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Abstract
A new method for the efficient solution of free material optimization problems is in-
troduced. The method extends the sequential convex programming (SCP) concept to a
class of optimization problems with matrix variables. The basic idea of the new method
is to approximate the original optimization problem by a sequence of sub-problems, in
which nonlinear functions (defined in matrix variables) are approximated by block-
separable, convex functions. The subproblems are semidefinite programs with a fa-
vorable structure, which can be efficiently solved by existing SDP software. The new
method is shown to be globally convergent. The article is concluded by a series of nu-
merical experiments demonstrating the effectiveness of the generalized SCP approach.

1 Introduction
Free material optimization (FMO) is a branch of structural optimization that gains more
and more interest in the recent years. The underlying FMO model was introduced in
[3] and has been studied in several further articles as, for example, [1, 24]. The opti-
mization variable is the material tensor, which is allowed to vary from point to point.
The method is supported by powerful optimization and numerical techniques, which
allow for scenarios with complex bodies and fine finite-element meshes. Rather than
solving the (primal) FMO problem directly, the most successful method for the solu-
tion of multiple load FMO problems is based on dualization of the original problem
and leads to large scale semidefinite programming problems [1]. The dual method has
been implemented in a software package MOPED, which has been recently applied to
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real-world applications. Nevertheless, the dual semidefinite approach has two major
disadvantages. First of all, the computational complexity of the method depends cubi-
cally on the number of load cases [12]. This makes the approach unpractical for 3D
problems with more than a few (typically 3-5) load cases. Moreover, it is almost impos-
sible to apply the dual approach to extended (multi-disciplinary) FMO problems. This
is a serious drawback, as additional constraints as, for instance, displacement-based
constraints play an important role in many real-world applications (compare [9, 13]).
A direct treatment of the primal problem seems to avoid both of these difficulties, but
unfortunately no successful algorithmic concept has been found for the solution of this
problem so far.

On the other hand during the last two decades powerful optimization methods have
been developed for the solution of topology optimization problems, based on the so-
called SIMP approach (see [2]), a related field of structural optimization. The most
successful methods, CONLIN [6], the method of moving asymptotes [19, 20] and the
sequential convex programming method [22, 23] are all based on separable convex first
order approximations of nonlinear functions. The mathematical structure of SIMP-
based optimization problems is closely related to the structure of the primal FMO
problem. The only significant difference is that the design variables in FMO (mate-
rial matrices/tensors) are defined in matrix spaces, while the variables in SIMP-based
problems (density, thickness) are typically of real type. Motivated by this fact, we
propose a new optimization method, which generalizes the sequential convex approx-
imation concept to functions defined on matrix spaces. In the scope of this article we
investigate theoretical as well as numerical aspects of the new method. Moreover, we
demonstrate by numerical experiments that the new method offers a viable alternative
and supplement to existing methods in the field of material optimization.

This article is structured as follows: In the second section we briefly repeat the free
material optimization (FMO) model and define the basic problem statement. Then,
in the third section, we introduce so-called separable hyperbolic approximations of
functions defined on matrix spaces. In Section 4, these approximations are used to
construct a globally convergent algorithm for the solution of certain convex semidefi-
nite programs. In Section 5, we describe an algorithm used for the efficient solution of
separable convex semidefinite programs, which appeared as sub-problems in Section
4. In Section 6, algorithmic details along with extensive numerical studies by means of
FMO problems are presented. The article is concluded by an outlook on future research
related to the subject.

Throughout this article we use the following notation: We denote by Sd the space
of symmetric d×d-matrices equipped with the standard inner product 〈·, ·〉Sd defined by
〈A,B〉Sd := Tr(AB) for any pair of matrices A,B ∈ Sd. We denote by Sd

+ the cone of
all positive semidefinite matrices in Sd and use the abbreviation A <Sd 0 for matrices
A ∈ Sd

+. Moreover, for A,B ∈ Sd, we say that A <Sd B if and only if A− B <Sd 0,
and similarly for A 4Sd B. Further we make use of the operator smat : Sd → Rd̂ with
d̂ := d(d + 1)/2, which maps a matrix A ∈ Sd with entries (ai,j)

d
i,j=1 to the vector

(a1,1, a2,1, a2,2, a3,1, a3,2, a3,3, . . . , ad,1, ad,2, . . . , ad,d). Along with this operator we
define svec : Rd̂ → Sd as the inverse operator of smat.

2 Free material optimization
We briefly introduce the free material optimization problem:
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Let Ω ⊂ R2 be a two-dimensional bounded domain1 with a Lipschitz boundary.
By u(x) = (u1(x), u2(x)) we denote the displacement vector at a point x of the body
under an external load, and by

eij(u(x)) =
1
2

(
∂ui(x)
∂xj

+
∂uj(x)

∂xi

)
for i, j = 1, 2

the associated (small-)strain tensor. We assume that our system is governed by linear
Hooke’s law, i.e., the stress is a linear function of the strain

σij(x) = Eijk`(x)ek`(u(x)) (in tensor notation),

where E is the elastic stiffness tensor. The symmetries of E allow us to write the 2nd

order tensors e and σ as vectors

e = (e11, e22,
√

2e12)T ∈ R3, σ = (σ11, σ22,
√

2σ12)T ∈ R3 .

Correspondingly, the 4th order tensor E can be written as a symmetric 3× 3 matrix

E =

E1111 E1122

√
2E1112

E2222

√
2E2212

sym. 2E1212

 . (1)

In this notation, Hooke’s law reads as σ(x) = E(x)e(u(x)).
Given a set of external load functions fk ∈ [L2(Γ)]2, k ∈ K = {1, 2, . . . ,K},

where Γ is a part of ∂Ω that is not fixed by Dirichlet boundary conditions we are able
to state for each load case k ∈ K a basic boundary value problem of the type:

Find uk ∈ [H1(Ω)]2, such that (2)

div(σ) = 0 in Ω
σ · n = fk on Γ
uk = 0 on Γ0

σ = E · e(uk) in Ω

Here Γ and Γ0 are open disjunctive subsets of ∂Ω. Applying Green’s formula we
obtain corresponding weak forms, so called weak equilibrium equations, as follows:

Find uk ∈ V, such that (3)∫
Ω

〈E(x)e(uk(x)), e(v(x))〉dx =
∫

Γ

fk(x) · v(x)dx, ∀v ∈ V,

where V = {u ∈ [H1(Ω)]2 |u = 0 on Γ0} ⊃ [H1
0 (Ω)]2 reflects the Dirichlet boundary

conditions.
In free material optimization (FMO), the design variable is the elastic stiffness

tensor E which is a function of the space variable x (see [3]). The only constraints on
E are that it is physically reasonable, i.e., that E is symmetric and positive semidefinite.
This gives rise to the following definition

E0 :=
{
E ∈ L∞(Ω)3×3 | E = E>, E � ρI a. e. in Ω

}
,

1The entire presentation is given for two-dimensional bodies, to keep the notation simple. Analogously,
all this can be done for three-dimensional solids.
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where ρ ∈ R+ is a suitable non-negative number and I denotes the identity matrix. The
choice of L∞ is due to the fact that we want to allow for maximal-material/minimal-
material situations. A frequently used measure for the stiffness of the material tensor is
its trace. In order to avoid arbitrarily stiff material, we add pointwise stiffness restric-
tions of the form Tr(E) ≤ ρ, where ρ is a finite real number. Accordingly, we define
the set of admissible materials as

E :=
{
E ∈ L∞(Ω)3×3 | E = E>, E � ρI,Tr(E) ≤ ρ a. e. in Ω

}
.

The following result is an immediate consequence of the definition of E (see [14]):

Lemma 2.1. If ρ > 0, the bilinear form

aE : V × V → R, (w, v) 7→
∫

Ω

〈E(x)e(w(x)), e(v(x))〉dx,

is V-elliptic and bounded for all E ∈ E .

Now we are able to present the worst-case multiple multiple-load FMO problem:

inf
u∈V,
E∈E

max
k∈K

∫
Γ

fk(x) · uk(x)dx (4)

subject to
u1, u2, . . . , uK solve equilibrium equations of form (3),
v(E) ≤ v̄ .

Here the volume v(E) is defined as
∫
Ω

Tr(E)dx and v̄ ∈ R is an upper bound on
overall resources. Moreover the objective, the so called worst-case compliance func-
tional, measures how well the structure can carry the loads fk, k ∈ K. As alternative
to problem (4), one can also consider the weighted multiple-load FMO problem

inf
u∈V,
E∈E

∑
k∈K

wk

∫
Γ

fk(x) · uk(x)dx (5)

subject to
u1, u2, . . . , uK solve equilibrium equations of form (3),
v(E) ≤ v̄ ;

here the values wk ∈ R+ (k ∈ K) are given weights of the associated load cases. Note
that for k = 1 (single load FMO problem), both problems coincide.

The major concern of this article is to find an efficient procedure for the numer-
ical solution of the FMO problems above. Therefore, we continue directly with the
presentation of the discrete counter-parts of problems (4) and (5). For a more detailed
analysis of the infinite dimensional problems the interested reader is referred to [1, 21].

The most successful approach proposed for the numerical solution of problems (4)
and (5) is based on dualization and subsequent discretization, see [1, 21]. Having a lot
of advantages on the one hand, this strategy turns out to have two major disadvantages:

• The computational complexity depends cubically on the number of load cases
(see [12]). This makes the approach unpractical for 3D problems with more than
a few (typically 3-5) load cases.
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• It is difficult to apply the dual approach for problem statements extended by
additional constraints on the design variable E or the state variable u (see, for
example, [9, 13]). Especially in the case of non-convexity the dual formulation
my become useless due to the existence of a duality gap.

Motivated by this, we propose to solve (a discretized version) of problem (4) (or
alternatively (5)) directly. We define the following finite element scheme, which is
based on the discretization schemes used in [1, 21]:

The design space Ω is partitioned into m elements called Ωi, i = 1, . . . ,m. For
simplicity, we assume that all elements are of quadrilateral type of the same size h ∈
R (otherwise we use the standard isoparametric concept; see, for instance, [5]). We
approximate the matrix function E(x) by a function that is constant on each element,
i.e., characterized by a vector of matrices E = (E1, . . . , Em) of its element values.
Hence the discrete counterpart of the set of admissible materials in algebraic form is

Ẽ =
{
E ∈ (S3)m

∣∣ Ei � ρI, Tr(Ei) ≤ ρ, i = 1, . . . ,m
}

. (6)

Moreover, the discrete resource constraint takes the form
m∑

i=1

Tr(Ei) ≤ V,

where V = hv̄ and v̄ is the upper bound on resources introduced in (5). Further we
assume that the displacement vectors uk(x) (k ∈ K) are approximated by continuous
functions that are bilinear in each coordinate on every element. Such functions can be
written as uk(x) =

∑n
i=1 uk,iϑi(x) for all k ∈ K, where uk,i is the value of uk at ith

node and ϑi is a basis function with nodal interpolation property associated with ith

node (for details, see [5]). Now each admissible displacement function can be identified
with a vector in Rn, where n = 2N−#(components of uk fixed by Dirichlet b. c.) and
N is the number of nodes (vertices of the elements Ωi) in the discrete design space.

Next we derive the discrete counter part of aE(·, ·). Along with the family of basis
functions ϑl, l = 1, . . . , n, we define a 3× 2 matrix

B̄T
j =

∂ϑj

∂x1
0 1

2
∂ϑj

∂x2

0 ∂ϑj

∂x2

1
2

∂ϑj

∂x1


and associate with each element Ωi a set Di of nodes belonging to this element. We
use a Gauss formula for the evaluation of the integral over each element Ωi, assume
that there are nig Gauss integration points on each element and denote by xG

i,` the `-
th integration point associated with the i-th element. Using this, we construct block
matrices Bi,` ∈ R3×n composed of (3 × 2) blocks B̄j(xG

i,`) at j-th position for every
j ∈ Di and zero blocks of the same size otherwise. Then the discrete counterpart of
aE(·, ·), the stiffness matrix A is

A(E) =
m∑

i=1

Ai(E), Ai(E) =
nig∑
`=1

BT
i,`EiBi,` . (7)

Finally, assuming the load functions fk (k ∈ K) to be linear on each element and iden-
tifying each such function with a vector fk ∈ Rn, the discrete compliance functionals
and equilibrium conditions read as

f>k u, A(E)uk = fk, k ∈ K, (8)
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respectively. Using the assumption ρ > 0 it follows from Lemma 2.1 that A(E) is
strictly positive definite and we are able to eliminate uk, k ∈ K from the equations
above and to rewrite the compliance functionals as

ck(E) := f>k A−1(E)fk for all k ∈ K.

Thus, after discretization, problems (4) and (5) become

• discrete worst-case multiple-load FMO problem

min
E∈eE

max
k∈K

f>k A−1(E)fk (9)

subject to
m∑

i=1

Tr(Ei) ≤ V,

• discrete weighted multiple-load FMO problem

min
E∈eE

∑
k∈K

wkf>k A−1(E)fk (10)

subject to
m∑

i=1

Tr(Ei) ≤ V.

Definition 2.2. Let x̄i ∈ R6 for all i = 1, . . . ,m and define

c̃k : (R6)m → R
x = (x̄>1 , . . . , x̄>m) 7→ ck ((smat(x̄1), . . . , smat(x̄m))) .

In the following Lemma we summarize some useful properties of the compliance
functionals ck (k ∈ K):

Lemma 2.3. For all k ∈ K:

a) ck is well-defined, infinitely often continuously differentiable and convex on Ẽ .
Moreover the formula

∂

∂Ei
ck(E) = −

nig∑
`=1

BT
i,`uk(E)uk(E)>BT

i,`, uk(E) := A−1(E)fk

holds true for all partial derivatives of ck and ∂
∂Ei

ck(E) is negative semidefinite
for all i = 1, 2, . . . ,m and all E ∈ Ẽ .

b) c̃k is infinitely often continuously differentiable and convex on

X :=
{

(x̄1, . . . , x̄m) | (smat(x̄1), . . . , smat(x̄m)) ∈ Ẽ
}

.

c) The Hessian of c̃k is dense.
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Proof. We start with the proof of assertion b): The global stiffness matrix A(E) can
be written as linear operator of the form

A(E1, . . . , Em) =
m∑

i=1

6∑
j=1

(x̄i)jA
p(j),q(j)
i ,

where x̄i := svec(Ei), p(j) and q(j) are the row and column indices of the element
(x̄i)j in lower triangular part of the matrix Ei and the matrices A

p(j),q(j)
i are defined

as

A
p(j),q(j)
i =


∑nig

`=1(Bi,`)p(j)(Bi,`)>q(j) , p(j) = q(j),∑nig
`=1(Bi,`)p(j)(Bi,`)>q(j) + (Bi,`)q(j)(Bi,`)>p(j), p(j) 6= q(j),

(11)
with (Bi,`)j denoting the j-th column of Bi,`. Thus the mapping

Ã : (R6)m → Sn, x 7→ A (smat(x̄1), . . . , smat(x̄m))

is linear in x := (x̄1, . . . , x̄m). Moreover it follows from Lemma 2.1 that Ã(x) is
positive definite for all x ∈ X . Taking into account that the mapping A 7→ A−1 is
convex (infinitely often continuously differentiable) on Sn

+ (see [8]) and writing c̃k as

c̃k(x) = 〈Ã−1 (x) , fkf>k 〉Sn ,

the assertion of part b) follows from the fact that c̃k is the composition of a linear, a
convex (infinitely often continuously differentiable) and a linear function.
Next we prove a): The well-definedness follows directly from Lemma 2.1. The differ-
entiability and convexity follow from assertion b). Using the matrices Aj,p

i defined in
(11) to rewrite Ai(E) =

∑3
j,p=1(Ei)j,pA

j,p
i we obtain

∂

∂(Ei)j,p
ck(E) = −uk(E)>

(
∂

∂(E)j,p
A(E)

)
uk(E) = −uk(E)>Aj,p

i uk(E),

where uk(E) = A−1(E)fk and (Ei)j,p denotes the matrix entry of Ei in row j

and column p. Using the definition of Aj,p
i we can write the latter expression as∑nig

`=1(Bi,`)juk(E)u>k (E)(Bi,`)>p . Now the negative semidefiniteness follows imme-
diately from the dyadic structure of uk(E)uk(E)>.
Finally we show assertion c): Using the same arguments as the proof of part a), we
obtain

∂2

∂(xi)j∂(xp)q
c̃k(x) = 2uk(E)>Aj

i A−1(E) Aq
p uk(E),

which is in general a non-zero value.

The following corollary is a direct consequence of Lemma 2.3.

Corollary 2.4. Problems (9) and (10) are convex semidefinite programming problems.

Remark 2.5. As a consequence of Corollary 2.4, one could try to apply an existing
non-linear (convex) SDP solver directly in order to solve (9) or (10). This is however
not recommendable in practice with any SDP solver using explicit second order deriv-
atives due to Lemma 2.3 c). Experiments with an SDP solver, avoiding the calculation
and storage of explicit second order derivatives by Krylov-type methods (see [11]) led
to moderate success, as the effort for the approximation of ∇2c̃k turned out to be too
expensive. For this reason we decided to develop an SDP solver, which is solely based
on first order information.
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3 A block-separabel convex approximation scheme
In this section we want to define block-separabel convex approximations of continu-
ously differentiable functions

f : S → R, where S = Sd1 × Sd2 × . . .× Sdm and (d1, d2, . . . , dm) ∈ Nm. (12)

Let I = {1, 2, . . . ,m}. On S we define the scalar product 〈·, ·〉S :=
∑

i∈I〈·, ·〉Sdi ,
where 〈·, ·〉Sdi is the standard scalar product in Sdi (i ∈ I). Moreover, we denote by
‖ · ‖S the norm induced by 〈·, ·〉S. Finally, we denote directional derivatives of f of
first and second order in directions V,W ∈ S by ∂

∂Y f(Y ;V ) and ∂2

∂Y ∂Y f(Y ;V,W ),
respectively.

Definition 3.1. We call an approximation g : S → R of a function f of type (12) a con-
vex first order approximation at Ȳ = (Ȳ1, . . . , Ȳm) ∈ S , if the following assumptions
are satisfied:

(A1) g(Ȳ ) = f(Ȳ ),

(A2) ∂
∂Yi

g(Ȳ ) = ∂
∂Yi

f(Ȳ ) for all i ∈ I ,

(A3) g is convex.

In the following we want to construct a local block-separable convex first order
approximation scheme for functions of type f . Our construction can be considered a
generalization of the classic MMA-type approximations defined, for example, in [20,
23].

We start with the following definitions:

Definition 3.2. Let f : S → R be continuously differentiable on a subset B ⊂ S. For
all i ∈ I we define differential operators entry-wise by(

∇if
)
`,j

:=
(

∂f

∂Yi

)
`,j

and denote by ∇i
+f(Ȳ ) and ∇i

−f(Ȳ ) the projections of ∇if(Ȳ ) onto Sdi
+ and Sdi

− ,
respectively.

Definition 3.3. Let f : S → R be continuously differentiable on a subset B ⊂ S and
Ȳ = (Ȳ1, Ȳ2, . . . , Ȳm) ∈ B. Moreover let asymptotes L = (L1, L2, . . . , Lm)> , U =
(U1, U2, . . . , Um)> be given such that

Li ≺Sdi
+

Ȳi ≺Sdi
+

Ui for all i ∈ I

and τ := {τ1, τ2, . . . , τm} be a set of non-negative real parameters. Then we define
the hyperbolic approximation fL,U,τ

Ȳ
of f at Ȳ as

fL,U,τ
Ȳ

(Y ) := f(Ȳ ) +
m∑

i=1

〈
∇i

+f(Ȳ ), (Ui − Ȳi)(Ui − Yi)−1(Ui − Ȳi)− (Ui − Ȳi)
〉

Sdi
−

m∑
i=1

〈
∇i
−f(Ȳ ), (Ȳi − Li)(Yi − Li)−1(Ȳi − Li)− (Ȳi − Li)

〉
Sdi

+

m∑
i=1

τi

〈
(Yi − Ȳi)2, (Ui − Yi)−1 + (Yi − Li)−1

〉
Sdi

. (13)
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The following theorem says that (13) is a convex approximation in the sense of
Definition 3.1.

Theorem 3.4.

a) fL,U,τ
Ȳ

satisfies assumptions (A1) to (A3).

b) fL,U,τ

Ȳ
is separable w.r.t. the matrix variables Y1, Y2, . . . , Ym.

c) Let B be a compact subset of S, τ ≥ τi ≥ τ > 0 for all i ∈ I, and compact sets
of asymptotes L and U satisfy the following condition:

(AS) ∀
{

L ∈ L
U ∈ U

}
∃µ > 0 : ∀i ∈ I ∀Y ∈ B :

{
Yi − Li

Ui − Yi

}
� µISdi .

Then fL,U,τ

Ȳ
is strongly convex on B and there is a common constant ν > 0 such

that for all L ∈ L, U ∈ U and Ȳ ∈ B

∂

∂Y
fL,U,τ

Ȳ
(Y ; X − Y ) + ν‖X − Y ‖ ≤ fL,U,τ

Ȳ
(X)− fL,U,τ

Ȳ
(Y ),

for all X, Y ∈ B. Moreover the second order derivative of fL,U,τ
Ȳ

is uniformly
bounded for all L ∈ L, U ∈ U and Ȳ ∈ B in the sense that there is a constant
ν > 0 such that

∂2

∂Y ∂Y
fL,U,τ

Ȳ
(Y ; D,D) ≤ ν‖D‖2

for all Y ∈ B and all D ∈ S.

Proof. (A1) For Y := Ȳ we have for all i ∈ I〈
∇i

+f(Ȳ ), (Ui − Ȳi)(Ui − Ȳi)−1(Ui − Ȳi)− (Ui − Ȳi)
〉

Sdi
=〈

∇i
+f(Ȳ ), (Ui − Ȳi)− (Ui − Ȳi)

〉
Sdi

= 0.

Consequently, the first sum in (13) vanishes. Analogously we show that the
second sum vanishes and with

〈
(Ȳi − Ȳi)2, (Ui − Yi)−1 + (Yi − Li)−1

〉
Sdi

=
0, we conclude fL,U,τ

Ȳ
(Ȳ ) = f(Ȳ ).

(A2) Differentiating fL,U,τ w.r.t. Yi we obtain

∂

∂Yi
fL,U,τ

Ȳ
(Y ) = (Ui − Yi)−1(Ui − Ȳi)∇i

+f(Ȳ )(Ui − Ȳi)(Ui − Yi)−1 +

(Yi − Li)−1(Ȳi − Li)∇i
−f(Ȳ )(Ȳi − Li)(Yi − Li)−1 +

τi

(
ISdi − (Ui − Yi)−1(Ui − Ȳi)2(Ui − Yi)−1

)
+

τi

(
ISdi − (Yi − Li)−1(Ȳi − Li)2(Yi − Li)−1

)
. (14)

Substituting Y := Ȳ in (14), we obtain

∂

∂Yi
fL,U,τ

Ȳ
(Ȳ ) = ∇i

+f(Ȳ ) +∇i
−f(Ȳ ) = ∇if(Ȳ ) =

∂

∂Yi
f(Ȳ ).
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(A3) Before we show convexity, we want to proof separability (assertion b)), but this
follows immediately from (14), as

∂

∂Yj

(
∂

∂Yi
fL,U,τ

Ȳ
(Y )

)
= 0.

Now, in order to prove convexity, it is sufficient to show that for all i ∈ I, for all
Y ∈ S and an arbitrary direction D ∈ Sdi

∂2

∂Yi∂Yi
fL,U,τ

Ȳ
(Y ; D,D) =

〈
∇i

〈
∇ifL,U,τ

Ȳ
(Y ), D

〉
Sdi

, D
〉

Sdi

≥ 0. (15)

Introducing the abbreviations B+
i := (Ui − Ȳi)∇i

+f(Ȳ )(Ui − Ȳi) and B−
i :=

(Ȳi − Li)∇i
−f(Ȳ )(Ȳi − Li) it follows from (14) that〈

∇i
〈
∇ifL,U,τ

Ȳ
(Y ), D

〉
Sdi

, D
〉

Sdi

=

2
〈
D(Ui − Yi)−1D, (Ui − Yi)−1B+

i (Ui − Yi)−1
〉

Sdi
+

2
〈
D(Yi − Li)−1D, (Yi − Li)−1(−B−

i )(Yi − Li)−1
〉

Sdi
+

2τi

〈
D(Ui − Yi)−1D, (Ui − Yi)−1(Ui − Ȳi)2(Ui − Yi)−1

〉
Sdi

+

2τi

〈
D(Yi − Li)−1D, (Yi − Li)−1(Ȳi − Li)2(Yi − Li)−1

〉
Sdi

. (16)

Given that the matrices B+
i ,−B−

i , Ui − Yi, Yi − Li, (Ui − Ȳi)2, (Ȳi − Li)2

are all positive semidefinite, we observe that all terms in (16) are nonnegative.
Consequently the estimate (15) holds true and fL,U,τ

Ȳ
is convex. Finally, given

that (AS) holds for the compact sets L and U we use (16) to show〈
∇i

〈
∇ifL,U,τ

Ȳ
(Y ), D

〉
Sdi

, D
〉

Sdi

≥ 2τi

〈
D(Ui − Yi)−1D, (Ui − Yi)−1(Ui − Ȳi)2(Ui − Yi)−1

〉
Sdi

+

2τi

〈
D(Yi − Li)−1D, (Yi − Li)−1(Ȳi − Li)2(Yi − Li)−1

〉
Sdi

≥ 4τiγ
3µ2 〈D,D〉Sdi ,

where γ is an upper bound for the maximal possible difference of eigenvalues of
arbitrary elements in the compact sets B and L or B and U , respectively. Now
the assertion of part c) follows with ν := m4τγ3µ2. The uniform boundedness
of the second order derivatives follows in an analogous way from (16) with ν :=
mγ2µ3

(
2 maxi∈I,Y ∈B ‖∇if(Ȳ )‖+ 4τ

)
.

4 A globally convergent algorithm based on hyperbolic
approximations

In the framework of this section we want to use the local hyperbolic approximations
defined Section 3 in order to establish a solution scheme for the following generic
optimization problem:

10



min
Y ∈S

f(Y ) (P)

subject to
gk(Y ) ≤ 0, k = 1, 2, . . . ,K,

Yi 4Sdi Yi 4Sdi Yi, i = 1, 2, . . . ,m ;

here S is defined as in (12). In what follows F denotes the feasible domain of problem
(P). Throughout this section we make the following assumptions:

(A1) f : S → R is convex. Moreover f is the maximum over a finite set of twice
continuously differentiable functions. Therefore we may write

f(Y ) = max
`∈Imax

f`(Y )

for some index set Imax.

(A2) the functions gk : S → R (k = 1, 2, . . . ,K) are continuously differentiable and
convex, such that F is convex.

(A3) The interior of F is non-empty.

(A4) The compact sets L and U satisfy property (AS) for the compact set F .

Given an iteration index j and an associated feasible point Y j of problem (P), we
define a local hyperbolic approximation of f as

f j(Y ) := max
`∈Imax

f j
` (Y ) := max

`∈Imax
(f`)

Lj ,Uj ,τj

Y j (Y ).

Using this function, we further define a local approximation of (P) close to Y j as
follows:

min
Y ∈S

f j(Y ) (Pj)

subject to
gk(Y ) ≤ 0, k = 1, 2, . . . ,K,

Yi
j 4Sdi Yi 4Sdi Yi

j
, i = 1, 2, . . . ,m .

Here the bounds Yi
j , Yi

j
are chosen to be compatible with the following assumption:

(A5) Yi 4Sdi Yi
j 4Sdi Y j

i 4Sdi Yi
j

4Sdi Yi for all i = 1, 2, . . . ,m.

We denote the feasible domain of problem (Pj) by Fj . By construction the following
corollary is an immediate consequence of Theorem 3.4:

Corollary 4.1.

a) f j(Y j) = f(Y j).

b) The subdifferentials of f j and f coincide at Y j , i. e. ∂f j(Y j) = ∂f(Y j).

c) f j is convex.

11



d) f j is separable w.r.t. Y1, Y2, . . . Ym.

e) Let τ ≥ τ1, τ2, . . . , τm ≥ τ > 0. Let further compact sets of asymptotes L and
U be given, such that property (AS) holds for Fj . Then f j is strongly convex
on Fj . Moreover there is a common constant ν > 0 such that for all j

∂

∂Y
f j(Y ; X − Y ) + ν‖X − Y ‖ ≤ f j(X)− f j(Y ),

for all X, Y ∈ F j .

Proof. All assertions but the last one follow directly from Theorem 3.4. It remains to
show that Fj is compact and convex. The convexity follows directly from assump-
tion (A2). Moreover each domain Fj is compact as a closed subset of the domain{
Y ∈ S | Yi 4Sdi Yi 4Sdi Yi, i = 1, 2, . . . ,m

}
.

The following Proposition states some basic properties of (Pj).

Proposition 4.2. Each sub-problem (Pj) has a unique solution Y j+1. Associated with
Y j+1 there exist Lagrangian multipliers (vj+1, V j+1) such that (Y j+1, vj+1, V j+1)
is a KKT-point of (Pj).

Proof. The existence and the uniqueness of a solution follows from the strong convex-
ity of the objective function f j on the compact set Fj . Furthermore, assumption (A3)
implies that the Slater condition holds for (Pj). Consequently a KKT point exists.

Now we are able to present the basic algorithm for the solution of (P):

Algorithm 4.3. Let initial points Y 1 ∈ S and initial multipliers (v1, V 1) ∈ Rk
+ × S+

be given.

(1) Put j = 1.

(2) Choose asymptotes Lj ∈ L, U j ∈ U and τ ≥ τ j
1 , τ j

2 , . . . , τ j
m ≥ τ > 0.

(3) Solve problem (Pj). Denote the solution by Y + ∈ S and the associated

Lagrangian multipliers by (v+, V +) ∈ Rk
+ × S+.

(4) Choose αj = min{1, α̂}, where α̂ = min
α∈R+

f(Y j + α(Y + − Y j)).

(5)
(
Y j+1, vj+1, V j+1

)
=

(
Y j , vj , V j

)
+ αj

((
Y +, v+, V +

)
−

(
Y j , vj , V j

))
.

(6) If Y j+1 is stationary for problem (P), STOP; otherwise put j = j + 1
and GOTO (2).

Possible choices of asymptotes (step 2) will be discussed in Section 6. In Section
5 we will propose an algorithm for the efficient solution of the sub-problem in step 3.
Practical implementations of the line search in step 4, as well as the stopping criterion
in step 6 will be given in section 6. Before we state the central convergence result for
Algorithm 4.3, we make one more assumption:

(A6) The multiplier estimates generated by Algorithm 4.3 stay bounded.

Note that in [22] the assertion of assumption (A6) is proven to hold for standard in-
equality constrained nonlinear programs under the LICQ condition.
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Theorem 4.4. Assume that (A1) to (A6) are satisfied. Then, either Algorithm 4.3 stops
at a global minimizer of (P), or the sequence {Y j}j>0 generated by Algorithm 4.3 has
at least one accumulation point and each accumulation point is a global minimizer of
(P).

In order to be able to prove the convergence theorem, we make use of the following
Lemmas:

Lemma 4.5.
Let Af(j)(Y ) := {` | f (j)

` (Y ) = f (j)(Y )} ⊂ Imax. Then

∂f (j)(Y ) = conv{∇f
(j)
` (Y ) | ` ∈ A(Y )}, (17)

where ∂f (j)(Y ) denotes the subdifferential of f (j) at Y and conv is the convex hull.

Proof. Formula (17) is a direct consequence of Corollary 4.3.2 in [7].

Lemma 4.6. If Y j ∈ F j is not stationary for (P), then the direction Dj := Y + − Y j

is a descent direction for f at Y j .

Proof. Using the fact that Y + is a unique minimizer of (Pj), we obtain from Corollary
4.1 e):

∂

∂Y
f j(Y j ;Dj) + ν‖Dj‖ ≤ f(Y +)− f(Y j) ≤ 0. (18)

Consequently we obtain from the first order approximation properties of f j :

∂

∂Y
f(Y j ;Dj) < 0.

Lemma 4.7. Algorithm 4.3 generates a sequence of feasible points Y 1, Y 2, . . . with

f(Y j+1) ≤ f(Y j).

Proof. The convexity of Fj and the fact that Fj ⊂ F imply that all iterates remain
feasible. Let us now consider a subproblem at an arbitrary iteration j. Then we have
f(Y j) = f j(Y j). From assumption (A5) we know that Y j is a feasible point of
problem (Pj). Consequently it follows from Lemma 4.6 that Dj := Y + − Y j is a
descent direction for f at Y j . Now the assertion follows by construction of the line
search defined in step 4 of Algorithm 4.3.

Lemma 4.8. Let Y ∗ ∈ F be an accumulation point of the sequence generated by
Algorithm 4.3 applied to (P). Then Y ∗ is an unconstrained minimizer of f or the line
search in step 4 of Algorithm 4.3 returns the result αj = 1 for almost all j > 0.

Proof. Given an arbitrary element gj ∈ ∂f(Y j) with 〈−gj , Dj〉 = ∂
∂Y f(Y j ;Dj) it

follows from (18) that
〈−gj , Dj〉S
‖Dj‖S

≥ ν > 0. (19)

From (19) and the fact that ‖gj‖S is bounded on the compact set F , we obtain the
existence of γ > 0 such that

〈−gj , Dj〉S
‖Dj‖S‖gj‖S

≥ γ.

13



Consequently the cosine of the angle between ∂f(Y j) and the descent direction Dj

is bounded away from 0. Suppose now that Algorithm 4.3 generates infinitely many
iterations js with minα∈R+ f(Y js +αY +) ∈ [0; 1]. Then it follows from the Theorem
of Zoutendijk ([16, Thm.3.2]) that ‖gj‖S → 0. Consequently we obtain 0 ∈ ∂f(Y ∗)
and conclude that Y ∗ ∈ F is a minimizer of the convex function f .

Now we are able to finish the proof of Theorem 4.4:

Proof. Suppose that Algorithm 4.3 does not stop at a stationary point. Then, accord-
ing to Lemma 4.7 it generates an infinite sequence with {Y k}k>0 in F such that
{f(Y k)}k>0 is monotonically decreasing. As f is bounded from below on the com-
pact set F , the sequence {f(Y k)}k>0 converges. Consequently there is at least one
accumulation point Y ∗ of the sequence {Y k}k>0.

Next we want to show that Y ∗ is a first-order critical point and thus a global opti-
mizer for problem (P):
Proposition 4.2 guaranties that step 3 of Algorithm 4.3 is well-defined. Moreover, from
Lemma 4.8 we have after finitely many iterations(

Y +, v+, V +
)

=
(
Y j+1, vj+1, V j+1

)
.

Lemma 4.7 and the fact that (Y +, v+, V +) is a KKT-point of problem (Pj) imply the
existence of an index j̄ > 0 and a subsequence {Y js}js>j̄ such that:

• Y js ∈ F ,

• vjs ≥ 0, V js � 0,

• g(Y js)>vjs = 0,

• 〈Y js

i − Y i, V
js

i 〉 = 0, 〈Y i − Y js

i , V js

i+m〉 = 0 for all i = 1, 2, . . . ,m.

Consequently Y ∗ is feasible. Moreover, making use of assumption (A6) we conclude
that there exist non-negative multipliers (v∗, V ∗) such that the triple (Y ∗, v∗, V ∗) sat-
isfies the complementary slackness condition for (P). In order to complete the proof,
we have to show that

dist
(
{0}, ∂Y L(Y js , vjs , V js)

)
→ 0 (20)

for js → ∞, where L denotes the Lagrangian function associated with problem (P)
and

dist(A,B) := min
X∈A,Y ∈B

‖X − Y ‖S

for two sets A,B ⊂ S. Denoting by Ljs the Lagrangian function associated with
problem (Pjs) the following estimate holds true:

dist
(
0, ∂Y L(Y js , vjs , V js)

)
(21)

= dist
(
0, ∂Y f js(Y js)− ∂Y f js(Y js) + ∂Y L(Y js , vjs , V js)

)
≤ dist

(
0, ∂Y f(Y js)− ∂Y f js(Y js)

)
+ dist

(
0, ∂Y Ljs(Y js , vjs , V js)

)
= dist

(
∂Y f js(Y js), ∂Y f(Y js)

)
≤ dist

(
∂Y f js(Y js−1), ∂Y f js(Y js)

)
+ dist

(
∂Y f(Y js−1), ∂Y f(Y js)

)
.

14



From the continuity of f we see (cmp., for example, [7])

dist
(
∂Y f(Y js−1), ∂Y f(Y js)

)
→ 0

for js → ∞. Moreover we conclude from the unfiform boundedness of the second
order directional derivatives stated in Theorem 3.4 c) for all ` ∈ Imax:

‖∇f js

` (Y j−1)−∇f js

` (Y j)‖ → 0

for js →∞. Now, applying Lemma 4.5, we obtain

dist
(
∂Y f js(Y js−1), ∂Y f js(Y js)

)
→ 0

for js → ∞. Consequently (20) holds, Y ∗ is a first-order critical point and the proof
of Theorem 4.4 is complete.

5 A modified barrier algorithm for the solution of sub-
problems

In order to solve the sub-problems defined in Section 4 numerically, we rewrite them
in terms of real variables x = (x̄1, x̄2, . . . , x̄m)> ∈ Rd̂1 × Rd̂2 × · · · × Rd̂m = Rd̂.
This yields the problem:

min
x∈Rd̂

max
`∈Imax

f̃L,U,τ
smat(x̄),`(x) (22)

subject to
gk(smat(x)) ≤ 0, k ∈ {1, 2, . . . ,K},
Yi 4Sdi smat(x̄i) 4Sdi Yi, i ∈ I.

In the scope of this section we work with the following additional assumption:

(A7) the functions gk : Rd̂ → R (k ∈ {1, 2, . . . ,K}) are separable w.r.t. to
x̄1, x̄2, . . . , x̄m.

The algorithm used to solve sub-problems of the form (22) is based on a generalized
augmented Lagrangian method for the solution of nonlinear (semidefinite) programs
and described in detail in [10, 18]. We briefly recall the basic here and show how this
algorithm can be adapted to take care of the special structure of problem (22).

The algorithm described in [10, 18] is designed for the solution of general nonlinear
semidefinite optimization problems of the form

min
x∈Rn

f(x) (23)

subject to
Gj(x) 4 0, j ∈ J = {1, 2, . . . , J} ;

where f : Rn → R, and Gj(x) : Rn → Smj (j ∈ J ) are twice continuously dif-
ferentiable mappings. The algorithm is based on a choice of smooth modified barrier
functions Φp : Smj → Smj (j ∈ J ), depending on a parameter p > 0, that satisfies a
number of assumptions (see [10]) guaranteeing, in particular, that

Gj(x) 4 0 ⇔ Φp(Gj(x)) 4 0 ∀j ∈ J .
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Thus, for any p > 0, problem (23) has the same solution as the following “augmented”
problem

min
x∈Rn

f(x) (24)

subject to
Φp(Gj(x)) 4 0, j ∈ J .

A typical choice of Φp is

Φp(A(x)) = −p2(A(x)− pI)−1 − pI . (25)

The Lagrangian of (24) can be viewed as a (generalized) augmented Lagrangian
of (23):

F (x, U, p) = f(x) +
∑
j∈J

〈Uj ,Φp (Gj(x))〉Sm ; (26)

here U = (U1, U2, . . . , UJ)> ∈ Sm1 × Sm2 × . . . × SmJ are Lagrangian multipli-
ers associated with the inequality constraints. Defining G := (G1,G2, . . . ,GJ)> and
ΦpG := (Φp(G1),Φp(G2), . . . ,Φp(GJ))>, the augmented Lagrangian algorithm is de-
fined as follows:

Algorithm 5.1. Let x1 and U1 be given. Let p1 > 0, α1 > 0. For k = 1, 2, . . . repeat
until a stopping criterion is reached:

(1) Find x`+1 satisfying ‖∇xF (x`+1, U `, p`)‖ ≤ α`

(2) U `+1 = DGΦp(G(x`+1);U `)

(3) p`+1 ≤ p` , α`+1 < α` .

The unconstrained minimization problem in step (1) is approximately solved by
the damped Newton method. Multiplier and penalty update strategies, as well as local
and global convergence properties under standard assumptions are studied extensively
in [18]. Let us only mention here that, imposing standard assumptions, one can prove
that any cluster point of the sequence {(x`, U `)}`>0 generated by Algorithm 5.1 is
a KKT point of problem (23). The proof given in [18] is an extension of results by
Polyak [17] and Breitfeld and Shanno [4].

Identifying S1 with R and introducing a slack variable, it is easy to see that problem
(22) can be written in the form (23). Consequently Algorithm (5.1) is directly applica-
ble to problem (22). In the sequel we want to show, how the separable structure of (22)
can be exploited by the damped Newton method applied in step (1) of Algorithm 5.1:

Each search direction at a point x̂ is computed as a solution of a linear system of
the form

∇2
xF (x̂, U `, p`)d = −∇xF (x̂, U `, p`). (27)

In order to understand the structure of the system matrix ∇2
xF (x̂, U `, p`), we state F

explicitly for problem (22) (assuming |Imax| = 1 for simplicity):

F (x, u`, U `, p`) = f̃L,U,τ
smat(x̄)(x) +

∑
k∈K1

u`
jϕp`(gj(x)) +

∑
k∈K0

u`
jϕp`(gj(x))

∑
j=1,...,m

〈
U `

j ,Φp`(smat(x)− Y )
〉

+

∑
j=1,...,m

〈
U `

j+m,Φp`(Y − smat(x))
〉
;

16



here u` are Lagrangian multipliers associated with real valued constraints, ϕp` is the
scalar version of Φp` ,

K1 := {k ∈ {1, 2, . . . ,K} | gk depends on exactly one matrix variable}

and K0 = {1, 2, . . . ,K} \ K1. Now we define

q(x) :=
∑

k∈K0

u`
kϕp`(gj(x)), r(x) := F (x, u`, U `, p`)− q(x).

Obviously r(x) is separable w.r.t. x̄1, x̄2, . . . , x̄m. On the other hand we obtain for
q(x):

∇2
xq(x) =

∑
k∈K0

u`
k

(
ϕ′′p`(gk(x))∇xgk(x)∇xgk(x)> + ϕ′p`(gk(x))∇2

xxgk(x)
)

Now, defining β as a vector with entries β`
k(x) := 1/(u`

kϕ′p`(gk(x))) (k ∈ K0),

H`(x) := ∇2
xxr(x) +

∑
k∈K0

u`
kϕ′p`(gk(x))∇2

xxgk(x)

and denoting by A`(x) the matrix with columns ∇xgk(x) (k ∈ K0) we are able to
prove the following result:

Proposition 5.2. Any vector d ∈ Rn̂ satisfying the equation(
H`(x) A`(x)

A`,>(x) −diag(β)

) (
d
y

)
=

(
−∇xF (x̂, U `, p`)

0

)
(28)

is a solution of the linear system (27). Moreover the matrix H`(x) is separable w.r.t.
x̄1, x̄2, . . . , x̄m.

Proof. From the second line in system (28) we see

y = diag(β)−1A`,>(x)d. (29)

Now, substituting y by the right hand side of (29), the first row of (28) becomes:(
H`(x) + A`(x)diag(β)−1A`,>(x)

)
d = −∇xF (x̂, U `, p`),

but this is exactly system (27).

Depending on the cardinality of the set K0 the system (28) is solved directly or by
the following strategy:

1. Compute (H`(x))−1∇xF (x̂, U `, p`) and (H`(x))−1A`(x).

2. Solve the system(
A`,>(x)(H`(x))−1A`(x)− diag(β)

)
y = (H`(x))−1∇xF (x̂, U `, p`).

3. Compute d = −(H`(x))−1A`(x)y − (H`(x))−1∇xF (x̂, U `, p`).

The second variant can be viewed as a generalization of the dual technique used in the
original MMA paper [19].
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6 Numerical experiments
The main goal of this section is

1. to provide algorithmic details of our implementation of Algorithm 4.3,

2. to present the results of numerical experiments with Algorithm 4.3 applied to
free material optimization problems of the form (9).

6.1 Algorithmic details
The choice of the asymptotes As a consequence of Lemma (4.2) the formula for

the hyperbolic approximation of ck (k ∈ K) in the j-th iteration reduces to

(ck)L,τ
Ej (E) := ck(Ej) +

m∑
i=1

〈
∇ick(Ej), (Ej

i − Li)(Ei − Li)−1(Ej
i − Li)− (Ej

i − Li)
〉

S3
+

m∑
i=1

τi

〈
(Ei − Ej

i )2, (Ei − Li)−1
〉

S3
. (30)

For this reason we neglect the upper asymptotes U below. We have investigated two
different types of schemes, moving schemes and constant schemes. For the moving
schemes we used direct generalizations of the update rules recommended in [20, 23].
In the case of the constant scheme we simply used

Lj
i = L0 ≺ ρI for all i ∈ I and all iterates j = 1, 2, 3, . . . .

The result of our experiments showed that (in sharp contrast to the original MMA/SCP-
approach) the moving schemes bring almost no benefit compared to the constant one.
Additionally, the constant scheme has an important advantage:

The feasible set of the sub-problems can be kept during all iterations. This allows
for an extensive use of warm starts, when solving the inner convex semidefinite pro-
grams. As a consequence we observed a significant reduction of inner iterations. This
is of particular importance, as the sub-problem in FMO is much more expensive to
solve as, for example, in SIMP-based problems.

For this reason we report only on experiments with constant schemes of asymptotes.
The most efficient constant choice we found was L0 = 0. Note that the combination
of Algorithm 4.3 with this simple choice applied to FMO-type problems can be inter-
preted as a direct generalization of CONLIN [6]. The latter choice leads to a further
simplification of (30):

(ck)τ
Ej (E) := ck(Ej) +

m∑
i=1

〈
∇ick(Ej), Ej

i E−1
i Ej

i − Ej
i

〉
S3

+

m∑
i=1

τi

〈
(Ei − Ej

i )2, E−1
i

〉
S3

, k ∈ K.
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The subproblems Using the constant asymptote scheme described above the sub-
problems of (9) become

min
E∈eE

(ck)τ
Ej (E) subject to (31)

m∑
i=1

Tr(Ei) ≤ V,

During all iterations, we solve the subproblems approximately. We use the follow-
ing strategy: we start with a moderate accuracy of ε = 10−3 for the KKT error of (31).
Whenever the calculated search direction fails to be a descent direction, we decrease
the precision by a constant factor.

The line search Instead of preforming an exact minimization in step (4) of Algo-
rithm 4.3, we use a simple Armijo rule, guaranteeing sufficient descent. Our experience
shows that already after few outer iterates of Algorithm 4.3, the step length αj = 1 is
accepted in almost all iterates.

The choice of τ The parameters τi (i ∈ I) are chosen such that the following
condition remains valid throughout all iterations:

−∇ick(Ej) + τiI � δI (i ∈ I)

for all i ∈ I and all k ∈ K. A typical choice for δ is 10−4.

A practical stopping criterion? So far, we did not implement a KKT-based stop-
ping criterion for Algorithm 4.3. We stop the algorithm as soon as a maximal number
of iterations is exceeded (typically 200-500) or, when the difference of the objective
falls below some given threshold (typically 10−4).

The code We have implemented the new algorithm in the C programming language.
In what follows we refer to the resulting code as PENSCP.

6.2 Numerical studies with FMO problems
Before we start presenting the numerical results we want to have a brief look at the (the-
oretical) computational complexity of Algorithm 4.3, when applied to FMO problems
of type (9).

Computational complexity We split the whole process in two sub-tasks, namely
model calculation and optimization. The model calculation includes the evaluation of
ck(E) (k ∈ K), the computation of all partial derivatives and some pre-assembling
steps for the hyperbolic approximations. The optimization covers the solution of a
sub-problem of type (31). Clearly, the model calculation is dominated by the factor-
ization of the global stiffness matrix A(E). The factorization is performed by a sparse
Cholesky method (see [15]) whose complexity depends linearly on the number of non-
zero entries in A(E). From this, formulas (7), (8) and Lemma 2.3 we conclude: The
computational complexity of the model calculation phase depends

• linearly on number of elements in discretization,
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• linearly on number of load cases.

In the optimization phase, the most time consuming steps are the calculation of
gradients and Hessians of the hyperbolic approximations and the factorization of (28).
Obviously both types of operations depend

• linearly on number of elements in discretization,

• linearly on number of load cases.

Goals of the numerical experiments The goals of the numerical experiments pre-
sented in the remainder of this section are

• the numerical verification of the linear dependence of the computational com-
plexity of Algorithm 4.3 on the number of elements,

• numerical verification of the linear dependence of the computational complexity
of Algorithm 4.3 on the number of load cases,

• a comparsion with MOPED3, the most recent implementation of the dual method
described in [1],

• the effect of a SIMP-like preprocessing step.

All experiments have been performed on a Sun Opteron machine with 8 Gbyte of
memory an a processor speed of approximately 3 GHz.

2D examples The goal of our first experiment is to verify the linear dependence of
the computational complexity of Algorithm 4.3 on the number of elements in the FEM
discretization. In order to do that, we solve several instances of the test problem de-
picted in figure 1 with an increasing number of elements. Moreover we compare the
calculation times of PENSCP and MOPED3 on this example. The result are summarized
in the following table. The meaning of columns 1 to 5 is: The number of finite ele-
ments, the number of iterations performed by PENSCP, the relative precision reached
by PENSCP (w.r.t. a high quality approximation of the accurate solution computed
by MOPED3), the computation time required by PENSCP and the computation time
required by MOPED3:

FEs Iter precision time in sec. (opt/mod) time in sec. MOPED3
1.250 500 2.1e-4 151 (77/74) 147
5.000 500 1.0e-4 1.019 (600/419) 988

20.000 500 3.0e-4 7.002 (4.312/2.690) 8.560

Experiment 1: 1.250-20.000 elements

For both codes we observe for a factor 4 in the number of elements a corresponding
factor of 7-8 in the computational time. Thus the numerical experiment confirms the
theoretically predicted behavior. Optimal density distributions obtained from Experi-
ment 1 are visualized in Figures 2 and 3.

By means of our second experiment we want to verify the linear dependence of the
computational complexity of Algorithm 4.3 on the number of load cases. Therefore,
we solve the basic test with an increasing number of load cases. Again we compare
the results of PENSCP to MOPED3. The results are summarized in the following table.
Note that here and below # LC denotes the number od load cases.
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Figure 1: Basic test problem – mesh, boundary conditions and forces

Figure 2: 5000 elements, 4 load cases: MOPED3 (left) / PENSCP (right)

Figure 3: 20.000 elements, 4 load cases: MOPED3 (left) / PENSCP (right)
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Figure 4: 5.000 elements, 8 load cases: MOPED3 (left) / PENSCP (right)

# LC Iter precision time in sec. (opt/mod) time in sec. MOPED3
2 500 < 1.0e-4 630 (320/310) 175
4 500 1.0e-4 783 (420/363) 988
8 500 < 1.0e-4 1.139 (622/517) 7.319

Experiment 2: 2-8 load cases

Obviously PENSCP shows a much better behavior as MOPED3 here. For a factor 2
in the number of load cases we observe only a factor 1.2-1-4 in the computational time.
On the other hand MOPED3 shows the predicted quadratic to cubic behavior: For a
factor 2 in the number of load cases we observe a factor 6-8 in the computational time.

By means of a third experiment we want to test the effect of a pre-processing strat-
egy. The goal is here, to reduce the comparatively high number of outer iterations
required by PENSCP. We make use of the following Preprocessing-Strategy

1) Run a few (10-20) steps of Algorithm 4.3 for a SIMP model obtained from (31)
by setting Ei = ρ2

i I for all i = 1, 2, . . . ,m and letting ρ = (ρ1, ρ2, . . . , ρm)>

the design variable.

2) Approximate material tensors using the formula

Ei ≈
ρi

#LC

∑
k∈K

ē(uk)ē(uk)T ,

where uk are displacements associated with the intermediate densities calculated
in 1) and ē(uk) is a corresponding normed small strain tensor.

For a motivation of the above strategy we refer the reader to [24]. Using preprocessing,
we computed our basic example with

• 5.000 finite elements and 8 load cases,

• 20.000 finite elements and 4 load cases.

PENSCP was stopped after 150 iterations in both cases. The resulting density plots are
depicted in Figures 5 and 6.

It seems that the preprocessing strategy significantly improved the result after 150
iterations. In both cases we could save about 60 percent of the computation time.

3D experiments We performed experiments with PENSCP on two 3D-examples. In
our first experiment we used a solid block discretized by approximately 10.000 finite
elements. Moreover we applied 2 load cases (see Figure 7, top). PENSCP stopped
after almost 500 iterations and approximately 1.5 hours computation time. MOPED3
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Figure 5: 5.000 elements, 8 LC, with Preprocessing: MOPED3 (left) / PENSCP (right)

Figure 6: 20.000 elements, 4 LC, with Preprocessing: MOPED3 (left) / PENSCP (right)

Figure 7: Problem setting: ≈ 10.000 elements, 2 LC (left), Density result, PENSCP
(right)
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Figure 8: Problem setting: ≈ 20.000 elements, 4 LC (left), Density result, PENSCP
(right)

required already 8 hours. The problem setting as well as the density result generated
by PENSCP can be seen in Figure 7.

In our second 3D-experiment we used again a solid block, this time subjected to
4 load cases and discretized by approximately 20.000 finite elements. PENSCP was
able to generate a solution in approximately 4 hours. MOPED3 failed for this example,
because the memory of 8 Gbyte was exceeded. An estimate based on the results from
the 3D-experiment described above yields a computation time of approximately two
weeks for this example. The problem setting along with the density result computed
by PENSCP is depicted in Figure 8.

7 Conclusion and Outlook
We have developed a globally convergent method for the minimization of convex non-
linear functions defined on matrix spaces over convex sets described by (separable)
convex constraints. The new method turned out to be particularly efficient when ap-
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plied to free material optimization problems with multiple load cases. The key strategy
of the new method is to replace the basic optimization problem by a sequence of con-
vex semidefinite programs. The structure of these semidefinite programs has a strong
influence on the efficiency of the overall method. For example, we have seen that an
efficient solution is possible, if all constraints are separable or even linear. If this is not
the case, or even worse, if one wants to deal with non-convex functions, the situation
is more involved. The authors are currently investigating a generalized algorithmic
concept for this case, in which not only the objective function, but also the constraints
are replaced by sequences of hyperbolic approximations. As a consequence of the fact
that the feasible domain is approximated, such a generalized algorithm may produce
infeasible iterates. It turns out that in this case, the line search defined in Section 4 –
which is purely based on evaluations of the objective function – can be replaced by a
line search which approximately minimizes a merit function of the form

F (Y, v,W ) := f(Y ) +
1
2p

K∑
k=1

(vk − pgk(Y ))2+ −
(
vk

)2
+

1
2p

∑
i∈I

∥∥∥(
W i − p(Yi − Y )

)
+

∥∥∥2

−
∥∥W i

∥∥2
+

1
2p

∑
i∈I

∥∥∥(
W i+m − p(Y − Yi)

)
+

∥∥∥2

−
∥∥W i+m

∥∥2
.

Here p is a penalty parameter and v,W are Lagrangian multipliers. It is possible to
show that using this function, Algorithm 4.3 can be generalized for the solution of
abitrary nonlinear semidefinite programming problems. A corresponding convergence
proof is still under construction and will be subject of a forthcoming paper.
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