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Abstract

Elementary symmetric polynomials can be thought of as derivative polynomi-
als of £ () = [[,_, , i Their associated hyperbolicity cones give a nat-
ural sequence of relaxations f&’;. We establish a recursive structure for these
cones, namely, that the coordinate projections of these cones are themselves hy-
perbolicity cones associated with elementary symmetric polynomials. As a con-
sequence of this recursion, we give an alternative characterization of these cones,
and give an algebraic characterization for one particular dual cone associated with
En1(z) = X 1<i<, 11,4 %5 together with its self-concordant barrier func-
tional.

Keywords: hyperbolic polynomials; hyperbolicity cones; elementary symmetric
polynomials; positive semi-definite representability.

1 Introduction

Let X (= R"™) be a finite dimensional real vector space equipped with an inner product
(-, : X x X — R. Denotel € R™ — vector of all ones.

Hyperbolic polynomials and the associated hyperbolicity cones have origins in par-
tial differential equations [12]. Recently, these structures have drawn considerable at-
tention in the optimization community as well [6, 1, 14, 7]. It turns out that most of
interior-point methods (IPM) theory [11, 13] applies naturally to the class of conic
programs (CP) arising from hyperbolicity cones. In particular, linear programming,
second-order conic programming and positive semi-definite programming are instances
of conic programs posed over corresponding hyperbolicity cones.

Recall for a cones’ C R”, thedual coneis defined ask* = {y € R" : Vz €
K, (xz,y) > 0}. Often, the dual cone provides much information about the original CP.
Indeed, the most successful IPM algorithms are the so-called primal-dual algorithms,
which follow central paths i< and K* simultaneously. Hence, the understanding
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LA conic programis an optimization problem of the forfinf, (c, z) : Az = b,z € K} with K C R®
being a closed convex cone, e R™, b € R™ and A € R™*"™, |t is well known that any convex
optimization problem can be recast as conic programming problem.



of the structure of both the primal cone and the dual cone for a given conic program
usually plays a very important role in achieving greater computational efficiency in
solving these optimization problems.

While a simple characterization for the hyperbolicity cones as a set of polynomial
inequalities is known, little is known regarding the algebraic structure of their dual
cones, with some exceptions. Same applies for computing self-concordant barriers for
these cones. That the dual cones can be represented by systems of polynomial inequal-
ities follows from Tarski's establishment of quantifier elimination methods [3]. These
methods, however, give little insight into the algebraic structure of the dual cones, be-
cause the methods result in extremely complicated systems of polynomial inequalities,
even for hyperbolic polynomials in 3 variables.

It has been long hypothesized that the hyperbolicity cones and the cone of positive
semi-definite matrices have strong connections. In 1958, Peter Lax conjectured that
each hyperbolic polynomial(z) in 3 variables satisfies(x) = det(z1A + x2B +
x30), for someA, B,C € S? whereS? denotes the space of symmetiicx d real
matrices, consequently each hyperbolicity cone in 3 variables can be realized as the
intersection of the cone af x d positive semi-definite matric@‘_{ with an affine
subspace of?. The conjecture was recently established affirmatively in [10] — as a
corollary to work of [8]. It remains open whether similar representations hold for hy-
perbolicity cones in more than three variables and consequently whether CP’s over hy-
perbolicity cones are any more general than positive semi-definite programming prob-
lems, although such representations have been established for important broad family
of hyperbolicity cones, the so-called homogeneous cones [4, 5].

We attempt to provide more insight into the structure of hyperbolicity cones asso-
ciated with elementary symmetric polynomials, which is an important family of hy-
perbolicity cones. In particular, we show that these cones have a recursive structure
similar to that ofR"} : the coordinate projections of these cones are themselves hyper-
bolicity cones associated with elementary symmetric polynomials. As a consequence
of this observation, we give an alternative characterization of these cones, and pro-
vide a simple algebraic characterization of the dual cone associatedwith(z) =
> 1<i<n 112 ©; demonstrating how one can construct a logarithmic self-concordant
barrier functional for this cone. To get this dual cone characterization we rely on the
cone representation as an intersection of an affine subspace and a cone of positive semi-
definite matrices. Section 2 contains definitions and some preliminary results on cone
characterization, in Section 3 we uncover the recursive structure of the studied cones,
and in Section 4 we describe one particular dual cone.

2 Hyperbolicity cones and cone characterization

2.1 Preliminaries

Definition 2.1. Letp : X — R be a homogeneous polynomial of degreec N, i.e.,
plaz) = o™p(z) for all & € R and everyr € X, andd € X is such thafp(d) # 0.
Thenp is hyperbolic with respect td if the univariate polynomiat — p(z + td) has
all roots real for everyr € X.



Examples:

e X =R",d = 1. Then'" elementary symmetric polynomiat,, (z) = [T}, =,
is a hyperbolic polynomial with respect iy for E,,(z + t1) = [}, (z; + 1),

e X = S*, the space of real symmetricx k matrices,d = I, the identity ma-
trix. The determinantdet(x), is a hyperbolic polynomial in directiod, for the
eigenvalues of € S* are the roots oflet(z + ¢tI) and are real.

The minus roots of — p(x + td)are called theeigenvaluef x (in direction d),
terminology motivated by the last example. We denote the eigenvalues by

(@) < Ao() < - A(@)
or simply A\(x) € R™.

Definition 2.2. Thehyperbolicity cone of with respect tal, written C(p, d), is the
set{z € X : p(z + td) # 0,Vt > 0}.

Note thatC'(p,d) = {z € X : A1 (z) > 0}.
Examples:

e X =R",d=1,p(x) = E,(x), thenC(p,d) = R} , the positive orthant,

e X =Sk, d =1, p(z) = det(z), thenC(p,d) = S%, the cone of positive
definite matrices.

Fact 2.3. [12] Given a paimp, d
(i) deCp.d),
(i) C(p,d) is an open convex cone,

(iii) the closure of¥(p,d), cl C(p,d) = {z € X : A1 (z) > 0}.

2.2 Derivative polynomials and primal cone characterization

Given a hyperbolic polynomial of degreem in directiond, denote

Op(z + td)

/(A —

t=0
We will refer to p’(d; x) as the “derivative polynomial o with respect tod” and
usually will write p’(z) instead ofp’(d; x) omitting the direction when the choice of
d is clear. By the root interlacing property for the polynomials with all real roots, i.e.,
since between any two roots tf— p(z + td) there is a root of — 2 p(z + td), it
follows thatp’(x) is also hyperbolic in direction.

Similarly, for a fixed hyperbolicity direction we can define higher derivatives
p",p",...,p'™). Note that sincey was assumed to be of degreg p(™ 1 (z) is
linear andp(™ () is constant.



Example:X = R",d € R, p(x) = E,(z). Then by easy computation one can
show that

) () — (F T1 T2 Ln
EW) (z) = () E,(d)Ep_s (dl,dQ,...,dn

whereEy () is thek'™ elementary symmetric polynomial (recall tha§(z) = 1 and
k
Ey(z) = Zl§i1<i2<---<ik§n Hj:l i, for k > 0).

Remark 2.4. It should be noted that the elementary symmetric polynomials in the
example above also play an important role in representing the derivative polynomials
via the eigenvaluea(x) at a pointz € X [14]. As a consequence of homogeneity it
follows that

P (z) = k! p(d) Ep_r(\(2)).
Denote the closure of hyperbolicity cone
K, q:=clC(p,d).

When the choice of is clear we will simply writeX,,. We present a well-known result
giving one particular characterization Af,.

Fact 2.5. [14] Supposep is a hyperbolic polynomial of degree with respect tad,
p(d) > 0,andp’,p”,...,p" 1) are defined as above. Then

K, ={z eR":p(x) > 0,p(x) > 0,p"(z) > 0,....p" V(z) > 0}
As a corollary, we have the following cone inclusion
K, CKy C- CKym-1-.

In particular, forX = R", d € R} |, we have a natural sequence of relaxations of the
nonnegative orthalk’} = K, C K o) C -+ C K 1.

Corollary 2.6. Given a pairp, d with p(d) > 0, the boundary of<,, satisfies

0K, = {z e R" : p(x) = 0,p'(z) > 0,...,p"" V(z) > 0}
The proof follows easily from the root interlacing property for polynomials with all
real roots.

Proposition 2.7. Assumel < r < m — 2. If 2 € K, andp("™V)(z) = 0, then
z € K.

Proof. By the root interlacing property for polynomials with all real roots it follows
thatt = 0 is a multiple root o + p(") (z + td) of multiplicity > 2. Therefore0 is a
root of multiplicity (1 + 1) for t — p("=Y) (2 + td), and so on, until we get tp itself.
Since0 is the right-most root fot — p(r)(x + td) becauser € K, itis also the
right-most roott — p(z + td) by root counting. Se € 0K, C K,,. O



2.3 Semi-definite representability and the dual cones
Definition 2.8. [2] A convex setY’ C R" is said to bepositive semi-definite repre-
sentable (SDRf

reY e A ( i ) + B > 0, i.e., is positive semi-definite, for somec R™,

whereB € S* and A : R**™ — S* can be written as

T n m
.A( u > = Za:LAL +ZUij
i=1 j=1
with A4;, B; € S*.
Fact 2.9. [2] If X is SDR then so is an affine image &f.

This can be easily shown by switching to an appropriate basi§.in

It turns out that under some mild assumptions this representation also explains the
structure of the corresponding dual cone. We give an SDR analogue of a second-order
cone representability theorem in [2].

Proposition 2.10. If K C R™ is a closed convex cone with nonempty interior and
K_{xeR":EIu such that A( i )+Bt()}
with a strictly-feasible point, then its dual satisfies
K* = {y € R":3A suchthat ( g ) = A*A,(B,A) < 0,A = o}

whereA* : S¥ — R"+™ is the adjoint of4, defined as
A*A = (<A17 A>7 <A27A>a Tty <Ana A>7 <Bl>A>7 Tty <Bma A>)
and(A;,A) =tracg A, A) is the trace inner product of two matrices.

Proof. Considering the primal-dual pair
T
inf{( y) (x):A(x)JrBzo}
x,u 0 u u

sup{(—B,A) : (A;,A) =y;,i=1,...,n, (Bj,A)=0,7=1,...,m},
AX0

and

by the Conic Duality Theorem [2, Theorem 1.7.1. (online version)] we conclude that
y € K* iff the first problem is bounded below Ly, and hence iff the second has a
feasible solution with the value of at ledst O



3 The recursive structure of the hyperbolicity cones for
elementary symmetric polynomials

Throughout this and the next section fix the underlying vector space ®"*behe
hyperbolicity directiond = 1.

We will see that the con& g, has a recursive structure similar to thatRif =
K, : by dropping some of the coordinates:of K, , we obtain a vector in “almost
the same” cone with respect to the degree of the underlying polynomial in a lower
dimensional space; compare it with the fact that a face of a simplex is a simplex. In
turn, this will give us an alternative characterization fog, .

For a vectorr € R™ and an arbitrary index < ¢ < n, denote

T = (L1, Ty ... Ti_1,Tiq1,. .., Ty) € RV
For a fixed2 < k < n — 1, denote
p(t) : t — Ep(x +t1),
and forl < ¢ < n denote
p—i(t) :t — Ep(x_; +t1_;)

and
pli(t) it = (n—k)Ep_1(z_; +11_).

Observe the recursive expressibp(x) = z;Ex—1(z—;) + Ex(z_;) foranyn >
k > 2 and an arbitrary index, where Ey(-_;) : R*~! — R is thek'" elementary
symmetric polynomial olR™~!.

Theorem 3.1 (Necessary condition forr € Kpg,). Assume& < k < n. Then
T € Kp, () onlyifz_; € Kg,_.(_) for anyi.

Proof. If k = n the result is obvious, so assurhe< n. Fixi. Recall thatr € Kp, (.
iff p(t) : ¢t — Ex(x+t1) has only non-positive rootdZy (-—;) andE;_1 (- ;) are both
hyperbolic alongl _; € R}, and

P >0 and limgga 22 > 0,

limtToo

forallz € R", since as 1 oo, Ex—1(x—_; +t1_;) andEy(z_; +t1_;) will eventually
be > 0. Note that we can write

(Ii+t) /o

p(t) = Ex(z +11) = g P

(t) + p-i(t).

Supposer_; ¢ Kg, ,(._,), SO there must be at least one positive roop’of(t).
We know that roots op_;(¢) andp’_,(t) are interlaced: enumerating all roots, includ-
ing multiplicities, ofp_;(¢t) as{t; : ¢ = 1,...,k} and roots ofp’_,(t) as{t, : i =
1,...,k — 1} in non-decreasing order, we must have< | <ty < ¢, < --- <



Figure 1: Necessary condition fere K, , root interlacing case 1

th—1 <ty < tg, 0 < t,_, < tp. Combined with the observation about signs of
p—;(t) andp’_,(¢t) ast T co we get that

p_;(t)>0 for t>t,._4,
p

poi(th_) <0, p_i(t) >0 for t>t.

We consider three cases depending on the vajue
Case 1. Suppose thatr; < t;,_,. Then

(z +1) 1)
p(th_1) = ni—kkp/ (1) it _y) <

p(tn) = S (1) + poite) > 0,

so by continuityp(t) must have a root betweef)_, and¢;. Since0 < t}._,, this root
must be positive, hence¢ Kg, () (see Figure 1).
Case 2. Suppose_, < —x; g ti. Then we can write

pl(—ai) = CEEED () + pi(—a) <0,
p(tr) = EEY (1) 4+ poi(te) > 0,

and, again, by continuity(z) must have a positive root, so¢ Kg, ().
Case 3. Finally, suppose that< —z;. Then

p(tr) = EEy () + p_i(t) <0,
p(—a;) = @ECTD yr (Cp) 4p i (—ay) >

S0 by continuityp(t) must have a positive root and, therefare K, (.. O



Corollary 3.2. Assume& < k < n-—1landx € Kg, . Ifz; < Othenxz_; €
Kg,(._,- Moreover, ift € 0K, (), » ¢ R, andx; > 0, thenz_; ¢ Kpg, (._,).
Proof. We writep(t) = Ex(x + t1) = %pLi(t) + p_i(t). Att = 0 we have
Ep(z) = p(0) = Zp’;(0) + p_4(0) = z;Ep_1(x_;) + Ep(x_;). Sincex_; €
Kg, ,(_,) by Theorem 3.1, we have ;(0) = (n — k)Ex(x_;) > 0, and sincer €
Kg, () by Fact 2.5 we havp(0) = Ex(x) > 0. We rearrange termgy’_;(0)-% =
Ep(z) — p-i(0).

If z; <0 we haveEy(x) — p—_;(0) <0, sop_;(0) = Ex(z_;) > 0 and combined
withz_; € Kg,_ (., thisgivesus_; € Kg, (._,).

Now letz € 0K, (.), so thatE,(z) = 0, andz; > 0. We have two possibilities
here. Ifp’ ;(0) > 0, then—p_;(0) > 0 and hencer_; ¢ Kp,(._,). Alternatively, if
p';(0) =0, thatisx € OKg, _,(._,, thenp_;(0) = 0 andxz_; € OKpg,(._,), SO by

Proposition 2.7z € K, ,(._,) = R}"". Butz ¢ R, we have a contradiction. [J

Now we are in position to provide an alternative to Fact 2.5 characterization of
the hyperbolicity cones associated with elementary symmetric polynomials. Instead of
consideringe € R™ we confine ourselves to the COR¢ := {zeR"  z, <xpq <
Tp_o <o < a1}

Theorem 3.3 (K, characterization). Assume2 < k < nandz € RT. Then
ve€ Kg,iffe_, € Kg,_,(_,yandE(z) > 0.

Proof. The conditions are necessary by the previous theorem and Fact 2.5. We need
to show sufficiency. The case = n is trivial, so assumé < n. If z,, > 0, then
obviouslyxr € R} C Kg, (), SO assume,, < 0.

Let the roots ofp_,,(¢) including multiplicities in non-decreasing order g :
i =1,...,k}, and the roots of’_,(t) be{t, : i = 1,...,(k — 1)}. Write p(t) =
Ep(z +1t1) = %p’_n(t) + p_,(t) and observe

($n+tk) ’
n—k -~ "

since by the root interlacing, < —x.,, andp’_, (tx) > 0 recalling thatp’_,,(t) T oo as
t 1 o0. p(0) = Ex(z) > 0 by the assumption. Thus the interyal, 0] must contain at
least one root op(¢).

Counting the remaining roots @ft) for ¢ < ¢, by looking at sign patterns at the

p(tr) = (ty) <0

endpoints of interval§t,;, ti],7 = 1,...,k — 1, we conclude thalt;, 0] must contain
only one rightmost root of(t), so there could be no other roots to the righbpénd
hencer € K, (). O

Corollary 3.4. Assume < k < n—1andz € RT. Thenz € Kg, () iff z_,, €
KEk:('fn) andEk(a;) > 0.

4  First derivative cone for R’} and its dual

Following the alternative characterization of the hyperbolicity cones associated with
E), to gain insight into the dual condsy;, ,, we create a suitable decomposition of the



Figure 2:Kg, , ({z € R" : 172 = n} schematic decomposition I’

coneKpg, , 1 into smaller convex cones, in the sense that each of the smaller cones
admits a positive semi-definite representation. Relying on the conic duality theory, we
then obtain the dual cone for each of the smaller cones as an SDR set in itself, and
finally, we reconstruck’;;, | , as the intersection.

Namely, from Corollary 3.4, fo,,(x) and its derivative (with respect b= 1)
E,_1(x) we claimthatr € Kp,_, iff E,,_1(z) > 0 and at most one; < 0 with the
restz; > 0 fori # j. We are going to construct a representation of the dual cone to
Kpg, _, using this characterization. We will need the following simple statement that
follows immediately from the definition of the dual cone.

Lemma 4.1. If K C R" is a cone admitting a decomposition into conds’ } ¢,
K =J,c; K, then its dual cone satisfids* = (,.; K.

Proposition 4.2. The dual conek;,  satisfies

n
Ki, =K
=1
where

Ki* — {y cR": —y; = Zk;ﬁi(Akai + Ai,k:) + Ai,i;
Y = Aj’j for j 75 i, A ~ 0}

Proof. We form a disjoint-interior partitioning foi, _, in the following manner:
Kg, , = UL, K whereK" = R? andK* = {z € R" : 2; < 0,2; > 0,j #

i, En—1(x) > 0} fori > 1, claiming that each of th&™" is SDR with a strictly-feasible
solution, see Figure 2. Based on Proposition 2.10 and Lemma 4.1 it is now easy to
reconstruct the dual cone. It is left to demonstrate how to representf&acia linear
matrix inequality. K° = R is trivial, considefiV, (z) = Diag(x) = 0. Next we show

how to do this fork!.



Consider
Wi (z) := Diag(x) — 21(1 - (1,0,...,0)" +(1,0,...,0) - 17) = 0

Recall that for a real symmetric matrix to be positive definite it is necessary and suf-
ficient that all its principal minors have positive determinants [9]. Proceed by evaluat-
ing the determinants dfi’; (x) from the bottom-right corner to get;,j = 2,...,n,
—x1E,_1(x) > 0, and from the top-left corner; < 0, thus implyingE,,_;(z) > 0.

To see thatdet Wy (x) = —x1E,_1(z), evaluate the determinant using algebraic
complements of the first row. Therefore, the interior of the céflecoincides with

{z € R" : W; > 0}, thus the closures of the cones coincide as well. Clearly, the strict
feasibility for this linear matrix inequality is insured, e.g., take= 23 = --- = 2, =

1,21 < 0 with |2;| small enough. So Proposition 2.10 can be applied to get the dual
cone toK! as a SDR set:

{z eR" :Wi(z) =0} ={yeR": —y; => 1 (Aix+ A1)+ A1,
Y = Aj,j forj >1, A= 0}

Finally, to get the representation of the dual coné&ig, , take the intersection of
the dual cones corresponding to its components, noting that nonnegatiyitihat is,
y € K°", is readily implied byy € (I, K*". O

For an illustration, consider the characterization/df, in R3, which is, perhaps,
not the most exciting example (it is just a quadratic cone after all) but is quite an
illustrative one since it is easy to appeal to its geometric interpretation.

Example: INR3, for Ey(z) = z129 + z123 + 2273, We have

xq -1 -1 -1 0 0
Wi(z): | a2 — | —1 Ty + 1 T9 + 0 T3
3 1 0 1
A Az As

and thus we get the following representationof = {2 € R? : W, (z) = 0}*:

—y1 = (A1, A) = Az + Ao+ Mg+ Ao+ As
Y2 = (A2, A) = Ao, y3 = (A43,A) = Az,
A= 0.

We can derive similar characterizations f6f " = {z € R? : W, = 0}* and K3" =
{x € R3 : W3 = 0}* and reconstruct the dual cone &, as a collection of three
sets of linear matrix inequalities, each corresponding to, i = 1, 2, 3, with the same
y € R? but distinct matrices\ € S3.

An interesting question that remains unanswered is this: how would one get the
representation of the original cod€g, in terms of linear matrix inequalities? To do
this we take the dual ok, . Firstly, let us switch from the image of a positive semi-
definite cone to its affine slice in each of the e R : W;(x) = 0}*,i=1,2,3.

10



Starting with{z € R™ : W;(z) = 0}*, fixing a basis ir§* to be

100 010 00 1

{Bi}ioi = 000(f,]100],]000][,
000 00 0 100
000 00 0 000
o1 o0|,]oo1|,]oool},
000 010 00 1

substitutingA = Z?:l Bj\;, we can write{A4;, A) = y; aszgzl(Bj, A)Nj =y to
get

. —y1—2(A2+A3) A2 A
ye K1 < Ao ya A5 | =0 forsomels, A, s,
A3 As Y3

and similarly for{z € R? : Wy(x) = 0}* and{z € R3 : W3(z) = 0}*.

Now we can apply the same procedure as before to take the dual of the dual cone
to get the primal cone itself. Note again that the resulting linear matrix inequality for
K7, is strictly feasible, for example, take= 1, —1/2 < \; < —1/3 in all three sets
of contributing matrix inequalities. Writing the constraints correspondingo  in

the fOme?zl yzgz + Z?Zl()\jgéjg + )\jgéjg, + )\j5§j5> > 0, we obtain

M1,11 H1,11 M1,11
H111  M1,22
H1,11 1,33

M2,11 M2,11 M2,11
M2 11 M2,22 =0
H211 H2,33

M311 H3,11 M3,11
M3,11 13,22

3,11 13,33
T1 = H1,33 T H2,33 — K311

To = [h1,22 — M2,11 T U322

T3 = —p1,11 + M2,22 + 13,33

for z € Kg,, where without loss of generality the off-diagonal blocks may be assumed
zeros relying on characterization of positive semi-definite matrices using minors [9].
The last constraint is decomposable into three sub-matrices being positive semi-definite
and a set of affine constraints, that together give us the primal variables, xs.
There is a simple interpretation for this set of constraints. Observe that each of the
blocks,i = 1,2, 3,

M1l Me11 Me,11

i1l Mi,22 =0

Hi11 Hi,33

11



corresponds precisely " = {x € R" : z; < 0,z; > 0,5 # i, Ep—_1(z) > 0} =
{z € R" : W;(z) = 0} but with 2’s now renamed intaty’s. The remaining affine
constraints

T1 = p1,33 + [12,33 = [43,11

To = [h1,22 — M2,11 T H3,22

T3 = —p1,11 + p2,22 + 14333

are building a convex combination of the corfés
The last observation is not specific &, that is, any point inKz, , C R" can
be obtained as a convex combination of the point&in= {r € R" : x; < 0,z; >
0,j # i,E,_1(xz) > 0},7 = 1,...,n, and thus we can easily get a positive semi-
definite representation df g, _,.

Remark 4.3 (On constructing a self-concordant barrier functional for Kz, ). It
should be noted that since the dual cdkig  was constructed as an affine section of

Sf, our approach readily provides us with a way to extract a self-concordant barrier
functional for this cone.

5 Conclusion

A new characterization for hyperbolicity cones associated with elementary symmetric
polynomials Ey,(z), derived from the unveiled recursive structure of these cones, is
introduced. This characterization has a potential advantage of each/ofthepoly-
nomials required to describe the cone involving one less variable than the preceding
polynomial, compared to a well known polynomial characterization of the hyperbol-
icity cone where every polynomial has exactlyariables, where: is the number of
variables in the original hyperbolic polynomial ahds its degree.

The paper illustrates the idea of finding a positive semi-definite representation of
the cone and its dual by first considering the positive semi-definite representable par-
titioning of the cone. Using similar approach one may derive a partial (non-trivial)
description of the cone corresponding iy _»(x), namely, the following system of
linear matrix inequalities

Z x5 BY/?
{11531/2 W4(£L',5)
traceZ + x5 <0

=0,

whereB := 1(Diag(0,1,...,1)+(0,1,...,1)-(0,1,...,1)7), represents € Kp, _,
with z5 < z4 <0 < 23 < 259 < 21, although a complete description of this cone (and
all the remaining cones correspondingdp(x), k < n—2) together with its dual cone
is yet to be found.

Acknowledgement

I would like to thank Professor James Renegar for inspiring me to work on this problem.

12



References

[1] H. Bauschke, O. Gler, A.S. Lewis, and H.S. Sendov. Hyperbolic polynomials
and convex analysigan. J. of Math.53(3):470-488, 2001.

[2] A.Ben-Taland A. NemirovskiLectures on Modern Convex Optimization: Analy-
sis, Algorithms, and Engineering Applicatior®ociety for Industrial and Applied
Mathematics, Philadelphia, PA, 2001.

[3] R. BenedettiReal Algebraic and Semi-Algebraic Setteermann, Paris, 1990.

[4] C.B. Chua. Relating homogeneous cones and positive definite cones via T-
algebrasSIAM J. on Opt.14(2):500-506, 2003.

[5] L. Faybusovich. On Nesterov’'s approach to semi-infinite programmifsgta
Appl. Math, 74(2):195-215, 2002.

[6] O. Gluler. Hyperbolic polynomials and interior point methods for convex pro-
gramming.Math. of Oper. Res22:350-377, 1997.

[7] L. Gurvits. Combinatorics hidden in hyperbolic polynomials and related topics.
ArXiv Math. e-prints 2004.

[8] J.W. Helton and V. Vinnikov. Linear matrix inequality representation of sets.
preprint, UCSD 2003.

[9] P. LancasterTheory of MatricesAcademic Press, New York, NY, 1969.

[10] A.S. Lewis, P.A. Parrilo, and M.V. Ramana. The Lax conjecture is tic.
Am. Math. S0¢.133(9):2495-2499, 2005.

[11] Y. Nesterov and A. Nemirovskiinterior-Point Polynomial Algorithms in Convex
Programming Society for Industrial and Applied Mathematics, Philadelphia, PA,
1993.

[12] L. Garding. An inequality for hyperbolic polynomialsl. Math. Mech. 8:957—
965, 1959.

[13] J. RenegarA Mathematical View of Interior-Point Methods in Convex Optimiza-
tion. Society for Industrial and Applied Mathematics, Philadelphia, PA, 2001.

[14] J. Renegar. Hyperbolic programs, and their derivative relaxati¢tosind. of
Comp. Math.6(1):59-79, 2006.

13



