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Abstract We present a strong duality theory for optimization problems over symmetric
cones without assuming any constraint qualification. We show important complexity impli-
cations of the result to semidefinite and second order conic optimization. The result is an
application of Borwein and Wolkowicz’s facial reduction procedure to express the minimal
cone. We use Pataki’s simplified analysis and provide an explicit formulation for the min-
imal cone of a symmetric cone optimization problem. In the special case of semidefinite
optimization the dual has better complexity than Ramana’s strong semidefinite dual. After
specializing the dual for second order cone optimization we argue that new software for
homogeneous cone optimization problems should be developed.

Keywords Ramana-dual · symmetric cone optimization · exact duality · minimal cone ·
homogeneous cones

1 Introduction

1.1 Historical background

In his seminal paper [21], Ramana presented an exact duality theory for semidefinite opti-
mization without any constraint qualification. Later, in a joint paper [23] with Tunçel and
Wolkowicz, they showed that the result can be derived from a more general theorem for
convex problems [6]. We had hoped to construct a purely second order conic strong dual
for second order conc optimization problems. Our continued failure to do so motivated us
to look for more general classes of cones on the dual side, this is how we found the class of
homogeneous cones. They are quite general, yet possess all the properties we need for the
construction of the dual. The primal problem is defined over a symmetric (i.e., homogeneous
and self dual) cone, but the strong dual problem will involve non self dual homogeneous
cones. We use the general theory of homogeneous cones during the construction.

The discussion uses Pataki’s simplified analysis of the facial reduction algorithm for
general convex conic optimization [18].

The authors were supported by the Canada Research Chairs Program, NSERC (Discovery Grant #5-48923),
and MITACS.
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1.2 Notations

Let us briefly review the notation we are using in the paper. The set of nonnegative numbers
is denoted by R+. Vectors throughout the paper are denoted by lowercase letters and are
assumed to be column vectors. If v is a vector then vi is its ith component, and vi: j is the
subvector consisting of the components from the ith to (and including) the jth. If A : Rn →Rm

is a linear operator then its null space (kernel) is denoted by Ker(A). We will use 〈u,v〉 to
denote the scalar product of u and v, which in some special cases will be uT v. If V ⊆ Rn

is a subspace then its orthogonal complement is V⊥ = {u ∈ Rn : 〈u,v〉= 0, ∀v ∈V}. For a
set H , int(H ) denotes the interior of the set, rel int(H ) its relative interior and cl(H ) its
closure.

Let Sn×n denote the set of real symmetric matrices, Sn×n
+ the set of symmetric positive

semidefinite matrices and Sn×n
++ the set of symmetric positive definite matrices. We will write

x � y (x � y) to denote that x− y is positive semidefinite (definite). The Lorentz or second
order cone in standard form is defined as L = {x ∈ Rn : x1 ≥ ‖x2:n‖2} and in rotated form it

is Lr =
{

x ∈ Rn : x1x2 ≥ ‖x3:n‖2
2 , x1,x2 ≥ 0

}
.

1.3 The structure of the paper

First, in §2 we give a quick overview of classical Lagrange duality theory for convex op-
timization and discuss the need for constraint qualifications. We then present the facial re-
duction algorithm of Borwein and Wolkowicz with Pataki’s simplified analysis. In §3 we
introduce homogeneous cones, discuss their constructions and basic properties. Section 4
contains our new results, the application of the facial reduction algorithm to the symmet-
ric cone optimization problem. We prove that symmetric cones satisfy Pataki’s sufficient
conditions and give an explicit formula for the cones in the dual problem. In §5 we spe-
cialize the result to semidefinite and second order conic optimization. We show that in the
semidefinite case our dual has better complexity than Ramana’s strong semidefinite dual.
Final conclusions are drawn and new research directions are presented in §6.

2 Classical Lagrange duality in conic optimization

In this section we present a brief overview of some important concepts in convex optimiza-
tion. See [15,25,27] for more details.

2.1 Foundations

A set K is a cone if for any λ ≥ 0, λK ⊆K . A cone is convex, if K +K = K . A cone
is pointed if it does not contain a line, and it is solid if its interior is not empty. If K ⊆ Rn

is a closed convex cone then we can define its dual cone:

K ∗ = {x ∈ Rn : 〈x,y〉 ≥ 0, ∀y ∈K } . (2.1)

If K is a pointed cone then its dual is solid, and vice versa. If K is a closed cone then
K ∗∗ = K .
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Let K ⊂ Rn be a closed, convex cone. The optimization problem in the focus of our
paper is defined as follows:

max bT y

AT y+ s = c (P)

s ∈K ,

where A ∈ Rm×n, c,s ∈ Rn, b,y ∈ Rm. The importance of this conic form comes from the
result that under mild assumptions any convex optimization problem can be written this way,
see [16] for details. The primal problem (P) has a corresponding Lagrange-Slater dual (see
[25,27]):

min 〈c,x〉
Ax = b (D)

x ∈K ∗,

where x ∈ Rn. This dual problem supplies critical information about (P). The weak duality
theorem holds without any additional assumption:

Theorem 2.1 (Weak duality) If y, s and x are feasible solutions of (P) and (D) then 〈x,s〉=
〈c,x〉− 〈b,y〉 ≥ 0, this quantity is the duality gap. Moreover, if the duality gap is zero then
y, s and x are optimal solutions of (P) and (D).

The most natural question about the weak duality theorem is whether the last condition is
necessary for optimality. The answer in general is negative, we need a regularity condition,
also called a constraint qualification (CQ) for a stronger result. In this paper we use the most
common CQ, the Slater-condition:1

Definition 2.1 (Slater condition) Problem (P) satisfies the Slater condition if it has a rel-
atively strictly feasible solution, i.e., s ∈ rel int(K ), AT y + s = c. Similarly, for the dual
problem (D) this translates to x ∈ rel int(K ∗), Ax = b.

Theorem 2.2 (Strong duality) If either (P) or (D) satisfies the Slater condition then the
other problem is solvable and the optimal objective values are equal. If both problems are
solvable, then the duality gap is zero for y, s and x if and only if they are optimal solutions
for (P) and (D).

Example 2.1 (Lack of strong duality) The following problem is from [16]:

max u2u2 0 0
0 u1 u2
0 u2 0

�

α 0 0
0 0 0
0 0 0

 (2.2)

1 The classical definition of the Slater condition requires a point from the interior of the feasible set thus
excludes cones with empty interior. This weaker condition is from [15].
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For any feasible solution of this problem we have u2 = 0 so the optimal objective value is 0.
However, the dual problem

min αv11

v22 = 0

v11 +2v23 = 1 (2.3)v11 v12 v13
v21 v22 v23
v31 v32 v33

� 0

has v22 = v23 = 0 and v11 = 1, thus the optimal value is α . This shows that the duality gap
can be arbitrarily large. The set of feasible solutions for the primal problem is u1 ≤ 0,u2 = 0,
so there is no strictly feasible primal solution.

Intuitively, this example shows that if the set of feasible solutions is entirely on the boundary
of the cone K then the problem might not have a strong Lagrange dual. One possible
solution is to replace K in (P) with a smaller cone without changing the feasible set. This
is the topic of the next section.

2.2 The minimal cone and the facial reduction algorithm

Let K be a closed, convex cone, then a closed set F ⊆K is by definition a face of K if for
every x,y ∈K , x+y ∈F implies x,y ∈F . This relation is denoted by F EK . If C ⊆K
is a subset of K then F (C ) denotes the face generated by C in K , i.e., the smallest face
of K containing C . This is given as

F (C ) =
⋂
{F : C ⊆F EK } . (2.4)

Since the intersection of faces is a face, F (C ) is indeed a face and its minimality is due
to the construction. Let F be a face of K , then its complementary (or conjugate) face
is defined as F c = F⊥ ∩K ∗ E K ∗. A face and its complementary face belong to the
primal and dual cones and are orthogonal. If F EK ∗ then we use the same notation for
F c = F⊥ ∩K . This ambiguity will not cause a problem as F always determines the
appropriate cone.

For the optimization problem (P) we can define a corresponding minimal cone (see [6,
21,23]), which is the smallest face of K containing all the feasible solutions s of (P).

Kmin = F
({

c−AT y : y ∈ Rm}
∩K

)
. (2.5)

Replacing cone K with Kmin in (P) we get an equivalent problem:

max bT y (Pmin)

AT y+ s = c

s ∈Kmin.
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Moreover, due to the minimality of Kmin this new problem satisfies the Slater condition,2

thus it is in strong duality with its Lagrange dual:

min 〈c,x〉 (Dmin)

Ax = b

x ∈K ∗
min.

This abstract dual is quite useless unless we can express either the primal minimal cone or
its dual explicitly. One algorithmic description is given by Borwein and Wolkowicz in [6].
The following simplified form is due to Pataki [18]. First let us define an interesting set of
cones:

Definition 2.2 (Nice cone) A convex cone K is nice if F ∗ = K ∗ ⊕F⊥ for all faces
F EK . Equivalently, since F ∗ ⊆ cl

(
K ∗⊕F⊥)

, K is nice if K ∗⊕F⊥ is closed.

Most of the cones arising in practical applications (polyhedral, semidefinite and Lorentz
cones) are nice. Now consider the following system:

A(u+ v) = 0

〈c,u+ v〉= 0 (FR)

(u,v) ∈K ∗×F⊥.

The next lemma was proved by Borwein and Wolkowicz in [6].

Lemma 2.1 (Facial reduction) If Kmin EF EK then for any solution u,v of system (FR)
we have Kmin ⊆ {u}⊥ ∩F E F . If Kmin ( F then there is a solution (u,v) such that
F ∩{u}⊥ ( F . In this case we say that u is a reducing certificate for the system c−AT y ∈
F .

Proof As 0 =
〈
u+ v,(AT y− c)

〉
=

〈
u,(AT y− c)

〉
for all values of y, we get that {u}⊥ ⊇

Kmin. Moreover, if x,y ∈F and x + y ∈ {u}⊥∩F then 〈u,(x+ y)〉= 0, but since u ∈F ∗,
both 〈u,x〉 and 〈u,y〉 are nonnegative, thus they are both 0. This shows that x,y ∈ {u}⊥∩F ,
thus {u}⊥∩F is a face of F .

To prove the second statement let us choose an f ∈ rel int(F ), then Kmin 6= F if and
only if c−AT y−α f ∈ F implies α ≤ 0. This system is strictly feasible, thus there is a
certificate for this implication, i.e., Kmin 6= F if and only if

∃x ∈F ∗

Ax = 0

〈c,x〉 ≤ 0 (2.6)

〈 f ,x〉= 1,

which (since K is a nice cone) is further equivalent to

∃(u,v) ∈K ∗×F⊥

A(u+ v) = 0 (2.7)

〈c,u+ v〉 ≤ 0

〈 f ,u+ v〉= 1.

2 This is true because we use a relaxed version of the Slater condition, see Definition 2.1.
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Notice that we must have 〈c,x〉= 0 otherwise (P) would be infeasible by the convex Farkas
theorem ([27], §6.10). Further, 〈 f ,v〉 = 0, since f ∈ F and v ∈ F⊥. This implies that
〈 f ,u〉= 1, thus u /∈F⊥, which translates to {u}⊥ 6⊇F , proving that F ∩{u}⊥ ( F . ut

We can turn the result into an algorithm to construct Kmin by repeatedly intersecting K with
subspaces until we arrive at Kmin. This is the idea behind the dual construction of Borwein
and Wolkowicz in [6]. We use a simplified form, see Algorithm 1.

Algorithm 1 The facial reduction algorithm
Input: A, c and K

Set (u0,v0) = (0,0), F0 = K , i = 0
while Kmin 6= Fi

Find (ui+1,vi+1) satisfying

A(u+ v) = 0

〈c,u+ v〉= 0 (FRi)

(u,v) ∈K ∗× (Fi)⊥.

Set Fi+1 = Fi ∩
{

ui+1}⊥, i = i+1
end while

Output: `≥ 0, u0,u1, . . . ,u` ∈K ∗ such that Kmin = K ∩
{

u0 +u1 + · · ·+u`
}⊥

The correctness of this algorithm was proved by Pataki in [18], see also [19,20] for
details.

Theorem 2.3 (Facial reduction algorithm for nice cones) If K is a nice cone then

1. During the algorithm (i = 0, . . . , `):
(a) Kmin ⊆Fi and
(b) Fi = Fi−1∩

{
ui

}⊥ = K ∩
{

u0 + · · ·+ui
}⊥ =

(
F

(
u0 + · · ·+ui

))c.
2. The facial reduction algorithm is finite and it returns

Kmin = F` = K ∩
{

u0 + · · ·+u`
}⊥

=
(
F

(
u0 + · · ·+u`

))c
. (2.8)

3. The number of iterations is `≤ L, where

L = min
{

dim
(

Ker(A)∩{c}⊥
)

, length of the longest chain of faces in K
}

. (2.9)

In general, this algorithm is not a viable method to express the minimal cone, since the solu-
tion of the auxiliary system is comparable to solving the original problem. The significance
of the algorithm is its finiteness: this implies that by combining all the auxiliary systems
(FRi) from the iterations we can construct an extended strong dual problem for (P), assum-
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ing K is a nice cone.

min
〈
c,

(
uL+1 + vL+1)〉

A
(
uL+1 + vL+1) = b

A
(
ui + vi) = 0, i = 1, . . . ,L (EDnice)〈

c,
(
ui + vi)〉 = 0, i = 1, . . . ,L

u0,v0 = 0

ui ∈K ∗, i = 1, . . . ,L+1

vi ∈F⊥
i−1, i = 1, . . . ,L+1.

Our original dual variable would only be x = uL+1 +vL+1, the additional variables are needed
to describe the dual of the minimal cone. Unfortunately, this dual is useful only if we can
give an explicit expression for F⊥

i . For the case when K is the cone of positive semidefinite
matrices then this description is given in [23]. In [18], Pataki poses the open problem to find
a broader class of cones for which such a description is possible. Later we will show that
the theory extends to symmetric cones and we also show a way to extend the algorithm to
general homogeneous cones.

3 The geometry of homogeneous cones

3.1 Definition, basic properties

The central objects of this paper are the homogeneous cones:

Definition 3.1 A closed, convex cone K ⊆ Rn with nonempty interior is homogeneous if
for any u,v ∈ int(K ) there exists an invertible linear map ϕ : Rn → Rn such that

1. ϕ(K ) = K , i.e., ϕ is an automorphism of K , and
2. ϕ(u) = v.

In other words, the group of automorphisms of K acts transitively on the interior of K .

Typical examples of homogeneous cones are polyhedral cones in Rn with exactly n extreme
rays (e.g., the nonnegative orthant), the set of symmetric positive semidefinite matrices and
the second order or Lorentz cone.

It is important to note here that if K is homogeneous then so is its dual, K ∗. A cone is
self-dual if K = K ∗; a typical homogeneous cone is not self-dual. Self-dual homogeneous
cones are called symmetric, and they are very special, see [10] for more details. We have to
note here that the usual approach to symmetric cones is to use Jordan algebras. In our case
it will be very important that the cone is homogeneous and therefore T-algebras provide a
more powerful analysis. For a classical text on symmetric cones and T-algebras see [29].

3.2 Constructing homogeneous cones from T-algebras

Definition 3.1 does not give too much insight into the structure of homogeneous cones. For-
tunately, there is a constructive way to build homogeneous cones using generalized matrices.
We briefly summarize the necessary properties and techniques based on [8].
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A generalized matrix is a matrix-like structure whose elements are vectors. Formally, let
r be a positive integer, 1 ≤ i, j ≤ r, and let Ai j ⊆ Rni j be a vector space of dimension ni j.
Let us assume that for every 1≤ i, j,k, `≤ r we have a bilinear product such that if ai j ∈Ai j
and ak` ∈Ak` then

ai jak` ∈

{
Ai`, if j = k,
{0} , if j 6= k.

(3.1)

Now consider A =
⊕r

i, j=1 Ai j, an algebra of rank r. Every element a ∈A is a generalized
matrix, while ai j is an ni j-dimensional generalized element of the matrix, ai j ∈Ai j. In other
words, ai j is the projection of a onto Ai j. The multiplication of two elements a,b ∈ A is
analogous to the multiplication of matrices, i.e.,

(ab)i j =
r

∑
k=1

aikbk j. (3.2)

An involution ∗ of the matrix algebra A is a linear mapping such that for every a,b ∈ A
and 1≤ i, j ≤ r

1. ∗ : A →A ,
2. a∗∗ = a,
3. (ab)∗ = b∗a∗,
4. A ∗

i j = A ji,
5. (a∗)i j = (ai j)∗.

This generalizes the classical notion of the (conjugate) transpose. From now on we assume
that our matrix algebra is equipped with an involution. Let

T =
⊕
i≤ j

Ai j (3.3)

be the set of upper triangular elements, and let

H = {a ∈A : a = a∗} (3.4)

be the set of Hermitian elements. Assume that for every i, Aii is isomorphic to R, let ρi be
the isomorphism and let ei denote the unit element of Aii. We define the trace of an element3

as

tr(a) =
r

∑
i=1

ρi (aii) . (3.5)

We will need some technical conditions about A , these are summarized in the following
definition, originally introduced by Vinberg in [28].

Definition 3.2 (T-algebra) The set of generalized matrices A is a T-algebra if for all
a,b,c ∈A , t,u,v ∈T and 1≤ i, j ≤ r

1. Aii is isomorphic to R,
2. eiai j = ai je j = ai j for all ai j ∈Ai j,
3. tr(ab) = tr(ba),
4. tr(a(bc)) = tr((ab)c),
5. tr(a∗a)≥ 0, and tr(a∗a) = 0 implies a = 0,

3 Actually, we will not make use of the explicit form of this definition. Any formula satisfying Definition
3.2 would work.
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6. t(uv) = (tu)v,
7. t(uu∗) = (tu)u∗.

It is important to note that multiplication in a T-algebra is neither commutative nor associa-
tive.

Based on the properties of the trace we can define a natural inner product on A , namely
〈a,b〉= tr(a∗b), which will provide us a Hilbert-space structure. Let now

I = {t ∈T : ρi(tii) > 0,1≤ i≤ r} (3.6)

be the set of upper triangular matrices with positive diagonal elements, and define

K (A ) = {tt∗ : t ∈I } ⊆H . (3.7)

The fundamental representation theorem of homogeneous cones was proved by Vinberg
[28]:

Theorem 3.1 (Representation of homogeneous cones) A cone K is homogeneous if and
only if there is a T-algebra A such that int(K ) is isomorphic to K (A ). Moreover, given
K (A ), the representation of an element from int(K ) in the form tt∗ is unique. Finally, the
interior of the dual cone K ∗ can be represented as {t∗t : t ∈I }.

The rank of the homogeneous cone K is the rank of the generalized matrix algebra A . It is
denoted by rank(K ) and it is the size of the generalized matrices used in the construction.

Remark 3.1 This theorem is analogous to the representation of symmetric cones as the set
of squares over a Jordan algebra. However, for T-algebras and homogeneous cones it is not
true that for a given a ∈A we have aa∗ ∈K .

Remark 3.2 The positivity of the diagonal elements (t ∈ I ) is only required to ensure
uniqueness. In general every x ∈K can be expressed as x = tt∗ for some t ∈T .

Example 3.1 The cone of positive semidefinite matrices is homogeneous, since every pos-
itive definite matrix admits a unique Cholesky factorization of the form UUT with positive
diagonal elements in U .

Example 3.2 (Rotated Lorentz cone) By the classical definition, a rotated Lorentz cone is
the following set:

Lr =
{

(x0,x1,x) ∈ Rn+2 : x0 ≥ 0, x0x1−‖x‖2 ≥ 0
}

. (3.8)

Rotated Lorentz cones can be represented as generalized matrices in the following way. Let
the T-algebra be defined as

ALr =
{(

v0 vT

u u0

)
: u0,v0 ∈ R, u,v ∈ Rn

}
, (3.9)

with the product (
v0 vT

u u0

)(
q0 qT

p p0

)
=

(
v0q0 + vT q v0qT + p0vT

q0u+u0 p u0 p0 +qT u

)
. (3.10)
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The involution is the transpose. It is straightforward to verify that this algebra does satisfy
all the axioms of Definition 3.2, therefore it is a T-algebra. This implies that the set

K (ALr) =
{(

t1 tT

0 t0

)(
t1 0
t t0

)
: t0, t1 > 0

}
(3.11)

is a homogeneous cone. Now considering the element(
x1 xT

x x0

)
∈AL (3.12)

with x0,x1 > 0 and (x0,x1,x) ∈ Lr. We have the factorization

(
x1 xT

x x0

)
=

√
x1− ‖x‖2

x0
xT
√

x0

0
√

x0


√

x1− ‖x‖2

x0
0

x√
x0

√
x0

 , (3.13)

establishing an isomorphism between int(Lr) and K (ALr). It is interesting to note that the
rotated Lorentz cone arises more naturally in this framework, while standard Lorentz cones
are easier to construct in Jordan algebras. Naturally, they are isomorphic.

3.3 Recursive construction of homogeneous cones

Homogeneous cones can also be constructed in a recursive way, due to Vinberg [28]. Here
we follow [13].

Definition 3.3 (Homogeneous symmetric form on a cone)
Let K ⊆ Rn be a homogeneous cone, and consider a symmetric bilinear mapping B : Rp×
Rp → Rn such that for every u,v ∈ Rp and λ1,λ2 ∈ R

1. B(λ1u1 +λ2u2,v) = λ1B(u1,v)+λ2B(u2,v),
2. B(u,v) = B(v,u),
3. B(u,u) ∈K ,
4. B(u,u) = 0 implies u = 0.

A symmetric bilinear form B is called homogeneous if K is a homogeneous cone and
there is a transitive subgroup G⊆ Aut(K ) such that for every g ∈ G there is a linear trans-
formation g̃ on Rp such that

g(B(u,v)) = B(g̃(u), g̃(v)), (3.14)

in other words, the diagram

Rp×Rp g̃×g̃−−−−→ Rp×Rp

B

y yB

Rn g−−−−→ Rn

(3.15)

is commutative.

Having such a bilinear function we can define a new set:
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Definition 3.4 (Siegel cone) The Siegel cone SC(K ,B) of K and B is defined as

SC(K ,B) = cl({(x,u, t) ∈ Rn×Rp×R : t > 0, tx−B(u,u) ∈K }) . (3.16)

Theorem 3.2 (Properties of the Siegel cone) The Siegel cone has the following properties:

1. If K is a homogeneous cone and B is a homogeneous symmetric bilinear form then
SC(K ,B) is a homogeneous cone.

2. Every homogeneous cone can be obtained as the Siegel cone of another homogeneous
cone using an appropriate bilinear function B.

3. For the rank of the Siegel cone we have

rank(SC(K ,B)) = rank(K )+1, (3.17)

i.e., the rank of a homogeneous cone is exactly the number of Siegel extension steps
needed to construct the cone starting from {0}, the cone of rank 0.

This result is analogous to the concept of the Schur complement for semidefinite matrices.
It expresses a quadratic relation with a linear one of higher rank and dimension.

Example 3.3 (The rotated Lorentz cone as a Siegel cone) Let us see how the rotated Lorentz
cone Lr can be constructed this way. Starting with K = R+ as a homogeneous cone of
rank 1, we choose the bilinear function B : Rn×Rn → R to be the usual scalar product, i.e.,
B(u,v) = uT v. All the automorphisms of R+ are multiplications with a positive number, thus
if g(u) = αu then with g̃(u) =

√
αu we have

g(B(u,v)) = αuT v =
(√

αu
)T (√

αv
)

= B(g̃(u), g̃(v)). (3.18)

This shows that B is a homogeneous symmetric form. Now the resulting Siegel cone is

SC(K ,B) =
{
(x,u, t) ∈ R×Rn×R : t ≥ 0, tx≥ ‖u‖2

}
, (3.19)

which is exactly the rotated Lorentz cone. This shows that the rank of this cone is indeed 2.

3.4 Another representation for homogeneous cones

Despite the quite abstract definition, it turns out that homogeneous cones are slices of the
positive semidefinite cone. More precisely (see [8]):

Proposition 3.1 (Homogeneous cones as semidefinite slices) If K ⊂ Rn is a homoge-
neous cone then there exist an m ≤ n and an injective linear map M : Rn → Sm×m such
that

M(K ) = Sm×m
+ ∩M(Rn). (3.20)

A similar result was obtained independently by Faybusovich, [11]. We have to note here that
not all slices of the positive semidefinite cone are homogeneous, see [8] for a counterexam-
ple.
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3.5 Self dual homogeneous (symmetric) cones

Throughout the rest of this chapter we will assume that K is a symmetric cone, i.e., it
is homogeneous and self dual. In this case the theory can be simplified a bit, see [29]. In
particular, we will use the following proposition:

Proposition 3.2 (Special properties of symmetric cones) If A is a T-algebra and K is
the corresponding self dual homogeneous cone, then for every a,b ∈A we have

tr((aa∗)(bb∗)) = tr((ab)(ab)∗) . (3.21)

Consequently, aa∗ ∈K for every a ∈A . Moreover, the mapping

gw : u 7→ wuw∗ (3.22)

is well-defined for every u ∈H .

Remark 3.3 Remember that in the case of a general T-algebra the identity (3.21) holds typ-
ically only if a,b∗ ∈T , and in that case aa∗ ∈K and bb∗ ∈K ∗.

4 An exact duality theory for symmetric cones

Now we are ready to present our results about the strong dual for the symmetric cone opti-
mization problems. First let us repeat the primal problem:

max bT y

AT y+ s = c (P)

s ∈K ,

where A ∈ Rm×n, c,s ∈ Rn, b,y ∈ Rm. We assume that K = K ∗ is a homogeneous cone
given in the form of K (A ), i.e., every element in int(K ) is represented as tt∗ with t ∈I .
Our goal is to derive a dual for (P) satisfying the following requirements (cf. [21, §1.4]):

1. The dual problem is a homogeneous cone optimization problem that can be generated
easily from the primal input data.

2. If the primal problem is feasible and bounded then the duality gap (the difference of the
optimal primal and dual objective values) is 0, and the optimum is attained on the dual
side.

3. It yields a theorem of the alternative for symmetric conic feasibility systems, i.e., the
infeasibility of a symmetric conic system can be characterized by the feasibility of a
homogeneous conic system.

4.1 The facial reduction algorithm for symmetric cones

We will use the facial reduction algorithm presented in §2.2. In light of Theorem 2.3 we
have to establish two things:

1. prove that symmetric cones are nice, therefore the facial reduction algorithm can be
applied;
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2. find an explicit expression for the space (Fi)
⊥ and show that it can be expressed with

homogeneous cones.

For the proof of the first part we need some lemmas.

Lemma 4.1 (Faces of intersections of cones) If K = K1 ∩K2 then F EK if and only
if F = F1∩F2 where F1 EK1 and F2 EK2. In other words, a face of the intersection of
cones is the intersection of faces of the cones.

Remark 4.1 This classical result, commonly attributed to Dubins [9], first appeared in [5].
An easily accessible source is [27, Theorem 3.6.19].

Pataki [17] proves the following lemma about the intersection of nice cones. We include a
short proof for completeness.

Lemma 4.2 The intersection of nice cones is nice.

Proof Let K1 and K2 be nice cones, K = K1 ∩K2, F EK . From the previous lemma
we know that F can be expressed as F = F1∩F2, with Fi EKi, i = 1,2.

F ∗ = (F1∩F2)
∗ = cl(F ∗

1 ⊕F ∗
2 ) = cl

((
K ∗

1 ⊕F⊥
1

)
⊕

(
K ∗

2 ⊕F⊥
2

))
= cl

(
(K ∗

1 ⊕K ∗
2 )⊕

(
F⊥

1 ⊕F⊥
2

))
= (K1∩K2)

∗⊕ (F1∩F2)
⊥

= K ∗⊕F⊥, (4.1)

where we used the basic properties of the dual cones. ut

These two lemmas lead us to the following theorem:

Theorem 4.1 Homogeneous cones (and thus symmetric cones) are nice.

Proof By Proposition 3.1 homogeneous cones are slices of the positive semidefinite cone.
The semidefinite cone and all the subspaces are nice, thus their intersection is nice. ut

Remark 4.2 So far we have not used the fact the K is self dual.

For the second part we will consider the following bilinear function:

B : Rn×Rn → Rn (4.2a)

B(u,v) =
1
2

(uv∗+ vu∗) (4.2b)

Our first result ensures that B is an appropriate bilinear form for our construction:

Lemma 4.3 The bilinear function B satisfies all the requirements of Definition 3.3 thus it is
a homogeneous symmetric form for K and consequently SC(K ,B) is a valid Siegel cone.

Proof Bilinearity and symmetry are obvious. Further,

B(u,u) = uu∗ ∈K (4.3)

by Proposition 3.2. If B(u,u) = 0 then necessarily u = 0.
To prove the homogeneity consider the group (see [28,29])

G = {gw ∈ Aut(K ) : gw(u) = wuw∗ for an invertible element w ∈T } . (4.4)
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The mapping gw is well defined by Proposition 3.2 and G is indeed a group. Its transitivity
is due to the fact that gw−1(ww∗) = ee∗ = e. For gw ∈ G let us define g̃w(u) = wu. We then
have

gw(B(u,v)) =
1
2

w(uv∗+ vu∗)w∗ =
1
2

((wu)(wv)∗+(wv)(wu)∗) = B(g̃w(u), g̃w(v)) . (4.5)

This completes the proof of the homogeneity of B. ut

Remember that if C ⊆ K is a convex subset of K , then F (C ) denotes the smallest
face of K containing C . If F E K is a face of K then its conjugate face is defined as
F c = F⊥∩K ∗, where the orthogonal complement is now defined relative to the set H of
self-adjoint elements. The following result is a generalization of Lemma 2.1 in [23] and it
plays a key role in the construction of the dual problem:

Theorem 4.2 (The description of ((F (C ))c)⊥) If C ⊆K is a convex subset of the sym-
metric cone K then

((F (C ))c)⊥ = {w+w∗ : ∃u ∈ C ,u−B(w,w) ∈K } . (4.6)

Proof First, let u∈C and w∈A be such that u−B(w,w)∈K and let us choose an arbitrary
element v ∈ (F (C ))c ⊆K ∗. By the properties of the dual cone we have

〈v,u−B(w,w)〉 ≥ 0. (4.7)

Since u ∈F (C ) and v ∈F (C )⊥, we have 〈v,u〉= 0. Now B(w,w) ∈K implies that

0 = 〈v,B(w,w)〉= 〈v,ww∗〉 . (4.8)

Now as v ∈K ∗ it can be written as v = t∗t for some upper triangular element t ∈ T . This
gives

0 = 〈v,ww∗〉= tr((tw)(tw)∗) , (4.9)

which implies that tw = 0 thus

〈v,w+w∗〉= tr(v(w+w∗)) = tr(t∗t(w+w∗)) = tr(t∗(tw)+(w∗t∗)t) = 0. (4.10)

This shows that w+w∗ ∈ ((F (C ))c)⊥.
For the converse direction let us take w+w∗ ∈ ((F (C ))c)⊥ and u∈C ∩ rel int(F (C )).

At this point we do not specify w, we only fix the sum w+w∗. The exact form of w will be
specified later. We will show that there exists an α ≥ 0 such that αu−B(w,w) ∈K , for this
we need to show that B(w,w) ∈F (C ).

Due to the homogeneity of K there is an automorphism ϕ ∈Aut(K ) such that ϕ(u) is
a diagonal element,4 or in other words,

ϕ(u) =
(

Diag(d11, . . . ,dkk) 0
0 0

)
, (4.11)

where the diagonal elements are positive, i.e., ρ(d11), . . . ,ρ(dkk) > 0. The generated face is

F (C ) = F (u) =
{

ϕ
−1

[(
s 0
0 0

)]
:
(

s 0
0 0

)
∈K

}
, (4.12)

4 Remember that we consider the elements of the homogeneous cone in matrix form.
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and the complementary face is

F (C )c = F (u)c =
{

ϕ
−1

[(
0 0
0 z

)]
:
(

0 0
0 z

)
∈K ∗

}
. (4.13)

Now if w+w∗ ∈ (F (C )c)⊥ then it can be expressed as

w+w∗ = ϕ
−1

[(
p1 p2
p∗2 0

)]
(4.14)

with a symmetric p1. Defining

w = ϕ
−1

[( 1
2 p1 p2
0 0

)]
(4.15)

we have

B(w,w) = ww∗ = ϕ
−1

[( 1
2 p1 p2
0 0

)]
ϕ
−1

[( 1
2 p1 0
p2 0

)]
(4.16)

= ϕ
−1

[( 1
2 p1 p2
0 0

)( 1
2 p1 0
p∗2 0

)]
= ϕ

−1
[( 1

4 p2
1 + p2 p∗2 0

0 0

)]
∈F (C ).

Finally, as B(w,w) ∈ F (C ) and u ∈ rel int(F (C )) we have an α ≥ 0 such that αu−
B(w,w) ∈F (C )⊆K , see [2,3] for the proof of this classical but simple result. ut

Now we can give an explicit expression for (Fi)⊥:

Theorem 4.3 The space (Fi)
⊥ , (i = 1, . . . ,L+1) can be expressed as

(Fi)⊥ =
{

w+w∗ : ∃α ≥ 0,
(
u1 + · · ·+ui,w,α

)
∈ SC(K ∗,B)

}
, (4.17)

where SC(K ∗,B) is the Siegel cone built on K ∗ with the bilinear form B.

Proof Theorem 2.3 about the facial reduction algorithm establishes that

(Fi)⊥ =
((

F
(
u1 + · · ·+ui))c

)⊥
, (4.18)

where u1 + · · ·+ ui ∈K ∗, and the complementary face is taken in K . We can now apply
the previous proposition with C = u1 + · · ·+ui and K ∗ instead of K to get

(Fi)⊥ =
{

w+w∗ : ∃α ≥ 0,α
(
u1 + · · ·+ui)−B(w,w) ∈K ∗} . (4.19)

Lemma 4.3 enables us to rewrite the condition α
(
u1 + · · ·+ui

)
−B(w,w) ∈K ∗ using the

Siegel cone, this yields the final form for (Fi)⊥:

(Fi)⊥ =
{

w+w∗ : ∃α ≥ 0,(u1 + · · ·+ui,w,α) ∈ SC(K ∗,B)
}

. (4.20)

This formulation suits our needs as it is expressed with homogeneous cones using dual
information only. ut



16 Imre Pólik, Tamás Terlaky

Corollary 4.1 Now we can apply this theorem along with the facial reduction algorithm de-
scribed in §2.2 to obtain an explicit strong dual for (P). This provides the following extended
dual problem:

min
〈
c,

(
xL+1 + zL+1)〉

A
(
xL+1 + zL+1) = b

A
(
xi + zi) = 0, i = 1, . . . ,L (ED)〈

c,
(
xi + zi)〉 = 0, i = 1, . . . ,L

x0,z1 = 0(
x1 + · · ·+ xi−1,zi,α i) ∈ SC(K ∗,B) , i = 2, . . . ,L+1

xi ∈K ∗, i = 1, . . . ,L+1,

where L is the lesser of dim
(

Ker(A)∩{c}⊥
)

and the length of the longest chain of faces in

K ∗. We used the fact that 〈g,w+w∗〉= 2〈g,w〉 if g = g∗ to simplify the expressions.
The dual problem is a homogeneous cone optimization problem as the dual cone K ∗ =

K and its Siegel cone SC(K ∗,B) are both homogeneous cones.

Although this extended dual problem satisfies all the requirements we set up at the be-
ginning it can still be improved using a reduction technique due to Pataki [18]. The idea
is to disaggregate the LHS of the Siegel cone constraint. This provides the following dual
problem:

min
〈
c,

(
xL+1 + zL+1)〉

A
(
xL+1 + zL+1) = b

A
(
xi + zi) = 0, i = 1, . . . ,L (EDdisagg)〈

c,
(
xi + zi)〉 = 0, i = 1, . . . ,L

x0,z1 = 0(
xi−1,zi,1

)
∈ SC(K ∗,B) , i = 2, . . . ,L+1

xL+1 ∈K ∗.

4.2 Complexity of the dual problem

Let us examine system (ED) from an algorithmic point of view.
Optimization problems over convex cones are generally solved with interior point meth-

ods. From the viewpoint of this paper the internal workings of these algorithms are not so
important, the interested reader is directed to the literature, most importantly [16,24]. These
methods solve problems (P) and (D) to precision ε in at most O

(√
ϑ log(1/ε)

)
iterations,

where ϑ is a complexity parameter depending only on the cone K . It is important to note
that the iteration complexity does not depend on the dimension of K or the number of lin-
ear equalities, but of course the cost of one iteration is determined by these quantities. There
are several estimates for ϑ depending on the geometric and algebraic properties of the cone,
for the Lorentz cone in any dimension ϑ = 2, for the cone of n× n positive semidefinite
matrices it is n. For homogeneous cones the two most important results are (see [12,13]):
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1. ϑ(K ) = ϑ(K ∗), and
2. ϑ(K ) = rank(K ).

Moreover, we know that a Siegel extension increases the rank of the cone and thus the
complexity by 1. We can also give an explicit barrier function for the Siegel cones, so we
can solve the extended dual problems with interior point methods.

The complexity of the dual problem can be computed easily from the rank of the cones.
Let r = ϑ(K ) = rank(K ) be the complexity parameter (and also the rank) of K , then
the complexity of the dual problem is r + L(r + 1). This seems to contradict the fact that
rank(K ) ≥ rank(Kmin) = rank(K ∗

min), thus we might expect to have a lower complexity.
The contradiction is easily removed by noticing that the dual problem (ED) uses only one
possible representation of Kmin, with several other cones linked to each other through linear
and conic constraints. In this construction Kmin is represented as an intersection of L cones
therefore its dual will be a sum of L cones. Better representations may also exist. The fol-
lowing is an interesting open question: what is the best possible complexity for an explicitly
formed, easily computable strong dual problem to (P)?

These complexity results are constructive in the sense that the appropriate barrier func-
tion of SC(K ,B) can be constructed from the barrier function of K . The only practical
difficulty can be the actual computability of these functions, but we can always use an ap-
proximation [26] to drive the algorithm.

5 Special cases

In this section we specialize the new dual for semidefinite and second-order conic optimiza-
tion.

5.1 Semidefinite optimization

For the case when K = Sn×n
+ is the set of n× n positive semidefinite matrices, Ramana’s

original paper [21] proposes the following extended dual problem:

min Tr
(
cT (

xL+1 + zL+1))
A

(
xL+1 + zL+1) = b (EDRamana)

Tr
(
cT (

xi + zi)) = 0, i = 1, . . . ,L

A
(
xi + zi) = 0, i = 1, . . . ,L

x0,z1 = 0(
xi−1 ziT

zi I

)
∈ S2n×2n

+ , i = 2, . . . ,L+1

xL+1 ∈ Sn×n
+ ,

were c and all the variables are n×n matrices, b ∈ Rm and A ∈ Rm×(n×n).
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Our dual construction specialized for semidefinite optimization is only slightly different:

min Tr
(
cT (

xL+1 + zL+1))
A

(
xL+1 + zL+1) = b (EDHomPSD)

Tr
(
cT (

xi + zi)) = 0, i = 1, . . . ,L

A
(
xi + zi) = 0, i = 1, . . . ,L

x0,z1 = 0(
xi−1,zi,1

)
∈ SC

(
Sn×n

+ ,B
)
, i = 2, . . . ,L+1

xL+1 ∈ Sn×n
+ ,

with the bilinear form B(u,v) = (uvT +vuT )/2. The difference between the two duals is that
the Ramana dual uses the Schur complement and thus the dual is a semidefinite problem,
while our dual uses the Siegel cone, and arrives at a general homogeneous conic problem.
The Schur complement gives the semidefinite representation of the resulting Siegel cone.

This shows that we actually derived a new strong dual for the semidefinite optimiza-
tion problem, which is not a semidefinite problem. The benefit of our dual is its improved
complexity. The complexity parameter (see §4.2) of (EDRamana) is 2nL +n, since the Schur
complement results in 2n× 2n matrices. The complexity parameter of (EDHomPSD) is only
(n+1)L+n, as the Siegel cone construction increases the complexity only by 1. The differ-
ence is explained by the fact that our dual is not a semidefinite problem.

The difference in complexity answers another question. Since homogeneous cones are
slices of an appropriate dimensional positive semidefinite cone (see Proposition 3.1, we
can rewrite the original problem (P) as a semidefinite problem, apply the classical Ramana
dual and then transform the problem back to homogeneous cones. But as our dual for the
semidefinite problem has better complexity than the Ramana dual, we cannot hope to recover
our dual from this process.

5.2 Second order conic optimization

Originally, our research was sparked by the idea to construct a purely second order conic
strong dual to the second order conic optimization problem. Our continued failure to con-
struct such a problem led us to believe that the strong dual cannot be a second order conic
optimization problem. After developing the theory for symmetric cones we can partially
answer this question.

For notational simplicity let us consider the problem with only one cone:5

max bT y

AT y+ s = c (PLor)

s ∈ L,

5 There is a closed form solution to this problem due to Alizadeh and Goldfarb [1], but even this simplest
form is enough to illustrate our point.
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where L = {u ∈ Rn : u1 ≥ ‖u2:n‖2}. The extended dual for problem (PLor) is (L ≤ 2, the
length of the longest chain of faces in L):

min
〈
c,

(
x3 + z3)〉

A
(
x3 + z3) = b

A
(
xi + zi) = 0, i = 1,2 (EDLor)〈

c,
(
xi + zi)〉 = 0, i = 1,2

x0,z1 = 0(
xi−1,zi,1

)
∈ SC(L,B) , i = 2,3

x3 ∈ L.

The rank of the Siegel cone built over the Lorentz cone is 3 and thus it cannot be a Lorentz
cone itself, see the classification of lower dimensional homogeneous cones in [14]. It is still
an open question whether a purely Lorentz cone strong dual exists to (PLor). For duals based
on the facial reduction algorithm the answer is negative.

Actually, for second order cones the bilinear form simplifies to B(u,v) = (uT v,u1v2:n +
v1u2:n), i.e., the usual product in the Jordan algebra of the Lorentz cone. This product is
commutative, which simplifies the proofs. The Siegel cone corresponding to this form will
be

SC(L,B) =
{
(x,z, t) ∈ Rn−1×Rn−1×R+ : tx−B(z,z) ∈ L

}
(5.1)

=
{

(x,z, t) ∈ Rn−1×Rn−1×R+ : tx1−‖z‖2 ≥ ‖tx2:n−2z1z2:n‖
}

.

One might wonder how to express the Siegel cone SC(L,B) with a semidefinite con-
straint. An n dimensional Lorentz cone can be represented by n× n semidefinite matrices,
then the direct application of the Schur complement for the Siegel extension yields a rep-
resentation of SC(L,B) with 2n× 2n matrices. Moreover, Proposition 3.1 guarantees the
existence of a representation with (2n− 1)× (2n− 1) matrices. Both are much worse than
the actual complexity of the cone, which is 3. It is unknown if there is a better construction,
the theoretical lower bound (by a simple dimension argument) is in the order of 2

√
n.

6 Conclusions and further questions

The central result of our paper was to provide an explicit strong dual for optimization prob-
lems over symmetric cones. The construction is based on the facial reduction algorithm and
it uses the machinery of homogeneous cones quite heavily. Using the dual we showed a new
strong dual for semidefinite problems, which has better complexity than the classical Ra-
mana dual. We have also specialized the dual for second order cone optimization and found
that the dual problem cannot be expressed with second order cones. This answers an open
question.

There is much more to explore around this topic. First of all, as we discussed it in §4.2,
the best possible complexity of an easily constructible strong dual to (P) is still an open
question. Moreover, the extended dual is deficient in the sense that it only guarantees zero
duality gap and dual (but not primal) solvability. This follows from the properties of the
construction in [6]. Another idea, stemming from [22] is to investigate the Lagrange dual of
the extended dual (called the corrected primal).



20 Imre Pólik, Tamás Terlaky

A natural question is whether the results of the present paper extend to more general
cones. We proved that homogeneous cones are nice, thus the facial reduction algorithm can
be applied. To obtain a description of (F (C )c)⊥ all we need is a bilinear function B that
satisfies the requirements of Definition 3.3 and works in the proof of Theorem 4.2. The
existence and possible construction of such a function is an open question.6

Generalizations to more general cones are probably not possible. Of course, if a cone
is a slice of a higher dimensional semidefinite cone then the problem can be rewritten as
a semidefinite optimization problem and Ramana’s strong dual can be applied. However,
the complexity of the dual problem will be much worse than the complexity of the original
problem, see §5.2 about the complexity of the strong dual of a second order conic prob-
lem. The bottleneck seems to be some Schur complement-like result, which can convert a
quadratic conic constraint into a linear one of good complexity. For homogeneous cones the
Siegel cone construction of §3.3 gives the answer, but for more general cones there are no
such results. Homogeneous cones possess some remarkable properties, which are essential
for this theory.

Homogeneous cones also provide an efficient modeling tool for optimization problems
currently modeled directly as semidefinite problems. Siegel cones give rise to new mod-
eling formulations, especially since the Schur complement is a fundamental tool wherever
semidefinite optimization is applied, see [4,7,30] for some examples. Using Siegel cones
instead of the Schur complement would greatly improve the complexity of the models. This
should serve as an incentive to develop software for homogeneous conic optimization prob-
lems. Another approach to solve these problems is to make use of specialized linear algebra
to solve system (EDLor) effectively.
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