locally to do the pullback procedure
on pieces of M. Since N = M∩ Ω is compact, we can perform the implicit function
theorem at a finite number of points xi ∈ M, i = 1, . . . , ı, to construct our neighbor-
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hoods Ui that cover N , that is N ⊂
⋃

i Ui. Then we can do direct searches on the
corresponding tangent spaces TxiM. The algorithm is theoretically more complicated
and, is covered separately in [9]. It does allow us to extend the same general idea
introduced here to the case when g(x) in (2.1b) is only Lipschitz.

Using the implicit function theorem technique would make the procedure strongly
reminiscent of the generalized reduced gradient (GRG) method [4]. GRG does not use
a pullback procedure however. Instead, it minimizes f(x) on a local linear model of
M, namely TxM, and then attempts to project back ontoM after this minimization. It
could do this projection by numerically implementing the implicit function theorem as
in [23] (it generally doesn’t). The important point is that the projection happens after
the original minimization of f(x) on TxM.

Let w ∈ TxM minimize f(x) on the tangent space. If w projects to the point
y ∈M, GRG (eventually) assumes that f(x +w) ≈ f(y). Whether this is true or not
depends on the behavior of M and f(y) around x. Regardless, the projection creates
difficulties for convergence arguments.

An intrinsic version of GRG could minimize f(x) directly on M using (2.48),
avoiding the need for a final projection [10, intrinsic Newton’s method] (see [26] also).
Alternately, GRG could use the method in [23] to project each point w considered in
TyM to its corresponding point x ∈ M. Then it would evaluate f(x) and h(x) and
assign these values to w ∈ TyM. This technique is more closely related to the original
GRG method.

The method in Section 3 would be the analog of intrinsic GRG using (2.48) when
f(x) is only Lipschitz. The crucial difference between Procedure 3.1 and an intrinsic
GRG is that in Procedure 3.1 we (eventually) remain in a fixed tangent plane TyM
while an intrinsic GRG would continue to move from one tangent plane to another as
the algorithm proceeds. We needed to fix TyM in order to derive the convergence
results for Procedure 3.1. This has implications for the derivative information available
if f(x) were C1. Of course if this were the case and∇f(x) were available, an intrinsic
GRG would be a better choice for solving (2.1). Let us examine this in more detail
though since it highlights some of the differences between Procedure 3.1 and GRG.

Note that in Step 4 of Procedure 3.1, it may be rather difficult to use any method other
than a direct search one. The reason for this is that we will not normally have explicit
formulas for f̂(w) or ĥ(w). So typically the availability of derivative information will,
at best, be limited and/or expensive to calculate. This situation can be mitigated if we
can reasonably find or estimate ∇wx(τ)|τ=1, where x(τ) is the geodesic found via
(2.48) with initial conditions x(0) = y and ẋ(0) = w. That is, x(τ) = Expy(τw).
Then we can find or estimate, e.g.,

∇wf̂(w) = ∇wf(x(1))
= [∇xf(x(1))] · [∇wx(1)]. (5.1)

For the direct search methods, one could employ the simplex gradient method in [5] for
estimating the gradient.
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From (2.48) we see that finding ∇wExpx(w), w ∈ TyM, can be an extremely
hard proposition. One piece of derivative information that is easily pulled-back is
the directional derivative of f(x(1)) in the direction ẋ(1), where x(τ) is a geodesic.
This tells us how f(x(τ)) changes along the geodesic x(τ) if we continued along that
geodesic an infinitesimal time step beyond τ = 1. This corresponds to using an initial
velocity (1 + δ)w ∈ TyM and letting δ ↓ 0. So, we can easily assign to w ∈ TyM
the derivative information

d

dδ
f̂((1 + δ)w)

∣∣∣∣
δ=0

= [∇xf(x(1))] · [ẋ(1)]. (5.2)

This is just the first covariant derivative of f(x(1)) in the direction ẋ(1). We can do the
same thing for the second covariant derivative. Note that we are limited to the single
direction ẋ(1) when we evaluate these derivatives at x(1). Similar comments hold for
ĥ(w).

The situation is quite different for the base point y of TyM. Now we can find the
covariant derivatives of f(x) around y for any direction w ∈ TyM. These are what
GRG uses. They would always be available to GRG because the method models f(x)
on TyM where y is the current iterate.

6 Discussion

We’ve shown how to deal with C2 equality constraints in optimization problems by
treating them as implicitly defining a Riemannian manifold. This required knowledge of
both the Jacobian and Hessian of the equality constraints in order to calculate geodesics
on the manifold. By using this framework, the equality constraints can be removed from
the original problem. We then have an implicitly defined optimization problem that
only has inequality constraints. Then methods like those in [1, 2, 3, 7, 8, 11, 21] can be
extended to optimization problems that have both inequality and equality constraints.
Additionally, the dimensionality of the original problem is reduced to the dimensionality
of the manifold.

The class of problems where this method would most usefully be employed are
when the objective function and inequality constraints are only Lipschitz continuous.
In fact, both of these functions can be ‘black-box’. The procedure is especially effective
when the equality constraints define some Lie group [20] since closed form solutions
for the geodesic would then typically be available. Lie groups are often met in practice
[10, 22], so even if our algorithm were restricted to just that class of problems it would
likely be of practical use.

We haven’t looked at how to actually solve the quasi-linear system of ODEs for
the geodesics given by (2.48). This is obviously an important topic for practically
implementing Procedure 3.1 but we feel it is somewhat out of the scope of this article.
It is unlikely that any single numerical solution method for (2.48) will always work for
every problem. Some numerical procedures are covered in [26].
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As in [6, 18], we have avoided any numerical examples of our method. From [18]:

We agree with the perspective of the authors in [6]:

We have deliberately not included the results of numerical test-
ing as, in our view, the construction of appropriate software is
by no means trivial and we wish to make a thorough job of it.
We will report on our numerical experience in due course.

This caution is particularly apt in view of the sort of problems to which
pattern search is typically applied.

Since (2.48) must be solved repeatedly in our procedure, an appropriate ODE solver
must be chosen that is at once fast and accurate. But this only takes care of the pullback
procedure. Now a correct direct search method must be chosen and implemented for
the problem at hand. If one understands the example in Section 4, then it should be
(relatively) straightforward to implement Procedure 3.1. We plan on testing the method
presented on some ‘real-world’ problems soon and will publish our experiences as they
become available.
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