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Abstract

This paper describes an active-set algorithm for nonlinear programming that solves
a parametric linear programming subproblem at each iteration to generate an estimate
of the active set. A step is then computed by solving an equality constrained quadratic
program based on this active-set estimate. This approach respresents an extension
of the standard sequential linear-quadratic programming (SLQP) algorithm. It can
also be viewed as an attempt to implement a generalization of the gradient projection
algorithm for nonlinear programming. To this effect, we explore the relation between
the parametric method and the gradient projection method in the bound constrained
case. Numerical results compare the performance of this algorithm with SLQP and
gradient projection.
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1 Introduction

Although interior-point methods for nonlinear programming have become popular for their
ability to efficiently solve large-scale problems with many inequality constraints, active-set
methods still constitute an important tool for solving nonlinear optimization problems.
Active-set methods are often able to provide more exact solutions and sensitivity infor-
mation with a clear identification of the active constraint set compared to interior-point
methods. Moreover, active-set methods can more effectively make use of a good starting
point in a “warm start” procedure (for example, when solving a sequence of closely related
problems). In addition, active-set methods are sometimes more stable than interior-point
methods as they seem less sensitive to the choice of the initial point and to the scaling of
the problem.

For these reasons, active-set methods remain popular and there has been a considerable
ongoing effort to improve them [3, 7, 9, 10, 13, 15, 20, 23]. The traditional sequential
quadratic programming (SQP) method (e.g., [1, 13, 16, 17] ) has proved to be robust and
efficient provided the number of degrees of freedom in the problem is not too large. However,
efficient implementations of contemporary SQP methods require one to form and factorize
a reduced Hessian matrix at each outer iteration. Even if the Hessian matrix is sparse, the
reduced Hessian will, in general, not be sparse, making this approach often prohibitively
expensive for problems with more than a couple thousand degrees of freedom.

In an attempt to overcome some of the bottlenecks of the traditional SQP approach,
there has been a resurgence in recent years in the so-called “EQP” form of sequential
quadratic programming. Instead of solving quadratic programming subproblems with in-
equality constraints, these methods first use some auxiliary mechanism to generate an
estimate of the active set, and then solve an equality constrained quadratic program (QP)
at each iteration, imposing the constraints in the active-set estimate as equalities and
temporarily ignoring the other constraints. The sequential linear-quadratic programming
(SLQP) algorithm, first proposed by Fletcher etal. [11] is one such method. This approach
estimates the active set at each iteration by solving a linear program (LP) based on a
linearization of the nonlinear program at the current iterate.

In this paper, we propose an extension to the SLQP approach that solves a sequence of
linear programs, instead of a single linear program, to estimate the active set at each itera-
tion. This parametric linear programming approach allows us to introduce some quadratic
information into the active-set identification phase in the hopes of generating a better
active-set estimate. We will refer to this new method as parametric SLQP (or pSLQP for
short) to distinguish it from the standard SLQP algorithm.

The paper is organized as follows. In section 2 we provide a brief overview of the
standard SLQP approach and discuss some of the drawbacks of this approach. We then
introduce our new parametric approach for active-set identification in section 3. In sec-
tion 4 we discuss the relationship between this new approach and the gradient projection
algorithm. Next, in section 5 we describe the details of our specific pSLQP implementation.
We provide numerical results that compare our implementation of the parametric SLQP
approach with the standard SLQP approach and gradient projection in section 6 and close
with some final remarks in section 7.
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2 Overview of the SLQP Approach

The SLQP algorithm was first proposed by Fletcher and Sainz de la Maza [11]. More
recently Chin and Fletcher proposed an SLQP algorithm based on a filter step acceptance
mechanism [6] and Byrd etal [3, 4], proposed a trust-region based SLQP method using an
`1 penalty approach.

In contrast to traditional sequential quadratic programming, which solves a general
QP with inequality constraints at each iteration, the SLQP approach first solves an LP to
estimate the active set and then solves an equality constrained quadratic program (EQP)
to generate a step. An appealing feature of this approach is that it avoids the need to form
the reduced Hessian matrix and only requires the solution of LP and EQP subproblems,
both of which can be solved efficiently in the large-scale case.

Let us write the nonlinear program (NLP) we wish to solve as

minimize
x

f(x) (2.1a)

subject to hi(x) = 0, i ∈ E (2.1b)

gi(x) ≥ 0, i ∈ I, (2.1c)

where the objective function f : IRn → IR, and the constraint functions hi : IRn → IR, i ∈ E
gi : IRn → IR, i ∈ I, are assumed to be twice continuously differentiable.

The SLQP approach will generate an active-set estimate at each iteration k based on
solving an LP of the following form,

minimize
d

∇f(xk)
T d (2.2a)

subject to hi(xk) +∇hi(xk)
T d = 0, i ∈ E (2.2b)

gi(xk) +∇gi(xk)
T d ≥ 0, i ∈ I (2.2c)

‖d‖∞ ≤ ∆LP

k . (2.2d)

Here ∆LP

k is an (infinity norm) trust-region radius that ensures the LP is bounded, and
that is chosen in a way to try to obtain a good active-set estimate. This parameter plays
an important role in the algorithm as its choice at each iteration greatly effects the quality
of the active-set estimate. The LP (2.2) is formed by taking a linear approximation of
the objective function (2.1a) and constraints (2.1b)-(2.1c) at the current iterate xk. The
linearized problem constraints (2.2b)-(2.2c) active at the solution of this subproblem are
used to form the active-set estimate W, which we refer to as the working set. Because of
the trust-region constraint (2.2d), this subproblem may be infeasible. Therefore we use an
`1 penalty approach to relax the problem constraints (2.2b)-(2.2c). We define a piecewise,
linear model

`k(d) = f(xk) +∇f(xk)
T d + νk

∑

i∈E

|hi(xk) +∇hi(xk)
T d|

+νk

∑

i∈I

max(0,−gi(xk)−∇gi(xk)
T d), (2.3)
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which approximates the (`1) merit function,

φ(xk; νk) = f(xk) + νk

∑

i∈E

|hi(xk)|+ νk

∑

i∈I

(max(0,−gi(xk)), (2.4)

where νk > 0 is a penalty parameter. We then solve the subproblem

minimize
d

`k(d) (2.5a)

subject to ‖d‖∞ ≤ ∆LP

k , (2.5b)

which is always feasible. Although (2.5) is non-differentiable, it can easily be reformulated
and solved as a smooth LP by adding auxiliary variables. A procedure for controlling the
penalty parameter is discussed in [3, 4] and is not important to the topic of this paper.

After solving a linear program to generate a working setWk, a trial step is then generated
by solving the equality constrained QP

minimize
d

1
2dT H(xk, λk)d +∇f(xk)

T d (2.6a)

subject to hi(xk) +∇hi(xk)
T d = 0, i ∈ E ∩Wk (2.6b)

gi(xk) +∇gi(xk)
T d = 0, i ∈ I ∩Wk (2.6c)

‖d‖2 ≤ ∆k, (2.6d)

where λk denotes the vector of Lagrange multiplier estimates and H(xk, λk) the Hessian
of the Lagrangian of the NLP (2.1). The trust-region constraint (2.6d) is used to handle
directions of negative curvature, which may result if H(xk, λk) is not positive-definite in
the reduced space defined by the constraints (2.6b)-(2.6c). This trust region operates in-
dependently of the LP trust-region constraint (2.2d), and is used to ensure descent of the
merit function φ(x; νk).

Although implementations of this standard SLQP approach have provided some encour-
aging results [3], one significant drawback of this approach is that only linear information
is used in identifying the active set via the LP subproblem (2.5). As a result, many trust-
region constraints (2.2d) will typically be active at the solution of the LP, and the efficiency
of the algorithm and its ability to quickly identify the optimal active set is heavily de-
pendent on the choice of ∆LP

k at each iteration. Although heuristics have been employed
for updating ∆LP

k that work reasonably well in practice [3], in general it is not clear how
best to choose this parameter at each iteration. Moreover, for highly nonlinear models,
the use of only linear information in the active-set identification phase sometimes leads to
inefficiencies and inaccurate active-set estimates.

This has motivated us to look at a new mechanism for estimating the active set at
each iteration that is based on solving a series of closely related linear programs. This
method is inspired by contemporary gradient projection methods for bound constrained
optimization, which estimate the active set by minimizing a quadratic model function along
a projected gradient path. Similarly, our new approach allows us to incorporate some
quadratic information in the active-set identification phase so as to choose our working set
in a more clever way.
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3 A Parametric LP Approach for Active Set Identification

To motivate our new approach, we start with an example that highlights the difficulty of
choosing ∆LP to achieve a good active-set estimate.

Example 1

Consider the example illustrated in Figure 1 below. The elliptical countours are the

f

x *

c2
c1

feasible region

x

Figure 1: LP active-set estimate for
∆LP = 1, 2, 3.

x *

c1

c2

feasible region

x
LP

x LP

Figure 2: LP solution for ∆LP = 2.

contours of the objective function we are trying to minimize and the solution point is given
by x∗. There are two linear inequality constraints c1 and c2 whose feasible region is the
area above c2 and to the right of c1 as indicated. The dashed boxes represent three different
values for the LP trust-region radius, ∆LP = {1, 2, 3}, and the current point is given by x.

From Figure 1 we can see that the only constraint active at the solution is c1. For
∆LP ≥ 3 the LP solution point xLP will lie at the intersection of c1 and c2 and incorrectly
identify both of these constraints as active. For ∆LP ≤ 1, both constraints lie outside the
LP trust region, and hence no constraints are identified as active. To identify the correct
active set requires that we choose ∆LP large enough to include c1, but small enough to
exclude c2 in the LP solution. For example, as shown in Figure 2, it is easy to see that for
∆LP = 2, the solution, xLP, of the linear program identifies the correct active constraint c1.

In general, however, it is not known how to choose ∆LP in the required range to identify
the optimal active set near the solution. Moreover, the range of values that identify the
optimal active set may be quite small making a good choice for ∆LP unlikely. To address
this difficulty, instead of solving a single linear program with a fixed trust region ∆LP to
determine the working set at each iteration, we propose to solve instead a series of linear
programs that will give us the LP solution points for a range of ∆LP values. We will
then approximately minimize a quadratic model along the path generated from this set of
parametric solutions, to determine a Cauchy point and our working set.

More precisely, we propose the following mechanism for determining a working con-
straint set Wk at each iteration as well as a Cauchy step dC

k that provides sufficient reduc-
tion in a model of our merit function and that can be used to establish global convergence.
To facilitate this we define a piecewise quadratic-linear model of the merit function which
was defined in (2.4):

qk(d) = 1
2dT H(xk, λk)d + `k(d). (3.7)
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We assume here that the value of the penalty parameter νk has already been set to an
appropriate level and will remain fixed for the remainder of the given iteration. We then
determine our estimate of the active constraint set at each iteration as follows:

1. Use a parametric LP solve to obtain the solutions of (2.5) for all values of ∆LP ∈
[∆min,∆max]. Denote these parameterized LP solutions as dLP

k (∆LP), and let the path
defined by this set of solutions be Pk(∆

LP).

2. Determine the optimal trust-region size ∆LP

k as the solution of

min qk(d
LP

k (∆LP)), ∆LP ∈ [∆min,∆max], (3.8)

and define the Cauchy step to be dC

k = dLP

k (∆LP

k ).

3. Define the working set Wk to be a linearly independent subset of the active linearized
constraints (2.2b)-(2.2c) at dC

k .

Referring to Example 1, it is easy to see that the step dC

k generated by the parametric
solution procedure above will identify the correct active set {c1}, provided the searching
range [∆min,∆max] is chosen large enough to overlap the optimal active-set identification
range for ∆LP.

We now summarize our new algorithm using the pseudo-code of Algorithm 3.1 below.

Algorithm 3.1: Parametric SLQP Algorithm

Initial data: x0, ∆0 > 0, ∆max > ∆min > 0, 0 < ρu ≤ ρs < 1.

For k = 0, 1, . . ., until a stopping test is satisfied, perform the following steps.

1. Parametric path Generate the path Pk(∆
LP) via a parametric solution of

the LP (2.5) for ∆LP ∈ [∆min,∆max].

2. Working set Minimize a model function qk(d) along the parametric solution
path Pk(∆

LP) to obtain a Cauchy step dC

k and working set Wk.

3. Trial point Compute a trial point xT

k = xk + dk constructed from the step
obtained by (approximately) solving the equality constrained quadratic pro-
gram (2.6). Enforce that the trial step dk satisfies qk(dk) ≤ qk(d

C

k ).

4. Compute

ρk =
φ(xk; νk)− φ(xT

k ; νk)

qk(0)− qk(dk)
.

5a. If ρk ≥ ρs, choose ∆k+1 ≥ ∆k, otherwise choose ∆k+1 < ∆k.

5b. If ρk ≥ ρu, set xk+1 ← xT

k , otherwise set xk+1 ← xk.
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Many details of Algorithm 3.1 have been left purposely vague as the primary aim of this
paper is to focus on the active-set identification mechanism. Details such as the EQP step
computation, the trust-region update rules, the Lagrange multiplier computations and the
penalty parameter update are described in [3] and will not be repeated here. The definition
of the Cauchy point dC

k and the requirement in Step 3 of Algorithm 3.1, that our final trial
step provide at least as much reduction in our model function qk(dk) as this Cauchy point
provides favorable global convergence properties for this algorithm. Global convergence
using a slightly different Cauchy step for a related SLQP algorithm was established in [4].
In section 5, we will discuss in more depth the trial point computation.

The important point to note, is that Algorithm 3.1 (in contrast to standard SLQP
algorithms) explores a range of possible working sets for different values of ∆LP and in-
corporates quadratic information in the active-set identification phase of the algorithm via
the model function qk(d) in Step 2. This procedure of minimizing a model function with
quadratic information along a path generated from linear information is similar in flavor to
contemporary gradient projection methods [21]. Indeed, a motivation for this approach is
to define an algorithm like gradient projection, but one that applies more readily to prob-
lems with general inequality constraints. We now in fact explore the relation between the
two methods.

4 Parametric SLQP versus Gradient Projection

In the gradient projection algorithm a path is defined by projecting scalar multiples of the
negative gradient vector onto the feasible set. Then a quadratic model function can be
minimized along that path to determine a working set. This piecewise path is different
from the piecewise path Pk(∆

LP) that results from the parametric solution of (2.5), even in
the case of bound constraints. However, if we generalize the gradient projection approach
to gradients in other norms we can see that, for bound constraints, gradient projection
and pSLQP coincide in the case of the sup norm gradient. To be precise, if we define the
gradient, or steepest descent direction with respect to a given norm ‖ · ‖p (see [14]) as the
solution dSDp to the problem

minimize
d

∇f(x)T d (4.9)

subject to ‖d‖p ≤ ‖∇f(x)‖p, (4.10)

then in the case of the `∞ norm, each component, i, of the steepest descent direction is
given by

dSD∞

i = −sign(∇f(x)i)‖∇f(x)‖∞. (4.11)

Below we establish a formal equivalence in the simple bound constrained case between the
pSLQP approach and gradient projection in this norm.

Consider the simple bound constrained LP with trust region constraint ∆LP:

minimize
d

∇f(x)T d (4.12a)

subject to ui ≤ di ≤ vi, ∀i (4.12b)

‖d‖∞ ≤ ∆LP, (4.12c)
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where ui ≤ 0 ≤ vi, ∀i. This problem can be written more compactly as:

minimize
d

∇f(x)Td (4.13a)

subject to max(ui,−∆LP) ≤ di ≤ min(vi,∆
LP), ∀i. (4.13b)

The following theorem establishes an equivalence between the solutions of (4.13) parame-
terized by ∆LP, and the gradient projection path defined in the infinity norm.

Theorem 4.1 Define the set B = {d | ui ≤ di ≤ vi, i = 1..n}, and denote the projection
of τdSD∞ for τ > 0 onto B in some norm as

PB(τdSD∞) = argmind‖τdSD∞ − d‖ subject to d ∈ B. (4.14)

Then for any τ > 0 the projection in any norm of the steepest descent gradient dGP(τ) =
PB(τdSD∞), given by (4.11), is a solution dLP(∆LP) to the parameteric LP (4.13). If the `2

projection is used then dLP(∆LP) is the unique projection.

Proof. Clearly all solutions of (4.13) are characterized as follows:

dLP

i (∆LP) =







max(ui,−∆LP) if σi > 0,
min(vi,∆

LP) if σi < 0,
any value in [max(ui,−∆LP),min(vi,∆

LP)] if σi = 0,
(4.15)

where σi = sign(∇f(x)i). For some norms the projections of τdSD∞ onto B are unique,
but in all cases the vector whose i−th component is the projection of τdSD∞

i onto the
interval [ui, vi] is a valid projection of τdSD∞ . If we set τ = ∆LP/‖∇f(x)‖∞, then the i−th
component of τdSD∞ is −σi∆

LP and its projection onto [ui, vi], which is given by

dGP

i (τ) =







ui if − σi∆
LP < ui,

vi if − σi∆
LP > vi,

−σi∆
LP if ui ≤ −σi∆

LP ≤ vi,
=







max(ui,−∆LP) if σi > 0,
min(vi,∆

LP) if σi < 0,
0 if σi = 0,

(4.16)

is a valid projection of τdSD∞ onto B. Thus, comparing the right-hand side of (4.16) and
(4.15), we see that the projection PB(τdSD∞) is a solution to (4.13) if ‖τdSD∞‖∞ = ∆LP. 2

This equivalence gives us reason to hope that the performance of parametric SLQP will
approach that of projected gradient. When we move beyond bound constrained problems
to more general constraints this equivalence does not hold; in fact gradient projection is
very expensive to implement while parametric SLQP remains computationally practical.
That fact is a major motivation for this study.

5 Implementation Details

Algorithm 3.1 describes a general outline for our parametric SLQP approach. However,
to test the practical performance of this type of algorithm requires a specific software
implementation where many details of this algorithm are refined. Below we describe some
aspects of the software implementation that are not fully explained by Algorithm 3.1, or
that deviate from this idealized algorithm. This software implementation is used to generate
the numerical results in the section that follows.
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5.1 Approximate parametric solve

In practice, and for the numerical results described in the next section, instead of exactly
solving a parametric LP, we will approximate this by solving (2.5) for a finite number of
∆LP trial values. This approximation is used because of the lack of available software for
completely solving parametric LPs and also for efficiency.

Algorithm 5.1: Approximate Parametric LP Solve

Initial data: xk, ∆LP0 > 0, done =FALSE, j = 0, jmax > 0.

Solve the LP (2.5) with trust region ∆LPj to obtain step dLPj , and Wj .
Choose νk; compute λk and H(xk, λk).
If qk(d

LPj ) > qk(0) − 0.1[`k(0)− `k(d
LPj )] Then

Set searchDir = backtrack, ∆LPj+1 = 0.5∆LPj .
Else

Set searchDir = forward search, ∆LPj+1 = 2∆LPj .
Endif
While done ==FALSE and j < jmax

Set j ← j + 1.
Solve the LP (2.5) with trust region ∆LPj to obtain step dLPj , and Wj.
If searchDir == backtrack Then

If qk(d
LPj ) > qk(0)− 0.1[`k(0)− `k(d

LPj )] Then
Set ∆LPj+1 = 0.5∆LPj .

Else
Set done =TRUE.

Endif
Elseif searchDir == forward search Then

If qk(d
LPj ) < qk(d

LPj−1) Then
Set ∆LPj+1 = 2.0∆LPj .

Else
Set dLPj ← dLPj−1 , Wj ←Wj−1, ∆LPj ← ∆LPj−1 .
Set done =TRUE.

Endif
EndWhile
Set Wk =Wj , ∆LP

k = ∆LPj .
If j = jmax and searchDir == backtrack Then

Set dC

k = αLPdLPj where αLP solves min qk(αdLPj ), α ∈ [0, 1].
Else

Set dC

k = dLPj .
Endif

Algorithm 5.1, describes in more detail how we compute this approximate solution. The
general idea is to solve for an initial value of ∆LP. If this initial solve does not provide a
sufficient reduction in the model qk(d) of our merit function, then we will choose a sequence
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of increasingly smaller values of ∆LP until a sufficient reduction is obtained. Otherwise,
if sufficient reduction is achieved with the initial solve, then we will choose an increasing
sequence of ∆LP values until the sufficient reduction condition no longer holds.

The superscript indices in Algorithm 5.1 indicate iterations within the approximate
parametric solve subproblem as opposed to outer algorithmic iterations, which are identified
using subscripts. In the numerical results of the next section we use jmax = 5. Although this
approach may require up to jmax LP solves per iteration, these LP solves can be effectively
warm started using a simplex solver so that the additional LP solves beyond the initial one
are solved very quickly.

The value of the penalty parameter νk in Algorithm 5.1 is chosen based on the initial
trust-region value, ∆LP0 , according to the update rules described in [4]. Although the final
LP trust region ∆LP

k will often differ from the initial guess ∆LP0 , we believe the procedure
described in [4] for setting νk is still appropriate in this case and that the parametric
procedure does not adversly affect our penalty update strategy.

Since our parametric solve is only approximate, at the end of Algorithm 5.1 if dLP is
halved jmax times, to save computational time at this stage we perform a simple linesearch
along the last LP step to determine the Cauchy step dC

k .

5.2 Trust-region initialization for the parametric LP

Although the rule for choosing ∆LP

k at each iteration is crucial to the efficiency of the
standard SLQP algorithm, which only solves one LP per iteration, the initial guess of this
parameter ∆LP0 is much less important in our parametric approach since we explore a
range of ∆LP values each iteration. Indeed, this was a primary motivation for proposing the
parametric approach. Nonetheless, we attempt to choose a good value of ∆LP0 to initialize
our approximate parametric LP solve described above, so as to improve the accuracy and
efficiency of this solve.

We initialize ∆LP0 at the beginning of the approximate parametric solve as follows. If
the trial step dk taken by the algorithm on the most current iteration was accepted we
define

∆LP0

k+1 =

{

min(max{1.2‖dk‖∞, 1.2‖dC

k‖∞, 0.1∆LP

k }, 7∆
LP

k ), if αLP

k = 1
min(max{1.2‖dk‖∞, 1.2‖dC

k‖∞, 0.1∆LP

k },∆
LP

k ), if αLP

k < 1
, (5.17)

whereas if the step dk was rejected we set

∆LP0

k+1 = min(max{0.5‖dk‖∞, 0.1∆LP

k },∆
LP

k ). (5.18)

The motivation for (5.17) is to estimate the “optimal” trust region for the new LP sub-
problem to be a little larger than the norm of the most recent step. In addition bounds
are provided to limit the new estimate from increasing or decreasing too much compared
with the final trust-region value used in the previous iteration. The initialization (5.18)
estimates the optimal LP trust-region to be a fraction of the most recent trial step when
this step is rejected. Regardless, of this initial estimate, the parametric approach will try
multiple values of ∆LP determined by the parameter jmax in Algorithm 5.1.
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5.3 Computing a trial step

In computing a trial step dk, in our pSLQP algorithm there are two aims:

1. Ensure that the trial point xT

k = xk + dk lies on the subspace defined by our current
working set estimate Wk.

2. Make sure that the reduction in the model function qk(d) achieved by our trial step
is at least as good as the reduction obtained by the Cauchy step (i.e. choose dk such
that qk(dk) ≤ qk(d

C

k )).

The first condition is a common condition of active-set methods. The second condition is
essential in developing a globally convergent algorithm (see for instance [4]). It is easy to
see that these two conditions can always be satisfied in Algorithm 3.1 by defining dk = dC

k .
However, for fast convergence, it is important to use the EQP phase to try to compute
a trial step that is better than the Cauchy step in reducing our model function. In our
algorithm we do this by defining our trial step to be

dk = dC

k + αEQP

k dCE

k , (5.19)

where dCE

k = dEQP

k − dC

k is the line segment leading from the Cauchy point to the EQP
solution point and αEQP

k is the approximate solution of

minimize
α∈[0 1]

qk(d
C

k + αdCE

k ). (5.20)

Although this often works well, it has been observed in practice, that if the active-set
estimate is poor, the step dCE

k leading from the Cauchy point to the EQP solution may
quickly violate one or more inactive constraints not in the working set (and, hence, not
imposed as constraints in the EQP). This may result in the step being severely truncated
to satisfy the violated inactive constraints, leading to steepest descent-like steps and slow
convergence. In particular, this behavior is prevalent in problems with degenerate con-
straints where, in order to maintain linear independence, there may exist active constraints
that are not included in the working set. An attempt to overcome this problem, may be
made by modifying the algorithm so as to project the step dCE

k onto the feasible region or
perhaps allow the algorithm to add inactive constraints encountered during the EQP to the
working set. The challenge is to do this in an efficient way and in a way that maintains a
linearly independent active set.

For problems whose only constraints are simple bounds, projecting the step dCE

k onto
the feasible region is a trivial computation. For the results presented in the next section, we
experiment with such a procedure on bound constrained problems to measure what affect
this has on speeding up the active-set identification. In particular, for bound constrained
problems, we will project the step dCE

k onto the feasible space and perform a linesearch
along the piecewise linear path resulting from this projection. In this case the trial step is
defined as

dk = P (dC

k + αEQP

k
dCE

k ), (5.21)
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where P (d) represents the minimum norm projection of d onto the feasible region and αEQP

k

is the approximate solution of

minimize
α∈[0 1]

qk(P (dC

k + αdCE

k )). (5.22)

In the case when there are more general constraints, the projection of dCE

k onto the
feasible space is a more expensive computation. As a result it is not clear whether such a
feature can be efficiently used for more general problems. We feel it is worth highlighting
this feature as it leads to a significant improvement in performance on some problems whose
only constraints are simple bounds and works particularly well when used in conjunction
with the parametric LP active-set identification procedure.

6 Numerical Tests

In this section we compare the performance of the SLQP approach with the parametric
SLQP (pSLQP) approach described in the previous section. Both approaches have been
implemented in the Knitro software package version 5.1 [5, 25]. On bound constrained
problems we also compare with the gradient projection code Tron version 1.2 [18]. All
tests were run on a dedicated 32-bit Intel Pentium IV machine with 1Gb of RAM running
Redhat Fedora Core 4.

6.1 Bound Constrained Problems

First we want to restrict our attention to problems with only simple bound constraints on
the variables. By looking at this class of problems in isolation we can compare the active-set
identification properties of the SLQP and pSLQP approaches with the performance of the
gradient projection approach.

As already mentioned, the parametric LP approach may be viewed as a generalizaton
of the gradient projection approach to polyhedral sets. Therefore, it is natural to compare
our parametric SLQP approach with the gradient projection method on bound constrained
problems, where the latter method has proved to be quite efficient. We are interested in
the two approaches as active set predictors, and thus a relevant performance measure is
number of function evaluations.

In our tests we compare a version of SLQP and pSLQP implemented in the Knitro

software package [5, 25], with the gradient projection code Tron [18]. The Lancelot [7],
and LBFGS [26] solvers also implement effective gradient projection algorithms for bound
constrained problems. We choose to compare with Tron since it is widely regarded as one of
the most efficient codes for bound constrained optimization, whose implementation – apart
from the active set estimation scheme – is very similar in many ways to our parametric SLQP
implementation. Both codes are trust-region methods that use exact second derivative
information and solve the equality constrained subproblems using a conjugate gradient
approach. We use the default stopping tests in both Knitro and Tron, which we find
in most cases generates solutions with similar accuracy. We have also confirmed that all
algorithms converge to the same local solution.
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Our test set consists of bound constrained problems in the CUTEr test set [2] that have
been translated to Ampl models [12]. These Ampl versions of the CUTEr test problems
are available from [24]. We exclude from our bound constrained test set all the models
for which the default number of variables is less than 1000. The remaining 31 bound
constrained problems form our test set. All the results in this subsection will be presented
using the performance profiles proposed by Dolan and Moré [8]. In the plots πs(τ) denotes
the logarithmic performance profile

πs(τ) =
no. of problems where log2(rp,s) ≤ τ

total no. of problems
, τ ≥ 0, (6.23)

where rp,s is the ratio between the number of function evaluations to solve problem p by
solver s over the fewest number of function evaluations required by any of the solvers. See
[8] for more details regarding performance profiles.

As noted in section 5.3, slow convergence of our algorithm may result if inactive bounds
are violated during the solution of the EQP. It was observed that Tron has a feature that
allows it to cope with this problem by adding constraints during the step computation phase
if inactive bounds are violated (and then re-solving the EQP). On some problems, it has
been observed that this feature significantly improves the performance of the algorithm.
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Figure 3: Comparing SLQP, pSLQP, SLQP+ and pSLQP+ in terms of functions evaluation
counts on 31 bound constrained problems.

To make a more meaningful comparison with TRON of active set strategies on bound
constrained problems, we have added a similar feature to our SLQP and pSLQP algorithms.
We do not explicitly add violated constraints during the unconstrained minimization as
Tron does (since this may significantly increase the cost per iteration). Rather, we project
the step onto the feasible space if constraints are violated during this minimization and
then perform a linesearch along this projected path as described by (5.21) and (5.22) in
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section 5.3. We refer to these variations of our algorithms as SLQP+ and pSLQP+. We
implement this projected EQP step strategy only for bound constrained problems since the
extension of this technique (like extending the TRON approach) to more general constraints
is much more complemented and computationally expensive.

In Figure 3, we present results comparing the SLQP+ and pSLQP+ variants with the
standard SLQP and pSLQP algorithms, which truncate the step as described by (5.19) and
(5.20) to satisfy the bounds if necessary. As can be seen from Figure 3, the results for
the parametric approach work better than the standard SLQP approach in most cases. In
particular, the parametric approach that projects the step onto the feasible space (pSLQP+)
is clearly the most efficient variation. This seems to highlight that a procedure for dealing
with inactive constraints encountered during the step computation can greatly enhance
these types of methods.

In Figure 4 we present results comparing SLQP+, pSLQP+ and Tron on our bound
constrained problem test set. Note, in Figure 4, that both Tron and pSLQP+ are signif-
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Figure 4: Comparing SLQP+, pSLQP+ and Tron in terms of functions evaluation counts
on 31 bound constrained problems.

icantly better than the SLQP+ approach. This indicates that these methods, which have
more sophisticated active-set identification procedures incorporating quadratic information,
do a better job of predicting the active-set as expected.

All detailed results from this section are reported in Table 1 in the Appendix. We also
indicate here the number of variables n in each problem and the number of bounds active at
the solution of each problem (|A∗|). In general it is noteworthy how similar the performance
is between the pSLQP+ approach and Tron. The algorithm implemented in pSLQP+ is
quite similar to Tron differing significantly only in the path used in the active-set estimate
(parametric LP path versus gradient projection path) and in the strategy used for bounds
encountered in the EQP stage, as described above. These empirical results seem to confirm
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the similarities between these approaches established in section 4.

6.2 Quadratic Programming Problems

A primary advantage of the new method over gradient projection is that it can be used
to solve problems with general constraints. (In fact, we know of no practical software
implementation of gradient projection for general constraints). In this section we compare
SLQP versus pSLQP on all the CUTEr test problems translated into Ampl models that
are quadratic programming problems. QPs whose only constraints are simple bounds are
excluded from this test set to avoid redundancy (i.e., it does not include problems from
the previous section). This test set consists of 91 problems. The SLQP algorithm reported
finding an optimal solution on 86 of these problems while pSLQP found the optimal solution
on 85 of the problems.
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Figure 5: Results on 84 quadratic programming problems comparing SLQP and pSLQP in
terms of functions evaluation counts.

In Figure 5 we compare SLQP and pSLQP in terms of function evaluation count using
a plotting technique first proposed by Morales [19] for comparing two methods. Figure 5
plots the ratio

log2
(fevals pSLQP)

(fevals SLQP)
, (6.24)

where fevals denotes the number of function evaluations required to meet the stopping test.
In the figure, the problems are arranged along the horizontal axis in decreasing order of the
absolute value of (6.24). A bar in the positive y-axis indicates that the SLQP approach was
better (i.e., required fewer function evaluations), while a bar in the negative y-axis indicates
that the pSLQP approach was better. We also report the total area for each approach to
provide some overall comparative measure of performance. In this comparison, we only
look at those 84 problems that both algorithms solved and found the same local solution.
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The results indicate that on quadratic programs the pSLQP is overall more efficient than
the SLQP approach.

6.3 General Nonlinear Problems

In this section we compare SLQP versus pSLQP on a set of CUTEr test problems translated
into Ampl models that are general nonlinear programming problems with at least one
inequality constraint or bound. It excludes bound constrained problems and QPs. There
are 246 problems in this test set. The SLQP algorithm finds an optimal solution on 213 of
these problems while pSLQP found the optimal solution on 211 of the problems.

In Figure 6 we compare SLQP and pSLQP in terms of function evaluation count using
the same log plot as in the previous subsection. In this comparison, we only look at those
196 problems that both algorithms solved and found the same local solution. The results
for general constrained problems provide only a slight advantage for the pSLQP approach.
It is unclear why the pSLQP approach – which seems to perform better than SLQP on
bound constrained problems and QPs – does not do better on more general problems.
Since we know of no gradient projection implementation for general nonlinear problems,
the active-set identification properties of these types of methods in this context are not well
understood. We hypothesize that it is more likely in problems with nonlinear constraints,
that the EQP step may quickly violate one or more inactive constraints causing the step
to be unduly truncated, and that, as a result, these methods require an effective scheme
for adding constraints encountered during the EQP phase. We regard it as an interesting
topic that requires further research.
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17

7 Final Remarks

We have seen that the parametric SLQP approach presented in this paper is much more ef-
ficient than the old approach on bound constrained problems. Therefore, when this method
is incorporated into a general package, such as the active-set algorithm in Knitro, it may
no longer be necessary to have specialized packages for bound constraints. We have also ob-
served significant gains for quadratic programs. More work is needed to determine whether
this new approach is superior on general constraints.

The work of Oberlin and Wright [22] provides some theory that stipulates under what
conditions the LP subproblems solved in SLQP methods identify the correct active set.
However, it remains to show, how to develop effective trust-region update rules for SLQP
methods, such that the required conditions are automatically satisfied as a solution is
approached. A more comprehensive theory for active-set identification in the context of
both SLQP and pSQLP methods is a focus of ongoing research.

8 Appendix

Problem n |A∗| # of function evaluations

SLQP SLQP+ pSLQP pSLQP+ TRON

biggsb1 1000 2 506 503 503 503 501
bqpgauss 2003 95 233 38 500 53 206
chenhark 1000 395 848 633 334 269 204
cvxbqp1 10000 10000 2 2 2 2 2
gridgena 11542 0 7 7 6 6 10
jnlbrng1 15129 4884 36 36 29 29 26
jnlbrng2 15129 5990 31 35 16 16 16
jnlbrnga 15129 5161 29 42 24 24 25
jnlbrngb 15129 6652 22 19 11 11 11
mccormck 50000 1 9 7 11 10 7
minsurfo 2500 784 10 11 10 12 7
ncvxbqp1 10000 10000 4 4 4 4 2
ncvxbqp2 10000 9935 20 21 21 15 10
ncvxbqp3 10000 9831 25 25 25 15 10
nobndtor 14400 2322 49 52 232 17 23
nonscomp 10000 0 16 17 11 10 8
obstclae 15129 7178 66 65 959 27 27
obstclbm 15129 3817 42 38 91 21 21
pentdi 1000 998 2 2 2 2 2
torsion1 14400 4416 47 51 39 39 40
torsion2 14400 4416 52 56 40 40 21
torsion3 14400 9192 27 28 21 21 21
torsion4 14400 9192 29 35 22 22 19
torsion5 14400 11832 16 17 12 12 12

continued on next page
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continued from previous page

Problem n |A∗| # of function evaluations

SLQP SLQP+ pSLQP pSLQP+ TRON

torsion6 14400 11832 18 19 13 13 16
torsiona 14400 4288 49 52 39 39 40
torsionb 14400 4288 47 47 40 40 26
torsionc 14400 9128 27 29 21 21 21
torsiond 14400 9128 35 31 22 22 19
torsione 14400 11800 16 16 12 12 12
torsionf 14400 11800 20 20 13 13 16

Table 1: Comparison of SLQP, SLQP+, pSLQP, pSLQP+
and TRON on bound constrained problems in terms of func-
tion evaluations.
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