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Abstract

The notion of a secant for locally Lipschitz continuous functions is in-
troduced and a new algorithm to locally minimize nonsmooth, nonconvex
functions based on secants is developed. We demonstrate that the secants
can be used to design an algorithm to find descent directions of locally Lips-
chitz continuous functions. This algorithm is applied to design a minimization
method, called a secant method. It is proved that the secant method gener-
ates a sequence converging to Clarke stationary points. Numerical results are
presented demonstrating the applicability of the secant method in wide va-
riety of nonsmooth, nonconvex optimization problems. We also compare the
proposed algorithm with the bundle method using numerical results.
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1 Introduction

Consider the following unconstrained minimization problem:

minimize f(x) subject to x ∈ IRn (1)

where the objective function f is assumed to be locally Lipschitz continuous. Nu-
merical methods for solving Problem (1) have been studied extensively over more
than four decades. Subgradient methods [32], the bundle method and its varia-
tions [13, 15, 16, 17, 18, 19, 20, 21, 22, 25, 27, 28, 29, 33, 35], a discrete gradient
method [1, 3, 4], a gradient sampling method [8], and methods based on smoothing
techniques [30] are among them.

Subgradient methods are simple, however, they are not effective to solve many
nonsmooth optimization problems. Algorithms based on smoothing techniques are
applicable only to the special class of nonsmooth functions such as the maximum
and max-min functions. Bundle algorithms are more general algorithms and they
build up information about the subdifferential of the objective function using ideas
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known as bundling and aggregation. These algorithms are known to be very effective
for nonsmooth, convex problems. For nonconvex functions subgradient information
is meaningful only locally, and must be discounted when no longer relevant. Special
rules have to be designed to identify those irrelevant subgradients. As a result,
bundle type algorithms are more complicated in the nonconvex case [8].

The gradient sampling method proposed in [8] does not require rules for dis-
counting irrelevant subgradients. It is a stochastic method and relies on the fact
that locally Lipschitz functions are differentiable almost everywhere. At each itera-
tion of this method a given number of gradients are evaluated at points randomly
chosen from a given neighborhood of a current point. Then a quadratic program-
ming problem is solved to compute a descent direction by finding least distance
between a polytope, given by convex hull of the gradients, and the origin. This
method was successfully applied to solve some practical problems [8].

In this paper a new algorithm for solving Problem (1) is proposed. We introduce
the notion of a secant for locally Lipschitz functions, which is an approximation to
a subgradient. An algorithm for the computation of descent directions based on
secants is given and using that we design a minimization algorithm and study its
convergence.

There are some similarities between the proposed method and the bundle and
the gradient sampling methods. In the new method we build up information about
the approximation of the subdifferential using bundling idea which makes it similar
to the bundle methods. However, the new method does not require subgradient
discounting rules which makes it similar to the gradient sampling method.

The new method is applied to solve nonsmooth optimization test problems from
[23] as well as some cluster analysis problems. We compare the new algorithm with
two versions of bundle method using numerical results. These two versions are:
PMINU - the bundle method for unconstrained minimax optimization and PBUNU
- the bundle method for general unconstrained nonsmooth optimization [24].

The structure of the paper is as follows. Section 2 provides some necessary
preliminaries. The notion of an r-secant is introduced in Section 3. Necessary
conditions for a minimum using r-secants are derived in Section 4. In Section 5 we
describe an algorithm for the computation of a descent direction. A secant method
is introduced in Section 6. In Section 7 we describe an algorithm to approximate
subgradients. Results of numerical experiments are given and discussed in Section
8. Section 9 concludes the paper.

2 Preliminaries

In this section we will recall some basic concepts from nonsmooth analysis needed
in this paper.

Let f be a locally Lipschitz continuous function defined on IRn. The function f
is differentiable almost everywhere and one can define for it a Clarke subdifferential
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[9] (see also [10]) by

∂f(x) = co
{
v ∈ IRn : ∃(xk ∈ D(f)) : x = lim

k→∞
xk and v = lim

k→∞
∇f(xk)

}
,

here D(f) denotes the set where f is differentiable, and co denotes the convex hull
of a set. It is shown in [9, 10] that the mapping x 7→ ∂f(x) is upper semicontinuous
and bounded on bounded sets.

The generalized directional derivative of f at x in the direction g is defined as

f 0(x, g) = lim sup
y→x,α→+0

α−1[f(y + αg)− f(y)].

If the function f is locally Lipschitz continuous then the generalized directional
derivative exists and

f 0(x, g) = max {〈v, g〉 : v ∈ ∂f(x)} .

Here 〈·, ·〉 stands for an inner product in IRn. f is called a regular function at
x ∈ IRn, if it is directionally differentiable at x and f ′(x, g) = f 0(x, g) for all g ∈ IRn

where f ′(x, g) is a derivative of the function f at the point x in the direction g:

f ′(x, g) = lim
α→+0

α−1[f(x + αg)− f(x)].

There exists a full calculus for regular functions, meaning that it is in the form
of equalities. However, in general, such a calculus does not exist for non-regular
functions and it is only in the form of inclusions [10]. Although, it cannot be
applied to compute subgradients, we will consider a special scheme to approximate
subgradients of such functions.

Let f be a locally Lipschitz continuous function defined on IRn. For a point x
to be a local minimizer of the function f on IRn, it is necessary that 0n ∈ ∂f(x). A
point x ∈ IRn is called a (Clarke) stationary point if 0n ∈ ∂f(x).

The function f : IRn → IR1 is called semismooth at x ∈ IRn, if it is locally
Lipschitz at x and for each g ∈ IRn and for any sequences {tk} ⊂ IR1, {gk} ⊂ IRn,
and {vk} ⊂ IRn such that tk ↓ 0, gk → g, and vk ∈ ∂f(x + tkg

k), the limit

lim
k→∞

〈vk, g〉

exists. The semismooth function f is directionally differentiable and

f ′(x, g) = lim
k→∞

〈vk, g〉, vk ∈ ∂f(x + tkg
k).

The class of semismooth functions contains convex, concave, max-type and min-type
functions (see [26]).
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3 An r-secant

In this section we introduce the notion of an r-secant for locally Lipschitz functions.
Let S1 = {g ∈ IRn : ‖g‖ = 1} be the unit sphere in IRn. For any g ∈ S1 define

gmax = max {|gi|, i = 1, . . . , n} .

It is clear that gmax ≥ n−1/2 for any g ∈ S1. Let

I(g) = {i ∈ {1, . . . , n} : |gi| = gmax} .

Definition 1 Let g ∈ S1, r > 0 and v ∈ ∂f(x + rg) be any subgradient. Select any
i ∈ I(g). A vector s = s(x, g, r) ∈ IRn where

s = (s1, . . . , sn) : sj = vj, j = 1, . . . , n, j 6= i

and

si =
f(x + rg)− f(x)− r

∑n
j=1,j 6=i sjgj

rgi

is called an r-secant of the function f at a point x in the direction g.

Remark 1 For a given g ∈ S1, r-secants can be defined for all i ∈ I(g) and v ∈
f(x + rg).

Remark 2 One can see that the r-secant s(x, g, r) is defined with respect to a given
direction g ∈ S1 and it is unique if and only if the set I(g) and the subdifferential
∂f(x + rg) are the singleton sets.

Remark 3 If n = 1 then an r-secant of the function f at a point x ∈ IR1 is defined
as follows:

s =
f(x + rg)− f(x)

rg
,

where g = 1 or g = −1.

Proposition 1 Let x ∈ IRn and g ∈ S1. Then for a given r > 0

f(x + rg)− f(x) = r〈s(x, g, r), g〉, (2)

where s(x, g, r) is an r-secant of the function f at a point x in the direction g.

Proof: Proof follows immediately from Definition 1, more exactly from the defini-
tion of the i-th coordinate si of the r-secant s(x, g, r). 2

Remark 4 The equation (2) can be considered as a version of the mean value
theorem for r-secants.
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We define the following set

Srf(x) = {s ∈ IRn : ∃g ∈ S1 : s = s(x, g, r)} .

Srf(x) is the set of all possible r-secants of the function f at the point x.

Remark 5 In general, Srf(x) is not singleton set even for continuously differen-
tiable functions. However, for any affine function f , Srf(x) is the singleton set for
all r > 0 and x ∈ IRn.

It is proved in [10] that for any bounded subset X ⊂ IRn there exists M > 0
such that

sup {‖v‖ : v ∈ ∂f(x), x ∈ X} ≤ M. (3)

Proposition 2 Let f : IRn → IR1 be a locally Lipschitz function. Then for any
bounded subset X ⊂ IRn there exists M0 ≡ M0(n) > 0 such that

sup {‖s‖ : s ∈ Srf(x), x ∈ X} ≤ M0. (4)

Proof: Take any x ∈ X and s ∈ Srf(x). It follows from the definition of the set
Srf(x) that there exists g ∈ S1 such that s = s(x, g, r) where s(x, g, r) is an r-secant
in the direction g. Since sj(x, g, r) = vj, j ∈ {1, . . . , n}, j 6= i, i ∈ I(g) for some
v ∈ ∂f(x + rg), it follows from (3) that

n∑
j=1,j 6=i

s2
j ≤ M2.

Since the function f is locally Lipschitz continuous there exists L > 0 such that

|f(x + rg)− f(x)| ≤ Lr.

Then we have
|si| ≤ Ln1/2 + M(n− 1).

Denote

M0 ≡ M0(n) =
(
M2 + (Ln1/2 + M(n− 1))2

)1/2
.

Then we get
‖s‖ ≤ M0 ∀s ∈ Srf(x).

2

Proposition 3 The set Srf(x), r > 0 is closed.
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Proof: Take any sequence {sk}, sk ∈ Srf(x) and assume that sk → s as k → ∞.
For each sk ∈ Srf(x) there exists gk ∈ S1 such that sk = sk(x, gk, r). Without loss
of generality we assume gk → g as k → +∞. Since S1 is a compact set g ∈ S1.
It is clear that gk,max → gmax as k → ∞. Moreover, there exists k0 > 0 such that
I(gk) ⊆ I(g) for all k ≥ k0.

For the secant sk there exist i ∈ I(gk) and vk ∈ ∂f(x + rgk) such that

sk
j = vk

j , j = 1, . . . , n, j 6= i

and i ∈ I(g) for all k ≥ k0. Since gk → g the upper semicontinuity of the set-valued
mapping x 7→ ∂f(x) implies that if v = limk→∞ vk then v ∈ ∂f(x + rg). The latter
means that

sj = vj, j = 1, . . . , n, j 6= i.

The continuity of the function f implies that si(x, gk, r) → si(x, g, r) as k → ∞.
Thus, s ∈ Srf(x). 2

Corollary 1 The set Srf(x), r > 0 is compact.

Proof: The proof follows immediately from Propositions 2 and 3. 2

Proposition 4 The set-valued mapping (x, r) 7→ Srf(x), r > 0 is closed.

Proof: Take any sequences {xk} ⊂ IRn, {rk} ⊂ IR1, rk > 0, and {sk} ⊂ IRn such
that xk → x, rk → r > 0, and sk ∈ Srk

f(xk), sk → s as k → +∞. We have to show
that s ∈ Srf(x). Since sk ∈ Srk

f(xk) there exist gk ∈ S1 and vk ∈ ∂f(xk + rkg
k)

such that
sk

j = vk
j , j = 1, . . . , n, j 6= i, i ∈ I(gk).

Without loss of generality we assume that gk → g and vk → v as k → ∞. It
is obvious that g ∈ S1. Since the set-valued mapping x 7→ ∂f(x) is closed, v ∈
∂f(x + rg). Obviously there exists k0 > 0 such that I(gk) ⊆ I(g) for all k ≥ k0.
Then it follows from the continuity of the function f that the vector s is defined as
follows:

sj = vj, j = 1, . . . , n, j 6= i, i ∈ I(gk) ⊆ I(g), k ≥ k0,

si =
f(x + rg)− f(x)− r

∑n
j=1,j 6=i sjgj

rgi

,

that is s ∈ Srf(x). 2

Proposition 5 The set-valued mapping (x, r) 7→ Srf(x), r > 0 is upper semi-
continuous.
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Proof: The upper semi-continuity of the mapping (x, r) 7→ Srf(x) means that for
any ε > 0 there exists δ > 0 such that

Stf(y) ⊂ Srf(x) + Bε

for all y ∈ Bδ(x) and t > 0, |t− r| < δ. Here

Bδ(x) = {y ∈ IRn : ‖y − x‖ < δ}, Bδ = Bδ(0n).

Assume the contrary that is the mapping (x, r) 7→ Srf(x), r > 0 is not upper
semi-continuous at (x, r). Then there exists ε0 > 0 such that for any δ > 0, it is
possible to find y ∈ Bδ(x) and t > 0, |t− r| < δ such that

Stf(y) 6⊂ Srf(x) + Bε0 .

This means that there exist sequences {yk} ⊂ IRn, and {tk} ⊂ IR1 such that yk → x,
and tk ↓ 0 as k →∞ and

Stkf(yk) 6⊂ Srf(x) + Bε0 , k = 1, 2, . . . .

This contradicts to the fact that the mapping (x, r) 7→ Srf(x) is closed. 2

Now we introduce the following sets at a point x ∈ IRn :

S0,gf(x) =
{
v ∈ IRn : ∃{rk} : rk > 0, lim

k→∞
rk = 0 and v = lim

k→∞
s(x, g, rk)

}
, g ∈ S1,

and
S0f(x) =

⋃
g∈S1

S0,gf(x). (5)

S0,gf(x) is the set of limit points of r-secants in the direction g ∈ S1. The set S0f(x)
can be also defined as

S0f(x) =
{
v ∈ IRn : ∃(g ∈ S1, {rk}) : rk > 0, lim

k→∞
rk = 0 and v = lim

k→∞
s(x, g, rk)

}
,

which is the set of limit points of all r-secants as r ↓ 0.
In the sequel we study relation between these two sets and the Clarke subdiffer-

ential.

Proposition 6 Let f be a locally Lipschitz and directionally differentiable at x ∈ IRn

and, g ∈ S1. Then for any e = λg, λ > 0

f ′(x, e) = 〈v, e〉, ∀v ∈ S0,gf(x).

Proof: The proof follows from (2) and the definition of the set S0,gf(x). 2
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Corollary 2 Let f be a locally Lipschitz and directionally differentiable at x ∈ IRn.
Then for any e ∈ IRn

f ′(x, e) ≤ max {〈v, e〉 : v ∈ S0f(x)} .

Proof: The proof follows from (2) and the definition of the set S0f(x). 2

Proposition 7 Let f be a semismooth function at x ∈ IRn. Then

S0,gf(x) ⊆ ∂f(x), ∀g ∈ S1.

Proof: Given g ∈ S1 consider the following set at the point x:

Q(x, g) = {v ∈ IRn : ∃({rk}, {vk}) : rk > 0, lim
k→∞

rk = 0, vk ∈ ∂f(x + rkg)

and v = lim
k→∞

vk}.

Since the function f is semismooth

f ′(x, g) = 〈v, g〉 ∀ v ∈ Q(x, g). (6)

It follows from the definition of the set S0,gf(x) that for any s̄ ∈ S0,gf(x) there
exists {rk}, rk > 0, rk → 0, k →∞ such that

s̄ = lim
k→∞

s(x, g, rk).

By the definition of r-secants there exists vk ∈ ∂f(x + rkg) such that

sj(x, g, rk) = vk
j , j = 1, . . . , n, j 6= i, i ∈ I(g).

Without loss of generality assume that vk → v as k →∞. It is clear that v ∈ Q(x, g)
and s̄j = vj, j = 1, . . . , n, j 6= i. On the other hand it follows from Proposition 6
and (6) that

f ′(x, g) = 〈s̄, g〉 = 〈v, g〉.

Then we get s̄i = vi that is s̄ = v and s̄ ∈ Q(x, g) ⊂ ∂f(x). Since s ∈ S0,gf(x) is
arbitrary we get the proof. 2

Corollary 3 Let f be a semismooth at x ∈ IRn. Then

S0f(x) ⊆ ∂f(x).
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Proof: The proof follows from (5) and Proposition 7. 2

At a point x ∈ IRn consider the following two sets:

Sc
rf(x) = co Srf(x), r > 0,

Sc
0f(x) = co S0f(x).

The following corollary follows from Proposition 2.

Corollary 4 Let f : IRn → IR1 be a locally Lipschitz function. Then for any
bounded subset X ⊂ IRn

sup {‖s‖ : s ∈ Sc
rf(x), x ∈ X} ≤ M0, ∀r > 0, (7)

where M0 is a constant from Proposition 2.

From Corollary 3 we get the following

Corollary 5 Assume that the function f is semismooth at a point x ∈ IRn. Then

Sc
0f(x) ⊆ ∂f(x).

Proposition 8 Assume that the function f is regular and semismooth at a point
x ∈ IRn. Then

∂f(x) = Sc
0f(x).

Proof: It follows from Corollary 5 and semismoothness of the function f that

Sc
0f(x) ⊆ ∂f(x).

Therefore we have to show that

∂f(x) ⊆ Sc
0f(x).

Since the function f is regular it is directionally differentiable and

f ′(x, e) = max{〈v, e〉 : v ∈ ∂f(x)}.
Then it follows from Corollaries 2 and 5 that for any e ∈ IRn

f ′(x, e) ≤ max{〈v, e〉 : v ∈ Sc
0f(x)}

≤ max{〈v, e〉 : v ∈ ∂f(x)}
= f ′(x, e).

Therefore for any e ∈ IRn

max{〈v, e〉 : v ∈ Sc
0f(x)} = max{〈v, e〉 : v ∈ ∂f(x)}.

Since both sets Sc
0f(x) and ∂f(x) are convex and compact we have that [12]

∂f(x) = Sc
0f(x).

2

Remark 6 Results of this section show that the set-valued mapping x 7→ Sc
0f(x),

in general, is not upper semicontinuous.
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4 Necessary conditions and descent directions

In this section we introduce r-stationary points, formulate necessary conditions for
a minimum and demonstrate that the set Sc

0f(x) can be used to compute descent
directions. We assume that a function f : IRn → IR1 is locally Lipschitz.

Proposition 9 Assume that r > 0 is given and f(x + rg) ≥ f(x) for any g ∈ S1.
Then

0n ∈ Sc
rf(x). (8)

Proof: It follows from (2) that for any g ∈ S1

f(x + rg)− f(x) = 〈s(x, g, r), g〉 ≥ 0.

Since Srf(x) ⊆ Sc
rf(x) we have

max{〈s, g〉 : s ∈ Sc
rf(x)} ≥ 0 (9)

for all g ∈ S1. For any e ∈ IRn, e 6= 0 there exist g ∈ S1 and λ > 0 such that
e = λg, therefore the inequality (9) holds true for any e ∈ IRn. Furthermore, Sc

rf(x)
is convex compact set and as a consequence we get the inclusion (8) (see [12]). 2

Corollary 6 Let x ∈ IRn be a local minimizer of the function f . Then there exists
r0 > 0 such that 0n ∈ Sc

rf(x) for all r ∈ (0, r0].

Proof: If x ∈ IRn is a local minimizer then there exists r0 > 0 such that f(x+rg) ≥
f(x) for any g ∈ S1 and r ∈ (0, r0]. Then the proof follows from Proposition 9. 2

Proposition 10 Let x ∈ IRn be a local minimizer of the function f and it is direc-
tionally differentiable at x. Then

0n ∈ Sc
0f(x). (10)

Proof: Since x is a local minimizer f ′(x, g) ≥ 0 for all g ∈ IRn.Then it follows from
Corollary 2 that

max{〈v, g〉 : v ∈ Sc
0f(x)} ≥ 0, ∀g ∈ IRn.

The set Sc
0f(x) is convex compact and therefore 0n ∈ Sc

0f(x). 2

Definition 2 Let r > 0. A point x ∈ IRn is said to be an r-stationary point for a
function f on IRn if 0n ∈ Sc

rf(x).
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Definition 3 Let r > 0. A point x ∈ IRn is called an (r, δ)-stationary point for a
function f on IRn if

0n ∈ Sc
rf(x) + Bδ.

Assume that a point x ∈ IRn is not an r-stationary point of a function f on IRn.
This means that

0n 6∈ Sc
rf(x).

In this case one can compute a descent direction using the set Sc
rf(x).

Proposition 11 Let f : IRn → IR1 be a locally Lipschitz and r > 0. Assume that
x ∈ IRn is not an r-stationary point, that is

min{‖v‖ : v ∈ Sc
rf(x)} = ‖v0‖ > 0.

Then for g0 = −‖v0‖−1v0

f(x + rg0)− f(x) ≤ −r‖v0‖.

Proof: Since Sc
rf(x) is compact and convex set we have

max
{
〈v, g0〉 : v ∈ Sc

rf(x)
}

= −‖v0‖.

Then it follows from (2) that

f(x + rg0)− f(x) = 〈s(x, g0, r), g0〉
≤ r max

{
〈v, g0〉 : v ∈ Sc

rf(x)
}

= −r‖v0‖.

2

Remark 7 Proposition 11 shows that if x ∈ IRn is not an r-stationary point then
the set Sc

rf(x) can be used to compute descent directions at x. However, the com-
putation of this set is not easy. In the next section we introduce an algorithm which
computes descent directions using only a few elements from the set Sc

rf(x).

Remark 8 If a point x ∈ IRn is not an (r, δ)-stationary point then in Proposition
11 ‖v0‖ ≥ δ. In this case f(x + rg0)− f(x) ≤ −rδ and the set Sc

rf(x) allows us to
find a direction of sufficient decrease at x.
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5 Computation of a descent direction

Proposition 11 implies that for the computation of the descent direction we have to
solve the following problem:

minimize ‖v‖2 subject to v ∈ Sc
rf(x). (11)

Problem (11) is difficult to solve due to difficulties to compute the set Sc
rf(x). In

this section we propose an algorithm which uses only a few elements of Sc
rf(x).

Let the numbers r > 0, c ∈ (0, 1) and a small enough number δ > 0 be given.

Algorithm 1 The computation of descent directions.

Step 1. Select any g1 ∈ S1 and compute an r-secant s1 = s(x, g1, r) in the direction
g1. Set W 1(x) = {s1} and k = 1.

Step 2. Compute the vector ‖wk‖2 = min{‖w‖2 : w ∈ co W k(x)}. If

‖wk‖ < δ, (12)

then stop. Otherwise go to Step 3.

Step 3. Compute the search direction by gk+1 = −‖wk‖−1wk.

Step 4. If

f(x + rgk+1)− f(x) ≤ −cr‖wk‖, (13)

then stop. Otherwise go to Step 5.

Step 5. Compute an r-secant sk+1 = s(x, gk+1, r) in the direction gk+1, construct

the set W k+1(x) = co
{
W k(x)

⋃{sk+1}
}
, set k = k + 1 and go to Step 2.

Remark 9 In Step 1 we find an r-secant in the initial direction g1. In Step 2 the
least distance between the convex hull of r-secants (computed so far) and the origin
is computed. It is a quadratic programming problem and effective algorithms exist
for its solution (see, for example, [14, 34]). If the distance is less than a given
tolerance δ > 0 then the point x is an (r, δ)-stationary point, otherwise we compute
a new search direction in Step 3. If it is descent direction the algorithm stops and
the descent direction has been found (Step 4). If it is not descent direction then in
Step 5 we compute a new r-secant in this direction. It improves the approximation
of the set Sc

rf(x).

In the next proposition we prove that Algorithm 1 is a terminating.

Proposition 12 Assume the function f is locally Lipschitz and c ∈ (0, 1), δ ∈
(0, M0), where M0 is a constant from Corollary 4. Then Algorithm 1 terminates
after m steps, where

m ≤ 2 log2(δ/M0)

log2 M1

+ 2, M1 = 1− [(1− c)(2M0)
−1δ]2.
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Proof: First, we show that if both stopping criteria (12) and (13) are not satis-
fied, then the r-secant sk+1, computed in Step 5, does not belong to W k(x) and
consequently the approximation of the set Sc

rf(x) is improved. Indeed, in this case
‖wk‖ > δ and

f(x + rgk+1)− f(x) > −cr‖wk‖.
On the other hand it follows from (2) that

f(x + rgk+1)− f(x) = r〈sk+1, gk+1〉.
Then from the definition of the direction gk+1 we get

〈sk+1, wk〉 < c‖wk‖2. (14)

Since wk = argmin {‖w‖2 : w ∈ W k(x)}, the necessary condition for a minimum
implies that

〈wk, w − wk〉 ≥ 0, ∀w ∈ W k(x)

or
〈wk, w〉 ≥ ‖wk‖2, ∀w ∈ W k(x).

The latter along with (14) means that sk+1 6∈ W k(x).

Now we show that the algorithm is a terminating. It is sufficient to get an upper
estimation for the number m when

‖wm‖ ≤ δ. (15)

Clearly ‖wk+1‖2 ≤ ‖tsk+1 + (1− t)wk‖2 for all t ∈ [0, 1] or

‖wk+1‖2 ≤ ‖wk‖2 + 2t〈wk, sk+1 − wk〉+ t2‖sk+1 − wk‖2.

It follows from Corollary 4 that there exists M0 > 0 such that

‖sk+1 − wk‖ ≤ 2M0.

Hence taking into account the inequality (14), we have

‖wk+1‖2 ≤ ‖wk‖2 − 2t(1− c)‖wk‖2 + 4t2M2
0 .

If t = (1− c)(2M0)
−2‖wk‖2 ∈ (0, 1) we get

‖wk+1‖2 ≤
{
1− [(1− c)(2M0)

−1‖wk‖]2
}
‖wk‖2. (16)

Take any δ ∈ (0, M0). It follows from (16) and the condition ‖wk‖ > δ, k =
1, . . . ,m− 1 that

‖wk+1‖2 ≤ {1− [(1− c)(2M0)
−1δ]2}‖wk‖2.

Let M1 = 1− [(1− c)(2M0)
−1δ]2. It is clear that M1 ∈ (0, 1). Consequently,

‖wm‖2 ≤ M1‖wm−1‖2 ≤ . . . ≤ Mm−1
1 ‖w1‖2 ≤ Mm−1

1 M2
0 .

If Mm−1
1 M2

0 ≤ δ2, then the inequality (15) holds true and

m ≤ 2 log2(δ/M0)/ log2 M1 + 2.

2
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6 A secant method and its convergence

In this section we describe the secant method for solving Problem (1). First, we
describe an algorithm for finding (r, δ)-stationary points.

Let r > 0, δ > 0, c1 ∈ (0, 1), c2 ∈ (0, c1] be given numbers.

Algorithm 2 A secant method for computation of (r, δ)-stationary points.

Step 1. Select any starting point x0 ∈ IRn and set k = 0.

Step 2. Apply Algorithm 1 for the computation of the descent direction at x = xk

for given δ > 0, c = c1. This algorithm terminates after a finite number of iterations
m > 0. As a result we get the set Wm(xk) and an element vk such that

‖vk‖2 = min
{
‖v‖2 : v ∈ Wm(xk)

}
.

Furthermore either ‖vk‖ ≤ δ or for the search direction gk = −‖vk‖−1vk

f(xk + rgk)− f(xk) ≤ −c1r‖vk‖. (17)

Step 3. If
‖vk‖ < δ (18)

then stop. Otherwise go to Step 4.

Step 4. Construct the following iteration xk+1 = xk + αkg
k, where αk is defined as

follows
αk = argmax

{
α ≥ 0 : f(xk + αgk)− f(xk) ≤ −c2α‖vk‖

}
.

Set k = k + 1 and go to Step 2.

For the point x0 ∈ IRn consider the set L(x0) = {x ∈ IRn : f(x) ≤ f(x0)} .

Theorem 1 Assume that f is locally Lipschitz function and the set L(x0) is bounded
for starting points x0 ∈ IRn. Then after finitely many iterations K > 0 Algorithm 2
finds (r, δ)-stationary point, where

K ≤ 1 +
f(x0)− f∗

c2rδ
, f∗ = inf {f(x) : x ∈ IRn} .

Proof: The function f is locally Lipschitz and the set L(x0) is bounded and there-
fore, f∗ > −∞. Since c2 ∈ (0, c1] it follows from (17) that αk ≥ r and the definition
of αk implies that

f(xk+1)− f(xk) ≤ −c2αk‖vk‖
≤ −c2r‖vk‖.

14



If xk is not an (r, δ)-stationary point then ‖vk‖ > δ and

f(xk+1)− f(xk) < −c2rδ.

Thus Algorithm 2 at iteration xk, which is not an (r, δ)-stationary point, decreases
the value of the function f at least for −c2rδ. Since the sequence {f(xk)} is de-
creasing the number of such iterations cannot be more than

K = 1 +
f(x0)− f∗

c2rδ

and after at most K iterations the algorithm must find a point xK where ‖vk‖ < δ.
2

Remark 10 Since c2 ≤ c1 the step-length αk ≥ r and therefore r > 0 is a lower
bound for αk. This leads to the following rule for the computation of αk. Consider
a sequence:

θl = lr, l = 1, 2, . . . .

Then αk is defined as the largest θl satisfying the inequality in Step 4.

Algorithm 2 can be applied to compute Clarke stationary points of the function f .
Let {rk}, {δk} be sequences such that rk → +0 and δk → +0 as k → +∞. Applying
Algorithm 2 for each {rk}, {δk} we get a sequence {xk} of (rk, δk)-stationary points.
Thus, we get the following algorithm.

Algorithm 3 A secant method for computation of stationary points.

Step 1. Choose any starting point x0 ∈ IRn and set k = 1.

Step 2. Apply Algorithm 2 starting from the point xk−1 for r = rk and δ = δk. This
algorithm terminates after a finitely many iterations p > 0 and as a result it finds
(rk, δk)-stationary point xk.

Step 3. Set k = k + 1 and go to Step 2.

Convergence of Algorithm 3 can be proved under more restrictive assumptions.
We assume that the function f satisfies the following

Assumption 1 At a given point x ∈ IRn for any ε > 0 there exist η > 0 and r0 > 0
such that

Sc
rf(x) ⊂ ∂f(x + Bε) + Bε (19)

for all y ∈ Bη(x) and r ∈ (0, r0). Here

∂f(x + Bε) =
⋃

y∈Bε(x)

∂f(y).

15



Theorem 2 Assume that the function f is locally Lipschitz, it satisfies Assumption
1 at any x ∈ IRn and the set L(x0) is bounded for any x0 ∈ IRn. Then every
accumulation point of the sequence {xk} belongs to the set X0 = {x ∈ IRn : 0n ∈
∂f(x)}.

Proof: All conditions of Theorem 1 are satisfied and therefore Algorithm 2 for all
k ≥ 0 generates (rk, δk)-stationary point after the finite many iterations. Since for
any k > 0 the point xk is (rk, δk)-stationary it follows from the definition of the
(rk, δk)-stationarity that

min
{
‖v‖ : v ∈ Sc

rk
f(xk+1)

}
≤ δk. (20)

Since xk ∈ L(x0) for all k ≥ 0 and the set L(x0) is bounded, it follows that the
sequence {xk} has at least one accumulation point. Let x∗ be an accumulation
point and xki → x∗ as i → +∞. Then it follows from (20) that

min
{
‖v‖ : v ∈ Sc

rki
f(xki)

}
≤ δki

. (21)

Assumption 1 implies that at the point x∗, for any ε > 0 there exist η > 0 and
r0 > 0 such that

Sc
rf(y) ⊂ ∂f(x∗ + Bε) + Bε (22)

for all y ∈ Bη(x
∗) and r ∈ (0, r0). Since the sequence {xki} converges to x∗ for η > 0

there exists i0 > 0 such that xki ∈ Bη(x
∗) for all i ≥ i0. On the other hand since

δk, rk → +0 as k → +∞ there exists k0 > 0 such that δk < ε and rk < r0 for all
k > k0. Then there exists i1 ≥ i0 such that ki ≥ k0 +1 for all i ≥ i1. Thus it follows
from (21) and (22) that

min{‖v‖ : v ∈ ∂f(x∗ + Bε)} ≤ 2ε.

Since ε > 0 is arbitrary and the mapping x 7→ ∂f(x) is upper semicontinuous
0 ∈ ∂f(x∗). 2

Remark 11 There are some similarities between the secant method and the bundle
and the gradient sampling methods. In order to find descent directions in the secant
method a bundle of r-secants is computed which makes it similar to the bundle
method. Both the secant method and the gradient sampling method do not use
subgradient discounting rules. In order to find descent directions the secant method
computes a finite number of secants at the current iteration and the gradient sam-
pling method computes a finite number of gradients at points randomly chosen from
some neighborhood of the current iteration. However, all three methods are based
on different approaches.
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7 Approximation of subgradients

In the definition of the r-secants it is assumed that one can compute at least one
subgradient at any point. However, there are many interesting nonconvex, non-
smooth, nonregular functions where the computation of even one subgradient is
difficult task. In this section we consider one approach to approximate subgradi-
ents. This approach is introduced in [4, 5]. All necessary proofs also can be found
in these papers.

We consider a function f defined on IRn and assume that this function is quasid-
ifferentiable. The function f is called quasidifferentiable at a point x if it is locally
Lipschitz continuous, directionally differentiable at this point and there exist convex,
compact sets ∂f(x) and ∂f(x) such that:

f ′(x, g) = max
u∈∂f(x)

〈u, g〉+ min
v∈∂f(x)

〈v, g〉.

The set ∂f(x) is called a subdifferential, the set ∂f(x) is called a superdifferential
and the pair [∂f(x), ∂f(x)] is called a quasidifferential of the function f at a point
x [11].

We assume that both sets ∂f(x) and ∂f(x) are polytopes at any x ∈ IRn. This
assumption holds true, for example, for functions represented as a maximum, mini-
mum or max-min of a finite number of smooth functions.

Let
G = {e ∈ IRn : e = (e1, . . . , en), |ej| = 1, j = 1, . . . , n}

be the set of all vertices of the unit hypercube in IRn. We take e ∈ G and consider
the sequence of n vectors ej = ej(α), j = 1, . . . , n with α ∈ (0, 1] :

e1 = (αe1, 0, . . . , 0),
e2 = (αe1, α

2e2, 0, . . . , 0),
. . . = . . . . . . . . .
en = (αe1, α

2e2, . . . , α
nen).

Given a point x ∈ IRn we define the following points

x0 = x, xj = x0 + λej(α), j = 1, . . . , n.

It is clear that

xj = xj−1 + (0, . . . , 0, λαjej, 0, . . . , 0), j = 1, . . . , n.

Define a vector v = v(e, α, λ) ∈ IRn with the following coordinates:

vj = (λαjej)
−1

[
f(xj)− f(xj−1)

]
, j = 1, . . . , n. (23)

For the fixed e ∈ G and α > 0 we introduce the following set:

V (e, α) =
{
w ∈ IRn : ∃(λk → +0, k → +∞), w = lim

k→+∞
v(e, α, λk)

}
.
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Proposition 13 [4, 5] Assume that f is a quasidifferentiable function and its sub-
differential and superdifferential are polytopes at x. Then there exists α0 > 0 such
that

V (e, α) ⊂ ∂f(x)

for any α ∈ (0, α0].

Remark 12 It follows from Proposition 13 that in order to approximate subgra-
dients of quasidifferentiable functions one can choose a vector e ∈ G, sufficiently
small α > 0, λ > 0 and apply (23) to compute a vector v(e, α, λ). This vector is an
approximation to a subgradient.

Remark 13 Quasidifferentiable functions present a broad class of nonsmooth func-
tions, including many interesting non-regular functions. Thus, this approach allows
one to approximate subgradients of a broad class of nonsmooth functions.

8 Results of numerical experiments

The efficiency of the proposed algorithm was verified by applying it to some aca-
demic test problems with nonsmooth objective functions. We consider three types
of problems:

1. Problems with nonsmooth convex objective functions;

2. Problems with nonsmooth nonconvex regular objective functions;

3. Problems with nonsmooth, nonconvex and nonregular objective functions.

Test Problems 2.1-7, 2.9-12, 2.14-16, 2.18-21 and 2.23-25 from [23] and Problems
1-3, 5 and 7 from [2] have been used in numerical experiments. We also include the
following problem with nonsmooth, nonconvex and nonregular objective function.

Problem 1

minimize f(x) =
p∑

i=1

min
j=1,...,k

‖xj − ai‖2

Here p = 20, k = 5, x = (x1, . . . , x5) ∈ IR15 and the vectors ai ∈ R3, i = 1, . . . , 20
are as follows:

This is a well known clustering function (see [7]). We apply it to solve clustering
problem on two real-world data sets: TSPLIB1060 and TSPLIB3038. The de-
scription of these data sets can be found in [31]. The first data set contains 1060
2-dimensional points and the second data set contains 3038 2-dimensional points.
We compute 3, 5 and 10 clusters for each data set.

The brief description of test problems are given in Table 1, where the following
notation is used:
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a1 a2 a3 a4 a5 a6 a7 a8 a9 a10

1.1 0.8 0.1 0.6 -1.2 0.9 0.2 -0.3 -0.8 0.0
1.0 -1.6 -1.0 0.2 1.0 1.9 0.2 -0.2 0.6 -0.4
-0.1 0.3 -0.3 0.2 1.4 -0.8 0.0 0.8 -0.2 0.6

a11 a12 a13 a14 a15 a16 a17 a18 a19 a20

1.0 0.0 0.0 2.1 0.2 -2.1 -1.0 0.3 1.1 3.1
0.0 1.0 0.0 -1.4 -1.0 0.0 0.5 -2.0 1.2 -1.5
0.0 0.0 1.0 1.0 1.0 -1.0 1.5 0.9 1.0 2.1

• n - number of variables;

• nm - the total number of functions under maximum and minimum (if the
function contains maximum and minimum functions);

• fopt - optimum value.

The objective functions in Problems P27-P33 are the clustering function. In
Problem P27 the number of clusters k = 5, the number of data points p = 20 and
they are given in Table 1. In Problems P28-P30 data points are from the data set
TSPLIB1060 and the number of clusters in Problem P28 is 3, in Problem P29 it is
5 and in Problem P30 10. In Problems P31-P33 data points are from the data set
TSPLIB3038 and the number of clusters in Problem P31 is 3, in Problem P32 is 5
and in Problem P33 it is 10.

In our experiments we use two bundle algorithms for comparisons: PMIN - a re-
cursive quadratic programming variable metric algorithm for minimax optimization
and PBUN - a proximal bundle algorithm. The description of these algorithms can
be found in [24]. PMIN is applied to minimize maximum functions and PBUN is ap-
plied to the rest of problems. In PMIN exact subgradients are used however in PBUN
we approximate them using the scheme from Section 7 where λ = 10−8, α = 0.8.

In Algorithm 3, c1 ∈ (0.2, 0.5), c2 = 0.001 and subgradients are approximated
using the scheme from Section 7 where λ = 10−8, α = 0.8. The sequences {rk} and
{δk} were chosen as follows: rk+1 = 0.6rk, r0 = 5 and δk ≡ 10−7.

20 starting points have been randomly generated and well posed for each of test
problems. To compare the performance of the algorithms, we use two indicators:
nb - the number of successful runs considering the best known solution and ns -
the number of successful runs considering the best found solution by these two
algorithms. Assume that fopt and f̄ are the values of the objective function at the
best known solution and at the best found solution, respectively. Then we say that
an algorithm finds the best solution with respect to a tolerance ε > 0 if

f∗ − f0

1 + |f∗|
≤ ε
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where f∗ is equal either to fopt (for nb) or to f̄ (for ns) and f0 is the optimal value
of the objective function found by an algorithm. In our experiments ε = 10−4.

The results of numerical experiments are presented in Table 2. We also present
fav the average objective value over 20 runs of algorithms.

Results presented in Table 2 show that both the secant method and the bundle
method (PMIN) are effective methods for the minimization of nonsmooth convex
functions. However, the bundle method is faster and more accurate than the secant
method. Results for nonconex nonsmooth, regular functions show that overall the
bundle method (PMIN) produces better results than the secant method on this
class of nonsmooth optimization problems. Indeed, the bundle method in 69.71 %
of cases finds the best known solutions whereas for the secant method it is only
49.71 %. The bundle method in 79.80 % of cases produces the best solutions among
two algorithms, but for the secant method it is 68.82 %. On the same time we
should note that the secant method performs much better than the bundle on some
nonsmooth, nonconvex, regular problems (Problems P7, P14, P15).

Overall the secant method performs better than the bundle method (PBUN)
on nonconvex, nonsmooth nonregular functions. The secant method in 55.83 % of
cases finds the best known solutions whereas the bundle method finds only in 44.58
% of all cases. The secant method produces best solutions among two algorithms in
94.58 % of all cases, but the bundle method only in 64.17 % of all cases. However,
for some nonconvex, nonsmooth nonregular functions the results by both algorithms
are comparable (P22, P23, P31, P32). It should be noted the objective functions in
Problems P22-P33 are quasidiferentiable semismooth and their subdifferential and
superdifferential are polytopes.

Table 3 presents the average number of objective function (nf ) and subgradient
(nsub) evaluations as well as the average CPU time (t) for both algorithms on each
of test problems.

Results presented in Table 3 demonstrate that in most of cases the bundle method
requires significantly less objective function, subgradient evaluations and also CPU
time. However on some problems (Problems: P9, P11, P15, P16, P21) the bundle
method requires significantly more function, subgradient evaluations and CPU time
than the secant method. In this problems most of starting points are far away from
local minimizers and the bundle method fails to quickly find the solution.

9 Conclusions

In this paper we developed the secant method for minimizing nonsmooth noncon-
vex functions. We introduced the notion of an r-secant and studied some of its
properties. The convex hull of all limit points of r-secant is subset of the clarke
subdifferential of semismooth functions. An algorithm based on r-secants for the
computation of descent direction is developed and it is proved that this algorithm
is terminating.
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We presented results of numerical experiments. In these experiments minimiza-
tion problems with nonsmooth, nonconvex and nonregular objective functions were
considered. The computational results show that the secant method outperforms
the bundle method when the objective is nonsmooth, nonconvex nonregular and it is
semismooth qusidifferentiable function where both subdifferential and superdifferen-
tial are polytopes. However, in most cases the secant method requires significantly
more objective function, subgradient evaluations as well as CPU time. We applied
the secant method straitforward. However, taking into account the special struc-
ture of the objective functions such as their piecewise partially separability (see [6])
one can significantly decrease the number of the objective function and subgradient
evaluations and also CPU time.

Although the secant method is not better than the bundle method for minimizing
nonsmooth convex functions as well as many nonconvex, nonsmooth regular func-
tions, however, it is better than the bundle method for minimizing many nonconvex
nonsmooth nonregular functions.
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Table 1: The description of test problems

Function type Problems n nm fopt

Nonsmooth P1 (Problem 2.1 [23]) 2 3 1.9522245
convex P2 (Problem 2.5 [23]) 4 4 -44

P3 (Problem 2.23 [23]) 11 10 261.08258
P4 (Problem 2.2 [23]) 2 3 0
P5 (Problem 2.3 [23]) 2 2 0
P6 (Problem 2.4 [23]) 3 6 3.5997193
P7 (Problem 2.6 [23]) 4 4 -44
P8 (Problem 2.7 [23]) 3 21 0.0042021
P9 (Problem 2.9 [23]) 4 11 0.0080844

Nonsmooth P10 (Problem 2.10 [23]) 4 20 115.70644
nonconvex P11 (Problem 2.11 [23]) 4 21 0.0026360

regular P12 (Problem 2.12 [23]) 4 21 0.0020161
P13 (Problem 2.14 [23]) 5 21 0.0001224
P14 (Problem 2.15 [23]) 5 30 0.0223405
P15 (Problem 2.16 [23]) 6 51 0.0349049
P16 (Problem 2.18 [23]) 9 41 0.0061853
P17 (Problem 2.19 [23]) 7 5 680.63006
P18 (Problem 2.20 [23]) 10 9 24.306209
P19 (Problem 2.21 [23]) 20 18 133.72828
P20 (Problem 2.24 [23]) 20 31 0.0000000
P21 (Problem 2.25 [23]) 11 65 0.0480274

P22 (Problem 1 [2]) 2 6 2
Nonsmooth P23 (Problem 2 [2]) 2 - 0
nonconvex P24 (Problem 3 [2]) 4 - 0
nonregular P25 (Problem 5 [2]) 5 - 0

P26 (Problem 7 [2]) 5 - 0
P27 (Problem 1) 15 100 13.311214
P28 (Problem 1) 6 3180 6.32621× 106

P29 (Problem 1) 10 5300 3.57642× 106

P30 (Problem 1) 20 10600 2.13505× 106

P31 (Problem 1) 6 9114 7.16372× 105

P32 (Problem 1) 10 15190 3.94402× 105

P33 (Problem 1) 20 30380 1.84415× 105
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Table 2: Results of numerical experiments

Prob. Secant Bundle
fav nb ns fav nb ns

P1 1.95222 20 20 1.95222 20 20
P2 -44 20 20 -44 20 20
P3 3.70348 20 20 3.70348 20 20

P4 0.90750 17 17 0.90750 17 17
P5 0.57592 4 4 0.00000 20 20
P6 3.59972 20 20 3.59972 20 20
P7 -44 20 20 -28.14011 12 12
P8 0.03565 7 13 0.03051 9 17
P9 0.02886 0 7 0.01520 2 16
P10 115.70644 20 20 115.70644 20 20
P11 0.00291 0 0 0.00264 20 20
P12 0.01773 0 6 0.02752 14 16
P13 0.10916 3 9 0.30582 3 15
P14 0.24037 8 18 0.32527 5 9
P15 0.03490 20 20 0.30572 12 12
P16 0.12402 0 11 0.39131 2 9
P17 680.63006 20 20 680.63006 20 20
P18 24.30621 20 20 24.30621 20 20
P19 93.90566 20 20 93.90525 20 20
P20 0.00302 0 0 0.00000 20 20
P21 0.21456 0 9 0.22057 1 14

P22 2.00000 20 20 2.00000 20 20
P23 0.10000 18 18 0.07607 17 17
P24 1.50000 7 18 2.30008 2 10
P25 0.00000 20 20 0.00000 20 20
P26 0.00000 20 20 0.00000 20 20
P27 24.72876 0 18 35.19230 0 2
P28 8.53416× 106 10 18 10.29861× 106 5 12
P29 5.56355× 106 3 20 7.10874× 106 0 9
P30 2.93562× 106 2 19 3.16944× 106 0 2
P31 7.27436× 105 11 19 7.26213× 105 12 20
P32 3.94879× 105 10 19 3.94922× 105 5 13
P33 1.86467× 105 13 18 1.88295× 105 6 9
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Table 3: The number of function and subgradient evaluations and CPU time

Prob. Secant Bundle
nf nsub t nf nsub t

P1 221 160 0.000 10 10 0.001
P2 1113 601 0.002 12 11 0.001
P3 974 701 0.143 65 55 0.003

P4 749 593 0.002 22 9 0.000
P5 4735 461 0.002 493 251 0.001
P6 574 309 0.001 20 16 0.000
P7 1225 579 0.003 146 56 0.001
P8 1184 342 0.009 1626 171 0.009
P9 2968 601 0.003 57891 4843 0.186
P10 1192 619 0.010 29 15 0.001
P11 1829 811 0.005 26081 1904 0.122
P12 4668 1327 0.014 372 173 0.007
P13 1310 749 0.014 61 26 0.002
P14 837 686 0.020 51 23 0.002
P15 1373 1090 0.085 4985 445 0.108
P16 3463 1989 0.302 60331 4761 1.099
P17 1270 860 0.012 58 33 0.000
P18 2234 1592 0.029 18 15 0.000
P19 4752 4001 0.362 35 26 0.003
P20 3399 2733 3.393 160 52 0.030
P21 1529 849 0.249 66280 4974 2.971

P22 289 198 0.001 32 32 0.000
P23 2278 277 0.001 22 22 0.000
P24 470 450 0.003 37 37 0.000
P25 1022 983 0.010 25 25 0.001
P26 2677 920 0.005 68 68 0.001
P27 725 707 0.039 37 37 0.002
P28 305 289 0.099 16 16 0.007
P29 417 401 0.360 21 21 0.022
P30 766 736 2.734 51 51 0.205
P31 283 257 0.254 19 19 0.024
P32 406 370 0.955 28 28 0.085
P33 703 653 7.003 67 67 0.763
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