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Foreword

The author’s first became interested in the linear programming problem because of the publicity given
to Kamarkar’s method of solution, however the author believed that the problem is essentially one of
linear algebra, and thus merited a solution as linear algebraic as possible, and that none of the modern

approaches known to the author appeared "linear" enough.

While carrying out research for a Ph.D. at the University of Birmingham, the author came across the
fixed-point method of Pyle and Cline and its elegant formulation by Bruni. After showing the method
to be classificatory in nature, the author took this approach further, developing both a vector lattice and

a regression algorithm for solution of the fixed-point problem and thus the linear optimisation problem.

The book is a continuation of the thesis research, putting the solution to the linear problem on a
precise basis, and then generalising the fixed-point method to the non-linear, convex case, and providing

necessary and sufficient conditions for an optimum, alternative to those of Kuhn and Tucker.

In this book division by zero is set to zero (this does not break any field axiom) which appears to be
appropriate in the context of linear algebra; functions are written on the right in the manner of category
theorists. The book has many hyperlinks, and some of the figures are three dimensional native to the

PDF document, with accompanying links to three dimensional Geogebra code.

The book provides a precise solution to the linear problem, while the convex problem analysis may be

regarded as work in progress.

Jalaluddin Abdullah
@ Julian Graham Morris
jalaludn@gmail.com

2015/08/11
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Preface

In the name of God, the Benificent, the Merciful

This book is on the fixed-point method of solving linear and convex optimization problems. It begins
with a brief history of the linear programming problem in Chapter 1, followed by required background
theory in Chapter 2, introducing some general results from function theory, matrix algebra, regression
theory, affine spaces and duality theory. Chapter 3 is on fixed-point theory; in this section of the chapter
the notion of a swapping matrix is introduced - this matrix acts on idempotent symmetric matrices
and is used in the construction of what is called a semi-unitary matrix which has linear properties in
the region close to fixed-points associated with solutions to the LP problem. The fixed-points of the

semi-unitary matrix and convergence to such fixed-points is investigated.

The classificatory stage of an investigation is regarded in the literature of research methodology as the
first stage of a proper investigation however, since classification in the work of Pyle, Cline, and finally
Bruni (where it finds its simplest and most concise expression) is implicit, it might have escaped op-
erations researchers that this stage of the investigation of the LP problem has been completed rather
elegantly, and that the resulting fixed-point formulation was therefore particularly worthy of further
analysis. For this reason Bruni’s results are carefully derived in Chapter 4, making explicit the classifi-
catory nature of this approach. The duality theorem of von Neumann [23], and the Karush-Kuhn-Tucker
Theorem [19, op cit] provide the basis for the derivation. Chapter 4 shows that the work of these authors
can be regarded as creating equivalence classes of similar linear programs and a canonical representative

for each such class.

In Chapter 5 the primal and dual invariant problems are combined to form a fixed-point problem - the
problem of finding the non-negative fixed-points of an Hermitian matrix. This approach combines both

the invariant primal and invariant dual in one balanced equation.

In Chapter 6 the key notion of proximality is introduced and it is shown that, in the context of the LP
fixed-point problem, proximality implies linear behaviour; this lays the groundwork for the construction
of a solution method which combines a converging series approach with regression to ensure termination
after a finite number of steps. In the following Chapter 8 the solution method is applied to a number of

LP problems.

Finally, Chapter 9 contains a generalization of the approach to non-linear convex optimization problems.

Operational conditions for an optimum are derived which differ from the Kuhn-Tucker conditions.
Scheme functions for the computing used in the book are available for the commercial version.

Appendix A contains a spectral analysis of the product of projection matrices, being relevant to the

convergence analysis of Chapter 3.2.1.

Appendix B is on the derivation of the pseudo-inverse of a transportation problem matrix.
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The programming system DrRacket, is used throughout the book and all example programs run under

it; the system is available for OS X, Windows, various Linux’s, and as source code.

The book has grown out of research carried out in the Department of Economics at the University of
Birmingham, England under Dr. Aart Heesterman leading to a thesis entitled Fized Point Algorithms
for Linear Programming [1]. A number of staff at Universiti Teknologi Malaysia assisted the author
while writing an earlier version of the book and in this respect I am particularly grateful for the use
of library facilities at Perpustakaan Sultanah Zanariah, to Dr. Yusof Yaakob (Publishing), Encik Aziz
Yaakob in the Computer Centre, and to Hj. Mohammad Shah, Dr. Ali Abdul Rahman for checking an
earlier draft, and Encik Muhammad Hisyam Lee Wee Yee in the Mathematics Department, for support
in getting BTEX running well, to Allahyarham Professor Mohd. Rashidi bin Md. Razali (late of the
Mathematics Department) for encouragement, to Dr. Ibrahim Ngah and Abdul Razak and others who
have built up and maintained the Resource Centre of Fakulti Alam Bina, and to all those who have
developed and maintained the TEX typesetting system including Andrew Trevorrow for OzTEX, Richard
Koch et al for TeXShop, and Christiaan M. Hofman Adam R. Maxwell and Michael O. McCracken for
Skim.

Jalaluddin Abdullah @ Julian Graham Morris
March, 2016

jalaludn@gmail.com
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Chapter 1

Introduction

1.1 Problem Statement

Operations research (OR) involves the study and control of activities and has thus been the object of
considerable analysis throughout man’s history. One of the important problems to have been delineated
is the linear programming (LP) problem, which involves maximizing a linear expression subject to linear

inequality constraints is:

Given an m by n matrix A, and vectors b and c,
find the vectors = which mazimize ¢’ x, subject to Ax > b. (1.1)

The more than or equal sign signifies that each LP constraint is of this form; thus we are concerned
essentially with homogeneous systems of inequalities where each line of the matrix equation has a binary
relation of the form >. The case of equality, where the i** constraint is of the form a; - © = b;, where a;

th yow of A, can be allowed for by including the additional line a; -2 < b;, or by solving the

denotes the ¢
equality for one of the variables and substituting it out, or (in the context of this book) by projecting it

out - which may on occasions be the computationally most stable approach.

Note that in this book, “optimal” and “solution” both connote “feasible and the best possible” - the term
“optimal feasible problem” is dispensed with and instead the term “bounded problem” is used in context,
the thinking behind this being that if a vector is regarded as optimal then it is feasible, and it doesn’t

make good sense to talk about a bound on an empty set.

There are a number of formulations of the LP problem (including the one above) which can be shown
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to be equivalent:
max {c'z : Az < b} (
min {c’x : Az > b} (
max {c’z : Az < b,x > 0} (c)
min {c’z: Az > b,z > 0} ( (12)
max {c’x : Az = b,x > 0} (
(

min {c'z: ATz = b,z > 0}

For details refer to [33, p. 91].

1.2 Historical Context

1.2.1 Origins

The origins of the linear programming problem date back to Johann Bernoulli in 1717, who was working
on theoretical mechanics. He introduced the concept of a virtual velocity: Given a region R, the vector y

is a virtual velocity in the point &* € R if there exists a curve C' in R starting in @ such that the half

line {z* 4+ Ay : A > 0} is tangent to C'. Assuming that

for any virtual velocity vy, (1.3)
the vector — y is also a virtual velocity '

the virtual velocity principle states that a mass point at * subject to force b is in equilibrium iff bTy =0

(refer to Figure 1.1).

T +\y

Figure 1.1: Johann Bernoulli’s Virtual Velocity

Lagrange [20] observed that if the region is given by

R={z: file)=-- = fula) = 0} , (L4)

where f; : R — R and the gradients 7/ f;, i = 1,...,n are linearly independent, then condition 1.3 is

satisfied and the principle of virtual velocity can be written as

V@) y=-=vfu(z*)y=0,
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where
Ofi/0xy
V= :
Ofi/0xy,
As was observed by Fourier [11], the condition Az < b defines a convex set, while the objective func-
tion ¢’a can be regarded as defining a set of parallel hyperplanes. The optimum solution has the

hyperplane from this set with the maximum value of ¢”a which osculates the convex set of feasible

solutions.

Fourier defined the feasible region along the lines of Equation 1.4, but allowed inequality constraints.

He generalized the principle of virtual velocity to:

A mass point in * subject to force b, whose position is restricted to R, is in equilibrium iff

bTy <0.

Thus Fourier’s contribution to the analysis of optimization problems goes beyond simply contributing
directly in the form of a solution algorithm, as he extended the work of Johann Bernoulli and Lagrange
on optimization subject to continuously differentiable constraints to the case where a function is subject
to inequality constraints. He also pioneered the link between the theory of inequalities and the theory
of polyhedra, thus spanning the algebraic and geometric perspectives. Fourier appears to be the first
to suggest the geometric idea of navigating between vertices along the edges of the convex polyhedron

associated with the feasible solution set, until an optimum is reached.

The first solution of the linear programming problem is also due to Fourier; it is now known as Fourier-
Motzkin elimination, and is of considerable analytic importance as a generalization of the procedure is
used as a tool for proving results leading to Farkas’ Lemma, and the transposition theorems of Gordan

and Stiemke [19]. (Refer also to [34, Ch. 1])

Poussin in the years 1910-11 designed the algebraic analogue of Fourier’s geometric method for solving
the linear programming problem [26]. Dantzig in 1951 gave this algebra an efficient tableau form and

called it the Simplex Method [9].

1.2.2 Inefficiency of the Simplex Method

The branch of mathematics which considers the efficiency of algorithms is called complexity analysis; we

introduce a few simple notions from this branch at this point.

The basic arithmetic operations are taken to be addition, multiplication, and division. If the number of
basic arithmetic operations required for an algorithm to compute the answer to a problem increases as
a polynomial in the parameters which describe the size of the problem, then the problem is said to be

polynomial-time.
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Under certain conditions the Simplex Method is not efficient - it is possible for the current solution to
do a “tour” of many or even all of the vertices of the polyhedron defined by the feasible set of solutions
[18], or to cycle repeatedly through a sequence of vertices without reaching an optimum. In fact the
Simplex Method is not a polynomial-time algorithm, and so in recent times (the last forty years or so)
there has been research into new algorithms. To be fair, the problem of cycling can be removed, and
the non polynomial-time nature appears not to affect certain “average” problems. For implementation

of the simplex method one may refer to [12].

Through this renewed research a number of algorithms have been developed which are polynomial-time,
including Khachian’s ellipsoid method [17], Karmarkar’s simplex method [16], and Renegar’s centreing

algorithm [30].

In summary, interest in the LP problem has not abated, for a number of reasons, which are detailed:

1. The non polynomial-time nature of the Simplex Method: This classical and most common method
of solution, is now known to be an inefficient algorithm, due to the publication in 1972 of an example
where the algorithm tours all the vertices of the feasible set, showing that it is not a polynomial-
time algorithm [18]. The desire to solve larger problems, and this discovery of deficiency in the
Simplex Method have lead to new efforts to find efficient ways of solving LPs, and to a resurgence

in analysis of the problem.

2. The ability to represent a number of OR problems as LP’s - for example an important early problem

in OR, the transportation problem, can be written as a linear program.

3. The advent of parallel processing machines and the possibility that new algorithms may be suitable

for hybrid analog-digital machines.

1.3 Applications of Linear Programming

The formulation of practical problems as linear programs dates back at least to work by G.B. Dantzig
in 1947. He published his work Programming in a Linear Structure [8] the following year. Actual
formulation of problems as linear programs can confidently be assumed to date back to at least the

Second World War.

An example of problems which can be formulated as an LP is

1.3.1 The Product Mix Problem

Mashino Corporation produces mountain bikes in n variants vy,--- ,v,. Each variant sells at a fixed
price, leading to profits s1,--- ,s,. To produce one unit of variant 4, [; man hours of labour are needed

and m; resource units.
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The corporation is constrained in that it has only [ man-hours available, and can deliver at most m units

of material per hour.
We see that labour required to produce x; units of variant ¢ is [;x;, so total labour requirement is [1 21 +

o+ +lpxy, <. Similarly material requirement is miz1 + - - - + mpx, < m, and profit is s1x1 + -+ SnTn.

The company wishes to maximize profit, so the problem can be written concisely as

Find z1,- - ,z, which maximize syx1 + - - - + SpTy, subject to
Lz + -+ lpx, <l and myzy + -+ mpz, < m, (1.5)
where x1,- - , T, > 0.
xr1 S1
. . i1, l .
Setting | : | ==z, m | = A, ml|= b,and | . | =¢,
: Ly, :

shows that the problem 1.5 can be formulated as a linear program.

A similar problem involves arriving at the most economical purchase decision for animal feed, given the

dietary requirements of the animals and the prices and composition of the feed brands.



Chapter 2

Background Theory

2.1 Function-Pairs

A function is said to be surjective, or onto, if its image is equal to its codomain; a function is said to be

bijective if it is one-to-one and onto - that is 1:1 and surjective.

Two functions are said to form a function-pair if the

Definition: 2.1.1 .. . . . .
domain of each contains the range of the other function.

We will write < f,f > if f together with § forms a function pair.

.. A element is said to be central in the domain of one function of a
Definition: 2.1.2 . . . . .
function-pair if the element is in the range of the other function of the pair.
The function pair < f,f > is said to be regular if fff = f and §ff =§.

Definition: 2.1.3 (This usage is motivated by semigroup nomenclature. [7])

Given a function-pair < f,f > with f : X — X,§: X - X, X, = Xf and
X. = X f, functions of the form f. = f| x, with codomain X., and f. = f|x,
with codomain X, are called central functions, and function-pairs of the
form < f.,f. > are called central function-pairs.

Definition: 2.1.4

Given a regular function-pair < f,f > with
X=X X—> X, X.=%f and X, = X,

(a) fe = fx. is bijective,

fe = fjz. is bijective,

Lemma 2.1.5
) X. = X.f, and
) fe and f. are mutual inverses.

) x € X is central iff z = zff; X, = X ff,
g) t € X is central iff ¢ = rff; X, = Xf/,

Proof (a) f. is 1:1: (z1,22 € Xo) A (z1f = a2f) = (1 = uf) A (2 = r2f) A (1 f = x2f)

= (1 = nf) A (z2 = r2f) A (ff = 2ff) = (@1 =) A (22 = ©2f) A (@fff = 0fff) = (@
uf) Alxe = f) A(f = rof) = z1 =22 ; feisonto X, : Xofe = Xof C Xf =%, = Xf

Xfif C Xff = Xof = Xefe, that is X f. = Xf = X, so f. is bijective. (b) The proof is similar to
(a), (¢) Xe = Xf = Xfff C X ff= X C Xf= X, so Xc = Xf, (d) the proof is similar to (c). (e) For
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r € Xeyr =¢f dr € X = xfcfe = tffefe = tfffe = offf = tf = x, so f.f. is the identity map on X,
similarly it is found that f.f. is the identity map on X., so f and f are mutual inverses. (f) x is central
cr=fIeX= @ =d)AN@=1f) FecX=@fi=df=tHA@=1) FecX=>r=aff=

x = rf where r = af < x is central, that is x is central iff x = xff. (g) proof is exactly similar to that

of (f)

Restating just (f) and (g) of Lemma 2.1.5:

Given the regular function-pair < f, >
with f: X - Xand f: X — X,

(a) x is central iff x = x ff.

(b) r is central iff ¥ = rff.

Corollary: 2.1.6

In the following lemma we are interested in conditions expressed as sub-domains of a regular function-
pair, where the image under either function of any point satisfying the condition corresponding to the

sub-domain satisfies the condition corresponding to the sub-domain of the other function of the pair.

Given the regular function-pair < f,f > with f: X — X,f: X — X,
X1 g X,:fl g %,le g 361, and %1f g Xl,
a) (XinXHf =xX1nXJf

(X1 NXf)f = X1 NXf

(
Lemma 2.1.7 (b)
(c) i=[f:XiNXf— X1 NX[ is a bijection
(d)
(

fi=f: X1 NXf— X1NXfis a bijection
e) f1 and f; are mutual inverses.

Proof (a) and (b): (XiNXf)f CXifnXffCXifnXfCXinX/f,
that is

(XinXf)f CxinXf, (2.1)
and similarly

(X1 N X f)f € X1 NXS, (2.2)
So

(X1 N X ff S (XN X,
and

(X1 NX[f)ff € (X1 nXf)f
Now ff and ff are 1:1 on Xf and X f respectively, so

X NXfC(XNXS, (2.3)
and

X NXFC (X1 N X, (2.4)
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From (2.1) and (2.3)
(X1 NXP)f =X NXF,
and from (2.2) and (2.4)
(X1 N X f)f = X, N XF,

(c): that f; is well defined follows from (a), that it is 1:1 follows from it being a restriction of f, that it
is onto also follows from (a), so it is a bijection. (d) the proof is similar to that of (c¢). (e) follows from

J and | being mutual inverses.

2.2 Matrices

Matrices are rectangular arrays of numbers, for example [ 71 i ﬂ .

We define multiplication of a vector v by a matrix A as follows:

a1l ai2 -+ Qain
vM:[vl Vg -+ Um]
Aml Am2 *** Amn
:[U1a11+--'+vmam1 V1012 + -+ UmGm2 - 'Ulaln‘f""‘i‘vmamn}

If we define the function f4 : v — vA we find that f4 is a linear map from R™ to R™; moreover any
linear map from R to R™ is of the form fx : v — vX for some m x n matrix X and the relationship

X — fx is a surjection from the set of m x n matrices to the set of linear maps from R™ to R".

We define AB, for conformable matrices A and B, by

fap = fao [B

With this definition of matrix multiplication it is immediately apparent that such multiplication is
associative because it corresponds with function composition which is associative; with matrix inversion
corresponding to function inversion it is also obvious that a matrix will only have an inverse if its

corresponding linear function has an inverse.

2.2.1 The Identity

A right identity I, satisfies X I, = X for all X. while a left identity satisfies ;X = X for all X. So if we
have a left identity L and a right identity R then LR = R and LR = L, so L = R. Thus the matrix I

with 1’s on its diagonal and zeros elsewhere is the unique identity.



CHAPTER 2. BACKGROUND THEORY 9

2.2.2 Spaces

The column space of the m x n matrix A is the space of m dimensional column vectors
R(A) ={Ax:x e R"} .

The row space of the m x n matrix A is the set of n dimensional row vectors
LA)={xA:xeR"}.

The null space of the m x n matrix A is the space of m dimensional column vectors
NA) ={x:zeR", Az =0 .}

Not that N'(A) = {(I — AT A)y : y € R"}, using the yet to be defined Moore-Penrose pseudo-inverse.

2.2.3 The Inverse

The matrix R is a right inverse of A if

AR=1 (2.5)
The matrix L is a left inverse of A if

LA=1 (2.6)

From Equation 2.5 we have LAR = L and from Equation 2.6 we have LAR = R and so L = R, thus if
a matrix A has both a left and a right inverse then it has a unique inverse which we denote by A~! and
we say that A is regular. Note that for A and B regular (B~'A 1 )AB = B-Y{(A"'A)B=B"'B=1
and AB(B7'A™1) = A(BB ™ 1)A ' = AA=' =1 ,s0 (AB)"! = B~ 1A~! for A and B regular. Thus the

set of regular matrices is closed under multiplication.

2.2.4 Involution

With @ denoting the complex conjugate of « - that is, for a,b € R, a + ib = a —ib , the matrix transpose,

or more generally, an involution, *, satisfies

1. (A")* = A,
2. (A+ B)* = A* + B,
3. (AB)* = B*A*,

4. (aA)* =TA* .
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A matrix X is said to be Hermitian if X* = X [31, p. 178]; a matrix X is said to be idempotent if
X? = X. A matrix X is said to be unitary if XX* = X*X = I.

The involution used in this book is the matrix transpose, denoted by a superscript T.

We identify a column vector with a matrix having only one column; we define ||z||? = =Tz .

Lemma 2.2.1 y = Xy < (|y[|? = [|[Xy||* and y'y =y" Xy) .
Proof y = Xy = (||lylI* = [ Xyl*) A (y"y = y" Xy)
= (ly — XylI> = lylI> — 29" Xy + | Xyl®) A (ly]* = | XylI) A (y"y = y" Xy)

= lly—Xyl? =y’ - 29"y + lyl* = ly - Xyl|* =0=y =Xy .

2.2.5 Unitary and Semi-Unitary Matrices

The matrix X is said to be unitary if XX = XTX = I.

The unitary matrices form a group under matrix multiplication since

(XY)(XY)T = XYYTXT = XXT =, and (XY)'(XY) = YTXTXY =YTY = I.

A matrix X is said to be semi-unitary w.r.t. an Hermitian idempotent Q if X X7 = XTX = Q; X is
said to be Q-unitary.!

(a) X is Q-unitary < X7T is Q-unitary.

Lemma 2.2.2 (b) X is Q-unitary = XQ =QX =X .
(¢) The set of Q-unitary matrices of the same dimension
is closed under matrix multiplication.

(a) X is Q-unitary & XXT = XTX =Q & XTX = XXT = Q < X7 is Q-unitary
(b) X is Q-unitary = X X7 = XTX =Q = (XXTX =QX)AN (XTX =Q)
= XQ = QX:(QX — X)(QX — X)T = (QX — X)(XTQT — X7)
=X - X)(XT - XT)=QXXTQ - QXXT - XXTQ+XxXT
Proof — Q- Q-2+ Q=Q-Q-Q+Q=0= (QX - X)(QX - X)T =0
=X =X.
(¢) Suppose X; and X, are Q-unitary matrices of the same dimension,
then (Xng)T(Xng) = X2TX1TX1X2 = XQTQXQ = XQTXQQ = Q2 = Q,
and (XlXQ)(XlXQ)T = X1X2X’2TX1T = XlQXiT = QXlXiT = Q2 = Q —

2.2.6 The Moore-Penrose Pseudo-Inverse

The Moore-Penrose pseudo-inverse (MPPI) is used extensively in the following chapters; it will mostly

be referred to a simply “the inverse”. Given a matrix X, define

X =lim{XT(XXT + 62171}
§—0

INaimark [21] introduces the similar notion of partially isometric operators.
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It can be shown that X is well-defined [, p. 19, Theorem 3.4]; it is called the Moore-Penrose pseudo-
inverse (MPPI) of X.

A non-constructive definition is as follows:

Y = X if and only if

XYX X, (a)
Definition: 2.2.3 Y XY Y, (b)
(XY)* XY, and (c)
(YX)T YX. (d)

The characterization given by this equation set is much employed for verifying that the inverse has been

correctly computed.

2.2.6.1 Uniqueness

If the Moore-Penrose inverse of a matrix exists then it is unique, since if we assume Y and Z are
two Moore-Penrose inverses of X, then Y = YXY = YV(XY)T = YYTXT = YYT(XTZTXT) =
YYTXT)ZTXT) =Y ( XV T (X)) =Y XY)XZ2)=Y(XYX)Z=YXZ=YXZXZ
=(YX)'ZzxX)Zz=(X)1'(zxX)TZ =XTYT'XT72T7 = (XTYTXT)ZTZ
=(XYX)'2T72 =XT72T772 = (ZX)'Z =72X7Z = Z.

If a matrix X has an inverse then this inverse is the MPPI since 1. XX X =

Remark: 2.2.4 X(X ' X)=XI=X.2 X XX 1=X"}YXX)=X"1T=X"13 XX1=
I which is symmetric. 4. X ' X = I which is symmetric. O

Lemma 2.2.5 If X+ exists then X7 = X7+

Let Y = X+7T then

L XTYXT = XTXHTXT — (XX +X)T = X7,

2. YXTY = X*TXTX+T — (X+XX+)T = X+T =y

3. (XTY)T = (XTXT)T = X+X = (Xt X)T = XTX+T = X7y,
4 (YXT)T = (X+TXT)T — XX+ = (XX+)T = X+TXT = y X7,
so Y is the inverse of X7 that is X7 = X7+, —

Proof

2.2.6.2 Existence

We first define the MPPI for the field of real numbers as follows:

Definition: 2.2.6 for z € ®,2t = L/z ?f z#0
0 if =0

Next, for diagonal matrices - that is square matrices with non-zero entries only on the diagonal we define

the inverse

0o -0 071" [dfo ---0 0
0 dp--0 0 0 df -0 0
0 0 dn1 0 0 0 dt 0
00 0 dy 0 0 0 df
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which can be seen to satisfy the four non-constructive conditions for the MPPI.

Further, we establish that any symmetric matrix has an MPPI, since such a matrix can be written in
the form Y = ZDZ~! where Z~! = Z7 and D is a diagonal matrix, in which case YT = ZDTZ! is an
MPPI of Y since

1. YY'Y = (ZDZ Y (ZDtZ Y 2ZDZ™ ') =ZD(Z~'Z)D*(Z~'Z)DZ~*
=7ZDDYDZ ' =7ZDzZ 1 =Y,

2. YIYY' = (ZD*Z )\ (2ZDZ '\ ZD*Z ') = ZD*(Z7'Z)D(Zz~'Z)DtZ~!
=ZD*DDY7Z ' =zZDt 7z 1 =Y,

3. YY' = (ZDZ Y (ZD*tZ Y= 2ZD(Z 'Z)D*Z~' = ZDD+*Z~' = ZDD+Z7T,
which is symmetric,

4. Y'Y = (ZD*Z 1) 2ZDZ ') =2ZD*(Z7'2)DZ~' = ZD*DZ ' = ZD*DZ7T,

which is symmetric.

So if Y is symmetric then Y = ZDZ~!, and we define Y+ = ZD*Z~!, which we have shown to be the
MPPI of Y.

Summing up, we have

If Y is a symmetric matrix then

(a) 37, with Z7! = Z7 such that Y = ZDZ !
(b)YZ=2ZD

()Yt =ZDtz71

Lemma 2.2.7

Finally, we prove

Lemma 2.2.8 X (XTX)TXTX = X.
(X - XXTX)PXTX)T(X - X(XTX)*XTX)
=(XT - XTX(XTX)PTXT) (X - X(XTX)*XTX)

L2:.2.5 (XT - XTX(XTX>T+XT)(X _ X(XTX)+XTX)

Proof _ (7 _ xTx(xTx)*xT)(X - X(XTX)t X7 X)

= XTX - XTX(XTX)*XTX - XTX(XTX)FXTX + XTX(XTX)*XTX(XTX)*XTX

= XTX - XTX - XTX + XX =0,s0 (X - X(XTX)"XTX)T(X - X(XTX)*XTX) =0
and therefor X (XTX)*XTX = X,

and we can now prove existence for the general matrix X :

Lemma 2.2.9 X+ = (X7X)t X7
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Set XT = (XTX)*XT noting that XT is well-defined
since X7 X is symmetric and therefor has an MPPI;

XXX = X(XTx)txTx P28 x,

b

Proof XTXXT=(XTX)*XTX(XTX)TXT = (XTX)*XT = XT;
(XXHT = (X(XTX)TXTT = X(XTX)TTXT = X(XTX)T+XT = X(XTX)*XT = X XT;
(XTX)T = (XTX)PXTX)T = (XTX)*XTX = XTX.
So X' satisfies the non-constructive conditions and is therefor the MPPI of X. .

Thus the MPPI always exists for matrices over the field of real numbers.

Note that X(XTX)*X” is the projection onto the column space of X since (X(XTX)t*XT)? =
X(XTX)FXTX(XTX)PXT = X(XTX)HNXTX)(XTX)PXT = X(XTX)*XT and (X (XTX)tXT)T
= X(XTX)"TXT = X(XTX)T+XT = X(XTX)*XT from which it follows that X (XTX)* X7 is
an orthogonal projection; moreover X (XTX)*XTX = X implies the range of the projection is at
least the column space of X, while a typical element of the range of the projection is of the form
X(XTX)*XTy = Xz which is in the column space of X, so the range of the projection X (X7 X)* X7

is precisely the column space of X.

2.2.6.3 Results

In matrix calculations we identify column vectors with n x 1 matrices, row vectors with 1 x n matrices,
and real numbers with 1 x 1 matrices. For 1 x 1 matrices we have, from the previous lemma, [0]* = [0];

so for 1 x 1 matrix [a] we have [a]T = [aT].?

The following result is of general interest:

_ + — _y+
Lemma 2.2.10 (a) (~X) X

(b) Xt+ =X
L (—X)(—XH)(-X) = —XX*+X = -X
2. (—XH)(=X)(-XT)=-X+tXX+=_Xx+
(@) 3 ((—X)(-X )T = (XX )T = XX+ = (-X)(-X")
4 ((=XN)(=X)" = (XFX)T = XFX = (=XF)(=X)
— x+
Proof I{/et_ﬂg(: ;(nd then YV — X+ and
L vy % LYXY =Y Y =X+
(b) 2' YXY:Y s 2. XYX =X < and = X+t =X.
' . 3. (YX)T =YX X=Y*

T __
i E})SQT —y 14 (XY)T = XY
(a) (XXT)* = XT+x+

Lemma 2.2.11 (b) (XTX) = X+XT+

21t appears that a~! = 0 is undecidable and may therefor be appended as an axiom to the field laws.
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1 (XXTYXTHXH) = X(XTXTHXT = X(XTXTT)X+
=X(XtTX)TX+ = X(XTX)XT = (XXTX)X+ = XXt which is symmetric.
2. (XTHXT)(XXT) = XTHX+X)XT = XTH(X+X)TXT
Proof XTHXTXTXT = XTH(XTXT+XT) = XT*+XT which is symmetric.
roo
3. From 1 we have (X XT)(XT+XT) = XX+

= (XXT)XTHXH)(XXT) = (XX H)(XXT) = (XX X)XT = X XT.
4. Again from 1 we have (X XT)(XTHX*+) = XX
= (XT+X+)(XXT)(XT+X+) — (XTJrXJr)(XXJr) — XT+(X+XX+) = XT+x+. ]

(a) (XXT)PX = X*7
Lemma 2.2.12 (b) X(XTXx)* = Xx*7T
(¢) XT(XXT)yt— X+

(a) Replace X with X7 in Lemma 2.2.9
Proof (b) Transpose Lemma 2.2.9.
(c) Transpose result (a).

(a) XTXX+ =XT |

+ T __ T
Lemma 2.2.13 (b) XTXX" =X
() XXTXT+ = XT+ |

(a) XTXXT = XT(XX)T = XTXTTXT = (XX+TX)T = XT .
Proof (b) XTXXT = (X*X)TXT = XTXHTXT = (XX+X)T =XT
(C) XX+XT+ — (XX+)TXT+ — (XXJr)TXJrT — (XJrXXJr)T :XJrT — XT+ O

Lemma 2.2.14 Xty =0« X7y =0 .

XTY =0= XX+Y =0= (XXN)TY =0= X+TXTY =0
Proof = XT+XTY =0 XTXT+XTY =0= XTY =0= XT+XTY =0
S (XXNTY =0= XXTY =0= XTXXTY =0= XTY =0.

2.2.6.4 Computation

The following result is required to derive the pseudo-inverse of matrices which occur in Chapter 2.4 and

in Chapter 8.
If Gm-‘rl = [Gmlc'rn-‘rl] then

O$ [l - CmHkILH] ]

(a) Cp, =
o K1

where
(b) k (I — C””C’fn)c’m—&-l
Theorem: 2:2.15 " = O eml

if (I — CouCE)emyr # 0,

T
C;L O$,Cm+1

2
1+ HC;_LC"L+1H 7

(c) =
otherwise.

Proof By verification of the four non-constructive conditions above (refer to [4]). [
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Lemma 2.2.16 If X is unitary Hermitian (X X7 = XTX = [, X7 = X)) then X T = X

Proof 1. XX7X = XXX = X; 2. XTXXT = XXX = X; 3. XX7T is symmetric; 4. XTX is

symmetric, so X = X7 = X.

Lemma 2.2.17 If X is idempotent Hermitian (X? = X, X7 = X) then X = X .

2.2.6.5 Solution of Linear Equations

The idea which is implicit here is that if a concise solution of the general linear equation appears to
require the pseudo-inverse, then perhaps a concise (and precise) solution of the linear programming

problem might also require the pseudo-inverse.

The general linear equation can be written in matrix form as
Az =b

where A is an m X n matrix, « is an n x 1 matrix (that is an n-dimensional column vector) and b is an

m X 1 matrix (that is an m-dimensional column vector). Now we write
A: [a1a2 an]

so the above equation becomes

X1 by

[al"'an] — ,

that is
T1a1 + 200 + - +x0a, =b .

Thus we are asking whether there is a linear combination of the vectors a; to a,, equal to b.

Alternatively: does b lie in the space generated by a; to a,7 There are two possibilities

1. AATb = b, that is b is in the space generated by a; to a,; further

(a) ATA =1, in which case a; to a,, are linearly independent and there is only one solution
xzs = ATb= (AT A)~1ATb (the inverse exists!) or
(b) A*A # I, in which case a1 to a, are linearly dependent and there are multiple solutions of

the form
s =ATb+ N(A)=ATb+ (I — AT A)y,y e R" .

2. AATb # b, in which case Ax = bA AATbD # b = AATAx = AATb A AATH £ b = Az =
AATbO A AATD # b = Ax # b, that is there are no solutions. It is, however, possible to obtain a

regression solution & = A*b for which A& is close to b - an approach which dates back to Gauss.
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Case 1: (AAT)b=0b= A(A"b) = b, so ATb is certainly a solution. Further, if y is any other solution
then Ay = b = AATAy = AATh = Ay — AAYD = A(y — Atb) = 0 = ATA(y — Atb) = 0 =
(I-ATA)(y—ATb)=y—ATb=(T-AtA)y=y—ATb=y=ATb+ (I - ATA)y=>yec ATb+
(I-ATA)z,z € R Conversely, y = ATb+ (I — AT A)z,Fz e R" = Ay = AATb+ A(l — At A)z,3z €
R = Ay = AATb = Ay = b. Thus in this case (i.e. (AAT)b = b) the solutions are precisely of the
form ATb+ (I — AT A)z,3z € R™. The exhaustive sub-cases (a) and (b) follow immediately.

Case 2. If there exists a solution x then Az = b = (ATAx = ATb) A (Az = b) = (AAT Az =
AATH) A (Az = b) = (Az = AATD) A (Ax = b) = AATb = b. Thus AATb # b implies the problem

has no solution. —

Specifically what is needed for our purposes is simply a summary of Case 1 above:

Lemma 2.2.18 Az = AATb< Jy:x=ATb+ (I — ATA)y

Az = AATD

= (Ax = AATO) A (x = AT Az + (I — AT A)x)
= 2= AT AATh+ (I — At Az

>x=A"b+ (I - ATA)x
=Jy:x=Atb+ (I - ATA)y

= Az = AATD

Proof

Refer also to [15].

2.2.6.6 LP’s with Equality Constraints

Consider the problem

maximize cx

subject to Arx > by
and Asx = by

Since all solutions will be of the form A by + (I — AJ A2)y we can write the objective function as
T (AFby + (I — Af Ao)y) = (I — Af As)e) y + T Af b

and the inequality as
A1 (Afby + (I — A As)y) > by = AjATby + A (I — A As)y > by

= Aj(I — AT Ay)y > by — A1 A b, .
Thus the problem can be rewritten as
mazimize ' (I — A Ag)y + cT AT by
subject to A1 (I — A Ay)y > by — A1 AT by .
or, with the constant part of the objective function removed,

mazimize ¢’ (I — A As)y

subject to A1(I — A;Ag)y > by — AlA;er .
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2.2.7 Orthogonal Projections

We say that a matrix P whose domain is vector space }V and whose codomain is a subspace of V), is a

projection if it satisfies P2 = P ; if it is also symmetric then it is called an orthogonal projection.

Regarded as a linear transformation, XX is the orthogonal projection onto the row space £(X) of
X, while XX is the orthogonal projection onto the column space R(X) of X. The matrix X X is
symmetric and idempotent as, from the definition of the pseudo-inverse, (X X+)? = XX T XX+ = XX+
(since XXX = X)), while property (c) above asserts the symmetry of X X .

Lemma 2.2.19 If P is an orthogonal projection then ||z||* = ||Pz|* + ||z — Pz .

Proof |z||?> = ||Px + (I — P)z|]* = (Pz)" Pz +2(Pz)" (I — P)x + [(I — P)z]"(I — P)x
= ||Pz|* + 22" PT(I - P)z + ||(I = P)z|* = | Pz|* + [|(I - P)=|* . —
Corollary: 2.2.20 If P is an orthogonal projection then ||Pz||? < |||/ .

Proof Obvious from Lemma 2.2.19. 5

Lemma 2.2.21 If P is an orthogonal projection then || Pz||* = |z||? & Pz = z & 7 Pz = 27 x.
[Pz|? = |z|* = ||z — Pz|* = z|* — 22" Pz + || Pz|?

= |=|® - 22" PPz + ||z|* = ||z|* - 2| Pz|? + ||z

=z||? - 2|z|?+ ||z|*=0= Pz =x = 2T Pz = 2Tz = 2T PPx

=z'z = | Pzl = |lz]* .

Proof

Lemma 2.2.22 (PX = X)A (Pz=0Vz e< X >')= P=XXT

(PX = X)A(Pz=0VYz €< X >1) = (PXX+ = XX*)A (P — XX )z =0 Yz € ™)

Proof _ pxx+—XX+)A(P(I- XX*)=0) = (PXX+=XX*)A(P=PXX*t) = P=XX*.

(a) Px = XX+

Definition: 2.2.23 (b) P = I — XX+

Lemma 2.2.24 (PLY)"X =0

(PXY)FX = (PRY)F(PYY)(PLY)TX = (PR Y) " ((PLY)(PyY)H)TX
Proof = (PY)"(PLY)*T(PLY)TX = (PLY)*(PLY)*TYTPT X

= (PLY)H(PLY)FTYTPLX = (PLY)H(PLY)*TYT0 = 0.

For m x ny matrix X and m X no matrix Y,

Definition: 2.2.25 <X,V >={Xu+Yv:ucR",veRe),

The following lemma, theorem and corollary are needed for analysis of the multiple residual operator <

in Chapter 2.3.3.

With the definitions 2.2.23, for Il = Px + PLY (PLY)*
(a) II is idempotent symmetric.

Lemma 2.2.26 (b) IIX = X
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Proof (a) II is plainly symmetric, while II* = (Px + P)’(Y(P&Y)Jr)2
= P2 + PxPLY(PYY)" + PLY (PLY) T Px + (P)’(Y(P&Y)Jr)2

= Px + 0Y(PLY)* + (PLY)*TYT P, Py + PLY (P, Y)*

= Px + (PLY)*TYT0+ PLY (PLY)* = Px + PLY(PLY)* =1I

so IT is idempotent symmetric.

(b) TIX = (Px + PLY(PLY)")X = PxX + PLY(PLY)* X
= PxX + (PLY)TTYTPLX = X + (PLY)HTYT0 = X;

(€) YTIIY = YT (Px + PLY (PY)")Y = YT PxY + YT (PyY(PyY)H)Y

—YTPxY + YT (PyY (YT PLY)TYTPL)Y = YT PxY + (YT PLY) (YT P Y)H (YT PLY)
=YTPyY +YTPLY =YT(Px + PL)Y =YTY = YTy =YTY = YT(I-I)Y =0
> (I-MY)II-IY =0 = (I-IY =0 = 1Y =Y;

(d)ze< X, Y >t = XTz2=0AYT2=0) = (XTXTz=0 A YT2=0)

= (XXN)Tz2=0AYT2=0) = ((Px)"2=0 A YTz=0)

= (Pxz=0AY"T2=0) = (Pxz=0A Pyz=2 A YT2=0),

so Tz = (Px + PLY(PyY)*)z = (Px + PLY (YT PLY) YT Py )2

= Pyz+ PLY(YTPLY) Y Pz =0+ PyY(YTPLY) YTz

= PLY(YTPLY)H0=0 = Hz=0,s0T(<X,Y >L)={0} .

Theorem: 2.2.27 P y.y) = Px + PyY (PyY)"

Proof As in Lemma 2.2.26 let Il = Px + P{Y (PLY)™, then IIX = X and ITY =Y so it follows that
H[X : Y] = [X : Y]; further since Iz = 0 Vz €< X,V >1& Ilz = 0 Vz €< [X : Y] >T we have
X :Y]=[X:Y])A(Vz €< [X : Y] >1: Iz = 0) so from Lemma 2.2.22 I = [X : Y][X : Y]T, that
is Il = P[X:y] - [

Corollary: 2.2.28 Ply .y = Px — PLY (PLY)t

Proof Ply,y = I—Pix.y) = [—(Px+PLY (PLY)*) = (I-Px)=PL Y (PXY )" = Pi—PLY (PLY)* .

2.2.8 The Kronecker Product

The results of this section are needed for the analysis of the transportation model, which is covered in

Chapter 7 and will be continued in the following chapters.

Given an m x n matrix X = (z;;) and a p x ¢ matrix ¥ = (y¢), the Kronecker product X ® Y is defined

by the mp X ng matrix

(X ®Y)(i—1)pth,(j—1)a+£ = TijYre

that is
:L‘11Y e :L‘lnY
X®Y = :

Tm1Y  TmnY
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Note, for vectors v and w,

v @w = [viw vow - vpw] = wo?.

vew! = [wrv wav - wpw] = vw?.

From [25, p. 919] we have, for conformable matrices,

® is associative, (
XY +2) =XV +XoZ (
(X+Y)9Z=X0Z+Y®Z (
WeX)(YeZ)=(WY)®(XZ), (
(XoY)'=XTeYT", (e
(X®Y)" =Xt @Y (Lemma 2.2.30), (
For X, Y square, trace(X ® Y) = (traceX)(traceY), (
rank(X ® Y) = (rankX)(rankY), and (
Each of the sets of normal, Hermitian, positive definite, (

and unitary matrices is closed under the Kronecker product.

Lemma 2.2.29 T WY =YW and XZ =ZX then W X)Y @ 2Z)= (Y Z2)(W® X) .
Proof W X)(Y@2Z)=WY)@(XZ)=YW)(ZX)=YeZ)(WeX).
Lemma 2.2.30 (X QYV)T=XT@Y"T.
Proof We verify the four conditions for the pseudo-inverse:
L (X@Y)(XTeYNH)(XeY)=XXNHeYYHXeY)=XXtTX)o(YYTY)=X®Y.
2. (Xt H(XeY)(XTeY ") =X T XY TY)(XTeYT) = (XTXXTeYTYYH) =XTeY".

3{X V)Xt YN = {(XXH) e (YY) = XXNHTeo(YYHT = (XXH) e (YY) =
(XY)(XteY™).

4. Similar to 3. .

2.3 The Gram-Schmidt Function

The aim of this section is to develop regression theory from an algebraic rather than geometric perspective
for the reason that computers have been taught more algebra than geometry; in Appendix B this

perspective will be seen to facilitate the development of an algorithm for affine minimization.
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2.3.1 The Elementary Function

20

Our aim here is to make precise the vector function underlying Gram-Schmidt orthogonalization and to

delineate some important properties of this function. We need this theory in Chapter 2.4 to develop an

efficient algorithm for computing a solution to the fized-point problem of Chapter 5.

2.3.1.1 Definition

Given vectors  and y from the same space, with superscript “+” as in Definition 2.2.6, the regression

function > and residual (or Gram-Schmidt) function < are defined as:

¢ Ty, \+,,T
Definition: 2.3.1 (a) x>y yy'y) Ty @
b) xz<y = ([I—yyTyTyDe

Alternatively we have

r>y = yy'wx
<y = ([I-yyh)z

Remark: 2.3.2 (z<y) - (z>y)=0.

Figure 2.1 sums up the relationship between x <y and x> vy .

AN x4y

—

0o x>y

Figure 2.1: Elementary Gram-Schmidt Function

Remark: 2.3.3 y-z <y =y" (I —y(yTy)TyD)z =0.

2.3.1.1.1 Properties of the Elementary Operator
a. (A\x)<y=ANz<y),
b.ze<(Ay)=x <y, for \£0
c. (+y)<z=xz<z+y<z,
Lemma 2.3.4 d. y<(z<y)=1y .
e.x<dy=0&x= Ay eR
f.z<0==x
g. 0<xz=0
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Proof: a. If y = 0 then (Az) <y = (M) <0 = dx = ANz <0) = ANz <y) ; if y # 0 then
(Ax) <y = x — (/\yx:)yyy—)\(x—y:gy) =AMx<y);b. Iffy=0thenx<(\y)=xz<0=x<y;
if y # 0 then < (\y) = ()\%gk(’!){; (A\y) =x — )‘2(55)'!/— % =x <y ;c. If z=0 then
(ar:+y)<lz=(a:+y)<10—(x+y)—x<lO+y<O—x<lz—|—y<z otherwise (z + y) <z =
(m+y)7%zfm+y ﬂzf%zfmf—ery yzzfa:<1z+y<z d fz=00ry=0
the result obviously holds; otherwise y < (x <y) = « %mQy y— mey:y;

e. fy#0,thenex<y=0=>z—(z-y/ly-y)y=0=>xz=(zx-y/(y-y)y=>x =y ify =0,
thenx<y=0=2<0=0=x=0= x = \y . Conversely, if y # 0, then x = \y = x <y =
M) <y=AMy<y)=X0=0,andify=0,thenzx = y=>x<dy=x<0=xz=Ay=X0=0;f
x<0=(I-00")z=Iz=x;g O<xz=([—2x")0=0.

2.3.2 The Binary Function

The binary function is introduced rather slowly. First we define the normalized vector

Definition: 2.3.5 & = x| "=

then note the logical equivalence:

Proposition: 2.3.6 z = ||z||Tz < ||z||z ==

Next (u < v) < (w <Qv) is written in a more convenient form:

o

Lemma 2.3.7 (v <v) < (w<v)=(u<0) < (w <)

Proof (u<v) < (w<v) = (u<v) < ((|lw]|w) <v) = (u<v) < ||w|(w <v)

if w=0:=(u<v)<0=(u<v)<(w<v)
{ if w#£0:=(u<v)<(w<v)
=(u<v)<(w<v)

ifv=0: = (u<9)<
s, L234D

=(u<?)<(w<D)

Lemma 2.3.8 (4 <v) < (w<v) = (u<dw) < (v <dw)
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which is symmetric in v and w and therefor equal to (u < w) < (v Qw) .

2.3.3 The Multiple Function
2.3.3.1 Definition

Let the brackets [ | denote sequences, then we define
[mlam%"' ami] <y = [ml Y, x2AY, -, T; <]y] for i >1 (29)

We define the recursion

<y =xz<y, (2.10)

Ay, .yl = (@ <y) (Y v yi] <y,) fori>2 (2.11)
Note that Equation 2.11 is a recursive scheme.
2.3.3.2 Set Property

Lemma 2.3.8 states that (x <y) <(z2<y) = (x <z) < (y < z); this means that the definition z <{y, z} =
(x<y)<i(z<y) is well-defined, because the order of y and z does not affect the result. We now generalize

this result as
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Theorem: 2.3.9 1 <[x2, - ,x,] = 1 <[Tr2,  , Xry] for m an arbitrary permutation of [2,-- -, n].

Proof Assume true for n < m then

2.11
T < [1727 o ;w'rn] = ($1 < w'rn) < [$2 LT, -1 < w'rn]

which, under the above assumption,

= (1 <) <[Tr2 < T, Tr(m—1) < Xyy] for arbitrary permutation m on {2,---,m — 1}

211 x1 < [XTr2, -, Tr(m—1), Tm] for arbitrary permutation 7 on {2,---,m — 1}

Thus x5 to ,,_1 can be permuted arbitrarily. Further

2.11

T < [1727 o ;w'rn] = ($1 < w'rn) < [$2 LT, -1 < w'rn]
2.11
= (k1 <9@m) < (@m—1 <)) <[(X2 <) < (Tm—1 < Tim), 5 (B2 <) < (T—1 < Ty )]
L2338
= (($1 <$'rn—1) < (:B'rn<$'m—1)) < [($2 <$'rn—1) < (w'rn<$'rn—1); T (:B‘H'L—Q <]'17m—1)< ($m <]17m—1)]
2.11
S (1< @po1) (@2 QTm-1), s (@2 < Tp—1), (T < Tip—1))]
2.11
= @ @, Bm—2, Ty Trn—1]

SO Xy, —1 and &, can be permuted. Thus the terms x3 to ., can be permuted arbitrarily. —

It now follows that the definitions

z<{yy, Yt - T <[y, Yl (2.12)
z>{yy, Yt - z—x <y, Y
are well-defined, so from this point we may use the notation = < {y;, - ,y,}-

Diagram 2.2 summarizes Theorem 2.3.9.

It follows from Theorem 2.3.9 that for arbitrary y € V we have the unique orthogonal decomposition
Yy=XX"y+ ([ - XXNy=y>{z; -z, }+y<{zi-x,} (2.13)

where XXty €< X > and (I - XX )y e< X >+

The final result is on two stage regression:

Theorem: 2.3.10 For n > 3, @1 < [x2, - ,x,] = (1 < [@2, - ,@p_1]) < (Ty, < [T2, -+, Tp_1])

T72.3.9
1 <[22, i, Ti—1, X T = Py, @ = P['infl:mn]ﬂh
C2.2.28

Proof - (PA;(Q,W,—l B (P&Z,n—l$n)(PA;(‘2,n—lwn)+)w1 = (I B (P&Z,n—lwn)(PAg(Q,n—lw7b)+)P§(2,n—1w1

D23.1b 7239
= (P)I(z,nflwl) < (P)/(2'7L71$n) - (171 < {'1:27 o ;wn—l}) < (:Bn < {'1:2; e awn—l}) - [
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Figure 2.2: Two Variable Gram-Schmidt Operator

2.4 Affine Minimization

We compute the point of minimum norm in a linearly transformed affine set. This result is needed
for computing a fixed-point in Chapter 2.4. Given the affine space S = {x : a’u — 1 = 0} which is

transformed to G\S by matrix G, we wish to find the point of minimum norm in GS - that is the problem
minimize ||Gu||® subject to a’p —1=0. (2.14)

Note that

1. S is proper affine space since & must necessarily be non-zero.

2. GS might not be a proper affine space.

3. if @ = 0 the problem is infeasible, so only the case a # 0, is considered.
Lemma 2.4.1 GS is a proper affine space iff (I — GTG)a = 0.

Proof (I —-G™G)a=0= a=G"Ga = a” = a’(GTG)" = a” = a’G"G,sop e S = a'p=

1 = a’GtGu =1 = Gu # 0, thus GS is a proper affine space; with (I — G*G)a # 0, define
-G+

Uy = % then p, € S and Gu, = 0, thus GS is an improper affine space, and p, is a

solution to Problem 2.14 for the case where (I — GtG)a # 0.
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2.5 Lagrangian Multiplier Method

Problem 2.14 leads to the Lagrangian|[39]
£=|Gul® + Ma"p - 1);
setting the derivative of £ w.r.t. u equal to zero:
0L/0u =2GTGu+ ) a =0 (2.15)

Multiplying Equation 2.15 by G*7T yields 2G*TGTGu + A\GTTa = 0 = 2(GGHTGu + \GTTa = 0
= 2GGTGu+ ) \GtTa=0=2Gu + G Ta=0=

Gu=-\GTa/2 (2.16)

Multiplying Equation 2.15 by p” yields 2u”GTGu + ApTa = 0 = 2u7GTGu +X =0 = = )\ =
—2(-AG*Ta/2)T(-\G*Ta/2) = -2 2(GtTa)TGtTa/2 = —\2a’GTGHTa/2
= A=-\aTG*G™Ta/2=X1=0 or

—2
A= a’GTGtTa (2.17)
2.5.1 Casel: (I —-G'G)a=0
Since we have a solution for the case (I — GtG)a # 0, the case where
(I-G"G)a=0 (2.18)
is considered.
Substituting Equation 2.17 into Equation 2.16:
-2 G™Ta
2 T —_
Gp = — alGtc+Tq G a’/2 TG T (2.19)
S0
GTGtTa
G Gp = ToioiT, (2.20)
Taking
 GTGTTa (L22.11b) (GTG)'a (2.21)
M= et G+ G B a’ (GTG)ta '

we see that p, is feasible since

T T (GTG)JFG

S A
H ¢ GT(GTG) a 0

a
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Now
GGTGtTqa GtTa
G = alGtGtTa ~ aTGTGtTa - (2.22)
,220( G*Ta \' [ G*Ta aTGrGHTa
and [[Gpy[* 7= aTGT*G*Ta aTGtGtTa ) — (a’GT*G*Ta)?’
that is
1

|Gy ||* = TG T (2.23)

Given feasible 11,
2.22 Gt'a ’
pi GGy = (Guy) Gy = <m> G
aTG+Gt)1 (218) O,Tt)l 1

T d'GTGTa T dTGtGYTa T dTGTGHTa

that is
1
T~T

mG Gy =—For g (2.24)
SO

G — p)I* = (01 — ) "GTG(v1 — py) = |G| — 2] GGy + |Gy |

(2.24) , 2 , (2.23) , 1

=" [|Go]] ~ Tt Ta T Guy|I” =" [|Goa|” — T T T TG 0 a
1 (2.23)

= |Gy |? ~ T T 1G9 || = |G |1
that is

G — p)|I* = 1G> = |Gy 17 (2.25)

and it follows that |G ||? > |G, ]|?, and that if (I —G*G)a = 0 then p is optimal and thus a solution.

2.5.2 Case 2: ([ —-G'G)a+#0

(I - GtG)a ?
a’(I - GTG)a
SO po is a solution.

G(I - G*G)a
al(I - GTG)a

, then a”py = 1 and |G, |® = H

Set py =

2.5.3 Summary

Summarizing, we have the “centred” solution:

__(GTG)a : o+ _
H = T (GTG)a it (I-GtG)a=0
I ctGa . . (2.26)
HQ:m if (I*G G)G#O

Note
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1. that [-GTG)a=0= G Ga # 0= GG Ga # 0= G T'GTG™Ta#0= G'Ta # 0= a’GT*GTa #

0, so pq is computable; we are dealing with an proper affine space.

2. p, is also plainly computable; Gu, = 0 so we are dealing with an improper affine space.

We posit the general solution sets:

_ (GTG)"a + ) n . + _
Sl{aT(GTG)JraJr(IG G)z:zeR it (I-GtG)a=0

I-G*@
Sy = {W—i—(I—G(J{Ga)z:zeéﬁn} if (I-GtG)a+#0 . (2.27)

G
where G, = {aT]

2.5.4 Casel

(225)

Further, we see that ||Gyi|? = ||Guql? IGhr — py)|> =0 & Gy = Guy < 3z : v, =

py + (I — GTG)z, so the set of solutions is given precisely by Equation 2.27.

2.5.5 Case 2

The vector pq clearly a solution; if ps is also a solution then
1G (92 = p2) 12 = (92 = 12) T GT G(02 = ) = [|Go2* — 213 GT G2 + |G ||* = 0

Now [|G(92 — po)||? =0 & Gya = Gy < 32 : 92 = py + (I — GTG)z; additionally, a’ s = 1 AaTy =
l=a’y—a’p,=0= 32:9=p,+ (I —a’a)z. Combining the conditions 3z : hy = py + (I — GTG)z
and 3z : 9 = py + (I — ata)z yields the condition 3z : 92 = py + (I — G G,)z, so the set of solutions is
given precisely by Equation 2.27.

2.6 Farkas’ Lemma

Farkas’ Lemma is the basis for the duality results in Chapter 4 and the fixed-point approach of Chapter 5.

A preliminary lemma is needed before stating and proving Farkas’ Lemma,

Let € be a closed, convex, non-empty set in R” and b ¢ €. Let p be the closest

Lemma 2.6.1 point in € to b then, for any z € €, (b —p)' (2 — p) < 0.

Proof Define p(\) = p + A(z — p) and consider the square of the distance d(b, p(\)) from b to p(A) :
a(B, POV = [b— pO)I2 = (b— (p+ Az — )7 (b — (p+ A(z — P)))

Differentiating d(b, p()\))? w.r.t. A yields 2(p — 2)T(b— (p + AM(z — p))) = 2(A\(z —p)T(2 —p) — (b—
p)T(z —p)) and at A = 0 the derivative is —2(b—p)T (2 — p) > 0 since d(b, p) is at the minimum within
¢, s0 (b—p)'(z—p) <0for any z in €. —
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Given A and b, precisely one of the following statements is true:
Lemma 2.6.2 1. Az =b,2>0 has a solution,
2. ATy >0 and y’b <0 has a solution,

The reason that both 1. and 2. cannot occur is that if the conditions are both met then

2T ATy > 0 since £ > 0 and ATy > 0 while z7 ATy = (Az)Ty = by <o0.

It remains to prove that one or the other condition holds, and to this end first assume there does not
exist & such that Ax = b,x > 0. Let € = {Ax : @ > 0} then b ¢ €. Let p = Aw,w > 0 be the closest
point in € to b then

Vzed: (b— Aw)'(z — Aw) <0
that is

Vo >0:(b— Aw)’ (Az — Aw) <0 . (2.28)
Define y = p — b = Aw — b then 2.28 can be written

Ve >0: (x—w) ATy >0. (2.29)
Let e > 0 be an arbitrary vector, and take @ = w + e > 0 then 2.29 can be written

Ve >0:elATy >0, (2.30)
which implies ATy > 0.
Further, from the definition of y,

yo=y'p-y)=y'p-y'y (2.31)
while setting = 0 in 2.28 yields

—(b—Aw)TAw <0= —-(b—p)'p<0=9y"p<0 (2.32)

and it follows from 2.31, y # 0, and 2.32 that y”'b < 0, so statement 2. is true.

2.7 Exercises

The exercises may been carried out using the program DrRacket which can be obtained from the Racket
website. After opening DrRacket, under "Language" select “Swindle without CLOS” and checking the

box “Case sensitive”, click on Scheme Functions. The usage of the scheme functions is as follows

1. (a) Compute the pseudo-inverse of the matrix B = {1 2 3}

456
(b) Compute BB™; what is the result. (Hint: Use the function mat*mat.)
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()

Table 2.1: Lisp Function Usage

name example semantics
vector (123) VECTOR
vec+ (vec+’(123)’(456)) addition

vec- (vec- (12 3)’(4 5 6)) subtraction
s*vec (s*vec 4.5 (1 2 3)) scalar mult.
vec/s (vec/s’(123)7) scalar div.
matrix ((123) (456)) MATRIX (row list)
idmat (idmat 4) identity

mat+ (mat+ ’((123)(234))((674)(2-17)))  addition

mat- (mat-’((123) (234))’((674) (2-17))) subtraction
s*mat (s*mat 2.5 °((6 7 4) (-5 -1 6))) scalar mult.
mat/s (s*mat '((6 7 4) (-5 -1 6)) 2.5) scalar div.
mat*mat  (mat+ '((123) (234))’((67) (42) (-17))) multiplication
transpose  (transpose ’((1 2 3) (2 3 4))) transpose
ginverse (ginverse '((1 2 3) (45 6))) Moore-Penrose

Pseudo-Inverse

Compute BT B; check that this product is symmetric and idempotent.

What is the trace of BT B?
5 6
Compute the matrix 2 = AAT, where A= |4 -2 | |
7 —6

Compute the matrix I —2(. (Hint: Use the functions idmat and mat-.)

Compute (I —2A), A%, and (I — A)2.

Check that the pseudo-inverse is correctly computed for matrix 2(. (use nonconstructive)

1.0 2.0 3.0

40 5.0 6.0] and compare the result with

Compute the pseudo-inverse of the matrix C' = [

the pseudo-inverse of B.

4. Define X QY ={z1, -, &} <{y1, -,y = {wr <{yr, -y} m <{ya, - Lyt
Prove that (X <Y)<(ZQY)=(X<2)a(Y<2).



Chapter 3

The General Fixed-Point Problem

A fixed-point of a function is a point which is mapped to itself; in the case of a square matrix, say P, x

is said to be a fixed-point of P if Px = x.

In this section we introduce orthogonal projection matrices P and K, and a swapping-matrix S. From
these matrices we construct a matrix U which is unitary in nature. We characterize the fixed-points
of U and show how they can be computed by a converging series approach, a regression approach, and
by a vector lattice approach. In Chapter 6 the developed theory will be used in the specific context of
matrix 8 of Chapter 5, Karush matrix K, and the specific swapping matrix & which are introduced in
Chapter 6. The specific 3, R, and & correspond in their general properties with those of P, K and S
respectively and relate directly to the solution of the fixed-point problem; thus the general results of this

section apply in the later specific context of the following chapters.

3.1 Theory
3.1.1 Swapping Matrices

S is called a swapping-matriz if S is unitary Hermitian; we say that S swaps Q (or Q is swapped by S)

if Q is an Hermitian idempotent (i.e. an orthogonal projection), and
SQS=1-Q; (3.1)

If S is a swapping-matrix which swaps @ then from the above definition

: g :
Q" = Q b
2 = (© (32)
ST~ s (d)

since (a) and (b) follow from @ being an symmetric idempotent, (c) follows since S unitary implies
SST = I = S? = I since S is symmetric, (d) follows since S is Hermitian and in the real context this

means symmetric.

30
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If

(
Lemma 3.1.1 EC) 050Q

(

(

) SI-Q)S=5"-5QS=1-(I-Q)=Q

) SI-Q)S=Q=89QS=1-Q=5%Q5=SI-Q)=QS=5-5Q=QS+SQ=2S

) Q?=0Q=QI-Q)=0=Q5QS=0=05QS*’=0=QSQ=0

) (I=95QU-95)=(@Q-5Q)I-S5)=Q—-QS5—-5Q+S5QS5
=Q-(Q5+5Q)+(I-Q)=Q-S+1-Q=I1-5

() I+S5)QU+S)=Q+(SQ+QS)+SQS=Q+S+I1-Q=I1+5 .7

Lemma 3.1.2 For unitary Hermitian S, (SX)" = X5 .

By verifying the four non-constructive conditions for the pseudo-inverse:

1. SXX+9SX = SXx+x 2 23% gx,

Proof: 2. X*SSXX+S = x+xx+52%30 x+g.

3. (SXXT8)T = ST(XXH)TST 223¢ 5x x+g,

r2.2.3d

4. (X+T85X)T = (XTX) XtX = XTSSX .

3.1.2 Projections and Oblique Projectors

Define
Q=0QI-5 (3.3)
then we have
() @ =0Q
Lemma 3.1.3 (P) @ C%:I—S
() QQ =2Q
(a) QQT: (QU-9)*=Q(I—-S5)Q( — 3 1'1dQ([ S) =1,
b) @ Q=(QU—-9)"Q(U ~S)=(I— STQTQ(I s)

Proof: 3 1 1d

= (1= 8)QQU = 8) = (I = $)Q(I - 5) I-5.

(€ QQ =QU-S8)(QU—9))" =Q( - 9)*Q=2Q(I - 9)Q =2Q* =2Q.
Note that @ is what Afriat [3] calls an oblique projector.

3.1.3 Operations on Vectors

Notionally the vectors are considered to be column vectors on which conjugation is defined; for matrix
X and vectors u and v we require

Xu-v = u-XTv (a
u - v — VU (b



CHAPTER 3. THE GENERAL FIXED-POINT PROBLEM 32

Lemma 3.1.4 If S swaps Q and Qz = z then z | Sz, that is 27 Sz =0 .

Proof: 278z = (Q2)T5(Qz) = 27Q1SQz = 27QSQ= 3.Lle 270z =0. O

Lemma 3.1.5 Qz =2 < Qz = z .

Proof: Qz = z = (Qz — QSQz = 2) A (Qz = 2) = (Q*2 — QSQz = 2) A (Qz = 2z) = (Q(I —
SRz =2)A(Qz=2)= (QU-9z=2)A(Qz=2) = (Qz = 2) A (Qz = z) = Qz = z, while

Tz =2 = (QU-8)z = 2)A @z = 2) = (Q*(I - 8)z = Q) A (@2 = 2) = (QU - 5)z = Q2) A (T= =
2)=(Qz=Q2)AN(Qz=2)=Qz=2z.

3.1.4 The General P-Unitary Matrix U

From this point we assume the existence of general idempotent symmetric K and P, both swapped by
S. Referring forward, in Chapter 6 it will become apparent that the specific future réle we have in mind
for P is as the specific fixed-point matrix P given by Equation 5.4, while that for K is the matrix K,
given by Equation 6.7 which forces non-negativity and orthogonality, and thus eventually the invariant

complementary slackness condition of Chapter 4.3, Equation 4.3.2 to hold.

With matrices K and P swapped by S, we have PKSP = P(KS + SK — SK)P > =0 p(s - sK)p =
PSP — PSKP > E'¢ _PSKP, that is:
PKSP = —PSKP (3.5)

so PK(I+S)P=PKP+ PKSP=PKP - PSKP =P(K - SK)P = P(I — S)KP, Another similar
result is obtained by transposition, so

PK(I+S)P = P(I-S)KP

(a)
PUI+S)KP — PK(I—S)P ( (3.6)

b)
Results 3.6’ dual to Equation set 3.6, where P and K are exchanged, also obtain.

For idempotent B define the B component of vector a or matrix A to be a” Ba or AT BA respectively.

8
Now 2" PKSPz &5 2T(-PSKP)z = —2TPSKPz = —2TPKSPz, since P,K and S are Hermitian.
Thus 2T’ PKSPz = —27 PKSPz, which implies

2" PKSPz =0, for arbitrary z (3.7)
and, of course, the dual result (3.7"): 2T KPSKz =0, for arbitrary z. Thus

Lemma 3.1.6 z =Pz = 2zTKSz=0. .

Consistent with Equation 3.3 a, we define the general obliqgue complementary slackness matriz
K=K(I-S5) (3.8)

and prove that z — Kz leaves the P component of fixed-point z unchanged:
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If Pz = z then
Lemma 3.1.7 (a) (Kz_)TKz =27z,
(b) 2T Kz=2"Kz .

L313b_r Llc

Proof: (a) (K2)" Kz = K Kz (I-8)z=2T2—-2"782=2T2-2TPSPz 3L 2Tz,
(b) 27Kz = 2"K(I — §)z = 27Kz — 2TKSz = 27Kz — 2" PKSPz T30 ;T ey |

Corollary: 3.1.8 If Pz = z then 27Kz < 272 .

Proof: 27Kz L 3£'7b 2TKz L 22'20 2TKz2< 2Tz . O
We now define the matrix U and show that it is P-unitary:

Definition: 3.1.9 U=P(I+S)K(I-S)P ,

where K, P and S are as defined at Chapter 3.1.4 - that is S swaps both K and P. Note that PU =

UP = U, a result which will be used without reference.

Theorem: 3.1.10 U is P-unitary.

vt PEY (14 $)K(1 - $)PYT (P + S)K (I~ )P}

— P(I - S)K(I + S)PP(I + S)K(I — S)P 2% P(I — S)K(I + S)P(I + S)K(I — S)P
Proof P )K(I+S)K(I-S)P L (- $)2(1 - 9)P

320 pr _ k(1 - 5P pr—g)p
3.1:.10 p2 Sza P

Similarly UUT = P. O

In other words, with R(P) = {Pz : z € R?"™}, U when restricted to domain R(P), is a unitary function,
so any vector z in the range of P (i.e. Pz = z) will be mapped by U to a vector with the same norm -

that is Pz = z = ||Uz|]? = (U2)T(Uz) = 27UTUz = 2T Pz = 272 = ||2|%.
One final result is needed for the next section:

Lemma 3.1.11 2z = Uz & (2 = Pz) A (27Uz = 27 2).

Proof: (z = Pz) A (2TUz = 272)

S (|lz-Uz|? =212 - 27Uz - 2TUT2 + 2TUTU2) A (2 = P2) A (2TUz = 2T2)
& (|lz—Uz||? =272 = 22TU2 + 2TUTU2) A (2 = P2) A (2TU2z = 272)

& (|lz—Uz||? =272 = 22T2 + 2TUTU2) A (z = P2) A (2TUz = 2T'2)

73410 (lz=Uz||? = 2T2 - 2272+ 2T P2) A (2 = P2) A (2TUz = 272)

S (lz-Uz|?=2T2-22T2+2T2) A (2 = P2) A (2TUz = 272)

S ([z-Uz||?P=0)A(z=P2) A (zTUz = 2T 2)

<:>Z:Uz.|:|
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3.1.5 Characterization

Define the averaging matrix

Definition: 3.1.12 V = (P + U)/2 .

Note that PV = VP =V and this result will be used without reference.

With reference to Figure 3.1 we see that V z is sandwiched between z and Uz, and that
Lemma 3.1.13 2 =Vz< 2=Uz

Proof: z=Vz& (z=(P+U)z/2)AN(z2=Pz)& (z2=Uz)AN(z2=Pz) e 2=Uz. O

Uz

I Uz||2 = ,7p,

2=Pz

Figure 3.1: Equivalent Fixed-Point Conditions

In view of Lemma 3.1.5 we have
Corollary: 3.1.14 Kz=z2 < Kz =2 O]

Lemma 3.1.15 z is a fixed-point of U iff z is a fixed-point of P and K.

Proof: Uz = z st (2TUz =2T2) A (Pz = 2) 349 (ZTP(I+ S)K(I — S)Pz=2T2) A (Pz = 2)
& (2TPKPz + 2T"PSKPz — 2" PKSPz — 2T PSKSPz = 2T2) A (Pz = 2)

& (2TPKPz — 2TPSKSPz = 2T2) A (Pz = 2)

& (2TKz - 2TSKSz = 2T2) A (Pz = 2)

?%} (2TKz —2T(I - K)z = 2T2) A (P2 = 2)

& (2TKz—2T2+2TKz=2T2) N (Pz = 2)

& (2TKz=2T2) N (Pz = 2)

L2<':2>'21 (Kz=2)AN(Pz=2). —O



CHAPTER 3. THE GENERAL FIXED-POINT PROBLEM 35

Lemma 3.1.16 z is a fixed-point of V iff ||z[|? = ||V z|?* .

L3,1.13 L2.2.1
z &z

Proof: z=V =Uz"E" (2T2=2TU2z) A (2 = Pz)

222 2=2T24+2"Uz2N2=Pze 2T2=(2T2+2TUz)/2 N2 = Pz

e 2T2=(22T2+422"U2)/4AN2 =Pz 272 = (272 4+ 27U T2+ 2"U2+ 2"U"TU2) /AN 2 = Pz

S 2lz=(I+0)z/2)"(I+U)z/2) Nz =Pz & |z|* = |Vz|* .

Summing up Corollary 3.1.14 and the previous three lemmas we have:

z is a fixed-point of U

& z is a fixed-point of V
Theorem: 3.1.17 < z is a fixed-point of P and K

& z is a fixed-point of P and K

& |lzl” = [Va]*.

This theorem is illustrated by Figure 3.2.

Figure 3.2: Relationship Between Fixed-Point Conditions

3.1.6 Convergence
We show that {V™z} is a Cauchy sequence by showing that

1. the series is strictly decreasing in norm, and
2. the distance between successive terms is strictly decreasing and, moreover,
3. the distance between successive terms is bounded by a decreasing geometric series.
Lemma 3.1.18 ||[Pz||? = ||[Vz|]? + |Pz — Vz|?
Proof: ||Pz|? =||[Vz+ Pz —Vz|?
=[|Vz||2+2(V2)T (Pz—V2)+||Pz—Vz|? = |[Vz||?+ 2T (P+UT) /2(Pz— (P+U)z/2) +||Pz— Vz|?

= |Va|l?+(z"(P+U")/2)(Pz—Uz)/2+ | Pz=Vz|* = |[V2|*+ 2" (P+UT)(P-U)z/4+ | Pz = Vz|?
=|Vz|?+ 2T (P-U+U" = P)z/A+ ||Pz— Vz|? = |[Vz|* + |Pz - Vz||* .
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¢ 2= |(I-P)z|*+||Vz|*+||Pz - Vz|?
Lcvs 31,19 @) 1212 = 10—
Corollary: 3119 () 1212 — vz & 2 = vz

L£3.1.18
Proof: (a) |? :all(l’*P)erlel2 = [(I=P)z|?+[|Pz[|* " "="" (I = P)z|*+[[Vz|*+ | Pz — Vz|*.

() [212=[V2|?[(I - P)z|* + | Pz = Vz||?=0 = (z=P2) A (Pz=Vz) = 2=Vz = | z]*=[[Vz|*.

Corollary: 3.1.20 ||z — Vz|? = ||z]|? — |[Vz]|]?

Proof: (C3.1.19) = [[2]2 — [[Vz]|? = || — P)z||? + | Pz — Vz||?

= |zl = V2l = (I = P+ P = V)z|* = | - V)=|”
= [l2l* = IVzl* = |z - Vzl* .
Figure 3.1 and Pythagoras’ Theorem make the above lemma obvious.

The series [|[{V"z|?} decreases strictly monotonically:

(a) [l2]* = [|Pz]* > |Vz|?
Lemma 3.1.21 (b) 2|2 = |Vz|? iff 2 = V=

C2.2.20
Proof: (a) |22 = [Pz F3L I vz 4 Po— a2 > vz
() 2% = V2l < 2] — V2|2 =042 2 veP =0 2= V2.

The series ||[{V""1z — V"z||?} decreases strictly monotonically:

With Pz = z,
Lemma 3.1.22 (a) [z — Vz[? > |[Vz — V2z|?
M) |z=Vz|?=|Vz2-V22|? © 2=V=z

L3.121a
Proof: (a) ||z — Vz|? > [V(z=V2)|?=|Vz-V32z|?
() [l2=Vz|2 = |[Va=V22|2 L3E2 o v — U(z—V2) & P2—(U+P)2/2 = U(P2—(U+P)z/2) &
Uz=U%2UlUz=UT0%2 P2=PUz& Pz=Uz&2Pz2=(P+U)z& Pz=Vz& 2z =
Vz. 4

The distance between successive terms is bounded by a decreasing geometric series:

To establish this we first show that V and V7 commute, and also compute their product:

Lemma 3.1.23 VTV = VV7? = (UT + 2P + U)/4 = PKP

Proof: VVT = (P+U)/2)(P+U)/2)T = (P+U)P+UT) /4= (P+U+UT+UUT) /4= (P+U +
UT +UTU) /A= (P+U)/2)T(P+U)/2) = VIV = (P+U)/2)T(P+U)/2 = (P+UT +U + P) /4=
(2P+P(I+S)K(I-S)P+P(I-S)K(I+S)P)/4= (2P+PKP+PSKP—-PKSP—-PSKSP+PKP—
PSKP + PKSP — PSKSP)/4 = (2P + 2PKP — 2PSKSP)/4 = (2P +2PKP — 2P(I — K)P)/4 =
(2P +2PKP — 2P + 2PKP)/4=PKP . [
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The following results connect the developed theory with the theory of reciprocal spaces [3], and the

product of the idempotents P and K.

We note that

(VI)iVi = (PK)'P = P(KP)’, (3.9)

since (VT)ivi P32 1y _ (PR P) = (PK)IP = P(KP)i, 50 for z = Pz, |Viz|2 = (Viz)TViz —

2ZI(VTWViz = 2T(PK)'Pz = 27 (PK)iz = 2T (K P)'z , that is
For z = Pz, ||Viz|? = 2T (PK)'z = 2T (KP)'z . (3.10)

In Appendix A we consider reciprocal vectors and spaces; we show by spectral decomposition of the
matrix PK that the convergence in norm of the sequence (PK )™z is better than geometric, so it follows

that the series {V™z} is a Cauchy sequence, whose limit is a fixed point of U.

3.1.7 Fixed-Point Component

Here we develop some results on the P-unitary matrix U and give them a geometric interpretation.

(a) The P component of U™ (i.e (U™)T PU™) remains constant at P
Lemma 3.1.24 (b) The K component of U™ remains constant at PK P
(that is (U™)T P(U™) = P and U"TKU™ = PKP)
Proof: (a) UTPU = UTU 1321 p futher, (UmTPU™ = (U)TU" = (Un-HTUTUT! —
(Un—l)TPUn—l — (Un—l)TUn—l . — UTU =P
(b) For n = 1, UTKU = UT PK PU DL (P(I+ S)K(I - S)PY' PKP{P(I + S)K(I — S)P}
— P(I — §)K(I + S)PKP*(I + S)K(I — 8)P = P(I — S)[K(I + S)PK|P(I + 8)K (I — S)P
/
g 25, P(I - S)[KP(I — S)K|P(I + S)K(I — S)P = P(I — S)KP(I — S)[KP(I + S)K](I — S)P

5 TldP (I—S)KP(I - 8)[K(I — S)PK|(I - S)P = P(I - S)KP[(I—8)K(I — 8)|PK(I - S)P
P(I — S)K[P(I — S)P|K(I — S)P

SLLC pr 9\ kP2 (I - 5)P = [P(I - S)KP|[PK(I — 5)P]
50 pK((1+ 5)P(1 + S KPP PR (1 + S)KP
3.1.1c 3.2a

PK2P 2% PKP .
Forn > 2, U KU =y DTyTgyy»—1 = y-VTyT pg pUU"!
=y VTPKPU™ ! =... = PKP.

3.2 Computational Methods

3.2.1 Averaging

Theorem 3.1.17 is the basis for this method.
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With 1 = [1---1]7 we consider the sequence {g;} where

g1 - Pla

a)
3.11
Ji+1 = Ug;, ) (8.11)

T

and the sequence {v;} where
Viy1 =Vv;, vy =P1.
Note that
V1= (3.12)

Since U is P-unitary it follows that ||g,|| is constant; on the other hand we show that {v;} converges:
j—1

i — virill = || Z(’l}iJrk — Vigkt1)|]
k=0

*HZVk Vi = Vi1 ||<Z|\Vk i — i) |

j—1
Z \/ — szrl TVkTVk( — szrl)
k=0

j—1

3.10

= > \/(Uz‘ = vi+1)T(PK)F (v — vig1)
k=0

j—1
< 3 los = v X2 ]fo; — viga |
k=0

where A is the largest eigenvalue of PK other than unity (in Appendix A we show that the eigenvalues
of PK lie in the interval [-1,1]).

(Z A’f) los = vigall = = i = via

That is H’Ui — 'Ui-i-jH S ﬁ”vl - UH‘lH » SO

—

l[vi = vigs " < m”vi —vipa?

and so, using Corollary 3.1.20,
2 1 2 2
[vi — vigj I” = W(HWH = [Jvi+1ll”) (3.13)

and since ||v;]|? is a Cauchy sequence, it follows that {v;} is also a Cauchy sequence, which necessarily

converges; we set v, = lim;_, o, v; and obviously Vi > 0 : Uvs, = Ve -
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Uy,

12 = [lv)2

” Uv;

'Ui:P'Ui

0

Figure 3.3: Distance Between Successive Vectors

3.2.2 Affine Regression

An affine sub-space of a vector space V' is a set of the form x+.S where S is a sub-space of V. Alternatively

we can define an affine space as a set which is closed under the binary operation + for all A\, where
cHry=x+(1-Ny.

An affine sub-space of an inner product space has a unique point of minimum norm, since if we choose
and arbitrary point ¢ and form an infinite sequence of vectors of strictly decreasing norm beginning with
a they will all lie in A = {@ : ||z|| < ||a||} and since A is closed and bounded and hence compact this
sequence will have an accumulation point which, in view of the continuity of the norm, will have minimum
norm, so there exists a point of minimum norm. Now suppose there are two vectors of minimum norm,
say wy and weq, then the point (w; 4+ wz)/2 which is also in the affine space has a smaller norm than

both w; and ws, contradicting their minimality; therefor there is a unique point of minimum norm.

Let g1 be a vector in the range of P, and p be a fixed-point of U and thus also in the range of P such
that g1 -p > 0. (in Chapter 6.4 we construct a vector which satisfies this requirement for a non-negative

fixed-point of the specific unitary operator U introduced in Chapter 6.1.4). We consider the affine space

J J
Aj:{z)\igii )\i=1} .
i=1 1

1=

Obviously A; C Az C Az -+, moreover it can be shown that A;11 = A; = A;j10 = A;, so we define
A=A; where j is such that Aj = Ajq

Take g1 = p; + ¢1, where p; = g1 > p and ¢1 = g1 < p which is an orthogonal decomposition in view
of Equation 2.13, and since g; - p > 0 . So A is not equal to the range of P since each of its elements

is of the form p; + r, where 7 is orthogonal to p, and thus A is a proper affine space. It follows that
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the vector of smallest norm in A (not necessarily p) is a fixed-point of U ; this vector may be computed

following the approach of Chapter 2.4.

Note that v1 = g1, so v1 € A, also that v; € A= v; € A;3j = v11 € Aj41 = V41 € A; since A is
compact it follows that v, € A.

Now (V;—Voo0) Vo0 = (Vi —V00) T PVso = (Vi —V00) TUT UV = (0 —000) T U T 000 = (Uv; —Uv0o) T000 =
(Uv; — voo)T v that is

(v; — ’UOO)T’UOO = (Uv; — vOO)T'voo .

Averaging this equation and the tautology (v; — Vo) Voo = (V; — Voo )T v yields

(Vi = Vo) Voo = (Vi1 — Vo) Voo

from which it follows that
Vi>1: (v —00) 0o =0 .
Further, (¢; —Voo)T Voo = (i —Vo0) T P00 = (§i—V00) T UT U = [U(gi—000)]T U0 = (git1 —Vo0) Voo
that is
(95 — Voo) Voo = (gi41 — Voo) Voo -
Finally, since g; = vy, it follows that (g1 — Voo ) Veo = (V1 — Voo) T 000 and so

Vi>1:(g — Vo) 000 =0.

Thus v is the unique point of minimum norm in the affine space A.

From these computations it also follows that g, = U™g; orbits v, at a fixed distance from v, in the

affine space A, as shown in Figure 3.4.
The above calculations form the basis for an algorithm for computing a fixed-point as follows.

Let

Gi=lg1- g (3.14)

then we minimize ||G;z||> subject to 1,72 = 1. The solution to this minimization problem was given by
Equation 2.22; yielding

G, Gi(GTGy)*t 1,

gz:szézmzm

(3.15)

Note that in the above formulae the pseudo-inverse is used, but the ordinary inverse may obtain if 7 < q.
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Figure 3.4: Orbit of a Vector

3.2.3 Ordered Spaces

Another method of solution of the general fixed-point problem involves using a vector lattice approach,
which is detailed in this section. The results up to Corollary 3.2.5 may be found in the literature on

vector lattices.

A lattice' is a triple (L,V,A) where V : L? — L, and A : L? — L. These binary functions are normally

written between their operands, and are required to satisfy
1. Vo =x; x Ax =z, (nilpotency)
2. x1 Voo =2V x1; T1 A Ta = T2 A 21, (commutativity)
3. x1V (zaVas) = (x1 Vo) Vas; x1 A (2 Axs) = (x1 A z2) A xs, (associativity)
4. 21V (z1 Nz2) = 21; 1 A (21 V 22) = 21, (absorptivity)
If, in addition
21V (z2 ANzg) = (21 Va2) A (z1 V x3),
or

21 A (2 V3) = (1 Ax2) V (21 A x3),

1Some of the treatment here is an extension of that in [5].
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holds, then the other can be shown to hold and the lattice is said to be distributive.

We can associate an order relation with a lattice by
r1 > Ty if x1 Vg = 1.

or, if we have an order relation and sup(x1,z2) and inf(x1,x2) both exist for all z; and zo, we take
x1 V 29 = sup(x1,x2) and 21 A o = inf(x1,x2), and can show that these functions satisfy the above

four defining properties for a lattice.

3.2.3.1 Vector Lattices

We have an ordered vector space if
Ve, xo,x3 € L 1 > o = 1 + T3 > X2 + T3,
and
Va e RTU{0} and ©1, 22 € L: x > 22 = ax; > axs,

If the order on an ordered vector space defines a lattice then we have (as a definition) a vector lattice.

Note that we give priority to multiplication over V and A, and priority to V and A over unary and
binary + and —. Thus, for example —x1 V @3 = —(21 V @2), @1 + 2 A 3 = 1 + (X2 A 23), and

axy Vs = (axy) V o

For a vector lattice the following results hold

o1V X = —(—z) A (—=z2) (a)
1V xo + T3 = ( 1 + £E3 \/ (il:g + :I:3) (b) (316)
a(zV 2) = (ox1) V (a2) (c)

These results and a proof of (b) (which provides the flavour for proving the others) are given in [5].
Dual results where V is replaced by A, and vice versa hold and will be denoted by a ’ in the equation

designator: Thus, for example,

A = —(—m1) V(—x2). (@)

We define the positive and negative parts of a vector, and the absolute value of a vector as follows:

x = xVO0 (a)
" = x A0 and (b) (3.17)
|| = zvV -z (c)

Lemma 3.2.1 . = 2V + 2"

Proof z —zV =z —2xV0=2z+[-(xV0)]=z+ () AN0=(z—2)AN(x+0)=0A"z=a" .
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Thus & — " = 2", which implies = z" + 2.
Lemma 3.2.2 1 +xo =21 Vaxo + 21 ANXo .

Proof From the previous lemma,
x) —xp = (1 — @2)" + (1 — X2)"
= T + T2 = (931 —132)\/O+$2+($1 —132)/\0+132

S'g)b131+$2:131\/132+131/\132 .|:|2

3.2.3.2 Hilbert Lattices

Consider a vector lattice on which a norm is defined - that is a map || || : V' — R; we require
el = ll|l

in which case the norm is said to be a lattice norm, and the lattice is a normed vector lattice. if the

lattice is complete with respect to the norm then it is said to be a Banach lattice.

Consider a normed vector lattice on which an inner product is defined and for which the norm is defined
by ||x1|| = /1 - =y if the vector space is complete for the topology induced by the norm (i.e. a Banach
lattice) then such a lattice is called a Hilbert lattice. The inner product of x; and xo will be denoted by
X1 - 2, or where the vectors are cartesian by a:lT.'L'g. If 1 - 2 = 0 then we will say that x; is orthogonal

to xo, or 1 L @s.
Note: we require 1,2 > 0 = a1 - x> > 0 and the existence of a swapping-matrix S which is consonant
with the lattice order, that is @1 > x9 = Sz, > Sxs from which it follows that

S(x1V x2)
S(x1 A xa)

(Sx1) V (Sx2) (a
(Sx1) A (Sx2) (b

)
) (3.18)

Lemma 3.2.3 For a normed vector lattice ¥V L " .

2 2
Proof We have ||[z[|| = [lz]| = [[|=[[” = [l

Ty L3.2.1

= |2’ |z| == (@ +2") - (& +2")

3.§c (¥ —2") (¥ —2") = (¥ +2") - (¥ + ")

= zv.-z¥ -2V -2+ =" ¥ +22V -2+ 2" "

AN \% AN Vv

= —2zV . 2" =22V 2" = ¥ -2"=0 = :BVL:BA.D

Lemma 3.2.4 1V Xxs -1 NIy =T To

2 A more general approach is given in [5, p. 197].
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Proof 1 Vas - @1 Axa = (1 — 2 + T2) VX - (X1 — T2 + 2) A T2

= (($1 — $2) VO + $2) . (($1 — $2) AO+ $2) = (($1 — $2)\/ + 132) . ((131 — 132)/\ + $2)
L3:.2.3

L3.2.1

(1 — @)Y - o+ (X1 —x2)" -T2 + X2 - w2 = (X1 — @2)Y + (X1 — T2)") - T2 + T2 - X2

(w17w2)~w2+m2~x2:w1~w27m2'x2+w2'w2:m1'x2.|:[

Corollary: 3.2.5 For a normed vector lattice @1 Vxo L 1 Axy & 1 L 2o .

3.2.3.3 Positive Fixed-Points

Suppose S swaps P then, given fixed-point z = Pz, from Lemma 3.1.4 z 1 Sz, so the decomposition
z+ S5z L32.2 zV Sz + z A Sz is an orthogonal decomposition in view of Corollary 3.2.5. Multiplying

each side of this equation by the idempotent P we have the decomposition
z=P(zV Sz)+ P(zASz),
which is also an orthogonal decomposition in view of the following

Lemma 3.2.6 z = Pz and (2V Sz) L (zASz) = P(z2V Sz) L P(zASz) .

SP(zV §z) = SPS(2V Sz) 2 (I — P)(2 v §2) = (2 V Sz) — P(2 V S2),

so SP(zV Sz)=(zV Sz)— P(zV Sz),
and taking the inner product of this equation w.r.t. z A Sz,
(zANSz)-SP(zVSz)=(zASz) - (2VSz)—(2ANSz) - P(zV Sz)
0%2'5(z/\SZ)OSP(z\/Sz):—(z/\Sz)oP(z\/Sz)

Proof: 3%d(z/\Sz)-STP(zVSz):—(z/\Sz)-P(z\/Sz)
3§>a S(zASz)- P(zVSz) = —(2ASz) - P(2VSz)

3'i§b (zASz) - P(zVSz) = —(2ASz) - P(2VSz)
= (2AS82)-P(zVSz)=0 = (zASz)-P?(2V Sz)=0

= (2 ASz)- PTP(zV Sz) :OgP(z/\Sz)-P(zVSz)zo
= P(zV Sz) L P(zASz).

Summing up:

L314

< =
z=Pz "= "z1S85z C’i}.o(

zV Sz) L (zASz)

Lgé'?ﬁ P(zVv Sz) L P(z A Sz)

03:.2.5 P(zASz) V P(zVvSz) L P(zASz) A P(zV Sz) .

Note also that
P(zVv Sz) V P(zASz) + P(zV Sz) A P(zASz)

= P(zVvSz) + P(zASz) = P(zVSz+2zASz)

= P(z+Sz) = z;
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so we have the orthogonal decomposition

z z1 + z9, where (a)
z1 = P(zvSz)V P(zASz), and (b) (3.19)
zg = P(zVvSz) AN P(zNS=z). (

o
~

Since z; and z9 are orthogonal,

21—z = [zl , (3.20)
and so

[P(z1 = z2)| < =l ,
and so,

[Pz1 — Pz < 2] .

Let p be a non-negative fixed-point of P, that is p > 0 and Pp = p. We now show that the p-proportion

of Pz, — Pz is at least as great as that of z.

< To this end note that, from Equation 3.19, p- (Pz1 + Pz3) = p- P(z1+22) = (PTp) (21 + 22) =
(Pp)-(z1+22) = p-z;thatis

p-(Pz1+Pz)=p-z. (3.21)

Also note that p- Pz = p- P(P(zV Sz)V P(z A Sz)) = (PTp) - (P(zV Sz) V P(z A Sz)) = (Pp) -
(P(zV Sz)V P(z A Sz)) = p- (P(zV Sz)V P(zASz)) > p-(P(zV 5z)) = (PTp) - (2 V Sz)
=(Pp)-(zvVSz)=p-(2VSz)>p-z, that is

p-(Pz1)2p-z; (3.22)
From Equations 3.21 and 3.22 it follows that p - (Pz2) < 0 and that
p-(Pzy—Pz2) >p-2z; (3.23)

In view of Equation 3.23, the p-quantity in Pz, —Pzs is at least equal to that of z. and from Equation 3.20
it follows that the p proportion of Pz, — Pzs is strictly greater than that of z, unless Pz1—Pzy = 21—25 ;

but z; — z9 > 0, so this would mean we had reached a non-negative fixed-point. >

Thus the recursion
zZ1 = P1

Zpil = P(P(zn VSz,) V P(zn ANSz,) — P(z, V Sz,) A Pz, A Szn)>

converges to a positive fixed-point of P.



Chapter 4

The Original and Invariant Problems

The aim of this chapter is to define the original and invariant problems, and show that they are equivalent.

The invariant problems are introduced then primal and dual function-pairs and invariant linear pro-

gramming problems, and then we relate the invariant and original problems using these function-pairs.

In the following computations the superscript + denotes the Moore-Penrose pseudo-inverse which was

defined in Chapter 2.2.6.

4.1 The Invariant Framework

The major use of the variables detailed here is the construction of the invariant problems in Chapter 4.3

Define
A = AA* (a)
D = - AAT (b)
b = Db (c) (4.1)
¢ = Alfe (d)

Note that 2 and ® are symmetric idempotents in view of the latter two non-constructive conditions for
the pseudo-inverse. It is a straightforward matter, using the definitions above and the nonconstructive

characterization of the Moore-Penrose pseudo-inverse, to show that

AT = 2 (a) A6 = 0 ()
212 = A (b) D6 = b (2)
ol = D (c) Ace = ¢ (h) (4.2)
D? = D (d) Dc = 0 (i)
AD =22 = 0 (e) b’c = 0 )

46
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4.2 The Original Primal and Dual

An object is a dual of another object if it is the mirror image in some sense of that object. The most
important property of this image is that the image of the image of an object be the original object itself.
We generally require this of any dual - that the dual of the dual be the identity map. In this chapter
we deal with a pair of problems, one of which is an asymmetric “dual” and doesn’t satisfy this image

property; nevertheless the term is used as closely related problems are dual in nature.

We define the binary operator < on two sets A, B C R, the real numbers, as follows: A < B means that
forallz € Aandy € B, = <y.

An asymmetric dual is given in [14], and Schrijver [33, p. 95] gives the form

maz{cTx : Ax < b} = min{b"y: ATy = c,y > 0}, if either exists. (4.3)
which can be shown to be equivalent to

mar{c’z: Az > b} = mm{bTy : ATy = ¢,y <0}, if either ewists. (4.4)

whose right hand side has the form of asymmetric dual corresponding to Problem 1.1 - the left hand

side.

Referring to Equation 4.4, the maximization problem is called the original primal and the minimization
problem is called the original dual; together they comprise the original dual pair. We introduce the
concept of quasi-boundedness as it is necessary for the construction of the function pairs which relate

the original and invariant LP’s:

Definition: 4.2.1 Problem 1.1 is said to be quasi-bounded if A*Ac = ¢ .

Now if Problem 1.1 is feasible then there exists a solution, say xs such that Axs > b. Now Az, > b =
Alxs + MI — AT A)c] > b, s0 s + A\(I — AT A)c is also feasible and its objective value is ¢” [z, + (I —

At A)e] = ¢Tay + NI — At A)e = ¢Tay + AeT(I — At A)e = cTx, + A||(I — AT A)c|”, which is
unbounded unless ||(I — A* A)e||> = 0= (I — A*A)e = 0= AT Ac = c, so we have

Lemma 4.2.2 Problem 1.1 is feasible bounded = Problem 1.1 is quasi-bounded.

Note that

1. this means quasi-boundedness is a necessary condition for a feasible bounded problem

2. usually A is of full rank and m > n, so AT A = I, which implies AT Ac = ¢ , and so such problem

is quasi-bounded.

Lemma 4.2.3 Problem 1.1 is quasi-bounded < A" ¢ = ¢ < 3y such that ATy = c.
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Proof Problem 1.1 is quasi-bounded = A”'¢ 4.Ld AT (AT e) = (ATAT e = (AT AT e = (AT A)Te =
Atde PL21 0 0 ATe — ¢ o (AT¢ = ¢) A (A AATc = A+ Ac) = (ATc = ¢) A (ATc = A Ac) =
AtAc=c D 452'1 Problem 1.1 is quasi-bounded. So Problem 1.1 is quasi-bounded < AT ¢ = ¢. Further,
AT¢ = ¢ = Fy such that ATy =c = (ATy =c) Ay = AATy) = (ATy =) A Ry = (AAT)Ty)
S ATy = ) A Ay = ATe LD ) o ATy = o) A (ATAy = AT¢) = (ATy = ¢) A (ATy = AT¢)
= AT¢ =¢; 50 ATc¢ = ¢ & Jy such that ATy =c. .

From Lemmas 4.2.2 and 4.2.3 we have

Lemma 4.2.4 Problem 1.1 is feasible bounded = AT¢ = ¢ . .

4.3 The Invariant Problems
4.3.1 Construction of the Central and Peripheral Forms

From the original problems we compute what is called the invariant problems - so-called as this formula-
tion of the LP problem is invariant under one-to-one transformations of the solution space of the original

dual pair of problems. Refer to [1] for a more intuitive development.

Substituting 2 for A, b for b and ¢ for ¢ in Equation 4.3
max{c’r: Ar > b} = min{b” v : Ay = ¢,y < 0}, if either exists. (4.5)

The left hand side of this equation is called the peripheral invariant primal while the right hand
side is called the asymmetric invariant dual, and we see that it is feasible iff the asymmetric dual is

feasible since ATy =¢c < Ay =-c.
Proof ATy =c= (AtTATy = AtTe) A (ATe=c) = (AAT)Ty = ATHte) A (ATe =¢) = (AAty =

ON(ATe=c)= Ay =c)A(ATc=c) = (ATAy = AT )A (ATc=c) = (ATy=AT)A (ATc=c) =
Aly=c.

The asymmetric dual is, however, required in symmetric form so we proceed as follows:

Now {b"h: Ay =¢,p <0} ={b"p: (I D)y =¢,p <0} ={b"p:p—Dyp=¢,p <0} = {b'p :
D(-y)—c=—9,-9>0} = —{b" (=) : D(—p) —c = —p,—p > 0} = —{b "y : Dy — c = y > 0}, that

is

{67y Ay =c,p<0}=—{b"y:Dy—c=9p9>0} (4.6)
So
min{b’y : Ay = ¢,y < 0} = min(—{b"h: Dy — ¢ =y > 0})

= —max{bTy: Dy —c =1y >0} if either mazimum exists.
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and (4.5) can be written

max{cTz: Ar > b} = —max{b’y: Dy —c =1 >0} if either mazimum exists. (4.7)
or

max{cTz: Ar > b} + max{b’y: Dy —c =19 >0} =0 if either mazimum exists. (4.8)

The first maximum problem of 4.8 has already been labelled as the peripheral invariant primal; consistent
with Definition 2.1.2, Lemma 2.1.5(g) and Equations 4.12 and 4.14, the second is called the central

invariant dual. We summarize:

The central primal dual forms are, respectively

max{cTz:Ar —b=r>0} and max{b'y:Dy—c=1py>0}

while the peripheral primal and dual forms are, respectively

max{cTz: Ar>b} and max{b’y: Dy >c}.

Note that with the primal and dual function-pairs specified in Chapter 4.4.1, the use here of the term

“central” is consistent with Definition 2.1.2 of Chapter 2.

4.3.2 Equivalence of the Central and Peripheral Forms

The set of feasible objective values each of the central invariant problems is equal to the feasible objective
values of the corresponding peripheral invariant problem:

(a) {"e: Ar —b=r>0} = {c"r: Ar > b}

(b) {67y : Dy —c=1p >0} ={b"y: Dy > c}

Proof (a): {¢z:Ar —b=1r>0} C{cTr:Ar>b}={cTr:Ar—b>0} = {cTr:AQRAr—b) —b =
Ar —b >0} ={cTRr—b6) : ARxr —b) —b=Ar —b >0} C {c"r:Ar — b =1 > 0}. (b): proof is
analogous to proof of (a).

Lemma 4.3.1

This means that we need only consider central points - that is invariant primal points satisfying 2Ax—b =

r, and invariant dual points satisfying D9 —c =19y .

From (4.8) and Lemma 4.3.1 (b) we have

max{cTz: Ar > b} + max{b’y: Dy >¢} =0.

L 4.3.2 ; )
ermma if either mazimum exists.

and this lemma is illustrated by Figure 4.1.

From (4.8) and Lemma 4.3.1 (a) we have

max{cTz: Ar —b=7r>0} + max{b'p: Dy —c=1p >0} =0,

Lemma 4.3.3 ) .
if either mazximum exists.

If these programs are feasible bounded then the bound is attained

Remark: 4.3.4 a requirement for Theorem 5.2.11 - however the proof of this is a little technical.
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4.7
central max{c't:r=Ar-6=0 } — - max{6t™:p=DOp-c=0 }
L43.1a| = L4.3.1b| =
peripheral ~ max{c'z: Ar =6} = L433 -max{tTy: Dy = ¢}

Figure 4.1: The Invariant Duals

4.4 Equivalence of the Original and Invariant Problems

We show that there is, effectively, a one-to-one correspondence between solutions to the original and
invariant problems. Under this correspondences original residuals are equated with invariant residuals,
original feasible solutions are shown to correspond to invariant feasible solutions, original optimal solu-
tions to invariant optimal solutions, and original objective values are shown to differ by a fixed quantity
from invariant objective values (with a sign change for the dual problems). Original central points are
shown to be in one-to-one correspondence with invariant central points and original central solutions are
shown to be in one-to-one correspondence with invariant central solutions We conclude by showing that
complementary slackness corresponds to optimality, in the context of the invariant primal. The condition
that the original problem be quasi-bounded is necessary in order that the one-to-one relationship exist
between the original and invariant problems established in this section. The lower half of Figure 4.3
shows the original dual pair while the upper half shows the invariant dual pair; the functions which

define the effectively one-to-one correspondence are indicated.

4.4.1 The Primal and Dual Function-Pairs

The original and invariant problems are related using two function-pairs as follows:

the primal function-pair < f,, f, > where
fp R = RN, z+— Ax — b, and (a)
fp o R RO g AF(r 4+ b) (b)
and the dual function-pair < fg4, 4 > where

fa: R >R y— —Dy — ¢ and

(a)
fa : R =R g c— Dy ( (4.10)

For the primal mappings we compute the compositions & f,f, 4da (Ax — b)f, ((Az — b)+b) =
At Az, and 35, f, 20 (AT @ b)) f, 2T AAT (£ 4) — b = AAT(£4b)—b = A+ 2Ab—b = Ar—b

that is

zfpfp = AT Az (4.11)

rpfp = Axr—b (4-12)
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and, for the dual, the compositions y f4f4 +L0a (—Dy—c)fq 4100 c—D(—Dy—c) 1.2 c—(—Dy) = c+Dy,
and piafs "0 (e —on)fa P _D(c— Dy) — ¢ ¥ Dy — ¢, that is
yfifa =Dy +¢ (4.13)
vfafa =09 —¢ (4.14)

With respect to Figure 4.3, the original and invariant primal are shown in green on the left, the original
and invariant dual are shown in blue on the right, and the peripheral and central feasible sets w.r.t.
the function-pairs for the original and invariant problems are indicated respectively by the red and cyan

boxes; optimal conditions and sets are indicated by green boxes.

For the primal mappings we compute & fpf,fp 411 (At Ax)f, 19a A(ATAz) —b= Az - b 19a xfp,
and #, foy 22 (A — B)f, 20 A ((Ur — B) £ b) = AVUr — Atb 4 Atb = Atp— ATUB + ATD =
AT (x+b) 4.9b xrfp . that is
Jofpfo = fp (4.15)
fofofp = fp (4.16)
and for the dual mappings yf4fqfa 413 Dy +¢)fa +0a D@y +c)—c=-Dy—c +0a yfq, and
4.14 4.10b 4.10b .
viafafa = D9 —c)fa =" ¢—D(Dy—¢)=c—Dy =" pfy, that is
fafafa = fa (4.17)
fafafa = fa (4.18)

So the function-pairs < fp,f, > defined by 4.9 and < fg4,fq > defined by 4.10 are regular so the results
of Chapter 2.1 obtain and, in particular Lemma 2.1.5 applies, giving

(a) Central mappings fpc, fpe, fdec and f4c exist and are bijective.
(b) The primal and dual central function-pairs < fuc, fpe > and < fqc, fac >
Theorem: 4.4.1 comprise mutually inverse functions.
(c) The conditions x = AT Az, =Axr — b,y =Dy + ¢, and y =Dy — ¢
define precisely the central points of X, X, Y, and 2) respectively.

Proof (a) and (b) follow since the function-pairs < f,,f, > and < fq,fs > satisfy the conditions for
Lemma 2.1.5; (c) follows from 2.1.5(f) and (g), or Corollary 2.1.6, together with (4.11), (4.12), (4.13)
and (4.14) respectively. —

4.4.2 Equivalence of Residuals

For the primal and dual function-pairs the maps leave residuals unchanged (except for a sign change for

the dual problems), as can be seen from the following

Lemma 4.4.2
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() Af)—6 L af, o f) L s, L Az b
(b)  AGS,) — b 2 ()5 = 2 fy) 22 A — b
Proof (¢) D(yfs)—c 120(19( Dy—¢)—c=-Dy—c¢
— (AANTy —y—c = ATH ATy —y — ¢ 22 gTre gy - ¢ 1Ld
@ wi e my=—@y-0 .4

The residuals of a peripheral point and its corresponding central point are identical:

(a) Ar—b=ARAr—b)—b

Lemma 4.4.3 (b) Dy—c—DDy—¢)—c

proge (M) A2 —6) b2 (lec b)fpfp”‘l?xfpfpfpfp435chprfmx b.

(b) (DY —¢) ¢ ': (DY — c)fpfp Ufpfpfpfp ‘prfp Dy —c.
4.4.3 Feasible Vectors Correspond

From Lemma 4.4.2 we see that the function-pairs < f,,f, > and < fq4,fq > induce a correspondence

between feasible vectors:

(a) Az > b A(xfy) > b

(b) Ar > b = A(xf,) > b

(c) D(yfa) >c=y<0 if ATy=c

(d) (AT(9f4s) =c N 9fq <0) < Dy > ¢ if Problem 1.1 is quasi-bounded

Corollary: 4.4.4

thus the feasible points of the original and invariant problems correspond, and it follows from Lemma 2.1.7

that feasible central points of the original and invariant problems are in one-to one correspondence.

4.4.4 Equivalence of Objective Values

Next we relate the objective values of points and their images, showing that the map from original
primal to invariant primal shifts the objective value by a fixed amount, and the map from original dual

to invariant dual involves a sign change as well as a shift of the objective value by a fixed amount:

The objective values of vectors are related by the primal and dual function-pairs as follows:

(a) Taf,=c’z—bc
b) clrfp=c¢ Ty +blc

(
L 4.4.
emma 4.4.5 c) bTyfs=b"c—b"y
(d) b"yfa=b"c—b"y
@) af, 2T Az —b) = T Az — T
= (ATTe)T Az — b= cT AT Az — b Dd2l rpy e
4. 9b
Proof (b) " (zfp) (AT (x+b) = (AT"e)T(x +b)
roo
— (AT T(r + ) " 2T T (x4 b) = Tx 1 b7
4. 10 L4.4.2
() Tyfs =" (@0)Tyfs= bT@( f) P TET (—y ) =bTe by
4.10b 4. 1
@) b'yis =" b (e —Dy) =T —bTy . o
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So the effect of the functions is to shift objective values by a constant amount, preceded by a sign change

in the case of the dual problems - thus the functions map optimal solutions to optimal solutions.

4.4.5 Solutions Correspond

This follows from Corollary 4.4.4 and Lemma 4.4.5. In detail:

For the primal problems, with bz and bzs feasible, we have ¢T a1 4'4:'5 a cT(a:1 fp)+ ¢’band Tz, 4'4:'5 a

I(zafy) + ¢T'b, so Ty > clxy = T(xify) + b > L(zafy) + ¢Tb = cL(z1f,) > T (x2f,) and
it follows, since f, is onto, that if ; is maximal feasible then x, f, is also, showing that solutions to
the original primal are mapped to the full set of central solutions to the invariant primal. Similarly
ey > Try = cT'(x,§) > ¥ (x,f) which shows that solutions to the invariant primal are mapped to the
full set of central solutions to the original primal. Central solutions to the original and invariant primals,
of course, correspond one to one.

, s
For the dual problems we have b’ y, ddde b'c— b7 (y1f;) and b"y, tdoe b ¢ — b7 (y2fs), so by, <

b y, = b c— b7 (y1fa) < b e — 6T (y2fs) = 67 (y1fa) > 67 (y2f4) and it follows, since fg is onto, that
if 1 is minimal feasible then x; f; is maximal feasible, showing that solutions to the original primal
are mapped to central solutions to the invariant primal. Similarly ¢Zz; > ¢xy = ¢?(rf) > T (x5f)
which shows that solutions to the invariant primal are mapped to central solutions to the original primal.

Central solutions to the original and invariant duals, of course, correspond one to one.

4.5 Summary

We have shown that the solution of the original linear program 1.1 and its dual can, provided the original
primal is quasi-bounded, be transformed to finding the solutions to the invariant primal and dual, and

from the invariant primal and dual to the central invariant primal and dual - that is:

Table 4.1: Primal-Dual Systems

Original Invariant Central Invariant
Ax > b Ar > b Ar—b=r>0
ATy =cy <0 Dy > ¢ Dy—c=9p>0
cTe—b'y=0 < Tr+6Ty=0 « Tr+067y=0
AtAc=c AtAc=c AtAc=c

The results of this chapter are summarized by Figures 4.2 and 4.3, establishing

1. a many to one relationship between

(a) all original primal solutions on the one hand and all central original primal solutions on the

other.
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(b) all original (asymmetric) dual solutions on the one hand and all central original (asymmetric)

dual solutions on the other.

(c) all invariant primal solutions on the one hand and all central invariant primal solutions on

the other.
(d) all invariant dual solutions on the one hand and all central invariant dual solutions on the
other.
2. a one to one relationship between
(a) central solutions to the original primal on the one hand and central solutions to the invariant
primal on the other

(b) central solutions to the original dual on the one hand and central solutions to the invariant

dual on the other

In the next chapter we derive the LP fixed-point problem from the invariant primal and dual.

primal dual
invariant X={r:%r>0b} mv Cjuaj D ={y: Dy >c}
22 Jfasa
invariant central X.={r:Ar—-b=r >0} # D.={y:Dy9p—c=19y >0}
AL o sa |1

asym.dual

original central Xe={z: Az >brx=A%Az} ——— Y. ={y: Aly=c, Dy +c =y < 0}

asym.dual
fp pr fa de
asym.dual

original X ={x: Az > b} Y={y: ATy=c,y <0}

asym.dual

Figure 4.2: Mappings in Detail

However, given the clarity brought to the analysis by the notion of centrality, Figure 4.3 may be simplified
to Figure 4.4.

4.6 Examples
4.6.1 A Two Variable Problem

Consider the problem of maximizing 3x1 + 4x2 subject to x1 + z2 < 3, 1 — z2 < 1.5, and 21 + x2 > 4.
The problem can be seen to be feasible and bounded by referring to the following diagram in which the
set of feasible solutions is represented by the green triangular area, the constraints are represented by
the lines forming the boundary of this area, and the objective function is represented by the indicated

line which should be moved until it osculates the hatched area.
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primal dual
T 5 0 invariant T D 0
—— . = - = > : = | o
% max{c's:[t =|Ar-6=0|} I max{dv:|y y-c=0|}
=
g d
E ga = A:Ua'b"‘@q —p> Ec = AIEa'b = Q[Ea-b D= 'gya'c = @I)a'c «~— Dg = '@'_ya'C"'g[r
=fofo|| — | | max | =fafa
A A A A
<, T = P | = o
- =& g8 &LE &
&l‘y ¥ (1:1 i 1 Ii 1 1:1 \f 2
% :Ji 2‘3 1 > 5 T ".Q
Y 2lle i & 39
= \g; o5 ~ ~ S| S
X v v ¥
B A*(retb)= A*Aza | <2 2a va T4l Dy, = c+Dys
g | max | —fpfp =fdfa | min |
ks
6 asymmetric .
max{c’z: x = A"Az}| Sossicalduar | MinN{d"y: ATy = ¢, y <0,|y = Dy+[}

conditions and sets: feasible, central feasible, optimal central.
subscripts: a: arbitrary, c: central, p: primal, d: dual.

Figure 4.3: Equivalence of Original and Invariant Problems

The problem can be written in matrix form as

31" [
maximaize { ] [ ! ] subject to
4 xTo

-1 -1
SOA: —1 ]_ ’b:
2 1

-3

—1.5

4

-1 -1
-1 1
2 1

|

3

,and ¢ = {4

T

HE

2

-3
—-1.5
4

The Moore-Penrose pseudo-inverse can be computed as follows:

-1 -11"

At = -1 1
2 1] |
1 [ =1 =17
SHNEE
2 1]

~1-54

:[—4 82}/14’

and

_ + _

-1 -1 -1 -1
-1 1 -1 1
2 1 2 1
T

[ 3=2][-1-
_[—2 6_[—1

T

1

4]
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primal dual

max{c"t:[t = A - 6 =0} im;al::nt max{pr:m

c
8
§ te = Nre-b= Aze-b Do= Dpe-¢ = -Dye-c
g [ max | [ max |
| A A |
T ¢
. & S|
res <t Q ®
V 3 Ok
= e > E
v ! Ty
Tc= A+ACEC = A+(Ec+b) Yc =§)yc+C= C-@[)C
© | max | | min |
£
R
fun o asymmetric . i
(@) maX{CT.’L‘c: Azc =2 b, oo = A*Axc } c—>|asysica| i m|n{bTyC, ATyC =c, Y < 0, Yo = ‘Dyc+c}
conditions and sets: central feasible, optimal central.
subscripts: c: central, p: primal, d: dual.
Figure 4.4: Equivalence of Original and Invariant Central Problems
-1 -1 5 —3 —6
AAT = | -1 1 [;11 _g ﬂ J14= | =3 13 —2 | /14.
2 1 -6 —2 10
936 -3 —-7.5
b=(I—AA"b=|312| | -15|/14=|—-25] /14
624 4 —5.0
-1 —4 3 —19
c=ATTec=|-5 8 {4] Jl4=| 17| /14.
4 2 20
Thus the invariant primal is
197" [ 5-3-67 [ 75
mazimize 17 ¥ | /14 st | =3 13 =2 |xy | /14> | —2.5 ] /14
20 b3 —6 —2 10 b3 -5.0

These computations can be effected using the function invprob, provided in the module solve-1p.rkt.
Note that 1inalgl.rkt provides a number of linear algebra functions which are required by solve-1p.rkt

which in turn provides the function invprob which computes the invariants 2, b, c.

56



CHAPTER 4. THE ORIGINAL AND INVARIANT PROBLEMS

r,-r,=<1.5

Ty

O

\ r,+r,<3

2z, +r,24

Figure 4.5: Feasible Set and Objective Function

4.7 Exercises

1. Prove that if the problem mazimize ¢’z subject to Az < b is feasible bounded then
maz{c'x : Az <b} = b ¢ — maz{bTy: Dy < ¢} .
Hint: look at Lemma 4.4.5.

2. What is the rank of the matrix AA* in Section 4.6.1?
What is its trace?
Why are they equal?

3. Prove: (Imm ® 12*) s=Inns)® 17+

4. Prove: (111 @ Inm)d=10"® (Inmd) .

o7



Chapter 5

The LP Fixed-Point Problem

In this chapter the invariant primal and dual LP problems are represented as a fixed-point problem.
Such representation and the subsequent gradient projection method of solution is the work of Rosen,

Pyle, Cline, Bruni et al [32, 27, 28, (]; here the representation is developed with precision.

We represent the invariant problems as the problem of finding the non-negative fixed-points of an Her-
mitian matrix 98 which satisfies the properties of the general P of Chapter 3. Thus we make use of the

results of that chapter to solve the fixed-point problem.

In this chapter we

1. first specify the fixed-point problem,

2. carry out some taxonomic analysis of points related to the fixed-point problem in order to establish

a precise correspondence between solutions to the invariant problem and the fixed-point problem.
3. consider the degenerate case - that is the case of a zero central fixed-point.

4. consider the possibility that a different problem has been solved.

5.1 Specification

From Lemma 4.3.2 the conditions for the solution of the invariant primal-dual pair can be written as

Ar — b >0
Ohp—c¢ >0 (5.1)
Tr+067y =0

and from Lemma 4.3.3 the conditions for the solution of the central invariant primal-dual pair can be

written as
Ar—b =r >0
Dh—¢ =p=>0 (5.2)
Tr+0Ty = 0
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59

We now define the ordinary and central versions of the fixed point problem and show their respective

equivalence to the above conditions.

Define the following short forms:

(20 0

HQ{ o _0 ®:|
B (b
) a ¢
[ ¢
¢ _ _b}

and the fized-point matriz

B = Iy +jj™ — ee™

or equivalently
% B 207 o] fe]" _[e][e]”
N 09 c|]e¢ b||b
Symmetry of 8 follows from the symmetry of its components IIy, i and €€

while P2 72 (ITy + §i* — #e*)?

= I3 + ajj " — Mokt +551 Ty + 35755 — jiTeet — eIy — eetji+ + eetee”

=TIy +0—te" +0+j" —0—te" —0+ 6" =TIy +jj" — et =,
in other words P is an orthogonal projection.

Further, Pj = (Ily +§i7 — €€7)j =Maj +ji7§i — 6T =0+ +0 =
while Pe = (IIy +jj* — ee") =TIyt +jjTt — teT e =€+0—j =0, that is,

B = i,
nvE = 0.
A point 3 is said to be a non-negative fixed-point (NNFP) if B3 =3 >0 .

Now, with 3 = [;} S P3=3>0

(5.3)

(5.4)

(5.5)
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A0
02

b
c

b
c

c
b

|-
)|

||
-

I
|

Il
|-

d(

2Ar
o [90

b
c

b
c

r
)

c
b

r
)
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r
L

r
L)

}20 A ety =0

311

}20 A Tr4+b0Ty=0

andwith)\z—[b]+ [}.} and [6] = [}.}/)\, iftA>0
¢ ) ¢ L
AE—-b=¢>0
&S DC—c=¢>0
dTe+pl¢=0,

which is System 5.2.

5.2 Correspondence

By considering the taxonomy of central points, quasi-optimal points and fixed-points (both defined in
this section) we establish a correspondence between solutions to the fixed-point problem and solutions

to the invariant problem, including the central form thereof.

5.2.1 The Primal-Dual Function Pair

We define the primal-dual function-pair < Fj,, §, > by

F o Rj2m o R2m, [w} — [wfp} and (a)
Y yfa
¢ i (5.6)
. 2m 2m p
F o R R2m |:C:|l—> |:Cfd:| (b)
where f,, and f, are given by Equations 4.9, and f; and f4 by 4.10.
In view of Equations 4.15, 4.16, 4.17 and 4.18 the function pair < Fj,, §, > is regular:
_ [ _ |z _ mfpfp} [mfpfpfp}[mfp} _:1:} _
#FSE y} FSF [yfd} §F {yfdfd F Yfafafa yfa K F=2F
and
_[¢ _ €fp] :[Sfpfp} :[Sfpfpfp]:[ﬁfp]:[ﬁ_ _
WIS _c]m [Cfd B8 = Gt ] 57 | Sfatata) = [ ¢Ra) = [T 795
Centrality for original {z} and invariant {f‘} solutions is defined in the context of the invariant primal-

dual function pair, so

{m} is central if {w } F§ = {
Definition: 5.2.1 ¥ Yy

w is central if WFF = w.

x
Yy

|
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and original and invariant central vectors are precisely of the form [i]F § and {g}%F . that is

wrr=[5]rn-[ 4]

Dy —¢

and

€] [€0f
Wk = MSF [cfoﬂ

CJac—2b]  [Ae-b
o DC—c¢ D(—c¢

(] (A

3][¢]-[2]- e

leading to the operational definition of “central” for an invariant vector pair:

w = {f_} is said to be central if

w = Ilygw —j or, equivalently,

{é } = {%‘ g } {{é} — { E } . or, equivalently,

A€ —b =& and D¢ —c=C(.

Definition: 5.2.2

The set of central vectors is convex, moreover not just every point in the line segment
joining two central points is central, so too is every point in the line joining the two.

§
¢

Note: 5.2.3

For partitioned points of the form w = , where € and ¢ are m dimensional vectors, we say that w
is a feasible-point if £ and ¢ are feasible for the invariant primal and dual respectively, and that w is
a solution-point if € and ¢ are, respectively, solutions to the invariant primal and dual.. Note that,
consistent with Theorem 4.4.1 and Definition 5.2.1, Definition 5.2.2 says that w is a central point if &

and ¢ are central - that is if A — b = € and D — ¢ = (.

Definition: 5.2.4 We say that w is a quasi-optimal point if ¢Z¢€ + b7 ¢ =0,

The set of quasi-optimal vectors is convex, moreover not just every point in the line
Note: 5.2.5 segment joining two quasi-optimal points is central, so too is every point in the line
joining the two.

5.2.2 Fixed-Points

Note that [E} is a fixed point that is

o[t]- [}

Fixed-points are quasi-optimal:

w is a fixed point

Lemma 5.2.6 . . .

= w is quasi-optimal. quasi-optimal fixed
Proof w = Pw = ' w =" Pw
5.5b

2w =0Tw=tTw=0.

Figure 5.1: Fixed-Points are Quasi-Optimal
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5.2.3 Central Points

We consider central points (refer to Theorem 4.4.1 ¢ and Definition 5.2.2), in the context of quasi-optimal

points (Chapter 5.1), and fixed-points (Chapter 5.1).

o [ m [33] 2] [2] - [1] - [2] 2] -

[b] is central < {b | =0 (5.8)
c c|
- + + +
=8]8 - 3572 2[4 -2 (3220 )
that is
6717 7€l [6]" [0 .
for central w = {6} : L ¢ } [C] . [ c} [ ¢ ] or. equivalently, (@) (5.9)
C ot .
iTw = =i (b)
This leads to the definition of the discriminant:
d(w) = —jtw, (5.10)

It follows from 5.9 that for central w, d(w) € {0,1}, and d(w) = 0 < b = ¢ = 0. This is a very important
result as it implies that all central solutions to the LP fixed-point problem are non-zero unless both b

and ¢ are zero.

Lemma 5.2.7 Jw = 0,w central < b = ¢ = 0.

Proof: wf05 10

d(w) =0« b = ¢ = 0; conversely, if b = ¢ = 0 then w = 0 is central.
Definition: 5.2.8 A fixed-point problem is said to be degenerate if d(w) =0

Lemma 5.2.9 w is quasi-optimal and central = w is fixed.

Proof w quasi-optimal and central = w = {ﬂ D5.2.2 [%ﬁc_i] , and [;]T [g] Do2.1,
smo-n )= (B8] (21 - [ (6] ) 1] e 5] (8]
v (3R] (&[] 1) 18- (6] (o) 8] oma 5] (&) -0
o= (58] (8] I ) 181 (6] (o] 8] e [5] (8]0
e IHE NN
w2 (3] [2] (2] [0]) - (3¢ 4] 3628 -+

= w is a fixed-point.
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quasi-optimal

Figure 5.2: Central Quasi-Optimal Points are Fixed

From Lemmas 5.2.6 and 5.2.9 we have
Lemma 5.2.10 w is a central fixed-point < w is a central quasi-optimal point,
and from this lemma it follows that w is a non-negative central fixed-point < w is a non-negative, central

quasi-optimal point and thus, since w is a non-negative, central quasi-optimal point < w is a central

solution to the invariant problem we have

w is a non-negative central fixed-point <

Th : 5.2.11 . . . .
eorem w is a central solution to the invariant problem.

This is the main result of this chapter as it establishes the equivalence of non-negative central solutions

to the fixed-point problem and central solutions to the invariant problem.

We sum up the relation between the fixed-point, invariant and original problems with Figure 5.3.

5.3 The Solution in Detail

5.3.1 Degeneracy

From 5.9(a) we see that for degenerate central fixed-point solution

[’] = {le—b] =0= {b} —0=9b=0 A ATte=0=b=AA"b A ATTc=0
)] Dy —¢ c
yielding the invariant programs

max0lrst.z=Ar>0 and max0'yst. y=Dy>0

that is, find the invariant primal and dual sets

{r:r=A >0} and {y:y=2Dy>0}
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non-negative, fixed:
Po=w=0

i<

£ ®

(@]

: i

(0]

.é non-negative, fixed, central

primal dual

- max{c"e:|t = (A -6 =0} max{6"y:y =Dy - ¢ = O|[}
c

©

=

g, F 7,

2 |ta=Azab+Dg 2P| o= Axgrb = Agab Do = -Dyat = Dvart | <2 vy = -Dyac+3r
= =fol | max Y| N max | =fafa

A A A A
& 3 5 = = 2| =
& < |18 & @ &
Lot 7Y i g
X = 9 °E . RIRRS <
2 LE S 38 g
N v N ¥

— A*(rctb)= A*Aza T Ta Ya fd—f‘f D = +Dya

< -
c max min
Ko

S

o

asymmetric .
max{c"z: T = A*Az} oescaauar | MGy ATy =c, y<0,|y= ®y+c|}

conditions and sets: feasible, central feasible, optimal central.
subscripts: a: arbitrary, c: central, p: primal, d: dual.

Figure 5.3: Original, Invariant and Fixed-Point Problem Relationship

Alternatively, considering b and ¢ separately,

if c=0then ATTc=0= ATAT ¢ =0= (ATA)Tc=0= A" Ac = 0, but from Definition 4.2.1 and
Lemma 4.2.2, Problem 1.1 is feasible bounded = A* Ac = ¢, so ¢ = 0 if the problem is feasible bounded,
so maz{cTx : Axz > b} becomes maz{0: Az > b}, and min{b"y: ATy =c,y > 0} becomes min

{bTy : ATy =0,y > 0} but since from 4.5 b"y = 0, we have the original primal and dual problems

find {z: Az > b}and {y:b'y=04Ty=0,y > 0};

ifb=0=(I—AAT)b=0=b=AA"bso min{b'y: ATy =c,y > 0} becomes min{(AATbH)Ty :
ATy = ¢,y > 0} - that is min {bT ATT ATy : ATy = 0,y > 0} which becomes min {0 : ATy =0,y > 0},
so the problem becomes finding {y : b’y = 0,ATy = 0,y > 0} = {y : b1 AAty = 0,ATy =
0,y > 0} ={y: ATy =0,y > 0}, while the original primal maximum must be 0 and so we have
the problem of finding {x : ¢'x = 0, Az > b}. Summarizing, we have the original primal and dual
problems

find {x:c’x=0Az > b} and {y: ATy=0,y > 0}.
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Analogously with the simplification of Figure 4.3 to Figure 4.4 we simplify Figure 5.3 to Figure 5.4.

Figure 5.4: Original, Invariant and Fixed-Point Central Problem Relationship

fixed-point

invariant

original

non-negative, fixed:

dual

Po=w=0
[
SIF
non-negative, fixed, central
primal
T..[. _ invariant | dual
max{c'r:|t = Ar -6 =0} ‘
te = Age-b= Azc-b
max
LA
T
V(g
N 8
P B
AR
w1
xo= AtAzc = A*(rc+b)
max
T asymmetric
max{c'zc:|Azc 2 b, o = A*ATc[} | gassical dual

D= Dpe- = -Dye-¢

A

fde:y'_)_gy_t
a1 <10a:°P)

v
Yo =Dycte= -Diyg

min{byc:

ATyo=c, yo <0, o = Dyet)

conditions and sets: central feasible, optimal central.

subscripts: c: central, p: primal, d: dual.

5.4 The Alternative Solution

65

The same fixed-point problem can result from an alternative original problem, the reason being that

changing the signs of A b and ¢ affects the signs of b and c; if the signs for b and ¢ both remain the

same, or both change to negative then the fixed-point matrix remain the same. So we investigate which

sign changes of A, b and ¢ cause a sign change or no sign change in both b and ¢ :

The possibilities are

BN N N N NS

[pl =i~ e i~ i S S

0

0

0

0

0

0

0

0

ISIRSIRSIESIR SIS SRS

ocoocooTooTccoToo T

¢| +|max c
—c max —c
c max c
—¢| —|max —c
—c max c
¢| +|max —c
¢ —|lmax ¢
c max —c¢

8

x, subject to

8

x, subject to

8

x, subject to

’ﬂéﬂ’ﬂ’ﬂ’ﬂ’ﬂ’ﬂ’ﬂ

x, subject to

subject to
subject to
subject to

subject to

888883888
VIVIVIVIVIVIVIV

[ N
o N N Nlfs Nt N N NS

|
SARES RS IS RS RS IS NS
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of which the following problems yield the same fixed-point matrix:

max clx, subject to Ax > b

max —c’x, subject to Ax > —b

max —clx, subject to —Ax > b
T

max c'x, subject to —Ax > —b

which may be rewritten as, respectively,

max cTx, subject to Ax > b
max —c’! (—z), subject to A(—zx) > —b
max —c’! (—z), subject to —A(—x) > b
max c’x, subject to —Ax > —b

which in turn may be rewritten as, respectively,

x, subject to Ax > b
x, subject to Ax < b
max ¢’ x, subject to Ax > b
max ¢’ x, subject to Ax < b

max C
max C

e e e

finally yielding two problems:

max ¢’ x, subject to Ax > b original

max ¢’ x, subject to Ax < b alternative

66

Note that, although the alternative problem has a non-negative fixed-point, except for the already

analyzed degenerate case [ E} = 0; it does not have a non-negative central fixed-point, and the solution

method does not provide such spurious “solution”.



Chapter 6

Fixed-Point Problem Solution

In this chapter an algorithm is developed for solution of the fixed-point problem following the scheme of

Chapter 3.

We continue with 3 as specified in Chapter 5 and introduce a matrix & which swaps . We introduce
the function K, and show that & also swaps K, and thus R, serves as a specific example of the gewneral
idempotent symmetric K. We then construct 4, and 2, in a manner analogous to Chapter 2.2.5, thus

the results of Chapter 3 apply for the specific matrices &,%B, R,, 4, and U, taken together.

6.1 Construction of the Specific 3-Unitary Matrix 4
6.1.1 Specific S

Define the 2m x 2m matrix

O I’”L
o0 m] o
then & is a swapping-matrix since &2 = I,,,, and &7 = & imply 667 = 876 = I, so & is unitary
Hermitian.
We have

A0 0 I, A0 0 I,| |0D 0 I,| _|®D0| A0
sloolo- ol 0alln ] -labt]lnG]=10al -2 ]08] 02
Further note that

o[;)-[2

and

67
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6.1.2 Specific P

2A 0 p]1[6]" [e]fe]”
Our specific P is given by Equation 5.4 - that is g = [ } + [ } [ ] — [b} [b]
so, using Equations 6.2, 6.3 and 6.4,

eve-s{[33]- L[] [ }e
RN

Since B is an Hermitian idempotent, & swaps 3 ; we also have the following complementary slackness

results for fixed-points of P: wl Gw, = (Pw, )T GPw, = WIPTGPw, = W PSPw;, .Lle 0, that is

(6.5)

wl'Gw, =0 for fived-points w, and w, of L. (6.6)

and

T
do-|8] e[E]n2.

6.1.3 Specific K

Here we continue within the context of Section 2.2.5, specifying K as a diagonal matrix which forces
the orthogonality (i.e. complementary slackness condition) to hold. From this specific K we construct
a specific unitary matrix and an averaging matrix in a manner exactly analogous to Definitions 3.1.9

and 3.1.12 respectively.

Define
i" = moday, (i +m)

Given a vector z of length 2m we define the specific Karush matriz as the 2m by 2m diagonal matrix

R, by

Zf Zi > 2y
Zf z2i < Zjt
if zi==zy and i <7
if zi=zy and i>1

(82);; = (6.7)

O = O =

Thus K, is an Hermitian idempotent which has the value 1 at one of the indices 7, ¢, and the value 0 at

the other index.

Lemma 6.1.1 G swaps R..

Proof From (6.7) we see that K, is an Hermitian idempotent matrix; further, we can write 8, =
D; 0
0 D,

oxo-[5][% 8][51-(3.2134

} where D and D5 are diagonal matrices and D + Dy = I. Further,
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[Dy 0] [I-Dy 0 ] _
SR R

6.1.4 Specific U and V

Analogous to Equation 3.1.9, we define

Uy =PI +G)R.(I - )%, (6.8)
and analogous to Definition 3.1.12 the averaging matrix

T, = (P+4L)/2. (6.9)

Note that 4, is B-unitary in view of Theorem 3.1.10.

Analogous to the definition of the general oblique Karush matrix K given by Equation 3.8 in Chap-
ter 2.2.5, define

R =R/(-6). (6.10)

Lemma 6.1.2 .2 = ((I - &)z)V0>0.

Proof (ﬁzz)i = (ﬁz(l - G)Z)i = (ﬁz)i : (Z - Z/) = (ﬁz)“(zt - Zi/)

Zi — Zit Zf Zi > Zp

B (z) — i 2}0 i - 2 and i<i { (Z) o ZJZth;zje =((I=8)z) V0
0 if zi=2zy and ©>1

So

Rz=R.T-6)z=(I-6)2)V0=(z2—-62)/2+ |z - 6z|/2. (6.11)
Further, assuming z = Pz,

oz =PI +6)R (- &)z LRI+ &Rz = PU + 6)[(2 — 62)/2 + |z — &2[/2]

=PI+ 6)|z—6z|/2=PB|z — 6z|,
so we have the simple computational form

‘ilzz:q3|z762| , for z="Pz ‘ (6.12)

Note that Nguyen [24, p. 34], defines the function A(x) = (|x|+x)/2 which is shown to be the proximity
map onto the non-negative cone {z € %™ : x > 0}. He shows that repeated application of A or of

‘B A converges to a non-negative fixed-point of 3.
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Define

Riz— R,z
Uz iz (6.13)
V:z—Y.z

then we see from Equation 6.12 that K, 4 and U are continuous functions; note that they are not linear

functions.

6.2 Proximality

We introduce the notion of proximality of vectors and show that, in the context of the LP fixed-point
problem, proximality implies linear behaviour; this lays some of the groundwork for a solution method.
The vector p is said to be prozimal to q if

Vi: (I-6)q); >0 = ((I-6)p); >0,

while p is said to be proximal to g for component 7 if

(I - 8)g); > 0= ((I - &)p)i = 0 .

Definition: 6.2.1

We define the i*" component-pair of a 2m-dimensional vector  to be the pair (z;,z;); a 2m dimensional

vector x is said to have a zero component-pair at i if x; = x;; = 0.
Note that proximality is reflexive since a vector is proximal to itself, and symmetric in view of
Lemma 6.2.2 p is proximal to q < q is proximal to p.

Proof p is proximal to q
implies Vi: (I —6)q); >0= (I —-6)p); >

implies Vi: (I -6)p);<0= (I —6)q); < 0 using (~ (AC B)) C(~BC~ A)
implies Vi: (I-8)p)y >0= ((I—-6)q)s

implies Vi': (I-6)p)y >0= ((I-6)q)s

implies Vi: (I-6)p); >0=(I-6)q); > }

implies ¢ is proximal to p . [

This means we may say “p and g are proximal” or “p is proximal with q@” rather than p is proximal to
q; proximality is reflexive and symmetric, however it is not transitive.

It follows from the definition of proximality that the set
of vectors proximal with a particular vector is a closed set.

Remark: 6.2.3
Theorem: 6.2.4 The set {x : x and p are proximal} is a convex cone containing the zero vector.
For « and y both proximal with p, for all 4

(I-6)p),>0= (I-6)x), >0A(I-6)y), >0

= (I - &) Az +py)), >0 for \,u >0

Proof

= A\x + py is proximal with p for A\, u > 0.

If  and y are mutually proximal

Lemma 6.2.5 then any two elements of [z, y] are mutually proximal.

If w, and wy are non-negative fixed-points of P

L 6.2.6 .
emma then w, and wg are mutually proximal.
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Proof w, and w, non-negative fixed = w! Gw, = w! PSPw, 3'1:'10 0, so Vi : wrweyr = 0 = Vi :
wWri >0= wgy =0but Vi : wy; >0 (I —G)wy); >0, and Vi : wey =0 < (I — S)ws); > 0, so
Vi: (I —6)wy); > 0= ((I—-6)ws); >0, that is w, and w, are mutually proximal.

Note that the set of non-negative fixed points is a convex cone.

6.3 Orbits

We define a sequence of vectors {g;} which orbits the fixed-points of 8 and a sequence of vectors {v;}
which converges to a fixed-point of 8. An algorithm which combines the averaging function ¥ and affine

regression is proposed and it is shown that this algorithm terminates.

The first scheme we adopt is to form the sequence {v;} analogous in construction to the sequence
{v;} of Sub-section 3.2.1. We know that this sequence converges, but usually the convergence is slow,
so to accelerate the process we modify the scheme by using the affine regression method detailed in
Chapter 3.2.2, however this is still not computationally satisfactory as we would need to compute n
points and then regress without being sure that the points were proximal; to overcome this problem an
incremental affine regression algorithm is developed in Appendix B; if the regression does not yield a
non-negative fixed-point then proximality has not been reached and we need to proceed further with the

series {v;} .

We may use the following result:

imr:ﬁ 6.:1 w=[36] ] (€] [&] - [8] o cont ixetpoim.
wo (o] 10 -] ) (3] -Gl ) (] - 2)
-[5o][5¢]-[0 o] I L] [E]-T2a][e
aHIHREIREINEHINEHREIEEE
HIHRERHIERHIENHEHIEEE
6] (][] (8]0 woo-[e] ~[e)[s] [E]-[e][c] [&] o
(2] L] (e[
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6.4 Fixed-Point Analysis

Here we build on the fixed-point theory of Chapter 3, laying the basis for the affine regression algorithm

of the following section.

Definitions: Let p be a non-negative fixed-point of 8 then, with > as defined by Equation 2.8 a, the
vector p, = z > p is the fixed-point component of z w.r.t p. With < as defined by Equation 2.8 b,
the residual component of z w.r.t p is defined as the vector p* = z < p. The scalar ||p, ||/ ||z|| is the

fixed-point proportion of p in z.

We start with a vector which necessarily contains a positive component of a non-negative fixed-point
of P, if such fixed-point exists; a suitable choice is v; = P1ly,,, where 1g,, is a 2m—dimensional vector

each of whose entries is unity, then we consider the sequences {g;} and {v;} where

giv1 = Ugi, g1 ="P1 (6.14)
and

v;41 = Yv,;, v, =P1 (6.15)

and note that if a non-negative fixed-point of B, say p, exists then p7u; = p”P1 = p71 > 0, so 1y

contains a non-negative component of p.

The first result is that the fixed-points of 4l are precisely the non-negative fixed-points of .

‘ Theorem: 6.4.1 iz = z < z is a non-negative fixed-point of ‘43‘.

Proof: iz = z 6<£1>3 .z =2 T3<£1>'17 (Pz = z and R,z = 2) L?s)t}lﬁ (Bz = z and R,z = 2) Lﬁé'l'Q
Pz = z > 0. Conversely, Pz = z > 0 = (‘.Bz =z > O)/\(Ezz 611 (z—-62z)v0 > szz)

= (Pz =2z > 0) A (2TR.z > 27 (2 — 6z2) L3.14 zTz) 03:}1'8 (Pz =z > 0) A (2TR.2 = 272)

= Pz=2>0)A(2TR.2=2T2) A (|z - Rz =2T2 - 22TR.2 + (R.2)TR.2) = (Pz=2>0) A
([[z—R.2|?> = 2T2—22T2+(R.2)TR.2) = (PBz = 2z > 0)A(||z— R.2|? L31l7a 2T2-22T242T2=0

= (Pz =2) A (R.z = 2) Cgél'M Pz=2)A(R.z=2) L3.:1$,15 z=2z=Uz =2z

We next show that, for any non-negative fixed-point p of 3, the component of this fixed-point in any

arbitrary fixed-point z (i.e. not necessarily non-negative) increases unless z is proximal to p:

If p is a non-negative fixed-point of 3 and 3 is any fixed-point of *Jj

Theorem: 6.4.2 then p - U3 > p - 3; further, p - Us = p - 3 & 3 is proximal to p .
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6.13 6.12
Proof p-U; =" p -t =" p-P[3-C3|=p-[3-63/>2p-(3-63)=p3-p &

=p-3—(Pp) SPj3 = p -3 — pIPSP; 3.Lle p - 3 ; further, in the preceding calculation we have
p-l3— 63 >p- (3 — 6;); equality will occur in this expression iff p; > 0 = (3); — (3)# > 0 Vi, which is

precisely the condition that 3 is proximal to p.

Thus fixed-point content of {g;} monotonic strictly increasing until proximality is reached, then it
remains constant unless {g;} becomes non-proximal again (which can, but eventually won’t, happen).

. For p a non-negative fixed-point of 8 and 3 any fixed-point
Corollary: 6.4.3 of P, p- L3 > p -3, moreover p - Lz = p -3 < 3 is proximal to p

T76.4.2
Proof p-Us=p - (I+)3/2=p-3/2+p-U3/2 > p-3/2+p-3/2=p-;.The second part of the

lemma also follows on applying the second part of Theorem 6.4.2 to the calculations.

Let p be a non-negative fixed-point of B then p - v;41 > p - v; moreover
p 0,41 =p-v;, & v, is proximal to p .

C6.4.3
Proof p-v, 1 =p-Vv; > p-v;. 4

Corollary: 6.4.4

Let voo = lim; ;00 V?1a,,, and z = Pla,,, then
Voo - Vo > 0o - Ploy = bog - lim Bilay,, > 0o - 1oy,
71— 00

:1>Uoo'12 t300'13]-2777,

T o 0 > T = 00 > Lo, I 0o

~ ' Vo 0o Vo

It is possible for the sequence g; to move from proximality to non-proximality however eventually it will

end up permanently proximal to all the fixed-points. The situation is described by Figure 6.1.

Although just as for {u;} if a non-trivial non-negative
fixed-point exists then the fixed-point content of {v;}
only increases until proximality is attained, {v;} de-
creases in norm and thus its fixed-point proportion
continues to increase. By a slight extension of the
argument of Chapter 3.2.1 we can prove that the se-

quence {v;} converges to a non-negative fixed-point,

and that this limit will be non-trivial.

0

6.5 Infea51b111ty Detection Figure 6.1: Convergence to Proximality

We prove that if there is a solution to the fixed-point problem then the solution will have a component-

pair containing a zero entry with the other entry greater than or equal to unity; it then follows the norm
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of a vector in the sequence {v;} lies between unity and /m. If the norm falls below unity then the

problem is infeasible or feasible unbounded.
From Corollary 6.4.4 for p a non-negative fixed-point of 4, p- v > p-v;. Thus p- v > p-v; =
P Plom = (B7p) - 1om = (¥p) - 1om = p - Lo, that is

P Vs >p-lopy

Since v, is a non-negative fixed-point of {1 we can set p = v, in this equation arriving at

lom - 0 1o, -0
Vow Doy S0 Loy = 1> 2M 70 Ly >2m 70, >0

Voo o Voo
which, applying Equation 2.8 a,

=00 > 10, >0 >0

This result is illustrated by Figure 6.2.

unit vector

12’UL

limit vector
USS

Figure 6.2: The Unit and Limit Vectors

We set z = 15, > 04, SO z is the projection of the vector 1o, onto the vector v, and
[0l = 2] - (6.16)

We have, assuming vy, # 0,
R2.3.9 2m 2m 2m
(lom <9000) - (om B 0o) = 70= (1om—2)"2=0 = > (1-2z)z=0 = » 2= z
i=1 i=1 i=1

2m

2m 2m 2m 2m 2m
= D (2-05+052=>"z = Y (z-057+> (z—05)+> 02=> =z
=1 =1 =1 =1 =1

=1
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2m 2m 2m
=1 =1 =1
2m

= ) (2 —05)=m/2
=1

= (Fie{l,-,2m}:(2—05)%>1/4) v (Vie{l,---,2m}:z € {0,1})
= (Fie{l,-,2m}:z—-05>1/2Vz—05<-1/2) VvV (Vi€ {1, --,2m}: z € {0,1})

= (Fe{l,-2m}:z>1)V(Vie{l,---,2m}:z €{0,1})

= el > 1% o> 1

Now from 3.1.21 ||u;|| is a decreasing sequence, so ||v;|| < 1 = |v|| < 1, thus we have a test for
infeasibility /feasible unboundedness: if for some 4, ||b;|] < 1 then the problem has no solution - it is

infeasible or unbounded.

6.6 The Algorithm

The algorithm relies on the process of averaging leading eventually to proximality.

We know that if we have a g; which is proximal then g; = Llig:lgl orbits a fixed-point. We don’t worry
whether or not g; to g; are proximal - it is the proximality of the binding pattern which generates the
sequence which matters: we simply use the binding pattern from g; to determine 4 and keep this same
il as we generate gs,---,g;, even if the binding pattern of subsequent ¢’s changes, and apply affine
regression. The regression is performed step by step in a manner similar to the conjugate gradient
method (refer to 3.2.2) and at each step the resulting vector is checked to see if the negative proportion
has decreased; if it fails to decrease, the previous vector together with its binding pattern becomes the
starting point for a new affine regression. Note that the first step in affine regression is equivalent to

applying the averaging matrix.

6.7 Conclusion

In summary it has been shown that it is possible to solve the linear programming problem by transforming
it to an invariant form, then to a fixed-point problem, and then solving the resulting fixed-point problem
using linear and linear inequality transformations. The approach is a full solution to the LP problem,
handling degenerate cases in a manner which is transparent from the linear algebraic point of view. A

converging algorithm has been described which handles even the most problematic linear programs.

6.8 Exercises

1. Is the set of vectors proximal to a vector, say p, convex?
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2. Is this set open or is it closed?

76



Chapter 7

The Transportation Problem

The transportation problem can be regarded as the problem of minimizing the cost of transporting a
commodity from m sources to n—1 destinations, where the cost of moving a commodity unit from source %
to destination j is b;; currency units. The problem was formulated by F.H. Hitchcock in 1941 [13]. The
reader may refer to [29, Ch. 3] for the mathematical description of, and classical solutions to, this

problem.

7.1 Specification

From an economic viewpoint it is not necessary to assume that total supply is equal to total demand
as one may exceed the other in a disequilibrium situation. With w;; commodity units transported from

source i to destination j we have the unbalanced transportation problem

minimize Sy Z;le bijw;;  subject to
Z;:ll wi; <s 1=1,---,m (supply constraints)
St wi;>d; j=1,---,n—1 (demand constraints)

If supply exceeds demand then a dummy destination (with index j = n) is introduced with demand

equal to the excess, then the condition Y ;- s; = 2?21 d; will obtain, and the system can be written as

minimize Doty 2joy bijwij  subject to

Z;.Lzl wij=s8 4i=1,---,m (supply constraints)
St wiy=d; j=1,-,n (demand constraints)
w;; > 0 vi,7,

which is the standard transportation problem. If demand exceeds supply a dummy source with supply

equal to the excess demand is added.

7
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The above formulation can be written as

minimize b’ w subject to ATw = ¢, w >0, (a)
where
A’T == [Im ® 1n | 1m ® I’n ] (b)
C by T
bln bll e bln
b, = or, in matrix form, Br = | @ -. (c)
bml bml T bmn
L b'rnn i (71)
s
e =14 (d)
and
F o T
Win w1y - Win
w = or, in matrix form, W, = (e)
Wm1 Wm1 = Wmn
L Wmn |

where I, is an m X m matrix, 1, is an ¢ x 1 vector of 1’s, ® is the Kronecker product (considered in detail

in Section 2.2.8), s is the m—dimensional supply vector, and d is the n—dimensional demand vector.

7.2 Invariant Form

Here the invariant form theory of Chapter 4 is applied to the transport problem 7.1. Note that some

references are made to calculations in Appendix 7.3.

Formulation 7.1 has, in view of Equation 4.3, the dual LP
mazx CZ:]) sit. Arx < b,

which has the form given by Equation 1.2 (a).

Now from the calculations in Appendix 7.3, from Equation 7.8:

A+ — Imm X 1:
T 1L, m |’

and from Equation 7.9

22[7— = 1Imn ® 1n1:; + 1m1n+1 ® In,m 5
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where

1,17 1,17
M2mim o4 In,m:In*M

I =1, —
mn m m-+n m-+n

Further, referring to Appendix 7.3,

97’ 7:11 (I'rn - 177L1'r+n) ® (I’VL - 1fbl’i) = (Im([m - 1"”1’2)) ® <(I” - 1”1:)1”)
LY (1 @ (1 = 11) (I~ 11 @ 1) (72)
L2229 (1~ 1,18) @ 1) (In © (I, — 1,1)
So
b, =D, = (I — 1m1E) @ L) (I © (In — 1,15))b, (7.3)

Note that, with {b;;}, in matrix form B, the matrices (I,,, — 1,,1,) ® I, and I, ® (I, — 1,,1;}) effect
column and row mean correction respectively (note that these processes commute) since the RHS of

Equation 7.3 corresponds to

%T - (I'rn - 1m11+

m

)BT(I‘IL - ]-nlj;) (74)

and we are multiplying B, on right and left by idempotent matrices which effect row and column mean
correction respectively; further it is obvious from the associativity of matrix multiplication that these

mean corrections "commute" and, since the matrices are idempotent, only need to be applied once.
The calculation of ¢, is as follows: AT+ = [Imm ® 15* 15* ® Imm} (refer to Appendix 7.3) so

c, 41d AlYe, = Iy, 01I 1071, ., ] [Z]

=(Imn @13 ) s+ (U @ Lm)d= (Inn@15%) (s@1) + (11,7 @ Inm) (1@ d)

2.1d (Imns) @120 + 17% @ (1, ,d)

1,17 1,17
— ((Imm)s> ®17Tl+ + lzj’@ <(Inm)d> .

m-+mn m-+n
ml, 1} T T nl, 1"
= - 17+ 15+ d—-——2d
(8 mtn o Gl b ® m+n

1m T 171
=(s-X 17+ 17+ d—Yd
(S Sm+n>® no ®< m+n>

1 1
=s®1)" + 1]t ed — Esmj: @17+ - nd1Tt g ——

n m-+n
=s®1!t + 17" ed - Es% - Ed1¢
" m n(m+n) m(m +n)

1 1
=s®17* + 1T+t 9d — = UL o
sOL e © 8 n(m+n) + m(m +n)

1Tt appears that row and column mean correction only necessarily commute after global mean correction, and either
Lemma 2.2.29 or its interpretation is incorrect. Resolve!
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=se1l" + 1Xted - Ss1lt =s@1lt + 11Ted - Zs1lto1l*

that is

¢, =51 + 17t od — ¥s1lt @1t (7.5)
SO

¢, = s1f + 10+d" — ws1lt1f (7.6)
Note that

1. 3d could just as well have been used as ¥s in the previous equation,

2. this result for €, (¢, in matrix form) is succinct and quite sufficient as we only compute it once.

So
Je, =601 4+1I 9d-Ss1l T 01l (se@1lT +1lT9d - 2s1l T @ 111)
=To1t+1h od" —vs1h @1 (se1lt +17t od - 2s1Tt @ 17H)
= ||s||?/n + 5d — £s85/n + 5d + ||d||*>/m — Lsd/m — $s5/n — Lsd/m + (Xs)?/(mn)
= ||s||*/n + 5d — 5d + 5d + ||d||*/m — 5d — 5d — 5d + 5d
= ||sl?/n — sd + ||d||*/m
Now

54 (A 0 b, 176,17 [e.]le. 17"
w2 Ve [ ] - L]

however 3, is not computed; what is required is

SHE(FPA R IR NMINMEIS
~[E ) (T D (T B e

that is,

sl = &) (T BT - (T B E .

where 2[, 1 is computed by subtracting row and mean corrected ¢ from g, b, is computed using 7.3/7.4,

¢; is computed using 7.5/7.6, and ©.,y is computed by row mean correction and then column mean

correction of .
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7.3 Appendix: A'

With A, given by Equation 7.1, we wish to show that

At _ |: I7n,n & 1: :|
T 1% b2 In,m
where
I I ml,1;}
m,n m -
’ m-+n
I I nl,1}
n,m n "
’ m-+n

7.3.1 Non-Constructive Verification

Ly @1}

m n,m

AAL = 1y @110 + 1,10 @ Iy

that is,

ml,, 1}
<Im - ﬁ) ® 1,1} + 1,1} ® (In -

L @ 1,10 — 1,10 @ 1,17 + 1,10 @ I, — -5

m-+mn

L @1}
]'m ® In,’m

n

nl,1} )

} , that is

1,15 © 1,1}

ATAi =, 21,1 +1,1} @I, - 1,1} ®1,1; which is symmetric

I @17 I @ L 10 | Il ® 1)
ATA _ m,n n I 111 I _ m,n nidn|dmnlm n
AT |:17J§1®In,m:|[ m ® n| m® n} |:1n+1®1n,m1n|1:7r11m®ln,m
ml,, 1}
I I, ———"™)1 1
1 @ Limln| Inm el - nl,1;} | T
m n m+n n n,m
i n
I ‘m+n1m®1$
= — which is symmetric
_m—i-nl:;@ln Tnm
7.9

A ATA, = (A A A,

(Im @ 1,17 + 1,15 @ I, — 15,1 @ 1,10) [ In ® 1, |1, @ I, |

=[Im®1,+1,1} 91, - 1,1, ®1, | 1, ® 1,1} + 1, ® I, — 1, ® 1,,1,} |

= [Im®1n | 1m®ln] :AT

So Al satisfies the four non-constructive conditions is therefor the generalized inverse of A, .

81
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7.3.2 A Constructive Solution

A constructive method of finding the MPPI of A, relies on finding the inverse of A, AL :

T I, ®1F
I = [ L ® 1|1 © L, {TZ;@—I}

A AT = [ @1, |1 @ Iy | [ Im @ 15|10, @ I,
=I,21,17 +1,17 o1,

= (In = 11 + 1, 10) @ 1,15 + 1,10 @ (I, — 1,1, + 1,1))
=(In—-1,1)®1,1  + 1,10 @ 1,17 + 1,17 ® 1,1} + 1,11 ® (1, — 1,1,))
- ((Im —1,.15)® n1n1g) n ((m ) lnlh ® 1n1§) n (mlmu1 ® (In — 1n1§))

and A, AT has been decomposed into three mutually orthogonal components, so

1 1
(AAT) = (= 1,05 8 LA 11 8105 4,0 6 (7, 1,1))

m-+n

and AT = AT(A, AT)*

_ [nln @1y I Yy 1+ 1 + +, 1 + o (] +
= [Tty (Un ~ teth) @ 1t St o 1 4t @ (h — 11)
L~ m
[ n n
(I, — 110 @10 + — n1m1;;®1:; +E1m1;;®0

0® 1,1} +——1t © 1,13 + 1, @ (I, — 1,1})
L n m-+n
n m

Iy —1,15) @ 1" 1,15 @1t (Im — 1m1+) 1+

- - I R .
"4t @11t 41 @ (I, — 1,17) 1t @ ((In L 1n1;> m @ n,
m-+n m-+n
7.3.3 Commutativity

D, = Lpn — A AT (B2 Lin — (I ® 1,1 + 1,1 @ I, — 1,1} @ 1,,1;}))
=0, —I,®1,1 —1,1" @I, + 1,1} @ 1,1} (7.10)
= (I —1,15)® (I, —1,1}) , so
D, = (I —1,1}) @ (I, —1,1,}) . (7.11)

7.4 Exercises

Provide detail for subsection 7.3.1.



Chapter 8

Computations

In this chapter computer programming of the theory developed in Chapters 4 to 6 is used to check the
theory.

8.1 The Invariant Form

Here we compute the invariant form for an LP and check some of its properties which were deduced in
Chapter 4. We use function invprob contained in the document solve-1p.rkt. The function invprob

takes as inputs the data A, b and ¢; it is invoked by typing (invprob A b c).

We test this function for the specific LP

maximize 3x1 + 4x9

1 -1 -3
subject to | =1 1 [il] > | —3/2
2 1| L™ 4

with the specific test module invar-check.rkt, we obtain the following output:

defining LP:

A= ((-1 -1) (-1 1) (2 1))

b = (-3 -3/2 4)

c (3 4)

computing the invariant LP:

sk ok sk sk sk ok ok ok ok ok ok sk sk sk ok ok ok ok sk sk sk sk ok sk ok ok ok ok ok ok ok sk sk sk ok ok ok ok ok ok sk ok ok ok ok ok ok ok sk ok ok ok ok ok sk ok ok ok

checking that the computed invariant form fits the theory:

sk ok ok ok ok ok o ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok ok ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok K
A=((5/14 -3/14 -3/7) (-3/14 13/14 -1/7) (-3/7 -1/7 5/7))
b=(-15/28 -5/28 -5/14)

¢=(-19/14 17/14 10/7)

Checking necessary condition for the problem to be feasible bounded,
i.e. that ATc—¢=0 (Lemma 4.2.3): ATc—c=(0 0)

Checking that A—2A7 =0, i.e. that 2 is symmetric (Lemma 4.2(a)):
A-AT = (0 0 0) (00 0) (00 0))

and A—A*=0, i.e. that A is idempotent (Equation 4.2(b)):
A-2A>=(0 0 0) (0 0 0) (0 0 0))

Checking that 2Ab=0 (Equation 4.2(f)): 2Ab=(0 0 0)
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Checking that RAc=c¢ (Equation 4.2(h)): Ac—c=(0 0 0)
Checking that b%¢=0,(Equation 4.2(j)): bTc¢=0

These results confirm some of the elementary theory for the invariant form of the specific original LP

above.

8.2 Test Problems

Here, for specific linear programs, we check that repeated application of the averaging matrix V of
Definition 3.1.12 produces a sequence of vectors which converges to a fixed-point, yielding a solution to
the respective linear program. Note that this recursion is not efficient (just as the theory suggests) and

for this reason the number of applications has been set to a high value (100).

The functions LP and Lattice are defined in the module solve-1p.rkt, have respectively the form (LP A
b ¢ siter verbose variant out_port) and (Lattice A b c siter verbose variant out_port),

and are run using the problem-xx.rkt modules.

A,b and c are as previously defined, siter is the number of iterations, and verbose is a logical variable
which determines the amount of output from the function LP, and variant is a logical variable - if # f

then e = (111...) is used as the starting vector for the recursion, and if #¢ then —e is used.

8.2.1 Problem 1

This is the problem which was introduced in Chapter 4.6.1. It is run with the document problem — 1.rkt.
Output is in the document problem — 1.out; the solution to the invariant problem is very close to
(02.5050 1), and the solution to the original problem is very close to (1 2). Output is

K ok ok ok ok ok sk ok ok ok ok ok ok ok ok sk ok ok ok ok sk ok ok ok ok ok ok ok sk ok sk ok ok ok ok ok ok sk ok ok ok ok sk ok sk ok ok ok ok ok ok sk ok sk ok ok ok ok ok ok sk ok ok ok ok ok ok
K sk ok ok ok sk ok ok ok ok ok ok sk ok ok ok ok ok ok kok ok kokokokkok ok k ok Problem 1 sk okosk sk ok sk ok sk ok ok sk ok sk ok o ok sk ok ok ok ok o ok sk ok
sk sk ok ok ok sk sk ok ok ok ok ok sk sk ok ok ok sk ok sk sk K ok sk sk ok sk ok o ok ok sk ok sk ok o ok ok sk ok sk ok o ok sk sk ok ok ok o ok sk sk ok sk ok ok sk ok ok ok ok ok sk ok ok
ok sk ok ok ok ok ok ok ok ok ok ok ok ok ok sk ok ok ok ok sk ok sk ok s ok sk ok ok sk ok sk ok ok ok ok sk ok sk ok sk ok ok sk ok sk ok ok ok ok ok ok sk ok sk ok ok ok ok ok ok sk ok ok ok ok ok ok
*xkkkkkkxkx FIXED-POINT METHOD: AVERAGING APPROACH sk kokkokokkok kok kok %k %
sk sk ok ok ok sk sk ok ok sk o ok sk sk ok ok ok sk ok sk sk ok ok sk sk ok sk ok o ok ok sk ok sk ok o ok ok sk ok sk ok ok sk sk ok ok ok o ok sk sk ok sk ok ok sk ok ok ok ok ok sk ok ok
Original Data:

A= ((-1 -1) (-1 1) (2 1))

b = (-3.0 -1.5 4.0)

c = (3.0 4.0)

sk sk ok ok ok sk sk ok ok ok ok ok sk sk ok ok ok sk ok sk sk ok ok sk sk ok sk ok o ok ok sk ok sk ok o ok ok sk ok sk ok s ok sk ok ok ok ok o ok sk sk ok sk ok ok sk ok ok ok ok ok ok sk ok ok
Invariant Data:

A=((5/14 -3/14 -3/7) (-3/14 13/14 -1/7) (-3/7 -1/7 B/7))

trace(2) =2

b=(-0.5357142857142858 -0.1785714285714285 -0.357142857142857)
¢=(-1.357142857142857 1.2142857142857142 1.4285714285714284)

3=(1 1111 1)

sk sk ok ok ok sk ok ok ok ok ok ok sk sk ok ok ok sk ok sk sk ok ok sk sk ok sk ok o ok ok sk ok sk ok o ok ok sk ok sk ok o ok sk ok ok ok ok ok sk sk ok sk ok s ok sk ok ok ok ok ok sk ok ok
Necessary but not sufficient check for a feasible bounded problem
(ref. 4.2.1):ATAc—c= 0.0 (should be zero)

K sk ok ok ok sk ok ok ok ok ok ok sk ok ok kok ok ok kok ok okkkokkokkk - TNVARTANT  SYSTEM sk sk ok ok ok sk ok ok sk ok sk sk ok sk ok ok ok ok ok 5k
Checking that 3. is a fixed-point: j.—P3.=1.313370261723731e-31
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(should be zero)

Checking that the solution to the invariant problems is central

(should be non-negative):

(4.042322032660195e-13 2.50000000003347 -1.734151711119125e-11
5.000000000018385 6.128431095930864e-12 1.0000000000122569)

The solution to the invariant problems is non-negative.

discriminant (d) = 0.9999999999924527 (>= form)

Checking for optimality of the computed invariant central solution:
Tr4+6Ty=-1.27675647831893¢-15

(should be zero)

sk ok ok ok ok ok ok ok ok ok ok ok ok sk K ok ok o ok ok sk K ok ok o ok ok ok K ok ok o ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok sk K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok

complementary slackness condition: ;znc:7.216449660031206e—16

(should be zero)

objective value of invariant primal is ¢’r = 3.0357142857296058

estimated objective value of original primal is = 11.00000000001532

K 3K ok K oK oK KK oK oK K K oK ok K oK oK K K oK ok K oK oK K K oK ok K oK oK K oK oK ok K oK oK o K oK ok K oK oK K K oK oK K oK oK kK oK oK K oK oK kK oK K K K kK

sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok sk K ok ok o ok ok ok K ok ok o ok ok ok K ok ok o ok ok ok K ok ok ok ok ok sk K ok ok ok ok ok ok K ok ok ok ok ok ok ok ok ok ok ok

K ok ok ok ok ok ok ok ok ok ok ok sk k ok kok ok ok kok ok ok ok kokkokkk - ORTIGINAL SYSTEM ok sk sk sk sk ok ok ok ok sk ok ok sk ok ok ok ok ok ok ok ok

Checking for optimality of the original problems:

"z —b"y= -1.7763568394002505e-15 (should be zero)

ok ok ok ok Kk ok ok Rk ok ok R kKRR koK Rk R Rk ok Rk ok DT AmAL ok ok ok kok ok ok sk ok ok ok ok ok ok kK ok ok koK o Rk ok Rk ok K

solution to original primal is

(0.9999999999830628 2.000000000016533)

objective value of original primal is 11.00000000001532

Checking (should be non-negative):

Ar —b=(4.04121180963557e-13 2.50000000003347 -1.7341683644644945e-11)

K ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok sk ok ok okokokokkok Rk QA ]l K ok ok sk ok ok ok ok ok ok sk ok ok sk ok ok ok ok ok ok ok K ok ok ok ok ok ok ok oK ok ok

solution to original dual is

(-5.000000000018385 -6.128431095930864e-12 -1.0000000000122569)

Checking for feasibility: (ATy=¢)

ATy —c= (0.0 0.0)

Objective value of original dual is 11.000000000015321

(should be the same as objective value of original primal)

K 3K ok K oK oK kK oK oK K K oK ok K oK oK K oK oK ok K oK oK K K oK ok K oK oK K oK ok K oK oK o K oK ok K oK oK K K oK oK K oK oK K K oK oK K oK oK K K oK oK K K K kK

*kkkkkkkkkkkkkx FIXED-POINT METHOD: LATTICE APPROACH sskskskkkoskskokokkkkk

sk sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok o ok ok sk K ok ok o ok ok ok K ok ok o ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok

Checking for optimality

"ree +67¢ =1.1102230246251565e-16 (should be zero)

sk ok ok ok ok ok ok ok

discriminant (d) = 0.9999999999999997 ==> (>= form).

solution to invariant problem is (2.775557561562894e-17 2.500000000000001
2.211672250271514e-16 5.000000000000002 -1.6653345369377358e-16
1.0000000000000002)

solution to original problem is

(0.9999999999999996 2.0000000000000004)

Axr—b=(0.0 2.500000000000001 -4.440892098500626e-16)

8.2.2 Problem 2

This is the same as Problem 1, however the redundant constraint Oz, + 0x2 > 0 has been added
run with the document problem — 2.rkt. Output is

3k 3k %k 3k X 3k 3k %k 3k X %k 3 %k 3k % %k 5 %k 3k X %k 5 %k 3k % %k 5 %k 3k X %k 5 %k 3k % % 3% % 3k % % 5 %k 3 % % 3% % 3 % % 5% % 3% % % 3% % 3% % % % %k % X % % Xk
%k k ok ok sk ok sk ok sk ok sk ksk kok sk ok skokkkkkokkokkokkkkk Problem 2 kskokskkokkokskok sk ok sk ok xk ok xk %k ok %k ok k ok k ok
%k 3k %k 3k %k >k 5k %k 3k %k %k 5k %k 3k %k %k 5k %k 3k %k %k >k %k 3k % %k 5%k %k 3k % %k > %k 3k % >k % %k 3k % %k 5% %k 3k %k >k 3% %k 3k % %k 5% %k >k %k > 3% %k 3 % %k % %k % % %k % *k
3k 3k %k 3k X 3k 5k %k 3k X %k 3 Xk 3k X %k 3 %k 3k X %k 5 %k 3k % %k 3 % 3k % %k 5% %k 3k % %k 3% % 3k % % 3 %k 3k % % 3% % 3 % % 5% % 3k % % 3% % 3% % % % % % Xk % % Xk
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*xkkkkkkxkx FIXED-POINT METHOD: AVERAGING APPROACH %k kokskokokkok kok ok k%
sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok sk K ok ok o ok ok ok K ok ok o ok ok sk K ok ok ok ok ok ok K ok ok ok ok ok sk K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok
Original Data:

A= ((-1 -1) (-1 1) (2 1) (0 0))

b = (-3.0 -1.5 4.0 0.0)

c = (3.0 4.0)

sk ok ok ok ok ok ok ok ok ok ok ok ok sk ok ok ok ok ok ok sk K ok ok o ok ok ok K ok ok o ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok

Invariant Data:

A=((5/14 -3/14 -3/7 0) (-3/14 13/14 -1/7 0) (-3/7 -1/7 5/7 0) (0 0 O 0))

trace(2) =2

b=(-0.5357142857142858 -0.1785714285714285 -0.357142857142857 0.0)

¢=(-1.357142857142857 1.2142857142857142 1.4285714285714284 0)

3=(1 1 111111)

sk ok ok ok ok ok ok ok ok ok ok ok ok ok K ok ok o ok ok sk K ok ok o ok ok ok K ok ok o ok ok sk K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok

Necessary but not sufficient check for a feasible bounded problem

(ref. 4.2.1):ATAc—c= 0.0 (should be zero)

K ok ok ok ok ok ok ok ok ok ok ok sk ok ok ok ok ok ok kok ok ok ok kokkokkk TNVARTANT  SYSTEM ks ok ok sk sk o ok sk ok ok ok ok ok ok ok ok ok ok ok

Checking that 3. is a fixed-point: j3.—P3.=1.313370261723731e-31

(should be zero)

Checking that the solution to the invariant problems is central

(should be non-negative):

(4.042322032660195e-13 2.50000000003347 -1.734151711119125e-11 -0.0
5.000000000018385 6.128431095930864e-12 1.0000000000122569
3.724793454370768)

The solution to the invariant problems is non-negative.

discriminant (d) = 0.9999999999924527 (>= form)

Checking for optimality of the computed invariant central solution:
Tr+6Ty=-1.27675647831893e-15

(should be zero)

K 3K ok K oK oK KK oK oK K K oK ok K oK oK K K oK oK K oK oK K K oK ok K oK oK K K oK ok K oK oK o K oK ok K oK oK K K oK oK K K oK kK oK oK K K oK K K oK K K K K kK

complementary slackness condition: ;ZUC:7.216449660031206e—16

(should be zero)

objective value of invariant primal is ¢’r = 3.0357142857296058

estimated objective value of original primal is = 11.00000000001532

sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok o ok ok sk K ok ok o ok ok ok K ok ok o ok ok sk K ok ok ok ok ok ok K ok ok ok ok ok sk K ok ok ok ok ok ok K ok ok ok ok ok ok ok ok ok ok ok

K 3K ok K oK oK KK oK oK K K oK ok K oK oK K K oK ok K oK oK K oK ok K oK oK K K oK ok K oK oK o K oK ok K oK oK K K oK ok K oK oK K K oK oK K K oK K K oK K K K K kK

KoKk KKk kR Kok kR kkkkokkkkkkkkkkkkkkx ORIGINAL SYSTEM ks sk ok ok ok ok ok ok ok ok ok ok ok ok ok % K

Checking for optimality of the original problems:

Tex—bTy= -1.7763568394002505e-15 (should be zero)

ok ok ok ok ook ok ok ok sk kR kR sk ok kR kR ok Rk kR skok . DT AMAL ok ok ok sk skokok sk okokok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok K

solution to original primal is

(0.9999999999830628 2.000000000016533)

objective value of original primal is 11.00000000001532

Checking (should be non-negative):

Axr—b=(4.04121180963557e-13 2.50000000003347 -1.7341683644644945e-11 -0.0)

K oK ok K oK oK KK K oK KK K ok K KK KK KK R Kk Rk ko ok ok QLA K K ok koK ok ok K ok ok o oK ok ok K oK ok K K oK oK K oK oK K K oK K K K K ok

solution to original dual is

(-5.000000000018385 -6.128431095930864e-12 -1.0000000000122569
-3.724793454370768)

Checking for feasibility: (ATy=¢)

ATy —c= (0.0 0.0)

Objective value of original dual is 11.000000000015321

(should be the same as objective value of original primal)

sk sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok o ok ok sk K ok ok o ok ok ok K ok ok o ok ok sk K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok

*kkkkkkkkkkkkkx FIXED-POINT METHOD: LATTICE APPROACH skskskkkskskkokkkkkk

sk ok ok ok ok ok ok ok ok ok ok ok ok ok K ok ok ok ok ok sk K ok ok o ok ok ok K ok ok o ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok

Checking for optimality

"ree +67¢ =1.1102230246251565e-16 (should be zero)
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sk sk ok ok ok ok ok ok

discriminant (d) = 0.9999999999999997 ==> (>= form).

solution to invariant problem is (2.775557561562894e-17 2.500000000000001
2.211672250271514e-16 0.0 5.000000000000002 -1.6653345369377358e-16
1.0000000000000002 3.483566542109277)

solution to original problem is

(0.9999999999999996 2.0000000000000004)

Ar—b=(0.0 2.500000000000001 -4.440892098500626e-16 0.0)

In both cases the solution to the original problem is very close to (1 2), which is the same as Problem 1.
Note however that for Problem 2 the averaging and lattice solutions to the fixed-point problem problem

differ and this leads us to the construction of a zero component-pair solution as follows:

We see that there is the fixed-point
pl = (0250050 1 3.7247934543707664 )
from the averaging method, and the fixed-point
pi = (0250050 1 3.483566542109277 )
from the lattice method.
Taking a particular linear combination of p; and p, we obtain the non-central fixed-point
p; =(00000001)
and, subtracting a multiple of p; from p,, we obtain the fixed-point
p; =(025005010)

The non-negative fixed-point p, has the zero component-pair (p, 4,ps,s) = (0,0), so zero component-
pairs do exist, but we haven’t managed to find one directly during the solution of a real life problem.

Vector p; has three zero component-pairs, however it doesn’t yield a solution as it isn’t central.

8.2.3 Problem 3

The third test linear program is from Ecker & Kupferschmid [10, Exercise 2.3].

Minimize z1 — x2 subject to

T1+2r224, 22<4, 31 —-222<0, 22>0
Refer to Figure 8.1 for a graphical solution.

The program is run using the module problem-3.rkt. Output is:

3k 3k %k 3k X 3k 5k %k 3k X %k 3 Xk 3k % %k 5 %k 3k X %k 3 %k 3k % %k 3 % 3k X % 5 %k 3k % % 3 % 3 % % 5 %k 3%k % % 3% % 3 % % 5% % 3% % % 3% % 3% % % % %k % X % % Xk
%k ok sk ok ok ko ok kok ok sk k ok kkok ok kokokkkokkkokkkkkk Problem 3 kskokokkk ok k kok ok %k sk ok %k sk ok ok ok k k %k k ok k
%k 3k %k 3k %k >k 5k %k 3k %k %k 5k %k 3k %k %k 5k %k 3k %k %k 5k %k 3k % >k 5%k %k 3k % %k > %k 3k %k >k % %k 3k % %k 5% %k 3k %k > 3% %k 3k % %k > %k 3k %k > 3% %k > % %k % %k % % %k % %k
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T2
/
/

/ 4

s, To = 4
s
_, "Obijective 3
Function

Tq1=To = ‘8 2

1 1422, = 4
IQEO
T
-4 -3 -2 -1 1 2 3 4
3%1'2%25 0

Figure 8.1: A Two-Variable Linear Programming Problem

%k 3k %k %k %k >k 5k %k 3k %k %k 5k %k 3k %k %k 5k %k 3k %k %k 5k %k 3k % >k 5% %k 3k % %k > %k 3k % >k % %k 3k % %k > %k 3k %k > 3% %k 3k % %k 5% %k 3k %k > > %k % % %k % %k % % %k % *k
**kkkkkkxkx*x FIXED-POINT METHOD: AVERAGING APPROACH ok ok skokkok ok kok sk okok % k
3k 3k %k 3k X 3k 5 %k 3k X %k 3 %k 3k X %k 3 %k 3k X %k 5 %k 3k % %k 3 % 3 % %k 5 %k 3k % %k 3% % 3 % % 5 %k 3k % % 3% % 3 % % 5% % 3% % % 3% % 3% % % % %k % X % % Xk
Original Data:

A= (1 2) (0 -1) (-3 2) (0 1))

b (4.0 -4.0 0.0 0.0)

c = (-1.0 1.0)

3k 3k %k 3k X 3k 5k %k 3k X %k 3 Xk 3k X %k 3 %k 3k X %k 3 %k 3k % %k 3 % 3 X % 5 %k 3k % % 3 % 3k % % 5 %k 3%k % % 3% % 3 % % 5% %k 3k % % 3% % 3% % % % % % X% % % Xk

Invariant Data:

A=((11/14 -2/7 -1/14 2/7) (-2/7 5/42 -2/21 -5/42) (-1/14 -2/21 41/42 2/21)
(2/7 -5/42 2/21 5/42))

trace(2) =2

b=(-0.2857142857142857 -2.380952380952381 -0.09523809523809523
-1.619047619047619)

¢=(0.07142857142857142 -0.07142857142857142 0.35714285714285715
0.07142857142857142)

3=(11111111)

K 3K ok K oK oK KK oK oK K K oK ok K oK oK K K oK ok K oK oK K K oK ok K oK oK K K oK oK K oK oK o K oK ok K oK oK K K oK oK K oK oK KK oK oK K oK oK K K oK K K K K kK

Necessary but not sufficient check for a feasible bounded problem

(ref. 4.2.1):ATAc—c= 0.0 (should be zero)

KKk KKKk kKRR kkkkkokkkkkkkkkkkkkkx INVARIANT SYSTEM sk kok sk ok ok ok ok ok ok ok ok ok ok K ok ok % K

Checking that 3. is a fixed-point: j3.—J3.=1.327337088180114e-29

(should be zero)

Checking that the solution to the invariant problems is central

(should be non-negative):

(56.551115123125783e-16 4.440892098500626e-16 19.999999999999993
3.9999999999999996 0.9999999999999998 2.999999999999999 -1.6653345369377348e
-16 9.71445146547012e-17)

The solution to the invariant problems is non-negative.

discriminant (d) = 0.9999999999999998 (>= form)

Checking for optimality of the computed invariant central solution:
Tr4+6Ty=-1.41421266232014¢-16

(should be zero)

sk ok ok ok ok ok ok ok ok ok ok ok ok sk K ok ok o ok ok sk K ok ok o ok ok ok K ok ok o ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok

complementary slackness condition: ;znc:—1.054711873393898e—15
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(should be zero)

objective value of invariant primal is ¢’y = 7.428571428571426
estimated objective value of original primal is = 7.999999999999997
sk sk sk sk sk ok ok ok ok ok ok sk sk sk sk ok sk ok sk sk sk sk sk sk ok ok sk sk sk sk ok sk ok ok ok ok sk ok ok sk sk ok ok ok sk ok ok ok kK ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok K
sk ok sk sk sk sk sk sk sk ok sk ok sk sk sk sk sk ok sk sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok sk sk sk sk ok sk sk ok sk ok sk sk ok sk sk ok ok ok sk sk ok ok ok ok ok
K ok ok ok ok ok ok ok ok ok ok ok sk sk ok ok ok k ok kkokokok ok okkkkk - ORI GINAL  SYSTEM  skosk sk ok sk ok sk ok ok ok ok ok ok sk ok ok ok ok ok ok ok
Checking for optimality of the original problems:

Tz—bTy= 8.881784197001252e-16 (should be zero)

ok ok ok ok Kok ok ok ok ok ok ok ok ok ok ok kKRR kR kokokokok ok DT AmALl ok kok ok ok ok ok ok ok ok ok ok ok Kok ok ok ok Kk ok ok ok Kk ok ok ok KOk
solution to original primal is

(-3.9999999999999987 3.999999999999999)

objective value of original primal is 7.999999999999998

Checking (should be non-negative):

Ar —b=(-4.440892098500626e-16 8.881784197001252e-16 19.999999999999993

3.999999999999999)
K oK ok K oK oK KK K K KK oK ok K KK KK KK R Kk Rk ko ok ok QLAL K K ok ok oK ok ok K ok ok K oK ok ok K oK oK K K oK oK K oK oK kK oK K K K K ok
solution to original dual is
(-0.9999999999999998 -2.999999999999999 1.6653345369377348e-16
-6.938893903907228e-17)
Checking for feasibility: (ATy=¢)
ATy —c= (-2.220446049250313e-16 -2.220446049250313¢-16)
Objective value of original dual is 7.999999999999997
(should be the same as objective value of original primal)
sk ok ok ok ok ok ok ok ok ok ok ok ok sk ok ok ok ok ok ok sk K ok ok o ok ok ok K ok ok o ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok sk K ok ok ok ok ok ok K ok ok ok ok ok ok ok ok ok ok ok
*kkkkkkkkkkkkkx FIXED-POINT METHOD: LATTICE APPROACH sskskskkkskskkokkkkkk
sk ok ok ok ok ok ok ok ok ok ok ok ok ok K ok ok ok ok ok sk K ok ok o ok ok ok K ok ok o ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok K ok ok ok ok ok ok ok ok ok ok ok
Checking for optimality
¢Tre, +67¢ =-4.4499550259345506 e-23(should be zero)
sk ok ok ok ok ok ok ok
discriminant (d) = 1.0 ==> (>= form).

solution to invariant problem is (8.542985108748319e-23 -5.66894392301607e-23

20.0 4.0 1.0 3.0 -2.549062647602563e-24 3.3904929888762546¢-23)
solution to original problem is
(-4.0 4.0)
Az —b=(0.0 0.0 20.0 4.0)

Again a correct solution has been found.

8.2.4 Problem 4
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This is a feasible unbounded problem; it is run with the document problem — 4.rkt. Output is in the

document problem — 4.out.

Kk ok sk sk ok ok ok ok ok ok ok oK K K K 3 % % 3 K K ok ok sk ok ok ok ok ok ok ok K K K 3 % % % % %k K sk ok sk ok ok ok ok ok ok K K K K K % % % % % % sk ok sk ok ok k
KKKk kKKK kK KKKKKKKR KKKk kkk ProbDLem 4 ks sk ok sk ok ok ok k ok 5 5 K K K K K % * * ok ok ok ok ok ok Kk Kk K K
K Kk ok ok ok oK ok oK oK oK K K K K K K K K K K K K ok ok oK ok oK oK oK oK K K K K K K K K K Kk ok ok ok ok ok oK oK oK oK K K K K K K K K K K ok ok ok ok K
Kk ok sk sk ok ok ok ok ok ok ok oK K K K 3 % % K K K ok ok sk ok ok ok ok ok ok ok K K K % %k % % % %k K sk sk sk ok ok ok ok ok ok K K K K K % K % % % % sk ok ok ok ok k
**kkkkkkxkx*x FIXED-POINT METHOD: AVERAGING APPROACH ok ok sk ok kok sk kok ok okok %k
K Kk ok ok ok ok ok oK oK oK K K K K K K K K K K K K ok ok oK ok oK oK oK oK K K K K K K K K K K kK ok ok oK ok oK oK oK oK K K K K K K K K K K kK ok ok ok K
Original Data:

A= ((100) (-1 00) (010) (0 -10))

b= (-1.0 -1.0 -1.0 -1.0)

c= (1.0 1.0 1.0)

K Kk ok ok ok oK oK oK oK oK oK K K K K K K K K K K K ok ok ok ok oK oK oK oK K K K K K K K K K K K ok ok ok ok oK oK oK oK K K K K K K K K K K Kk ok ok ok K
Invariant Data:

A=((1/2 -1/2 0 0) (-1/2 1/2 0 0) (0 O 1/2 -1/2) (O O -1/2 1/2))
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trace(2) =2

b=(-1.0 -1.0 -1.0 -1.0)

¢=(0.5 -0.5 0.5 -0.5)

3=(11111111)

sk ok sk sk sk sk sk sk ok ok sk ok sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok sk sk sk sk sk sk sk ok sk sk sk sk ok sk sk ok sk sk sk sk ok sk sk ok ok ok sk sk ok ok ok ok ok
Necessary but not sufficient check for a feasible bounded problem
(ref. 4.2.1):ATAc—c= 1.0 (should be zero)

** warning: problem is infeasible or unbounded; stopping x**

sk ok sk sk ok sk ok ok ok ok ok sk sk sk sk ok sk ok sk sk sk sk ok sk sk ok sk sk sk sk ok sk ok ok ok sk sk ok ok sk sk ok ok ok sk ok sk ok sk ok ok ok ok ok ok ok sk ok ok ok ok ok sk ok ok ok ok K
*xckkkkkkkkkkkkk FIXED-POINT METHOD: LATTICE APPROACH sk kk ok skok sk ok skok kok ko
sk ok sk sk sk sk sk sk ok ok sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok sk sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok sk sk sk sk ok sk ok ok ok ok sk sk ok ok ok ok ok

**x*xx warning: If feasible the problem is unbounded; stopping **xx*

. Unboundedness is detected.

8.2.5 Problem 5
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This is an infeasible problem; it is run with the document problem — 5.rkt. Output is in the document

problem — 5.out.

sk ok sk sk sk ok ok ok ok ok ok sk sk sk ok ok sk ok sk sk sk sk ok sk ok sk sk sk sk ok sk sk ok ok sk sk ok ok ok sk ok sk ok sk ok sk ok ok ok ok ok ok ok ok ok sk ok ok ok ok ok ok ok ok ok ok K
ook ok sk okok ok ok ok ok ok ok kokokok ok ok ok kokokok ok Problem 5k ok sk sk sk ok sk sk sk ok ok sk sk ok sk sk sk ok ok sk sk sk ok sk ok ok ok ok sk sk ok ok ok
sk ok sk sk sk sk sk ok ok ok ok sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk ok sk sk sk sk ok sk sk ok ok ok sk sk ok ok ok ok ok
sk sk sk sk sk sk ok ok ok ok ok sk sk sk ok ok sk ok sk sk sk sk sk sk ok ok sk sk sk sk ok sk sk ok ok ok sk ok ok ok sk ok ok ok sk ok ok ok sk ok ok ok ok ok ok ok kK ok ok ok ok ok ok ok ok ok K
kxkxxkkkkkkkk FIXED-POINT METHOD: AVERAGING APPROACH skokskskskskoskook sk ok ok ok ok ok ok ok ok
sk ok sk sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok ok sk sk sk sk sk sk ok ok sk sk sk ok sk sk ok ok ok sk sk ok ok ok ok ok
Original Data:

A= ((1 00) (010) (001 (00 -1))
b= (1.0 1.0 1.0 0.0)
c = (1.0 1.0 1.0)

ok % ok ok K 3k oK K ok 3 ok K 3 ok ok K ok K K ok % ok 5 3k ok 3 ok 3 ok K 5k K 3 ok 3 5k K 3 ok 3 ok 3 5k % k ok 3 5k %k 5k Kk k ok % ok K k K K K K kK kK
Invariant Data:
A=((1 0 0 0) (01 00) (00 1/2 -1/2) (0O 0 -1/2 1/2))

trace(2A) =3
b=(0 0 0.5 0.5)
¢=(1.0 1.0 0.5 -0.5)

3=(1 1 111111)

sk sk ok sk ok sk ok ok ok ok ok sk sk sk ok ok ok ok sk sk sk sk sk sk ok ok sk sk sk sk ok sk ok ok ok ok sk ok ok sk ok ok ok ok sk ok sk ok sk ok ok ok ok sk ok ok sk ok ok ok ok ok sk ok ok ok ok K

Necessary but not sufficient check for a feasible bounded problem

(ref. 4.2.1):ATAc—c= 0.0 (should be zero)

K ok ok sk ok ok ok ok ok ok ok sk sk sk ok ok ok ok ok kkokokok ok okkkkk TNVARTIANT  SYSTEM sk sk ok sk ok sk ok sk ok ok ok ok ok sk ok ok ok ok ok ok

Checking that 3. is a fixed-point: j.—PBjc=5.940423917354408e-32

(should be zero)

Checking that the solution to the invariant problems is central

(should be non-negative):

(1.1102230246251565e-16 1.1102230246251565e-16 -0.9999999999999999
-1.1102230246251565e-16 -1.0 -1.0 -1.1102230246251565e-16
0.9999999999999999)

The solution to the invariant problems is not non-negative.

The solution to the invariant problems is invalid.

Stopping.

sk ok sk sk sk sk sk sk ok ok ok ok sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok sk sk sk sk sk sk sk ok sk sk sk sk ok sk sk ok ok ok sk sk ok ok ok ok ok

*kkkkkkkkkkkkkx FIXED-POINT METHOD: LATTICE APPROACH sskskskkkskkkokkkkkxk

sk sk sk sk sk ok ok ok ok ok ok sk ok sk sk ok sk ok ok sk sk sk sk sk ok ok sk sk sk sk ok sk ok ok ok sk sk ok ok sk sk ok ok ok sk ok sk ok kK ok ok ok ok ok ok sk ok ok ok ok ok ok ok ok ok ok K

Checking for optimality

CT;Q—+bTCt:O.O(should be zero)
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K KoK K K K K
discriminant (d) = -1.0 ==> (<= form).

solution to invariant problem is (0.0 0.0 0.0 -1.0 -1.0 -1.0
solution to original problem is

(1.0 1.0 1.0)

Axr—b=(0.0 0.0 0.0 -1.0)

The “solution” is invalid.

8.3 Conclusion

The theory for both the unitary and lattice approaches works in practice.

-1.0 0.0)
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Chapter 9

Convex Optimization

The aim is to develop conditions for solving convex optimization problems, by the strategy of lineariza-

tion.

9.1 The Problem

We consider the general problem

mazximize f(z),z e R" (a)

subject to g(x) >0e R™. (b) (9.1)

Here f is a scalar function of the unknown n-dimensional vector x, and g is an m-dimensional vector

function of x. The objective function f and the inequality constraint g are required to be continuously

differentiable concave functions.’

9.2 Linearization of the Problem

Given a column vector x and a scalar function, y, we introduce the vector derivative or gradient of y as

the column vector function y,, = dy/dx = V,y defined by
(Yz)i = Oy/Oz; . (9.2)

For the function h : R" — R, define h = h(&) an
whose j term is Oh(z)/0x;|&. Note that V(—h) = (=h)z|& = — hg|® = —Vh .

o,

Vh = hg|&, i.e. Vh is the n dimensional vector

A differentiable function i on a convex domain is convex if and only if
h(z) > h(&) + VAT (z — &),

while a differentiable function h on a convex domain is concave if and only if

(~h)(@) > (~h)(@) + 9(~1)" (2 — &) & —h(z) > ~h(@&) - Th"(z - &)
<

IThe usual formulation is involves minimizing f(z) subject to g(x) < 0. where f and g are convex functions.
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< hz) <h(@)+ Vhi(x —2) < h(z) < (@) - VhTa) + Vh'lx,

SO

A differentiable function h on a convex domain is concave

Lemma 9.2.1 ) < h(@) + VhT(x — &) © h(z) < (h(®) — VhT&) + Th e

and we can approximate the objective function f by f = f(&)+Vf T (x—&) with a “constant” component,

[1Pk

f(&) — vf T&, plus a linear component Vf & whereby Vf becomes our “c”.

If  and y are both column vectors, then we form the Jacobian matrix y, defined by

(ya)ij = 0yi/ Ox;. (9-3)

Given an estimate, &, of the solution, write the Jacobian G = gg|# - that is G is the m x n Jacobian

T

matrix whose i*® row is dg;(x)/0x’ = Vgl evaluated at & - and approximating g by

g(z) =g(@) + Gz — @), 0.4)
g(x)>gz) < Glx—2)>0

we see that the affine plane described by Vgl (z — &) = 0 osculates the (in general) curved surface

L92.1 N 9.4
gi(x) = g;(&) since for concave g,g(x) < g(@)+G(x—&) =

9() L Gx—-2)=0 < Vgl(w—a)=0 Vi.

g(x), so g(z) > g(x), and g(z) =

Maximize ¢’ @ subject to Az >b

where
A = G (a)
b - Gi—g (b) (9:5)
e = Vf (c)

is a feasible linearization of 9.1.

We also require 9.1(b) as there is no guarantee that the solution set for the problem has not been
increased by linearization; to ensure this we may periodically apply Newton’s method using the current

binding constraints. (refer to Figure 9.5).

In summary, since for any value of & the feasible set of the convex problem is a subset of the feasible
set of the linearized problem, if the linearized problem has a solution which is in the feasible set of the
convex problem then this solution is also a solution for the convex problem. Figure 9.1 is an example of

this possibility.

9.3 Qualitative Analysis

We consider the possibilities that convex problem has a non-empty solution set and its linearized form

has a solution set which is
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1. empty for some Z - in this case so too is the feasible set of the convex problem.
2. precisely the same, and bounded; refer to Figure 9.1
3. a proper superset thereof, and bounded; refer to Figures 9.2 and 9.4

4. unbounded due to the feasible set being unbounded; refer to Figure 9.3

The developed fixed-point algorithm should detect the infeasibility of the first case, for case two it should
converge to a correct solution, for cases three and four it should converge to an incorrect solution however

the binding constraints having been identified Newton’s method may be employed.

Considering these possibilities, cases 3 and 4 are problematic and will be given particular attention.

S

Sy L2 f@) > £(#)

Note: At £ the affine plane %f(x-aﬁ) = 0lies above the
diagram plane, sloping down towards top right,
where it intersects the diagram plane.

Figure 9.1: The Same Solution Set Case: 2D Cut Through 3D Solution Space

9.4 Solution Conditions

Analogous to Definition 4.2.1, at the solution point we require

GTGvf =vf . (9.6)
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N solution of the
linearised problem

solution of the
convex problem

flz) = f(Z)

Figure 9.2: The Unusual Case with Bounded Linearization

solution of the
convex problem

g(@) =1[oo]”

Figure 9.3: The Unusual Case with Unbounded Linearization
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solution of the
convex problem

g(2) =TJoo]"

Figure 9.4: The Highly Unusual Case

As with LP’s case we can construct invariant primal and dual LP’s, and fixed-point problem

find {g] satisfying ‘I}[;] = {;] >0

Now

612 (1906 20 (1—90(Ga—g) L (1 GGG - g) = —(I - GG,
e 4Ld jrig 920 arig 95¢ i gy
Ly R Y L e

Summarizing, we have

A = GGt (a)
b = —(I-GGhg (b)
¢ = GTHYf (c)
D = I-GGF (d)

96
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Collecting relevant equations and properties, including the conditions of Equation 5.1, with the additional

g=0

Note:

to override the increase in the solution set due to linearization.
F=A -6 > 0 (a)
H=D§—¢> 0 (b)
AT A AT
cr+b =0
3 ) (c) (9.9)
g > 0 (d)
f — Az —b (e)
i — At(E+D) (1
(OA(f)=E=A—b.

Note that these conditions are

9.5

. necessary and sufficient if the problem is one of convex optimization.

. operational since ¥ and § can be constructed using the fixed-point approach,

free of any constraint qualification such as quasi-normality,

distinct from the Karush-Kuhn-Tucker conditions as condition 9.9(c) is scalar in nature while the

corresponding KKT stationarity condition is a vector condition.

The Algorithm

We adopt the following recursive scheme for the usual case:

. Choose an initial & (try & = 0) as a solution to the primal,

Compute fl, b and ¢é , using Equation 9.5.

Compute 2, b, ¢ and D using Equation 9.8. (consistent with Equation 4.1); optionally, b and ¢

may be normalized. In detail, compute:

(a) G+ either by direct inversion or by updating using the iterative method of Ben-Israel and

Cohen: G’L_l = 2@1 — éjéé’j, where CAT‘Er) is the MPPI of the previous G |
(b) %= GCH b= —(— GGG, ¢ = CTHOf and D =1 -9,
Compute 553 from 2A, b and ¢ using Equation 5.4 .
Fixed-point estimate: initial 3 = sf}l; update with

(a) 3new = si3|2;old - 62;ald| , Or
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(b) when binding pattern becomes stable
(i) perform affine regression (refer to Chapter 3.2.2), or
(ii) apply Newton’s Method using the binding constraints.
At — b
D —¢|

:

6. Centralize the fixed-point estimate 3 = L)

} , by computing {

7. Consistent with Equation 4.9 (b), compute & = At (§ +b) = Gt ( — (I — GGT)§) = GT§, as an

estimated solution for the original problem.

8. Stop if conditions 9.9 are met, otherwise go to step 2.
Note:

1. The Ben Israel and Cohen method might be generalized to

Glyy = (mG] = nGIGG])/(m —n)

also note that the method requires @IG‘ to be symmetric - a condition which we cannot satisfy, so

we might try adding
Gliy = (mGHGGHT +n(GIG)TC])/(m +n)
or merging to obtain

Gl maGIGG 4 maGH(GEHT +my( GGG
B my + mo +m3 + my

Proposed constraints are m; > 2, mg < 0,m1 +mg =1, mz = my .

2. If the scheme for the non-aberrant case fails to converge then set ¢ = 0 to determine feasible points,
determine the affine space in which the feasible points lie, and recast the problem within this affine

space.

9.6 Application

Here we apply the theory for the non-linear case to solving two problems. The algorithm works well for
the first case but fails for the second, suggesting that the approach requires further refinement involving

Step 5b above.

9.6.1 Non-Linear Problem 1

Maximizeac—l—y—i—zsubjecttox2+y2+z2Sl, x>-05, <05,

With reference to Figure 9.5, when the objective function x + y + z is restricted to the value 1.7247 we

get a hyperplane of solutions some of which are depicted by the triangular blue area which osculates the



CHAPTER 9. CONVEX OPTIMIZATION 99

objectixe function
at its maximum

solution to the
on-linear problem

1.732050

affine set of solutions
to the linearized problem

Figure 9.5: Non-Linear Problem I

feasible set (which is coloured dark green, green and red) at the unique solution x = 0.5, y = 0.61235,

z = 0.61235 (indicated by a red dot).

The recursive linearization algorithm when applied to this problem gives this result, however this is
more by luck than good management as there are in fact multiple solutions to the linearized problem, as

indicated in Figure 9.5 by the line of solutions to the linearized problem; this is is an atypical problem.

9.6.2 Non-Linear Problem II

We apply the approach to the following problem (refer to [10, p.301]):

mazximize 3z — x3/2

subject to 2?4+ a3 <1
X1 Z 0
X9 Z 0

What we find is that when using the recursive linearization algorithm the solution doesn’t converge
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properly. We can see why this happens by referring to Figure 9.6. The figure shows the feasible and
optimal solutions to the limiting linearized problem. The optimal solutions to the limiting linearized
problem form the set {(z1,22) : 1 = 1; 22 > 0}, so there is no guarantee that the algorithm will converge
to (x1,z2) = (1,0). To overcome this difficulty we should apply the Newton-Raphson algorithm, using
the binding constraints, during convergence of the linearized form to a solution after Step 7 of the
algorithm; this problem is also atypical.

affine set of

solutions to the
linearized problem

feasible points

of the linearized N
problem o f(x)=3z,-x22=3

/7 7

—t X
1 2 *

11\

“ “ solution to the

non-linear problem

feasible points
of the non-linear
problem

NN
objective function

Figure 9.6: Non-Linear Problem II

Incorporating Newton’s method is consistent with the research detailed in [22].

9.7 Conclusion

Both problems are atypical. The solution to the first problem was correct due to the symmetry of the
starting guess. The solution reached for the second problem was only to the linearized problem, however
the algorithm also successfully identified the slack and binding constraints, without incorporation of
Newton’s Method. So, generally speaking, in order to solve atypical non-linear optimization problems

Newton’s Method needs to be incorporated into the solution algorithm.
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Appendix A

Convergence

Here we consider the problem of convergence in greater depth. Specifically, the convergence of the

averaging matrix V' is investigated.

Note Equation 3.9, which states that (V71)!V¢ = (PK)!P = P(KP)* . This implies that we can analyze

the spectral properties of say PK in order to gain knowledge of the convergence properties of V.

Afriat’s [2] theory of reciprocal spaces is used to investigate the spectral structure of PK and K P, leading
to a better understanding of the P-unitary matrix U, through the development of some associated algebra.
It is shown that the eigenvalues of PK (excluding those associated with fixed-points) are all in (0, 1).
Note that if the greatest of these is near unity then, after a number of iterations, neither (PK)™h nor
V™h will converge quickly to a fixed-point of both P and K, which suggests that the affine regression

approach may be required.

A.1 Reciprocal Vectors and Spaces

Following Afriat [2], spaces A and B are said to be reciprocal spaces in spaces P, K if they are orthogonal
projections of each other in P, K; thus if P and K are the symmetric idempotents defining the orthogonal
projections onto P and K respectively, then A = PB, B = KA. Vectors which span reciprocal rays give
rise to a reciprocal pair of vectors in the relevant spaces; if the vectors are of the same length we
say they are a balanced pair. The coefficient of inclination between the reciprocal spaces P and K is
R = trace(PK). (Afriat uses e and f to denote a pair of symmetric idempotents - this notation is more

common when analyzing more general structures.)

An eigenvalue in (0,1) is said to be proper; an eigenvector having a proper eigenvalue is also said to be
proper; a reciprocal vector associated with a proper eigenvalue is said to be proper, and the subspace
generated by the set of all proper eigenvalues of PK and K P is called the proper subspace and is denoted
by H. Note also that if z € P then Kz =0= (I — K)x =, = SKSx =z, = KSz = Sxz.

Bearing in mind the possibility that p may be a complex number, let PKxzp = p?zp. if p # 0 define
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rx = Kap/p, then Prgy = PKxp/p = p?xp/p = prp; so xp = Pry/p. Further, Pryx = prp =

KPzyg = pKxp, = p?rx. Summing up, there is the balanced reciprocal scheme

PKxP = PQfUP; (a)
KPxg = meK, (b)
Kzp = prE, and (c) (A1)
Pk = pTp. (d)

Note that, from Equation A.1(c), 24k Kzp = palaxx = 2l axp = prlak, (since Kxg = xk). Similarly
rhxk = prLap; it follows that ||zp| = ||zk||, and cos(zp,2k) = vLhak /(|zp||zk]) = 25z /||zp|?,
= p. Thus given the eigenvector zp of PK, with eigenvalue p?, take xx = Kxp/p, then 2p, 2f is a pair
of reciprocals in P, K. Moreover, since they are of the same length we say they are a balanced reciprocal
pair.

An eigenvector of PK and an eigenvector of

Lemma A.1.1 K P with distinct eigenvalues are orthogonal.

Proof Let zp be an eigenvector of PK with eigenvalue p?, and 2/, be an eigenvector of K P with

eigenvalue plz, distinct from p?, and assume without loss of generality that pl2 # 0, then
p e ep = (KPah)Twp = 2L PKap = p*a it ap.

Thus (p? — p?)afap =0, = ofzp=0.

Lemma A.1.2 Two eigenvectors of PK with distinct eigenvalues are orthogonal.

Proof Let zp and 2y be eigenvectors of PK with eigenvalues p? and pl2 respectively. Assume without

loss of generality that pl2 # 0. Now
vpap={PKrp/p?} xp = 2 KPrp/p? = f Kup/p? = (K2} Tap/p?

={p s} xp/p? =2 Fap/p =0 (by Lemma A.1.1) . O

Summing up we have

Theorem: A.1.3 Eigenvectors of PK and K P with distinct eigenvalues are orthogonal.

The angle between zp and zy is given by cos(xp,rx) = p; the coefficient of inclination is p?. If the
scheme has p positive then it is said to be an acute reciprocal scheme, and if it has p negative then it is
said to be obtuse. Let (zp|zk) denote a reciprocal pair zp, xx in P, K; let [zp|xk] denote a balanced
reciprocal pair zp, xx in P, K, and let {zp|xx} denote a normalized balanced reciprocal pair zp, zk
in P, K; define a(rp|rrx) = (axplaxrk) and regard two pairs (zp|zx) and (zp|2) as equivalent if

(xplrr) = B(zp|2)) for some 8 > 0.

Define the “sum” vector s = xp + xx and the “difference” vector d = xp — xx; note that s L d. Now

consider the symmetric positive definite matrix W = (P 4+ K)/2; it can be shown that Ws = l—gﬁs, and
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Wd = 1—;Ed. Thus a pair of eigenvalues and vectors has been delineated for W since this is a symmetric
positive definite matrix it follows that p is real; further, since P and K are symmetric idempotents,
p € [=1,1]. Tt is now apparent that the eigenvalues, p?> of PK and of K P are all positive real numbers

in the closed interval [0, 1].

The above discussion can be tightened to the following
Lemma A.1.4 p? is an eigenvalue of PK < (1 & p)/2 is an eigenvalue of W = (P + K)/2.
Proof: The forward implication has already been covered. For the reverse implication let = be an

eigenvector of W with eigenvalue (14 p)/2; this implies (P+ K)x = (1£p)z, = P(P+ K)x = (1£p)Px,
= Px+ PKx = (1+p)Pzx, = PKz = +pPx,

KPKz = +pKPuz, (A.2)
and, similarly,
PKPx =+pPKux. (A.3)

Thus from equations A.2 and A.3, PKPKx = +pPKPx = p? PKx; similarly K PK Px = p? K Pz. So
p? is an eigenvalue of PK and of K P4

It follows that the eigenvalues of PK all lie in [0, 1].

Define n = /1 — p2, 7 =71}, and

ép = TPSTK, and (a)

& = tKSep, (b) (4-4)
Note that

n?=1-p% (A.5)

The map B : [zr|rk] — [Ep|ék] = T(PSzk|KSzp) is well-defined, B2 is the
Lemma A.1.5 identity map, and B is one to one and onto for the set of all reciprocal pairs, and
when restricted to the set of normalized reciprocals in P, K.

Proof Now {p=7PSzk, and g =7KSxp, so PKEp=TPKPSrx =TPKPSKxx =—TPKSPKxk
=TPSKPKzy = TPSKPryi = p*>tPSxy = p*Ep; similarly K P&y = p?¢x. Also Kép = TKPSwk
=TKPSKxg=—-TKSPKxg=—-7TKSPr)=—prKSrp=—pEK; similarly P{x =—p&p.

In summary

PR&r = %, (a)
KP&e = px (b)
Kep = —p, and (©) (4.6)
Péx = —pép. (d)
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Thus we have a balanced reciprocal pair and may write [p|¢x] and so B is well-defined. Since ||€p]|? =
|ITPSzk|? = 1221 SPSxk = 722% (I — P)zx = 72(1 — p?)||zk|]? = ||zk||?, and similarly [|{x]? =

|lzp||?, we have {xp|zk} = {£p|€k}. Further, for any pair [zp|rk],
B?[xp|zk] = TB[PSxx|K Sxp]

=1} [PSKSzp|KSPSxk| = m?[P(I — K)xp|K(I — P)xk]
= 72[zp — PKaplrg — KPrg| =721 — p*)[zp|2k]
= [zplzk];
that is B? is the identity map, from which it follows that B is one to one and onto. O

Thus a new pair, [{p|{k], of balanced reciprocals in P, K has been counstructed, corresponding to the
same eigenvalue, p?, of PK and KP. However [rp|zk]| and [p|€x] have opposite angularity. If the

original pair is normalized then the new pair will also be.

Let G stand for P or K; let G stand for P or K; and let P = K, K = P, then the first of the following

equations is a direct consequence of Equation A.4, while the later is the result of a short computation:

GSrsy = née, (a)
GSEg = nrg. (b) (A7)
(a)  aGée = 0,

Lemma A.1.6
(b)  2GSéq =

Proof:

~ ~ /
(a) aLég = 2L (rGSxs) = reLGSCra/p = T GSGGre/p > %3 0 |

(b) 2488 = abGSE = af(nxe) = nrbxa = 1.
-

A.2 Spectra of Products of Idempotents

Spectral decomposition is an important source of articulation in analyzing multivariate problems: Using
the method of reciprocals we establish a near orthogonality of bases for PK and K P. Essentially we

show that only eigenvectors associated with the same eigenvalue are oblique - the rest are orthogonal.

Let [zp|zk] and [2)5|2)]| be balanced reciprocal pairs; if zp L 25, xp L @, xx L 25, and zg L o/,
then write [zp|zk]| L [¢/p]2'] ; we say that the reciprocal pairs are orthogonal. If ¢ L zp and a L zx

write a L [xp|xk].

Lemma A.2.1 If [zp|zk], g € G, and g L ¢ then g L [zp|rk].
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Proof g L z¢ = ¢gTxq =0, = ¢"GSGSzqg =0 = ¢"SGS2q =0 = ¢"(I — G)azg =0 = ¢"Gzg =0
= g7 (prs) =0=g L za. Thus g L [zplek].

We specialize this result to what will be called the Separation Lemma:

Lemma A.2.2 2 L xg & ap Lag .

Proof x’GLxgﬁxg:cG:O@zgpr:O@ng:ré:O@x/GTxG:O@:E’GJ_:cé:OD

Corollary: A.2.3 2z, Lzg & .17/(} Lag.

Proof: Swap x with 2" in the lemma.

Corollary: A.2.4 z L o5 & .17/(} L.

Proof: Set G equal to G in Corollary A.2.3. |
Thus, from Corollaries A.2.3 and A.2.4 we have the Four Musketeers Lemma:

Lemma A.2.5 v Log <o, Lo e rg Log e oy Lag .

Continuing, there is the Transposition Lemma:

Lemma A.2.6 zi; Lzg < &5 Lée.

Proof x'GLxé(@leTmé =O<:>$gé55(; =0<:>$gSé§G =0<:>€IGT§G =0<:>§Ié 1 & . |

From these results it is straightforward to establish the following Four Musketeers Theorem:

The spaces < zp, Tk, &p,{x > and < 2'p, ¥, Ep, e >

Theorem: A.2.7 are orthogonal if and only if 2/, L< xp,&p >.

This theorem shows that mutually orthogonal pairs of balanced reciprocal pairs can be constructed -

that is we can construct
{25121 (€916 {12212 2], 1621621 -
with
{22125, (6216601 {129 12 2], 16216801 vingi # 5

as long as we can find an eigenvector (with eigenvalue in (0, 1)) which is perpendicular to those already

delineated.

Proof The above lemmas show that repeated roots do not cause problems in the construction of such
pairs; furthermore note that the complete set of delineated eigenvectors of P+ K is a mutually orthogonal
set, as P 4+ K is positive definite, so eigenvectors of PK (or K P) associated with different eigenvalues

must be orthogonal.



APPENDIX A. CONVERGENCE 107

A.3 Conclusion

By spectral decomposition of the matrix PK we have shown that the convergence of the sequence
(PK)™z is better than geometric, however no upper bound other than unity has been found for the

coefficient of convergence.



Appendix B

Incremental Affine Regression

Equation 3.15 is computational theory and naturally we wish to take advantage of Theorem 2.2.15 to

lighten the computational load. It is apparent from Chapter 6 that we are searching for the correct slack

and binding conditions in a context where extra structure obtains; an algorithm which takes advantage

of this extra structure is developed here since it is not practical to perform an affine regression each time

proximality (defined in Chapter 6.2) may have been reached. So a method of regression is developed

which is analogous to the conjugate gradient method - that is, it is incremental.

B.1 Regression Formulation

With G; = [gy,- - ,9,], where the g, are given by Equation 3.11, write

Vz:Gj_T]-Z )

(B.1)

then, if (I—G; G;)1; = 0, the affine regression solution given by Equation 3.15 is a; = 7, /|7, ||> Further,

Theorem 2.2.15 in the present context may be written

If Gi+1 = [Gl|gz+l] then

G;r [I - 971+1kiT+1]

+ — ~
Theorem: B.1.1 (a) G”l kiT_H , where
I-G,GF .
(b) it : 0 it (I~ GiGj)QiH #0.

(I - GiGHgi |

then, multiplying by 1,41,
Gl = (I —kip1gl )G L + kiga,

(I — GiG*)g#l
where i S i (1 — GG gy #0,
o (1 - GiGj)giHHZ’ ( i )91 #
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B.2 Recursive Formulation

Here only the first possibility (Theorem 2.2.15b) is important while the second possibility (Theo-

rem 2.2.15¢) is the stopping condition.

In view of Equation B.1, Theorem B.1.1 can be rewritten as

Yit1 — (I - ki-&-lgz'T-s-l)’Yz‘ +kip=v,+(1 _gz'T-s-l’Yi)ki—&-l where
B.3)
213 i1 91,9t (
ki1 "= 7 if 9,11 <1{91,"--,9:} #0.
||gi+1 <{gq, agz‘}H
Define, for i < j,
Yi; = 9;< {gi+17 T 7gj} (a) (B.4)
zji = 9;<9{gi .91} (b)
then Equation B.4 can be written
Yir1 — Vit (1- giT+1'Yi)ki+1 where
(B.5)
Zi41,1 .
ki+1 = ) lf Zi+171 7é 0,
[Zit11]

There remains the problem of computing k; for the special case where Equation 3.11 obtains; we proceed

by noting that, in view of Theorem 2.3.10, Definition B.4 implies

Y1, =91 <192, ,9;} = (91 <{ga2-- ,9;-1}) < (9; <{g2,--- ,9;-1}) (a)

(B.6)
zj1=9;<1{g1,",9,-1} = (9; <{g2,- -~ ,9;-1}) < (91 <{g2,---,9,-1}) (b)
that is
Yi,; = Y1,j-1 %2 (a) (B.7)
Zj1=252<4Yy ;1 (b)
So there are the starting conditions
Y2 = 9199y (a)
Z21 = 92<4: (b) (B.8)
and the recursion
For >3
Y10 = Yri-1 922 (c)
2 2 El B9
zi1 = 24249 Yi,i—1 (d) ( )

Now for j > 2, z; ; = Uz;_1,j—1, so with U taking precedence over < (i.e. Uz <y = (Uz) < y) we may

write Equation B.9 as

For >3

Y, — Y101 <Uzi11 (a)
i i ; B.10
zig = Uzi11< Yi,i-1 (b) ( )
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Thus we have the recursion:
Starting (i = 2):
) = 2
Y1, = 9149y,
Zil = g>, <49y, B.11
ki =z /| zia? (B.11)
Yi - [9: 92]+T[1 1]T
o; = (91 +92)/2
Summary:
definition check
=2 >3
i - 2 i1
Yii—1 =~ Y1
Zi-1,1 - ~ Zi,1
Yi-1 = Yi (B.12)
Yi,i = 91499; Y11 <Uzi—1 91 <1{9s, " ,9;}
Zi1 = g,<4g; Uzi—11 <Y1 9: <491, .9, 1}
ki = zia/lziall? zia/llziall? 2z #0
Vi = (9, 92]+T[1 1]T Yi1 T (21 - ng’Yifl)k:’i GjTli
o (91+92)/2 i/l

The first part of the recursion forms the variable (parallel) part of a "do" construct in LISP, the stopping

condition is z; ; = 0, and the second part of the recursion forms the sequential body of the "do".



Appendix C

An Inverse Computation

With reference to Chapter 7, the inverse of A; may be derived as follows using a result in Albert [4]:

UV - [U+ - Uﬂ/J}

J

where
C=I-UUNHV
K=I+Urv{I-cteyyrwtvia-cro))) !
and
J=Ct+(I-crO)kvTuttuta-vet).
In the present case
C=(I-Un®1)In®1)") (L @ 1) = 1 @ Iy — (Im, @ 1) (I, @ 1) (15, @ 1)

=1, ®1, — 1, 1,1} =1, ® (I, — 1,1,})

=Ct=11 o -1,1})

=CT0 =11, I -1,1})=1-1,1}
=1-CTC=1,1}.
K= (I + (I ® 1) (L @ L) = CTON) " (T @ 1) (1 @ L) (T — C+C)))_1
= (I1+ (e 1T =Cr O (n @ 1T - C+C)))_1
= (14 (@ 1H 1) (m e 1;;)(1n17+1)))71
= (I + (Mmool (ne1) = (+0L e L)1)
= (

I+1P1, 0TI =T +me1tT1) ™ = (T +m1T1h)!
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m m
:I _11+_1:I— ]_1+
and
J=Ct+(I-C"C)K(1» ® L) (I, ® 1) (I, © 1)t (I — (1, ® I,)CT)
=Ct+(I-C"CO)KQL ® L)1, @1 ") (I, 1)) (I — (1, ® 1,)CT)
=Ct+ (I -CTO)K(1], @ (171)) (I —( 2)CT)
=Ct+(I-cro)(1f, @ (K1) (1 —( n)CY)
=CT+ (I-CT0)(1] ® (K1,1) /n)) (I — (1n ® 1,,)CT)
=Ct+(I-CT0) (1} ® (1.1} /(m+n))) (I — (1, ® [,)CT)
=1} @ (I — 1,1) + (1.1) (1], @ (1.1 /(m +n))) (I = (1 @ L) (1}, @ (I, — 1,1})))
=1h® (L — 1,10 + (1, @ (1, 1+/m+n>>)(1 (1 ® L)(1), ® (I, — 1,1})))
=1} @ (I, —1,10) + (1], @ (1,1 /(m+n))) (I — 1}, @ (1 @ L) (I, — 1,1}})))
=1} @ (I, - 1,1,)) + (1L, ® (1.1} /(m+n))) (I — 1}, @ (L ® L (I, — 1,1})))))
=1} @ (I, - 1,1}) + (1L, ® (1,1} /(m+n))) (I — 1}, @ 1, @ (I, — 1,1}}))
1t el -1t ©1,1F + — " 1,1} 1,10 @ (I, — 1,1F
m @ =1, @11y + (1, © (1a1) (T = (L) @ ( 7))
m m
=L, @6 -1, @ Ld (L, © (Lal) = (1, © (Lu1)) (L dy,) © (I = 1aly)
m
=15 @ Lo = 1 @ L1 + (1 @ (1a1) = 15, @ In — (1, @ (1a17))
_ 1+ __n +
,1m®(1n m+n1"1”)'
So
L @1,)T — (I, @ 1) (1 @ 1,)J
[Im®1n|1m®fn}+:|:( ® ) ( ;8 ) ( ® ) :|
i Lol —(1, @11t @ (1, ——2 1,1+
B Im®1j§(1m®1jg)<]] @l —(m@1y) m®< m+n ”)
— J —
m-+n
I oe1t -1 1+®1+(I - 1 1+) I, ®1" —1 1+®<1+——1+)
B n m-=-m n n m+n n-+n B m n m-m n m+n n
+ __n + + __n +
_ 1m®(1’n ernln1n) 1m®(1’n ernln1n)
[ +_ + + __m + +
B Im @ 1y 1m1m®(m+n1”) (Im m—f—nlmlm)@l” _ [Im,n@)l;t]
_ = |2 .
+ B n + + B n + ]—m®In,m
1m®<In m+n1n1”) 1m®<In m+n1n1”)
where
Iy =TI, ——2 1 1% and I, =1, — 1,15
m,n m m+n m-Em n,m n m4+n
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Note: At £ the affine plane 695(3:-9:") = 0 lies above the
diagram plane, sloping down towards top right,
where it intersects the diagram plane.



