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Abstract

Given a separable strongly self-concordant function f : Rn → R, we show the
associated spectral function F(X) = ( f ◦ λ )(X) is also strongly self-concordant
function. In addition, there is a universal constant O such that, if f (x) is separable
self-concordant barrier then O2F(X) is a self-concordant barrier. We estimate
that for the universal constant we have O ≤ 22. This generalizes the relationship
between the standard logarithmic barriers −∑n

i=1 logxi and − logdetX and gives a
partial solution to a conjecture of L. Tunçel.
Keywords: Self-concordant barrier, strongly self-concordant, self-concordant func-
tion, spectral function, eigenvalue, symmetric matrix
Mathematics Subject Classification (2000) 65K10, 73K40, 46N10, 15A18

1 Introduction

1.1 Self-concordant barriers
A real-valued function F defined on an open convex subset Q of a Euclidean space H
is called O-self-concordant if it is three times continuously differentiable and satisfies
the condition

|∇3F(X)[H,H,H]| ≤ 2O(∇2F(X)[H,H])3/2,(1)

for all H ∈H , X ∈ Q. Here ∇kF(X)[H, ...,H] = dk

dtk F(X + tH)
∣∣
t=0 is the k-th direc-

tional derivative at X along the direction H. The function F is called strongly O-self-
concordant if in addition to (1) it satisfies

F(X r)→+∞ for any sequence X r → X ∈ ∂Q.(2)
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We say that F is (strongly) self-concordant if it is (strongly) O-self-concordant for
some constant O . Finally, the function F is called ϑ -self-concordant barrier if it is
strongly 1-self-concordant and

|∇F(X)[H]| ≤
√

ϑ (∇2F(X)[H,H])1/2,(3)

for all H ∈H , X ∈Q. We simply say that F is a self-concordant barrier, if it is ϑ -self-
concordant barrier for some constant ϑ . The constants O and ϑ are fixed and depend
on the function F only. Self-concordant barrier functions are the heart of interior-point
algorithms. The parameter ϑ determines the speed of the underlying interior-point
method: smaller parameters ensure that the interior-point algorithm using F runs faster.
(It can be shown [3, Corollary 4.3.1] that for any ϑ -self-concordant barrier ϑ ≥ 1.) For
detailed treatment of of these notions and their applications to interior-point methods
see the monographs [5], [6], or most recently [3].

Theorem 2.5.1 in [5] shows that if dim(H ) = n then every convex domain in H
admits a Cn-self-concordant barrier, called the universal barrier, where C is an absolute
constant. The abstract nature of this important theoretical result does not reveal how
quickly and efficiently to compute the barrier in practice. In addition it says nothing
about the smallest possible parameter ϑ for which there is a ϑ -self-concordant barrier
for a given convex set Q. These two issues are among the most important ones in the
theory of self-concordant barriers.

Throughout the whole work we assume that g :R→R is defined on domg := (a,b),
where the interval (a,b) may be finite of infinite. In this case, the ϑ -self-concordant
barrier conditions for g can be stated more succinctly as:

|g′′′(x)| ≤ 2(g′′(x))3/2 for all x ∈ (a,b);(4)

g(xr) → +∞ for any sequence xr → x on the boundary of (a,b); and(5)

|g′(x)| ≤
√

ϑ (g′′(x))1/2 for all x ∈ (a,b).(6)

1.2 Separable spectral functions
By Mn we denote the Euclidean space of n× n real matrices with the standard inner
product 〈X ,Y 〉 = tr(XTY ) between any X ,Y ∈ Mn. By Sn we denote the subspace of
n× n symmetric matrices with inner product inherited from Mn. For any X ∈ Sn, by
λ (X) we denote the real vector of n eigenvalues of X , ordered non-increasingly, that is

λ1(X)≥ λ2(X)≥ ·· · ≥ λn(X).

Let f : Rn → R be a symmetric function, that is, f (Px) = f (x) for every permutation
matrix P and vector x in the domain of f . The composition F := f ◦λ defines a spectral
function on Sn with the characterizing property that F(UXUT ) = F(X) for every or-
thogonal matrix U and X in the domain of F . The spectral functions are in one-to-one
correspondence with the symmetric functions. Knowing the spectral function we can
recover the underlying symmetric function by restricting F to the subspace of diagonal
matrices. The following questions (see [2, p.168]) provide the main motivation for our
work.
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Conjecture 1.1 (L.Tunçel, 1995) The function f is a self-concordant (barrier) if and
only if F = f ◦λ is.

Our main result, Theorem 1.2, gives a partial solution to this conjecture. In one
direction the conjecture is easy because functions that are self-concordant (barriers)
remain such when restricted to affine subspaces, see [5, Proposition 5.1.1].

Example 1.1 An example supporting the conjecture is the standard logarithmic n-self-
concordant barrier on the positive orthant Rn

+:

f (x1, ...,xn) =−
n

∑
i=1

log(xi).

Here, − log(x) is a 1-self-concordant barrier on (0,+∞) and the separable, symmet-
ric function f (x1, ...,xn) is an n-self-concordant barrier on Rn

++. The corresponding
spectral function

F(X) =− logdet(X),

is an n-self-concordant barrier on Sn
+, the positive semi-definite cone. (See for instance

[5, Theorem 5.4.5], [6, page 25], or [3, Theorem 4.3.3].)

We generalize Example 1.1 by showing that the conjecture is true in the more gen-
eral setting when f is an arbitrary separable symmetric function. Thus, for the rest of
the paper we assume that

f (x1, ...,xn) := g(x1)+ · · ·+g(xn),(7)

where g(x) is a self-concordant (barrier) on the interval (a,b) of the real line. The in-
terval (a,b) may be finite or infinite. Clearly, f is k times (continuously) differentiable
at the vector λ (X) if and only if g is k times (continuously) differentiable at every
eigenvalue λi(X), i = 1, ...,n. It can be seen that if g is a ϑ -self-concordant barrier on
(a,b) then f is a nϑ -self-concordant barrier on (a,b)n. Define the separable spectral
function F : Sn → R by

F(X) := ( f ◦λ )(X) = g(λ1(X))+ · · ·+g(λn(X)).(8)

The set
domF := {X ∈ Sn |λi(X) ∈ (a,b) for all i = 1, ...,n}

is the domain of F(X). The main result in this work is the following theorem.

Theorem 1.2 The function F(X) is strongly self-concordant on domF if and only if
g(x) is strongly self-concordant on (a,b). More precisely, if g(x) is strongly 1-self-
concordant then F(X) is strongly 22-self-concordant.

In addition, if g(x) is a ϑ -self-concordant barrier then 484F(X) is a 484nϑ -self-
concordant barrier.
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The constant 484 in the statement of the theorem can be improved slightly but the
reduction comes at the expense of a more complicated and lengthy proof. Since the
dimension of the space Sn is n(n + 1)/2, the universal self-concordant barrier con-
structed in [5, Theorem 2.5.1] has parameter ϑ = O(n2), while the parameter in our
result is O(n). This is largely due to the regular nature of the convex set domF , that
is, X ∈ domF if and only if UT XU ∈ domF for any orthogonal U . A method for con-
structing self-concordant barriers for the conic hull of the epigraph of certain univariate
functions is given in [4].

The following result is crucial, see [8]. (In a different context, for k≤ 3, it may also
be found in [1, Theorem V.3.3 and Exercise V.3.9(ii)].)

Theorem 1.3 The separable spectral function F is k times (continuously) differen-
tiable at the matrix X if and only if g is k times (continuously) differentiable at each
λi(X), i = 1, ...,n.

Since g is convex g′′(x)≥ 0 for all x ∈ domg. Easily, we may assume that

(9) g′′(x) > 0 for all x ∈ domg.

Indeed, if there is one point x0 where g′′(x0) = 0 then by Corollary 2.1.1 in [5], g′′ ≡ 0
and Theorem 1.2 becomes trivial.

We show that F(X) satisfies conditions (1), (2) and (3) for X in domF . Condition
(2) is easily implied by condition (5). In Section 4 we show that condition (6) implies
that (3) holds with parameter nϑ . In the remaining sections we show that conditions
(5) and (4) imply that (1) holds with O = 22. The reason why we need (5) in order
to conclude (1) lies with Lemma 6.3, holding under the assumption that g is a nonde-
generate strongly 1-self-concordant function. The term “nondegenerate” refers to the
condition g′′(x) > 0 for all x ∈ (a,b). (For more details refer to the definition of the
class ~SC on page 23 in [6], see also Theorem 2.2.5, Theorem 2.5.2 and Theorem 2.5.3
there as well.)

Finally, since F is three times continuously differentiable it is enough to show that
conditions (1) and (3) hold for all X in a dense subset of dom F : the set of matrices
with distinct eigenvalues.

2 Tensor notation
Let H be a finite dimensional Euclidean space. A k-tensor on H is a function T :
H × ·· ·×H → R linear in each of its k arguments separately. If e1,...,en is a fixed
basis of H then we denote T i1...ik = T [ei1 , ...,eik ]. By linearity, for any h1, ...,hk ∈H ,
we have

T [h1, ...,hk] =
n,..,n

∑
i1...ik=1

T i1,...,ik hi1
1 · · ·hik

k .

When H =Rn we fix the standard basis {ei}n
i=1, where ei is the all zero vector with

one 1 in position i. When H = Mn we fix the basis {Hpq}n,n
p,q=1 where H i j

pq = δipδ jq.
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(Here δip is the Kronecker symbol equal to 1 if i = p and 0 otherwise.) Every 2k-tensor
on Rn can be viewed as a k-tensor on Mn:

T [H1, ...,Hk] =
n,...,n

∑
ps,qs=1
s=1,...,k

T
i1...ik
j1... jk H i1 j1

1 · · ·H ik jk
k .

By Pk we denote the set of all k×k permutation matrices and the set of all permutations
on k elements. We often represent a permutation with its cycle decomposition. The set
of all k-tensors on Rn is denoted by T k,n. Dot product between two tensors in T k,n is
defined by:

〈T1,T2〉=
n

∑
p1,...,pk=1

T p1...pk
1 T p1...pk

2 ,

inducing the norm ‖ · ‖ on T k,n. Given a tensor T ∈ T k,n and a permutation σ ∈ Pk

we define the 2k-tensor Diag σ T on Rn by

(Diag σ T )
i1...ik
j1... jk =

{
T i1...ik if is = jσ(s) ∀s = 1, ...,k
0 otherwise.

Given a permutation σ ∈ Pk we define the σ -Hadamard product between k matrices
H1,...,Hk in Mn (k ≥ 1) to be the k-tensor

(H1 ◦σ H2 ◦σ · · · ◦σ Hk)i1...ik = H
i1iσ−1(1)
1 · · ·H ikiσ−1(k)

k .

The σ -Hadamard product is linear in each of its arguments separately. A few simple
particular cases follow. When k = 2 and σ = (12) (the permutation on {1,2} transpos-
ing 1 and 2), then H1 ◦σ H2 = H1 ◦HT

2 , where ‘◦’ denotes the ordinary Hadamard prod-
uct. When k = 2 and σ = (1)(2) (the identity permutation on {1,2}), then H1 ◦σ H2 =
(diagH1)(diagH2)T , where diagH is the vector of diagonal entries of H. Finally, when
k = 1 we have ◦σ H1 = diagH1.

Denote by On the group of all n× n orthogonal matrices. Conjugation by an or-
thogonal matrix U ∈ On is the isometry T ∈T k,n 7→UTUT ∈T k,n defined by

(UTUT )i1...ik =
n,...,n

∑
p1,...,pk=1

T p1...pkU i1 p1 · · ·U ik pk .

The action is also associative: V (UTUT )V T = (VU)T (VU)T for all U,V ∈On, and the
operations are connected by the following multi-linear duality relationship (see [7]):

Theorem 2.1 For any k-tensor T on Rn, any matrices H1,...,Hk in Mn, any orthogonal
matrix U in On, and any permutation σ in Pk we have

(10) 〈T, H̃1 ◦σ · · · ◦σ H̃k〉=
(
U(Diag σ T )UT )

[H1, ...,Hk],

where H̃i = UT HiU, i = 1, ...,k.
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3 Description of the derivatives
Suppose that function g : (a,b) → R is three times differentiable and let functions f
and F be defined as in (7) and (8). In this section we describe a formula for the first
three derivatives of F in terms of g.

Define the function g[(1)](x) : (a,b)→ R by

g[(1)](x) = g′(x)

and the symmetric function g[(12)](x1,x2) : (a,b)× (a,b)→ R by

(11) g[(12)](x1,x2) =





g′′(x1), if x1 = x2

g[(1)](x1)−g[(1)](x2)
x1− x2

, if x1 6= x2.

The integral representation g[(12)](x1,x2)=
∫ 1

0 g′′(x2 +t(x1−x2))dt shows that g[(12)](x1,x2)
is continuously differentiable. Finally, we define

(12) g[(123)](x1,x2,x3) =





∂
∂x2

g[(12)](x1,x2), if x3 = x2

g[(12)](x1,x3)−g[(12)](x1,x2)
x3− x2

, if x3 6= x2.

and

(13) g[(132)](x1,x2,x3) =





∂
∂x1

g[(12)](x1,x2), if x3 = x1

g[(12)](x3,x2)−g[(12)](x1,x2)
x3− x1

, if x3 6= x1.

The formula g[(123)](x1,x2,x3)=
∫ 1

0
∂g[(12)]

∂x2
(x1,x3 +t(x2−x3))dt shows that g[(123)](x1,x2,x3)

is a continuous function and similarly for g[(132)](x1,x2,x3). With the use of these four
functions we describe four tensor valued maps, as follows. Let A(1) : Rn → T 1,n be
defined by

A i1
(1) (x) = g[(1)](xi1);

let A(12) : Rn →T 2,n be defined by

A i1i2
(12) (x) = g[(12)](xi1 ,xi2);

and for every permutation σ in the set {(123),(132)} let Aσ : Rn → T 2,n be defined
by

A i1i2i3
σ (x) = g[σ ](xi1 ,xi2 ,xi3).

With that notation we have the following theorem, see [8].

Theorem 3.1 Let g be a C3 function defined on an interval (a,b) and let F be the
corresponding separable spectral function. For any X in domF, let U be an orthogonal
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matrix such that X = U(Diagλ (X))UT . The first three derivatives of F at X are given
by

∇F(X) = U
(

Diag(1)A(1)(λ (X))
)

UT ,(14)

∇2F(X) = U
(

Diag(12)A(12)(λ (X))
)

UT ,(15)

∇3F(X) = U
(

Diag(123)A(123)(λ (X))+Diag(132)A(132)(λ (X))
)

UT .(16)

The fact that the formulae above are well defined, no matter what orthogonal matrix
U we choose in the ordered spectral decomposition, implies that

∇kF(V T XV ) = V T ∇kF(X)V, k = 1,2,3,

for any V ∈ On, X ∈ domF . Using Theorem 2.1 we get the next corollary.

Corollary 3.2 For any symmetric matrices X ,H1,H2,H3 and any orthogonal V we
have

∇F(X)[H̃1] = ∇F(V T XV )[H1],

∇2F(X)[H̃1, H̃2] = ∇F(V T XV )[H1,H2],

∇3F(X)[H̃1, H̃2, H̃3] = ∇F(V T XV )[H1,H2,H3],

where H̃i = V HiV T for i = 1,2,3.

Lemma 3.3 For every permutation σ in {(1),(12),(123),(132)} the function g[σ ] is
symmetric and thus the tensor Aσ is symmetric (that is, invariant under permutations
of its indexes). In addition g[(123)] = g[(132)], or equivalently

(17) A i1i2i3
(123) (x) = A i1i2i3

(132) (x).

Proof. The statement is trivial when the permutation σ is (1) or (12). When σ =
(123), from (11) and (12) we obtain that

g[(123)](x1,x2,x3) =





g′′′(x1), if x1 = x2 = x3

g′′(α)− g′(α)−g′(β )
α−β

α−β
, if α 6= β

g′(x1)−g′(x3)
x1−x3

− g′(x1)−g′(x2)
x1−x2

x3− x2
, if x1 6= x2 6= x3 6= x1,

where the second case captures all instances when two of the arguments x1, x2, x3 are
equal to α and the third is equal to β . The function g[(132)](x1,x2,x3) allows a similar
representation. When x1, x2, and x3 are all different we have the representation

g[(123)](x1,x2,x3) =

∣∣∣∣∣∣

g′(x1) g′(x2) g′(x3)
x1 x2 x3
1 1 1

∣∣∣∣∣∣
∣∣∣∣∣∣

x2
1 x2

2 x2
3

x1 x2 x3
1 1 1

∣∣∣∣∣∣

= g[(132)](x1,x2,x3),
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showing that g[(123)] is symmetric. We deal in a similar manner with the function
g[(132)]. Equation (17) is now easily verified.

4 Verification that F satisfies (3)
In this subsection we show that if g satisfies (6) then F satisfies condition (3) with
parameter nϑ , that is

(18) |∇F(X)[H]| ≤
√

nϑ(∇2F(X)[H,H])1/2,

for any X ∈ domF and any H ∈ Sn. Substituting (14) and (15) into (18) results in
∣∣U(

Diag(1)A(1)(λ (X))
)
UT [H]

∣∣≤
√

nϑ
{

U
(
Diag(12)A(12)(λ (X))

)
UT [H,H]

}1/2
.

It is enough to show that the inequality holds for any fixed matrix X with distinct
eigenvalues and all symmetric H. By Formula (10) the last inequality is equivalent to

|〈A(1)(λ (X)),◦(1)H̃〉| ≤
√

nϑ〈A(12)(λ (X)), H̃ ◦(12)H̃〉1/2,

where H̃ = UT HU , which in turn is equivalent to

|〈A(1)(x),◦(1)H〉| ≤
√

nϑ〈A(12)(x),H ◦(12)H〉1/2,

where x∈Rn
> := {x∈Rn |x1 > · · ·> xn}. Since ◦(1)H = diagH and since for symmetric

H we have H ◦(12)H = H ◦H, we obtain

(19) |〈A(1)(x),diagH〉| ≤
√

nϑ〈A(12)(x),H ◦H〉1/2.

By the definitions in Section 3, A i
(1)(x) = g′(xi) and A i1i2

(12) (x) = g[(12)](xi1 ,xi2), allowing
us to write both sides of (19) in more detail

∣∣∣
n

∑
i1=1

g′(xi1)H
i1i1

∣∣∣≤
√

nϑ
( n

∑
i1=1

g′′(xi1)(H
i1i1)2 +

n,n

∑
i1,i2=1
i1 6=i2

g[(12)](xi1 ,xi2)(H
i1i2)2

)1/2
,

where we used g[(12)](xi1 ,xi2) = g′′(xi1) when i1 = i2. The fact that g satisfies (3) shows
that

|g′(xi1)H
i1i1 | ≤

√
ϑ

(
g′′(xi1)(H

i1i1)2)1/2
.

The Cauchy-Schwartz inequality and the fact that g[(12)](xi1 ,xi2) is non-negative, by the
convexity of g, conclude the verification that F satisfies (3) with parameter nϑ .

5 Breaking down inequality (1) for F

Our ultimate goal is to show that if g satisfies (4) and (5) then there is a constant O
depending only on F such that

(20) |∇3F(X)[H,H,H]| ≤ 2O(∇2F(X)[H,H])3/2,
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holds for any X ∈ domF and any symmetric H. In particular, we show that O = 22
suffices. Since F is three times continuously differentiable it is enough to prove (20)
for a fixed X with distinct eigenvalues and any symmetric H. The goal in this section is
to break down (20) into simpler pieces. We deal with each of these pieces in the sequel.

Let X = U(Diagλ (X))UT be the ordered spectral decomposition of X . By Theo-
rem 2.1 and Theorem 3.1, using the notation H̃ = UT HU , we obtain

∇2F(X)[H,H] = U
(

Diag(12)A(12)(λ (X))
)

UT [H,H]

= 〈A(12)(λ (X)), H̃ ◦(12)H̃〉

and

∇3F(X)[H,H,H]

= U
(

Diag(123)A(123)(λ (X))+Diag(132)A(132)(λ (X))
)

UT [H,H,H]

= 〈A(123)(λ (X)), H̃ ◦(123)H̃ ◦(123)H̃〉+ 〈A(132)(λ (X)), H̃ ◦(132)H̃ ◦(132)H̃〉.

Since λ (X) ∈ Rn
> is an arbitrary vector we substitute it by an x ∈ Rn

>. Analogously,
since H is an arbitrary symmetric matrix, we may drop the tilde on top of it. Thus,
recalling that for symmetric H we have H ◦(12)H = H ◦H, it is enough to show that the
following inequality holds for any x ∈ Rn

> and any symmetric H:

|〈A(123)(x),H ◦(123)H ◦(123)H〉+ 〈A(132)(x),H ◦(132)H ◦(132)H〉|
≤ 2O(〈A(12)(x),H ◦H〉)3/2.

In other words we have to show that

∣∣∣
n,n,n

∑
i1,i2,i3=1

A i1i2i3
(123) (x)H i1i3 H i2i1H i3i2 +

n,n,n

∑
j1, j2, j3=1

A j1 j2 j3
(132) (x)H j1 j2H j2 j3 H j3 j1

∣∣∣

≤ 2O
( n,n

∑
i1,i2=1

A i1i2
(12) (x)H i1i2H i1i2

)3/2
.

Changing the order of summation in the second sum on the left-hand side according to
the substitution j1 → i3, j2 → i1, and j3 → i2 and using the fact that H is a symmetric
matrix allows us to combine the two sums

∣∣∣
n,n,n

∑
i1,i2,i3=1

(
A i1i2i3

(123) (x)+A i3i1i2
(132) (x)

)
H i1i3H i2i1 H i3i2

∣∣∣

≤ 2O
( n,n

∑
i1,i2=1

A i1i2
(12) (x)(H i1i2)2

)3/2
.

By (17) and the fact that Aσ is a symmetric tensor we get

A i3i1i2
(132) = A i3i1i2

(123) = A i1i2i3
(123) .
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That allows us to simplify the inequality to

∣∣∣
n,n,n

∑
i, j,k=1

A i jk
(123)(x)H ikH jiHk j

∣∣∣≤O
( n,n

∑
i, j=1

A i j
(12)(x)(H i j)2

)3/2
.(21)

We now identify the pieces on each side. The following five lines define two groups of
quantities

(22)

A :=
n

∑
i=1

ai, where ai := g′′(xi)(H ii)2;

B :=
n

∑
i, j=1
i 6= j

bi j, where bi j :=
g′(xi)−g′(x j)

xi− x j
(H i j)2;

C :=
n

∑
i=1

ci, where ci := g′′′(xi)(H ii)3;

D :=
n

∑
i, j=1
i 6= j

di j, where di j :=
g′′(xi)− g′(xi)−g′(x j)

xi−x j

xi− x j
(H i j)2H ii; and

E :=
n

∑
i, j,k=1

i 6= j 6=k 6=i

ei jk, where ei jk :=

g′(x j)−g′(xi)
x j−xi

− g′(xk)−g′(x j)
xk−x j

xk− xi
H i jH jkH ik.

The numbers bi j and di j are not defined when i = j; ei jk is not defined when two of the
indexes are equal; ai and bi j are non-negative.

Now we recall the fact that it is enough to prove (1) only when X has distinct
eigenvalues. In that case, x has distinct coordinates and the two sides of (21) can be
expressed as

n,n

∑
i, j=1

A i j
(12)(x)(H i j)2 = A+B;

n,n,n

∑
i, j,k=1

A i jk
(123)(x)H ikH jiHk j = C +3D+E.

Thus we need to show that

|C +3D+E| ≤ O(A+B)3/2,

or, squaring both sides, to show that

(23) C2 +9D2 +E2 +6CD+6DE +2CE ≤ O2(A3 +3A2B+3AB2 +B3).

The next lemma shows that in order to establish (23) it is sufficient to establish

|C| ≤ oA3/2,(24)

10



|D| ≤ oA1/2B,(25)

|E| ≤ oB3/2,(26)

for some constant o.

Lemma 5.1 Inequalities (24), (25) and (26) imply (23) with O =
√

13
3 o.

Proof. Suppose that (24), (25) and (26) are valid. Using the arithmetic-geometric
mean inequality in the last two relationships below, we have

C2 ≤ o2A3

9D2 ≤ 3o2(3AB2)
E2 ≤ o2B3

6CD ≤ 2o2(3A2B)
6DE ≤ o2(3AB2) + 3o2B3

2CE ≤ 1
3 o2(3A2B) + 1

3 o2(3AB2)

The lemma follows by summing up the rows and the fact that A and B are non-negative
quantities.

Proof of Theorem 1.2. In Section 6 we will show that (24), (25) and (26) hold
for o = 10.511. Consequently, by Lemma 5.1, inequality (23) holds for O = 22. This
establishes that if g(x) is strongly 1-self-concordant then F(X) is strongly 22-self-
concordant.

A straightforward calculation shows that if F satisfies

|∇F(X)[H]| ≤
√

nϑ (∇2F(X)[H,H])1/2,

|∇3F(X)[H,H,H]| ≤ 2O(∇2F(X)[H,H])3/2,

for some positive constant O , then F̃ := O2F satisfies

|∇F̃(X)[H]| ≤
√

O2nϑ (∇2F̃(X)[H,H])1/2,

|∇3F̃(X)[H,H,H]| ≤ 2(∇2F̃(X)[H,H])3/2,

This finally establishes that if g is a ϑ -self-concordant barrier on (a,b), then 484( f ◦λ )
is a (484nϑ)-self-concordant barrier on its domain.

6 Proofs of (24), (25) and (26)
The following lemma allows us to reduce the inequalities (24), (25) and (26) respec-
tively to inequalities between their constituent components.

Lemma 6.1 Let ai,bi j,ci,di j,ei jk and A,B,C,D,E be as in (22). Then

(a) If |ci| ≤ oa3/2
i for i ∈ {1, . . . ,n} then |C| ≤ oA3/2.

11



(b) If |di j| ≤ oa1/2
i bi j for all distinct i, j ∈ {1, . . . ,n} then |D| ≤ oA1/2B.

(c) If |ei jk|≤o(bi jb jkbki)1/2for all distinct i, j,k∈{1, . . . ,n}then |E| ≤ oB3/2.

By Lemma 6.1, (24), (25) and (26), are immediate consequences of the following
lemma.

Lemma 6.2 Assume g : R→ R is a strongly self-concordant function with domg =
(a,b). Let xi,x j,xk ∈ (a,b) be different. Then with the constant o = 10.511 we have

(27) |g′′′(xi)| ≤ o|g′′(xi)|3/2,

(28)

∣∣∣∣∣∣
g′′(xi)− g′(xi)−g′(x j)

xi−x j

xi− x j

∣∣∣∣∣∣
≤ o(g′′(xi))1/2

(
g′(xi)−g′(x j)

xi− x j

)
,

and
∣∣∣∣∣∣

g′(x j)−g′(xi)
x j−xi

− g′(xk)−g′(x j)
xk−x j

xk− xi

∣∣∣∣∣∣
(29)

≤ o
(

g′(x j)−g′(xi)
x j− xi

g′(x j)−g′(xk)
x j− xk

g′(xk)−g′(xi)
xk− xi

)1/2

.

We next present the proofs of Lemma 6.1 and Lemma 6.2.

6.1 Proof of Lemma 6.1
(a) Recall the formulae

|C|2 =
n

∑
i=1

c2
i +2 ∑

i< j
cic j and

A3 =
n

∑
i=1

a3
i +3 ∑

i< j
(a2

i a j +aia2
j)+6 ∑

i< j<k
aia jak.

By the assumptions we have ∑n
i=1 c2

i ≤ o2(∑n
i=1 a3

i ). The arithmetic-geometric mean
inequality shows

o2(a2
i a j +aia2

j)≥ 2o2(a3
i a3

j)
1/2 ≥ 2|cic j|,

for any i < j. The lemma follows since the a’s are non-negative.

(b) Let a = max{ai | i = 1, . . . ,n}. Then

|D|=
∣∣∣

n

∑
i, j=1
i 6= j

di j

∣∣∣≤
n

∑
i, j=1
i 6= j

|di j| ≤ o
n

∑
i, j=1
i 6= j

a1/2
i bi j ≤ oa1/2

n

∑
i, j=1
i 6= j

bi j ≤ oA1/2B.

12



(c) To ease notation assume o = 1; the argument for general o≥ 1 is analogous. First,
we prove the following inequality (m≤ n)

(30)
√

2
∣∣∣

m−1

∑
i, j=1
i< j

ei jm

∣∣∣≤
( m−1

∑
i, j=1
i< j

bi j

)1/2(m−1

∑
i=1

bim

)
.

To show (30), square the left-hand side and bound it as follows:

2
( m−1

∑
i, j=1
i< j

ei jm

)2
≤ 2

( m−1

∑
i, j=1
i< j

√
bi j

√
bimb jm

)2
≤ 2

( m−1

∑
i, j=1
i< j

bi j

)( m−1

∑
i, j=1
i< j

bimb jm

)

≤
( m−1

∑
i, j=1
i< j

bi j

)(m−1

∑
i=1

bim

)2
.

In the first inequality we used the given relationship between the numbers ei jk and bi j.
In the second, we applied the Cauchy-Schwarz inequality.

Next, observe that

|E|= 6
∣∣∣

n

∑
i, j,k=1
i< j<k

ei jk

∣∣∣ and B3/2 =
√

8
( n

∑
i, j=1
i< j

bi j

)3/2
.

Therefore the inequality |E| ≤ |B|3/2 is equivalent to

(31)
( n

∑
i, j,k=1
i< j<k

ei jk

)2
≤ 2

9

( n

∑
i, j=1
i< j

bi j

)3
.

We next prove (31) by induction on n. The base case n = 3 is

e2
123 ≤

2
9
(b12 +b13 +b23)3,

which is verified easily with the arithmetic-geometric mean inequality. Assume that
(31) holds for n = m−1. Then, for n = m the left-hand side in (31) expands to

( m

∑
i, j,k=1
i< j<k

ei jk

)2
=

( m−1

∑
i, j,k=1
i< j<k

ei jk

)2
+2

( m−1

∑
i, j,k=1
i< j<k

ei jk

)( m−1

∑
i, j=1
i< j

ei jm

)
+

( m−1

∑
i, j=1
i< j

ei jm

)2
.

On the other hand the right-hand side of (31) is

2
9

( m

∑
i, j=1
i< j

bi j

)3
=

2
9

( m−1

∑
i, j=1
i< j

bi j

)3
+

2
3

( m−1

∑
i, j=1
i< j

bi j

)2(m−1

∑
i=1

bim

)

+
2
3

( m−1

∑
i, j=1
i< j

bi j

)(m−1

∑
i=1

bim

)2
+

2
9

(m−1

∑
i=1

bim

)3
.
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Using the induction hypothesis between the first terms in those expansions, we see that
it is enough to show:

2
( m−1

∑
i, j,k=1
i< j<k

ei jk

)( m−1

∑
i, j=1
i< j

ei jm

)
+

( m−1

∑
i, j=1
i< j

ei jm

)2

≤ 2
3

( m−1

∑
i, j=1
i< j

bi j

)2(m−1

∑
i=1

bim

)
+

2
3

( m−1

∑
i, j=1
i< j

bi j

)(m−1

∑
i=1

bim

)2
+

2
9

(m−1

∑
i=1

bim

)3
.

By the induction hypothesis and (30) we can bound the left-hand side as follows:

2
( m−1

∑
i, j,k=1
i< j<k

ei jk

)( m−1

∑
i, j=1
i< j

ei jm

)
+

( m−1

∑
i, j=1
i< j

ei jm

)2

≤ 2
3

( m−1

∑
i, j=1
i< j

bi j

)3/2( m−1

∑
i, j=1
i< j

bi j

)1/2(m−1

∑
i=1

bim

)
+

1
2

( m−1

∑
i, j=1
i< j

bi j

)(m−1

∑
i=1

bim

)2
.

The result follows using the non-negativity of the numbers bi j.

6.2 Proof of Lemma 6.2
First of all, observe that by letting xi → x j inequality (29) implies (28) after a suitable
relabeling of indices. In addition, since g is self-concordant it satisfies (4) and thus
inequality (27) holds as long as o ≥ 2. Consequently, to prove Lemma 6.2, it suffices
to prove (29) for o = 10.511.

By Lemma 3.3, both sides are symmetric with respect to xi,x j and xk. Thus, we may
assume that xi < x j < xk. In addition, substituting g(x) with g(−x) if necessary, we may
assume that x j−xi ≥ xk−x j. By the Mean-Value Theorem, there exists z∈ [x j,xk] such
that

g′(xk)−g′(x j)
xk− x j

= g′′(z).

Further adjustment of the points xi,x j and xk is achieved by defining the function

g̃(t) := g((1− t)xi + txk)−g′(xi)(xk− xi)t−g(xi).

Notice that g̃ is convex and satisfies (5) and (4) if and only if g does. Thus, it is enough
to prove (29) after substituting g by g̃. Next, since xi < x j < xk and x j − xi ≥ xk− x j
there are numbers t2 and tz in [1/2,1] such that t2 ≤ tz and

x j = (1− t2)xi + t2xk,

z = (1− tz)xi + tzxk.
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Since g̃(0) = 0 and g̃′(0) = 0, the function g̃(t) achieves its minimum 0 at t = 0. In
addition, we have g̃′′(t) > 0 and therefore 0≤ g̃′(t2)≤ g̃′(1). Utilizing the relationships

g̃′(1) = (g′(xk)−g′(xi))(xk− xi),
g̃′(t2) = (g′(x j)−g′(xi))(xk− xi),

g̃′′(1) = g′′(xk)(xk− xi)2,

g̃′′(tz) = g′′(z)(xk− xi)2,

we can simplify the left-hand side of (29):
∣∣∣∣∣∣

g′(x j)−g′(xi)
x j−xi

− g′(xk)−g′(x j)
xk−x j

xk− xi

∣∣∣∣∣∣
=

∣∣∣∣∣∣

g̃′(t2)
(xk−xi)(x j−xi)

−g′′(z)

xk− xi

∣∣∣∣∣∣
=

∣∣∣∣∣∣

g̃′(t2)
t2(xk−xi)2 − g̃′′(tz)

(xk−xi)2

xk− xi

∣∣∣∣∣∣

=
|g̃′(t2)− t2g̃′′(tz)|

t2(xk− xi)3 .

Similarly, the right-hand side of (29) simplifies to

(
g′(x j)−g′(xi)

x j− xi

g′(x j)−g′(xk)
x j− xk

g′(xk)−g′(xi)
xk− xi

)1/2

=
(

g̃′(t2)
t2(xk− xi)2

g̃′′(tz)
(xk− xi)2

g̃′(1)
(xk− xi)2

)1/2

=

√
g̃′(t2)g̃′′(tz)g̃′(1)

t1/2
2 (xk− xi)3

.

Thus, in terms of g̃, inequality (29) is equivalent to
∣∣t2g̃′′(tz)− g̃′(t2)

∣∣≤ o
(
t2g̃′(t2)g̃′′(tz)g̃′(1)

)1/2
,(32)

where 1/2≤ t2 ≤ tz ≤ 1.
The remainder of this section is devoted to proving (32), which in turn proves

Lemma 6.2. To that end, we will rely on the next two lemmas. The first is [6, Theo-
rem 2.2.5] together with [6, Theorem 2.5.3].

Given a nondegenerate self-concordant function g : R→ R and x in domg, let

n(x) := g′(x)/(g′′(x))1/2.

Lemma 6.3 Suppose that g is a nondegenerate strongly 1-self-concordant function on
interval (a,b). If n(x)≤ 1/4 then g has a minimizer x∗ and

(33) |x∗− x|(g′′(x))1/2 ≤ n(x)+
3n2(x)

(1−n(x))3 .

Lemma 6.4 Suppose that g is a strongly 1-self-concordant function on interval (a,b).
For every x ∈ domg, if αx(y) := |x− y|(g′′(x))1/2 < 1, then y ∈ domg and

(34) (1−αx(y))2g′′(x)≤ g′′(y)≤ g′′(x)
(1−αx(y))2 ;
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(35) |g′′(x)−g′′(y)| ≤ g′′(x)
(1−αx(y))2 −g′′(x).

Proof. Inequality (34) is a well known result, see [5, Theorem 2.1.1]. Inequality
(35) is a consequence from (34). Indeed, if g′′(x) ≤ g′′(y) it is the right-hand side of
(34), while in the case g′′(x)≥ g′′(y) it follows from the left-hand side of (34) and the
arithmetic-geometric mean inequality.

We will often refer to the following function

h(x) := x+3x2/(1− x)3.

Observe that h(x) is strictly increasing on the interval [0,1).

Lemma 6.5 There is a unique solution c∗ to the optimization problem

minmax
{

3− c√
2(1−3c+ c2)

,
1

h−1(c/(2+ c))

}
,

where the minimization is taken over values of c such that c ∈ (0,(3−√5)/2). The
optimal solution is c∗ ≈ 0.3035902890 and

3− c∗√
2(1−3c∗+(c∗)2)

=
1

h−1(c∗/(2+ c∗))
.

Denoting that common value by o we have

2≤ o≤ 10.511.

Proof. The functions in the optimization problem are well-defined for none of the
denominators becomes zero. Observe that

argmin max
{

3− c√
2(1−3c+ c2)

,
1

h−1(c/(2+ c))

}

= argmax min

{√
2(1−3c+ c2)

3− c
,h−1(c/(2+ c))

}
.

In addition, the function

(36) x 7→
√

2(1−3x+ x2)
3− x

is decreasing, while the function

x 7→ h−1
( x

2+ x

)

is increasing over the interval [0,(3−√5)/2). It is easy to see that at x = 0 the first
function is bigger than the second, while at x = (3−√5)/2 the situation is reversed.
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Therefore, they must intersect each other. Using MAPLE, we find that this happens at
c∗ ≈ 0.3035902890. Thus o≈ 10.51096786≤ 10.511.

Let c∗ and o be the constants defined in Lemma 6.5. We prove (32) by considering
two cases depending on the size of g̃′′(tz) relatively to (c∗)2.

Case 1. Suppose that g̃′′(tz)≤ (c∗)2. Since c∗ < 1 we have

αtz(t) = (tz− t)
√

g̃′′(tz) < 1 for all t ∈ [0, t2].

Thus, (35) shows that

∣∣g̃′′(tz)− g̃′′(t)
∣∣≤ g̃′′(tz)

(1− (tz− t)
√

g̃′′(tz))2
− g̃′′(tz),

for all t ∈ [0, t2]. Integrating the last inequality we get

∣∣t2g̃′′(tz)− g̃′(t2)
∣∣≤

∫ t2

0
|g̃′′(tz)− g̃′′(t)|dt

≤
∫ t2

0

( g̃′′(tz)
(1− (tz− t)

√
g̃′′(tz))2

− g̃′′(tz)
)

dt(37)

= t2g̃′′(tz)
( 1

(1− (tz− t2)
√

g̃′′(tz))(1− tz
√

g̃′′(tz))
−1

)
.

To simplify the notation, define

β := (1− (tz− t2)
√

g̃′′(tz))(1− tz
√

g̃′′(tz)) > 0.

Recalling that g̃′(t2) ≤ g̃′(1), we see that in order to prove (32), it is enough to show
that

√
t2g̃′′(tz)

( 1
β
−1

)
≤ og̃′(t2).(38)

Utilizing (37) again we find that

t2g̃′′(tz)
(

2− 1
β

)
≤ g̃′(t2),

which shows that in order to prove (38) it is sufficient to show

(1−β )≤ o
√

t2g̃′′(tz)(2β −1).(39)

Using the fact that 1/2≤ t2 ≤ tz ≤ 1 we estimate

β ≥ (1−0.5
√

g̃′′(tz))(1−
√

g̃′′(tz)).

Substituting that estimate for β in (39), using the fact that 1/2≤ t2 and simplifying we
find that it is sufficient to prove

3−
√

g̃′′(tz)≤ o
√

2(1−3
√

g̃′′(tz)+ g̃′′(tz)).

17



By Lemma 6.5,
√

g̃′′(tz)≤ c∗ ∈ (0,(3−√5)/2), implying that (1−3
√

g̃′′(tz)+ g̃′′(tz))>

0. Since the reciprocal of function (36) is increasing over the interval (0,(3−√5)/2)
we conclude

3−
√

g̃′′(tz)√
2
(
1−3

√
g̃′′(tz)+ g̃′′(tz)

) ≤ 3− c∗√
2(1−3c∗+(c∗)2)

= o,

by the definition of o in Lemma 6.5.

Case 2. Suppose now that g̃′′(tz) ≥ (c∗)2. Using that assumption together with facts
that g̃′(t2)≤ g̃′(1) and t2 ≥ 1/2 we estimate

o
√

t2g̃′(t2)g̃′(1)g̃′′(tz)≥ o
c∗√

2
g̃′(t2)≥ g̃′(t2),

where we used that by the definition of o and c∗ in Lemma 6.5 we have

o≥
√

2
c∗

.

Thus, in order to completely establish (32) it suffices to show that

(40) o
√

g̃′(t2)g̃′(1)≥
√

t2g̃′′(tz).

Since we have

g̃′′(tz) =
g̃′(1)− g̃′(t2)

1− t2
,

substituting into (40) and squaring both sides, we can rewrite the inequality as

o2
(1− t2

t2

)
≥ g̃′(1)− g̃′(t2)

g̃′(1)g̃′(t2)
.

Since t2 ≤ 1 we will be done if we show that

(41) o2(1− t2)≥ g̃′(1)− g̃′(t2)
g̃′(1)g̃′(t2)

.

Since
g̃′(1)− g̃′(t2)

g̃′(1)g̃′(t2)
=

∫ 1

t2

g̃′′(τ)
(g̃′(τ))2 dτ,

and 1/2≤ t2 ≤ 1, to prove (41) it suffices to show

(42) o2 ≥ g̃′′(τ)
(g̃′(τ))2 ≡

1
(ñ(τ))2 , for all τ ∈ [1/2,1].

To prove (42) proceed by contradiction: Assume on the contrary that there exists τ ∈
[1/2,1] such that

ñ(τ) <
1
o

= h−1(c∗/(2+ c∗))≤ 1
4
,
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where we used the definition of o in Lemma 6.5 and the fact that c∗/(2 + c∗) ≤
h(1/4) = 25/36. Then, by Lemma 6.3 with x∗ = 0 and x = τ , we have

1
2
(g̃′′(τ))1/2 ≤ τ(g̃′′(τ))1/2 ≤ ñ(τ)+

3ñ2(τ)
(1− ñ(τ))3 = h(ñ(τ))

< h(h−1(c∗/(2+ c∗))) = c∗/(2+ c∗).

Thus for t ∈ [1/2,1]

ατ(t) = |τ− t|g′′(τ)1/2 ≤ 1
2

g′′(τ)1/2 < c∗/(2+ c∗) < 1.

Consequently, by Lemma 6.4, for all t ∈ [1/2,1]

g̃′′(t)≤ g̃′′(τ)
(1−ατ(t))2 <

4(c∗)2/(2+ c∗)2

(1− c∗/(2+ c∗))2 = (c∗)2,

which contradicts the assumption g̃′′(tz)≥ (c∗)2. Therefore (42) must hold.

7 Examples
In the following examples let O = 22.

Example 7.1 Let g :R→R be an even function defined on the interval (−a,a), where
a > 0. Define F(X) = ( f ◦λ )(X), where f (x) = g(x1)+ · · ·+g(xn). Restricting F(X)
to the subspace of matrices

{(
0 x

xT 0

)
|x ∈ Rn

}
,

results in the function 2g(‖x‖)+ (n− 2)g(0) defined on {x ∈ Rn |‖x‖ < a}. (The ei-
genvalues of the matrices in the subspace are {‖x‖,0, ...,0,−‖x‖}.) Thus, if g is a
strongly self-concordant function (resp. self-concordant barrier) then g(‖x‖) (resp.
2O2g(‖x‖)) is a strongly self-concordant function (resp. self-concordant barrier) on
the set {x ∈ Rn |‖x‖< a}, see [5, Proposition 5.1.5].

Considering the space of 2×2 symmetric matrices
(

2x y
y 2z

)
leads to the next

example.

Example 7.2 Let g : R → R be a strongly self-concordant function (resp. a self-
concordant barrier) on its domain. Define

F(x,y,z) = g
(
x+ z+

√
x2−2xz+ z2 + y2

)
+g

(
x+ z−

√
x2−2xz+ z2 + y2

)
.

(a) If domg = (0,1) then F (resp. O2F) is a strongly self-concordant function (resp.
self-concordant barrier) on the set

{(x,y,z) ∈ R3 |4xz > y2, 1+4xz > y2 +2z+2x}.
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(b) If domg = (0,+∞) then F (resp. O2F) is a strongly self-concordant function (resp.
self-concordant barrier) on the set

{(x,y,z) ∈ R3 |4xz > y2}.
(b.1) Restricting F to the affine space

{(
2x+1 1

1 1

)
|x ∈ R

}

shows that
x ∈ R 7→ g

(
x+1+

√
x2 +1

)
+g

(
x+1−

√
x2 +1

)

is a strongly self-concordant function on (0,+∞). Repeating the argument we obtain
that

g
(

x+2+
√

x2 +1+
√

2x2 +2x+2x
√

x2 +1+3+2
√

x2 +1
)

+g
(

x+2+
√

x2 +1−
√

2x2 +2x+2x
√

x2 +1+3+2
√

x2 +1
)

+g
(

x+2−
√

x2 +1+
√

2x2 +2x−2x
√

x2 +1+3−2
√

x2 +1
)

+g
(

x+2−
√

x2 +1−
√

2x2 +2x−2x
√

x2 +1+3−2
√

x2 +1
)

is a strongly self-concordant function on (0,+∞).
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