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Convergence Analysis of Inexact Infeasible Interior Point Method

for Linear Optimization

Abstract

In this paper we present the convergence analysis of the inexact infeasible path-following
(ITPF) interior point algorithm. In this algorithm the preconditioned conjugate gradient
method is used to solve the reduced KKT system (the augmented system). The augmented
system is preconditioned by using a block triangular matrix.

The KKT system is solved approximately. Therefore, it becomes necessary to study the
convergence of interior point method for this specific inexact case. We present the conver-
gence analysis of the inexact infeasible path-following (IIPF) algorithm, prove the global

convergence of this method and provide complexity analysis.

Keywords: Inexact Interior Point Methods, Linear Programming, Preconditioned Con-

jugate Gradients, Indefinite System.



1 Introduction

In this paper we are concerned with the use of primal-dual interior point method (IPM for
short) to solve large-scale linear programming problems. The primal-dual method is applied to

the primal-dual formulation of the linear program

min 'z max bly
s.t. Az =0, st. Aly+s=c,
x > 0; y free, s >0,

where A € R™" z,s5,¢ € R™ and y,b € R™. We assume that m < n. The primal-dual
algorithm is usually faster and more reliable than the pure primal or pure dual method [1, 17].
The main computational effort of this algorithm consists in the computation of the primal-dual

Newton direction of the Karush-Kuhn-Tucker (KKT) conditions:

Az —b=0
ATy +s—c=0
XSe=0

(z,s) > 0.

where X = diag(x), S = diag(s) and e € R" is a vector of ones.

In this paper, we focus on the use of the Infeasible Path-Following algorithm [17] chapter 6.
This algorithm does not require the initial point to be strictly feasible but requires only that its

x and s components be strictly positive. At each iteration the following nonlinear system need



to be solved

Azx —b
Ft)=| ATy+s—c

XSe —ope

where t = (x,7,5), p = 2’s/n is the average complementarity gap and o € (0,1). We use

Newton’s method to solve this nonlinear system, where the direction at each iteration k is

computed according to

F (Y AtF = —F(t%),

which yields

Sk0 Xk Ask

Azk — b
ATyk 4 sk — ¢

XFkSke — o upe

Solving the linear system (4) with a direct method becomes sometimes very expensive for large

problems. In these situations it is reasonable to use an iterative method. Therefore, instead of

solving (3) exactly, we solve it with the inexact Newton method:

F(tF)Ath = —F(t%) + ¥,

()

where 7% is the residual of the inexact Newton method. Any approximate step is accepted

provided that the residual r* is small such as

r* 1 < il F ),



as required by the theory [7, 9]. We refer to the term 7, as the forcing term.

In the computational practice (4) is reduced: after substituting

As=—-X"1SAz — s+ ouXle, (7)

in the second row we get the following symmetric indefinite system of linear equations, usually

called the augmented system

-1 AT Ax f

A 0 Ay g

where © = XS™!, f = ATy —c+opuXteand g = Az — b.

We use the preconditioned conjugate gradient (PCG) method to solve the augmented system
(8) preconditioned by a block triangular matrix P. We have in mind a particular class of
preconditioners in this paper, the ones which try to guess a ”basis”, a nonsingular submatrix of

A. There has been recently a growing interest in such preconditioners see for example [5, 6, 8, 13].

In [8] the following reasoning has been used to find the preconditioner for KKT system. From the
complementarity condition we know that at the optimum z;s; = 0,Vj € {1,2,...,n}. Primal-
dual interior point methods usually identify a strong optimal partition near the optimal solution.
If at the optimal solution x; — 0 and s; — §; > 0, then the corresponding element ©; — 0. If,

on the other hand, x; — #; > 0 and s; — 0, then the corresponding element ©; — oc.

We partition the matrices:

ezl o0
A=[B,N], 1= ,



where B is m x m non-singular matrix. As done in [8], we permute the columns of A and ©~!
such that 6] < 0y <. < 6.1, and we pick the first m linearly independent columns of A in
this order to construct B. The indefinite matrix in (8) can then be rewritten in the following

form

P is easily invertible because it is a block-triangular matrix with nonsingular diagonal blocks

B, @1_\,1 and BT.

The PCG method is used to solve the augmented system preconditioned by the block triangular
matrix P. A consequence of using PCG method is that the search direction is computed ap-
proximately; this yields a specific inexact interior point method. This causes a major difference
to the interior point algorithm, whose convergence is proved under the assumption that the
search directions are calculated exactly. In this paper we present the convergence analysis of an
infeasible path-following algorithm in which the search directions are computed inexactly. We

call this method an inexact infeasible path-following algorithm (IIPF).

The use of inexact Newton methods in interior point methods for LP was investigated in [2, 3, 12].

In [2] the convergence of the infeasible interior point algorithm of Kojima, Megiddo, and Mizuno



is proved under the assumption that the iterates are bounded. Monteiro and O’Neal [12] pro-
pose the convergence analysis of inexact infeasible long-step primal-dual algorithm and give
complexity results for this method. In [12] the PCG method is used to solve the normal equa-
tions preconditioned with a sparse preconditioner. This preconditioner was proposed originally
in [14] and determined according to the Maximum Weight Basis Algorithm. In [4] an inexact
interior point method for semidefinite programming is presented. It allows the linear system to
be solved to a low accuracy when the current iterate is far from the solution. In [11] the conver-
gence analysis of inexact infeasible primal-dual path-following algorithm for convex quadratic
programming is presented. In these papers the search directions are inexact as the PCG method
is used to solve the normal equations. Korzak [10] proves the convergence of the infeasible in-
terior point algorithm of Kojima, Megiddo and Mizuno as the search directions are computed
inexactly, under the assumption that the iterates are bounded. Korzak’s analysis [10] works for

general case of inexact search directions.

In this paper we study the convergence analysis of inexact infeasible path following algorithm for
linear programming as the PCG method is used to solve the augmented system preconditioned
with block triangular sparse preconditioner. We prove the global convergence and the complexity
result for this method without having to assume the boundedness of the iterates. We design
a suitable stopping criteria for the PCG method. This plays an important role in the whole
convergence of IIPF algorithm. This stopping criteria allows a low accuracy when the current
iterate is far from the solution. We state conditions on the forcing term of inexact Newton

method in order to prove the convergence of ITPF algorithm.

The approach in this paper can be used in the cases where the augmented system is solved
iteratively, providing that the residual of this iterative method has a zero block r = [r1,0]. So

we can carry out the approach in this paper to cases like [16] for example.



In order to prove the convergence of an inexact infeasible interior point method, we should prove
first that the PCG method, when applied to an indefinite system, converges. Then, we prove

the convergence of the IIPF Algorithm.

The paper is organized as follows. In Section 2 we study the behaviour of the residual of the
PCG method when applied to an indefinite system (augmented system) preconditioned with
(10). In Section 3 we compute the residual of the inexact Newton method and choose suitable
stopping criteria to the PCG method which makes sense for the convergence of the inexact
Newton method. In Section 4 we perform the convergence analysis and provide the complexity

result for the IIPF Algorithm. In Section 5 we draw some conclusions.

2 Convergence of the PCG method

Following the theory developed by Rozloznik and Simoncini [15], in [8] we studied the behaviour
of the preconditioned conjugate gradient method on the indefinite system (8) preconditioned
with (10). We can apply PCG method to an indefinite system because the following properties
are satisfied. The first property is the preconditioned matrix K P! is J-symmetric where
J = P~!, and the second is that the residuals of the PCG method have zero block in the form
T;ECG = [r¥,0] which results from the use of a specific starting point. See [8]. We gave explicit
formulae describing the convergence of the error term. The following theorem, which is proved
in [8], shows that the convergence of the error term is similar to that in the case of symmetric

positive definite matrices.

Let ¢/ and T;CG be the error term and the residual term on j-th PCG iteration respectively.
The matrix of the augmented system K is indefinite. Therefore, the K-norm is not defined,
but the K-inner product (e/)T Ke/ is always positive (Lemma 4 in [8]). So we allow ourselves

to write ||e/||x = \/(e/)T Kel. Accordingly to the partitioning of K in (9) we will partition the



error e/ = [e], el], where e] = [e);, €)]. Later in this section we will use the same partitioning

; J S W R | I [pd d
for the residual vector rpn o = [11, 73], where r{ = [, r\].

Theorem 2.1. Let €° be the initial error of PCG. Then

le’|% < min

A 21,0 2_ 4
¢€Pj,¢(0)=1)\EA(I?:?V{VWT)M( ez 5

SOl
(11)

where Pj is a polynomial of degree j, A(G) is the set of eigenvalues of the matric G and W =

min max
$EP;,p(0)=1L \EA(Ip— 1 +WTW)

@;1/23*11\7@%2. I + WWT and I,_, + WIW are symmetric positive definite matrices.

Theorem 2.1 states that the K-norm of the error e/ is minimized over the eigenvalues of the
symmetric positive definite matrices I,,, + WW7T and I,,_,,, + WTW. Consequently, the error
term displays asymptotic convergence similar to that observed when PCG is applied to positive

definite system.

In the rest of this section we show that the convergence of the residual of the PCG method
applied to (8) with the preconditioner (10) is similar to the convergence observed in the case of

PCG method applied to symmetric positive definite matrix.

2.1 The residual of the PCG method

The Euclidean norm of the residual is minimized over the eigenvalues of the symmetric positive
definite matrix I, + WW7T. The following Theorem shows that the residual term displays

asymptotic convergence similar to that observed when PCG is applied to positive definite system.

Theorem 2.2. The residual of the PCG method which is used to solve the augmented system
(8) preconditioned by P satisfies
r < min max ISR 12
heall <, _min |~ max [o()]ls%] (12)
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Proof. The residual satisfies

J - K&l
rpog = —Ke,

and the error can be written as

el = ¢j(P1K)el.

So we can write the residual as

rhog = —Ko;(PTIK)e® = ¢ (KP™Y)Ke = ¢;(KP e

Furthermore,

(I+05' B INoyNTB )Y —05' B INONr + 05 B~

—-1..0 —
KP pocg = r?v )

0
T2

where r‘};CG = [7‘%, 7“3\77 rJ]. The initial residual has the form e = [r%,0,0] because of using

the following starting point

B~1(g— NONfn)

t = ON [N ’




see [8], so the previous equation becomes

05 (0 + B 'NOyNTB )Y,

KPilr%CG = 0 . (13)

0

Let us define C = O + BT NONyNTB~T. It is easy to prove that C is a symmetric positive

definite matrix. By an argument similar to the one used to derive (13) we obtain

¢; (05 C)ry
rhoc = 05 (KP Drdoq = 0 : (14)
0
and so
Iheell = ll6;(©5 C)rll. (15)

Let us observe that (05'C)F = @]_31/2(@;1/20(9]_31/2)]“@}3/2 = @gl/Q(Im + WWT)k@}Bm, where

I, + WWT is a symmetric positive definite matrix.

Using these definitions, (15) can be written as
j ~1/2 1/2 1/2
Irpeal = 105" 26; (L + WWTOPrEl| = (T + WIWT)O 161
Therefore,

r < min max A @1/27“0 -
Irheall < min e 0O 15 o

and the claim is proved after substituting ||®g2r03|]®1_31 = ||r%]. O

10



In this section we proved that the PCG method applied to the indefinite system (8) precondi-
tioned with (10) and initialized with an appropriate starting point, converges similar to the case
of when PCG is applied to positive definite system. In the next section we show that applying
PCG to solve (8) with the preconditioner (10) can be analysed using the classical framework of

the inexact Newton method (5).

3 The residual of inexact Newton method

Using an iterative method to solve the augmented system (8) produces a specific value of the
residual of the inexact Newton method (5). So we shall find the value of the residual 7 in (5) in

order to satisfy (6) and prove the convergence of inexact infeasible path following algorithm.

Solving (8) approximately gives

-1 AT Ax f r1

A 0 Ay g 9

where 71 = [rp, ry].

That gives the following equations:

—X1SAz+ATAy = f+r = c—ATy—opuX e+, (17)

AAx = g+ry = b— Ax+rg. (18)

Then we find As by substituting Az in (7). However, we can shift the residual from (17) to (7)

11



by assuming there is a residual h while computing As. Then (7) is replaced by

As=—-X"1SAz —s+ouXte+nh,

which we can rewrite as

—X1SAx =As+s—opXte—h.

Substituting it in (17) gives

ATAy+As=c— ATy —s+h+ry.

To satisfy the second equation of (4) we choose h = —r;. This gives

ATAy+As=c— ATy — s,

and

As=—-X"1SAz —s+ouXte—r,

which implies

SAx+ XAs=—-XSe+oue— Xry.

12



Equations (18), (19) and (20) give

A 0 O Ax &p ro
0 AT T Ay | =] & | T 0 ;

where &, =b— Az, {g=c— ATy — s, {, = —XSe + ope and o € [0,1].

In the setting in which we apply the PCG method to solve (8) preconditioned with (10) we have
ro = 0 and r; = [rp, 0], see equation (14) in the proof of Theorem 2.2. Therefore, the inexact

Newton method residual r is

—X’l“l

XBrp Xprp
with Xr; = =

X NTN 0
Shifting the residual from (17) to (7) is an essential step to prove the convergence of the IIPF
algorithm. It results in moving the residual from the second row to the last row of the inexact

Newton system, which makes the proof of the convergence of the ITPF Algorithm much easier,

as we will see in Section 4.

The issue of choosing the stopping criteria of inexact Newton method to satisfy the condition (6)
has been discussed in many papers. See for example [2, 3, 4, 10]. In [3] the residual of inexact

Newton method is chosen such that

[

13



while in [4] the choice satisfies

7% < mi ().

Let the residual r = [rp, 74, 7,]. According to Korzak [10], the residual is chosen such that

Il < (1= 7)) A" — 0,

IN

5l (1 =) ATY* + s* = cll2,

IN

H"”ﬁ”oo T3k

where 71,79 € (0,1] and 73 € [0, 1) are some appropriately chosen constants.

We use Korzak’s stopping criteria of inexact Newton method. However, as in our case 1), = 4 =

0, we will stop the PCG algorithm when

Irilloe < b

As ¥ = — XFrl and r; = [rp, 0], the stopping criteria becomes

IXErE oo < Tetin (21)

Satisfying condition (21) guarantees that condition (6) is satisfied too.

We terminate the PCG algorithm when the stopping criteria (21) is satisfied. This stopping
criteria allows a low accuracy when the current iterate is far from the solution. In the later
iterations the accuracy increases because the average complementarity gap p reduces from one

iteration to another.

14



4 Convergence of the IIPF Algorithm

In this section we carry out the proof of the convergence of the IIPF algorithm and derive a
complexity result. In the previous section we used the shifting residual strategy, which makes

the proof of the convergence of this inexact algorithm similar to that of the exact case.

This section is organised as follows. First we describe the IIPF algorithm. Then in Lemmas
4.1, 4.2 and 4.3 we derive useful bounds on the iterates. In Theorems 4.4 and 4.5 we prove that
there is a step length « such that the new iteration generated by IIPF algorithm belongs to the
neighbourhood N_ (7, ) and the average complementarily gap decreases. In order to prove
that we supply conditions on the forcing term 7. In Theorem 4.6 we show that the sequence
{pr} converges Q-linearly to zero and the normal residual sequence {H(&S,ﬁs)H} converges R-

linearly to zero. Finally in Theorem 4.7, we provide the complexity result for this algorithm.

Definition: The central path neighbourhood N_ (7, 3) is defined by

Nooo(7,8) = {(z,y, ) : 1(&: €a)l /10 < BII(E, €N/ 10, (x,5) >0, wisi >y, i =1,2, ..., n},(22)

where v € (0,1) and 8 > 1 [17].

4.1 Inexact Infeasible Path-Following Algorithm (ITPF Algorithm):

1. Given 7, 3, Omin, Omaz With v € (0,1), 8> 1, 0 < opmin < Omaz < 0.5, and

0 < Nmin < Nmaz < 1; choose (20,40, s°) with (2°,5°) > 0;

2. For k=0,1,2,...

15



e choose 0y € [Omin, Omaz] and Tk € [Mmin, NMmaz); and solve

A 0 0 Azk 138 0
0 AT I AyF | = gk + 0 ; (23)
Sk o0 Xk AsF —XFESke + g e kar]f

such that :Uﬂ“v =0 and

IXErE oo < s (24)

e choose ay, as the largest value of an « in [0, 1] such that

(a¥(), 4" (a), 5" (@) € Noso (7, ) (25)

and the following Armijo condition holds:

pe(a) < (1 —.01ar) s (26)

o set ($k+1ayk+1a Sk+1) = (:Ek(ak)ayk(ak)7sk(ak));

e stop when puy < €, for a small positive constant e.

In this section we will follow the convergence analysis of the infeasible path-following algorithm

proposed in the book of Wright [17].

Firstly, let us introduce the quantity

16



Note that f;f“ =b— Az = b — A(2F + apAxF) = b — AzF — o AAZF = f{; — ap AAZF, from

the first row of (23) we get

AL = (1 — oyl (27)

which implies

k 0
§p = VK&

Note also 8 = ¢ — ATyF+1 — b+ = ¢ — AT (yF + 0 AyF) — (5% + apAsh) = (¢ — ATyF — sF) —

ar(ATAY* + Ask) = ¢k — ap (AT Ay* + As*). From the second row of (23) we get

= (1 — ay)gl, (28)

which implies

k 0
gd = Vk:gda

Consequently, the quantity v satisfies

More details can be found in [17].
Let (z*,y*, s*) be any primal-dual solution.

Lemma 4.1. Assume that (zF,y*, s*) € N_oo(7, 3), (AzF, AyF, As*) satisfies (23) and (24) for

all k>0, and py < (1 —.0lag—1)pr—1 for all k > 1. Then there is a positive constant Cy such

17



that for all k >0
vell(a*, )| < Cupn, (29)
where Cy is given as
Cr= ¢ (B +n+ B(2°, s%)lsoll(@*, %)ll1/ 1o),
where
0 0

¢ = min min(z;,s;).
i=1,...,n

The proof of this Lemma is similar to the proof of Lemma 6.3 in [17]. Moreover, we follow the

same logic as in [17] to prove the following lemma.

Lemma 4.2. Assume that (z%,y*, s*) € N_wo (7, B), (Az*, Ay*, As¥) satisfies (23) and (24) for
all k >0, and pr < (1 —.01lag—1)pr—1 for all k > 1. Then there is a positive constant Cy such

that

D~ Ak|| < Copy/?, (30)

IDAS*|| < o/, (31)

where D = X282 For all k > 0.

Proof. For simplicity we omit the iteration index k in the proof.

18



Let

(:Z'a:lL §) = (A:U:Ay:AS) + Vk($07y0780) - Vk(x*vy*73*)'

Then Az = 0 and ATy + 5 = 0, which implies z'5 = 0.

Az = 0 because

AT = AAx + v, Az® — v Ax® = &+ vpAz® — b = & — ko = 0.

Similarly one can show that AT + 5 = 0. Hence

0=2"5= (Az+ vz’ — vpx™) T (As + 13,50 — ps™). (32)

Using the last row of (23) implies

S(Az + ez’ — vpa™) + X (As + s — 1p8%) = SAz + XAs + 13,5 (2° — %) + 1 X (s — %)

= —XSe+ope— Xry + 1,82 — %) + 1, X (s° — s%).

By multiplying this system by (X.S)~'/2, we get

D YAz + vp2® — vpa*) + D(As + s — vgs*)

= (XS) V(=X Se+ope — Xr1) + v, DN a0 — ) + 1, D(s° — 5*).

The equality (32) gives

|ID YAz + vz® — vpa®) + D(As 4 s’ — s |12 = [|D7H Az + v2® — vpa®)||2 + || D(As + 1,50 — vs™)|2

19



Consequently,

HD_l(Ax + ez — Vk.ili‘*)HZ + || D(As + s’ — I/kS*)HQ

= (X8)V2(=X Se + ope — Xr1) + v D7 H 2 — %) + v D(s° — %),

which leads to

ID™ YAz + 2’ — )| < [|(XS) V2 (=X Se 4+ ope — Xr1) + vy D7 Ha® — 2¥) + 1 D(s° — s*)||

< XS V2 (=XSe+ ope — Xr1)|| + ve| D71 (@ — 2*)|| + v|| D(s° — %))

The triangle inequality and addition of an extra term vy | D(s? — s*)|| to the right hand side give

1D A|| < [[(XS) T2 [~ X Se + ope — Xri]|| + 20| D7 (@ — 2) || + 20| D(s° = 57)[|. (33)

We can write

n 2
- —TiSi + O — TiT1,3)
XS8)"V2(—XSe+ope— Xr)|? = (=5 ’
Ixs) 1 pe — X)) Z o
H—XSe—&—U,ue—XnH
min; ;8;

H — X Se +ope — Xri|2.

because (z,y,s) € N_oo(7,3) which implies z;s; > yu for i =1,...,n

On the other hand,

| — XSe+opel|> = || XSe||?+ ||ope||? — 20uet X Se = || X Sel|? + no?u? — 2nop?

IN

| X Sel|? + no?p? — 2nop® = (21'5)? + no?u? — 2nop?

< 1202 + no2u? — mop? < n2u?,

20



as o € (0,1). This leads to

| — XSe+ope—Xr|| < | —XSe+ouel + || Xr]

IN

np+ /nl|[ Xpralle < np+ i < npt /nimazits

which implies the following

1(X8)~2(=X Se + ope = Xri)ll <72 (n + Vitnao ' 2.

On the other hand

v D7 = 2")|| + v | D(s° — 57| < (D7 + [|DI]) max(fj2” — 2], [|s” — s*])).

For the matrix norm ||D~!||, we have
ID7H| < max | D'l = D™ ello = [[(X8)/2Se]|0 < [[(X)"H2[Is]l1,
and similarly
1D < [(XS) "2l

Using Lemma 4.1 and (35) we get

v DN (2 = &)+ vl D(s” — 87| < wll (e, 81l (XS) 2 max(||2” — 27, |s® — 7))

< Oy V2P max(||2® — 2|, || s° — s*]).

21

(34)

(35)



By substituting the previous inequality and (34) in (33) we get

1D~ Az|| < (V2 (0 + Vinmas) + 2C1y P max([l2® — 2*, || = s*|)u'/2.

Let us define Cy as

Co = 7_1/2(n =+ \/ﬁnmar) + 2017_1/2 maX(HxO - ac*H, ”30 - S*H)

In a similar way we get the bound on ||DAs||, and the proof is completed. O

Lemma 4.3. Assume that (zF,y*, s*) € N_oo(7, B3), (AzF, AyF, As*) satisfies (23) and (24) for
all k >0, and pr < (1 —.01lag_1)pk—1 for all k > 1. Then there is a positive constant Cs3 such

that

(Az")TAs*| < Capp, (36)

|AzfAst| < Cap, (37)

for all k > 0.

Proof. For simplicity we omit the iteration index k in the proof. From Lemma 4.2 we have

Aa"As| = |(D'Ax)T(DAs)| < ||D~ ' Ac|[| DAS|| < C.

Moreover, using Lemma 4.2 again we obtain

22



Let us denote C3 = C3, and the proof is complete.

O]

Theorem 4.4. Assume that (2%, y*, s%) € N_oo(7, B), (Az¥, Ay*, As¥) satisfies (23) and (24)

for all k >0, and pur < (1 — .0lag_1)puk—1 for all k > 1. Then there is a value & € (0,1) such

that the following three conditions are satisfied for all o € [0,a] for all k >0

(2% + aAzF)T (sF + aAs®) > (1 — a)(2F)Ts*

(zF + aAzF)(sF + aAsh) > %(wk + aAzF)T(s* + aAsh)

(2% + aAzF)T (s + aAsh) < (1 - .01a) ()T s,

Proof. For simplicity we omit the iteration index k in the proof.

The last row of the system (23) implies
sTAz + 2T As = —2Ts + nop — 2%rp,
and
5iAx; + x;As; = —xis; + ol — T,

which leads to

(z+ aAz)T (s +alAs) = zTs+a(zTAs+ sTAz) + o?(Az)T As
= als+a(—zTs+nop—2Lrp) + a?(Ax)T As

= (1-a)zTs+naou —azrkrg + o?(Az)T As.

23
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Similarly

(z; + aAz;)(s; + als) = x5 + asiAx; + 2;As;) + > Az As;
= ;8 + a(—wxisi + op — xir1 ;) + a?Ax;As;

= (1 —-a)zis; +aop —axiry; + a?Azx;As;.
For (38) we have

(z +aAn)T (s + als) — (1 —a)zTs = (1-a)zls+naop — azkrg + a?(Az)TAs — (1 —a)al's

= naop —arbrg + o?(Ar)T As

AV

naop — alzhrg| — o?|(Ax)T As|

Y

nao i — nafu — o?Capu

where we used the fact that from (24) we have

lzhre| < n||Xprallso < niu.

Therefore, the condition (38) holds for all « € [0, 1], where «; is given by

ap = 77,(0'—77)7 (41)

C3

and we choose 71 < o — €1 to guarantee a; to be strictly positive, where £ is a constant strictly

greater than zero.

Let us consider (39)

(z; + aAx;)(s; + als;) — %(ZL‘ + aAz)T (s + alAs) =

(1 — Q)zis;i + aop — axgry; + a*Ax;As; — l((l —a)zTs + naop — azkrp + o?(Az)T As)
n
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because (z,y,s) € N_co(7,3), s0 xis; > yu, Vi = 1,...,n, that gives

(x; + alz;)(s; + als;) — l(x + aAz)T (s + als) >
n
(1 — @)yp + aop — amax z;ry; — o?|Az;Asy| — (1 — a)p — yaou + laajgrg - ZQQ(AZE)TAS
7 n n
2 YT Y o2
> aop — || Xpre|leo —aCap — aoyp — Ea|xBT‘B| - Csp

_ oy _ gl
> aop — aijp — o*Cap — aoyp — yaiju — EaQCgu = a((1 =)o =1 +7)p—a*(1+ )G

Condition (39) holds for all a € [0, o], where g is given by:

_ol=)-Q+y7

a2 (1+ 1)Cs

(42)

We choose 7] < G((llJr_J)) — g9 to guarantee ay to be strictly positive, where €5 is a constant strictly

greater than zero.

Finally, let us consider condition (40)

L+ ada) (s + als) - (1 - 01a)a"s] =

1
= —[(1 = )zts + naoy — axhrp + o?(Az)TAs — (1 — .01a)z” ]
n

1
= —[-.99azs + naop — axhrp + o*(Ax)T As]
n

2 2
a a a
< —.99au + aop + g]ac%rgl + ;Cg,u, < —99au + aop + anp + ;Cg,u.

We can conclude that condition (40) holds for all a € [0, avg], where a3 is given by:

n(0.99 — o — 1)
Cs '

a3 =

(43)

We choose 7 and o such that 7+ 0 < 0.99 — 3 to guarantee a3 to be strictly positive, where €3

is a constant strictly greater than zero.
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Combining the bounds (41), (42) and (43), we conclude that conditions (38), (39) and (40) hold

for o € [0, @], where

ommin {1, 20 P )0 O30 =)}, )

Cs ’ (1 + %)03 ’ Cs

We introduce the constants €1, €9 and €3 to guarantee that the limit of the step length & is

strictly greater than zero and to make it flexible to choose the parameters 7 and oy.

Note that if 7 < 0((11_;;) then 77 < o because 8;3; < 1 for any v € (0,1).

From this theorem we observe that the forcing term 7 should be chosen such that the following

or(1—7)
(1+7)

two conditions 7 < — g9 and 7 + o < 0.99 — 3 are satisfied. Under these assumption
the following theorem guarantees that there is a step length a such that the new point belongs

to the neighbourhood N_ (7, 3) and its average complementarity gap decreases according to
condition (26).

Below we prove two theorems using standard techniques which follow from Wright [17].

or(1—7)

(1+7)

N_oo(7, ) and (Ax¥, Ay¥, AsF) satisfies (23) and (24) for all k > 0, g, < (1—.0lap_1)pg_1 for

Theorem 4.5. Assume that 7, < — &9, Mk + 0 < 0.99 — g3 for eg,e3 > 0, (xk,yk, sk) €

all k > 1. Then (2¥(a),y* (), s*(a)) € Nooo(7, ) and u(a) < (1 —.01a)ug for all a € [0,al,

where @ is given by (44).

Proof. Theorem 4.4 ensures that the conditions (38), (39) and (40) are satisfied. Note that

(40) implies that the condition uy(a) < (1 — .0la)uy is satisfied, while (39) guarantees that
ef(a)sf(a) = yuk(a).
To prove that (z*(a), y*(a), s* (@) € N-os (7, 8), we have to prove that [|(&5 (), €5 () ||/ ur(a) <
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B2, €/ 0. From (27), (28) and (38) we have

(&5 (), 5 ()] _ @ —a)ll(&r, €5 U —a)ll(&r, €5 - 1(&E, €Nl - BH(fg,fg)H
fk () fk () - (-a)me T ome T po
since (2, ¥, s%) € N_oo (7, B). O

Theorem 4.6. The sequence {ui} generated by the IIPF Algorithm converges Q-linearly to

zero, and the sequence of residual norms {\|(§£,§§)||} converges R-linearly to zero.

Proof. Q-linear convergence of {py} follows directly from condition (26) and Theorem 4.4. In-

deed, there exists a constant & > 0 such that oy > @ for every k such that

prr1 < (1 —.0lag)pr < (1 —.01a@)pg, for all k > 0.

From (27) and (28) we also have

g™ €5 DI < (1= an)li(gg, &l

Therefore,

&1 DI < (1= @)l €D)II-

Also from Theorem 4.5 we know that

(G
(€5 57 < s 2t

Therefore, the sequence of residual norms is bounded above by another sequence that converges

Q-linearly, so {H(&f;, €8)||} converges R-linearly. O
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Theorem 4.7. Let ¢ > 0 and the starting point (z°,1°, s%) € N_oo (7, B) in the Algorithm IIPF

be given. Then there is an index K with

K = O(n*[loge|)

such that the iterates {(z*,y*, s*)} generated by IIPF Algorithm satisfy

pr <€, foralle > K.

Proof. If the conditions of Theorem 4.5 are satisfied, then the conditions (25) and (26) are

satisfied for all a € [0, @] for all £ > 0. By Theorem 4.4, the quantity & satisfies

) = (147)i] n(0.99—a—17)}
Cz (1+1)Cs ’ Cs '

Furthermore, from Lemmas 4.1, 4.2 and 4.3 we have C3 = O(n?), therefore

Qi
AV
no

for some positive scalar § independent of n. That implies
.016

prr1 < (1 —.0la)u, < (1— ?)uk, for k > 0.

The complexity result is an immediate consequence of Theorem 3.2 of [17]. O
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5 Conclusions

In this paper we have considered the convergence analysis of the inexact infeasible path-following
algorithm, where the augmented system is solved iteratively. We have analysed the behaviour of
the residual term in the PCG method which is used to solve the augmented system (indefinite
system). This analysis reveals that the residual converges to zero and, asymptotically, behaves
in a similar way to the classical case when PCG is applied to positive definite system. We have
chosen a suitable stopping criteria of the PCG method and have provided a condition on the
forcing term. Furthermore, we have proved the global convergence of the IIPF algorithm and
have provided a complexity result for this method. The technique to control accuracy in the

inexact Newton method proposed and analysed in this paper has been implemented in HOPDM

[8].
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