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Abstract

We consider a supervised classification problem in which the elements to
be classified are sets with certain geometrical properties. In particular, this
model can be applied to deal with data affected by some kind of noise and in
the case of interval-valued data. Two classification rules, a fuzzy one and a
crisp one, are defined in terms of a separating hyperplane, and a formulation
of the rule identification problem by margin maximization is introduced, ex-
tending the standard techniques in Support Vector Machines used for single
feature vectors. We study in depth the interval data case and report on sev-
eral numerical experiments. This methodology is also proved to be useful in
practice when handling missing values in a database.
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1 Introduction

In certain situations, data cannot be expressed via single feature vectors, and interval data
must be introduced. This way, intervals are used for expressing ranges, for instance, the
range of temperature during a day, or age intervals for a group of individuals. Intervals
can also be used when several measures of the same variable have been taken from an
individual, and one wants to summarize these measurements, for example, the fluctuations
of blood pressure or pulse rate of a patient. Intervals also naturally occur in case of
imprecise data, or when an estimation of a certain parameter must be performed via
a confidence interval, and, in general, whenever uncertainty or vagueness arises in our
problem.
Another case of interval data appears in the framework of Symbolic Data Analysis ([5, 7]).
When one needs to summarize large databases in such a way that the resulting dataset
has a more manageable size and it retains enough knowledge from the original database.
Different approaches exist to aggregate the data by using classical variables (single val-
ues), multi-valued variables (categorical variables which can have several results), interval-
valued variables (the data are aggregated into intervals and this is the case of our interest)
or modal variables (a single, interval or nominal variable which can have different values
with different probabilities associated).
In this work, we study a classification problem where elements of the dataset are not
single points, but sets in Rd. In particular, one interesting case which will be modeled via
this methodology is when objects Xi to be classified are defined as a Cartesian product
of intervals, Xi =

∏d
j=1[lij , uij ] ⊂ Rd, with lij ≤ uij , that is, lij and uij represent,

respectively, the lower and upper bounds of each coordinate, these bounds coinciding in
some cases.
Classification with interval data has been studied in the literature by following different
strategies. In [13], linear discriminant analysis is applied to this type of classification
problems by considering three different techniques: assigning a uniform distribution to
each interval, expanding the dataset into the corresponding set of vertices and describing
each interval via its center and its range. In [12], a Radial Basis Function kernel is built via
a Hausdorff distance between intervals, and is applied to classification of intervals. Other
techniques involving Neural Networks are described in [32, 35]. Two methods that allow
to use interval data as inputs for a multi-layer perceptron are included in [32] (one of them
based on a description of the intervals as single points and the other based on a probabilistic
understanding of the intervals). A neural expert system for diagnosis is created in [35],
where the knowledge base is a Neural Network which is built automatically through a
learning algorithm. Likewise, classification methods for symbolic data are explained in
[29].
Another case of interest, which will be modeled with our approach in this paper, is when
data are affected by some kind of noise or perturbation. In that case, we must build
a robust classifier, insensitive to this noise in the data. One model of robust Support
Vector Machines has been studied in [37, 38], where an optimization problem must be
solved via Second Order Cone Programming. It will be seen that our model generalizes
the formulation proposed in [37, 38].
One can find another approach to robust classification in [14], where a binary classification
problem is stated in which the data are unknown, but are bounded in hyper-rectangles.
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In that paper, the authors design a robust classifier by minimizing the worst-case value of
a given loss function. Three different functions are considered, including the linear Hinge
loss (see [10]) for SVMs, which provides an upper bound on the number of future expected
misclassification errors. In [22], another binary classification problem is formulated where
the data are given by the mean and covariance of each class, which are assumed to be
known. The objective is minimizing the worst-case (maximum) probability of future mis-
classified data points, and Second Order Cone Programming techniques must be used to
solve it. Geometrically, it can be seen as minimizing the maximum of the Mahalanobis
distances between the two classes. With a similar strategy, in [4] the values of a data point
are described by a data uncertainty set, which is defined via a bounded ellipsoid parame-
terized by its location (expected value or center of the ellipsoid) and its shape (covariance
matrix or the matrix of squared axis lengths).

The technique described in our paper is also applied to the case in which there exist missing
values (see [24] for a complete study on statistical analysis in datasets with missing values),
that is, when the database is formed by feature vectors but some of their coordinates do
not appear in the dataset. Different techniques have been used in the literature to handle
missing data in classification problems (for a survey on the topic, see [25, 26]). In our case,
instead of imputing single values as usual for the missing coordinates, they will be replaced
by intervals which will be built by using the non-missing values of the same class in the
dataset. Different measurements will be taken into account to perform the construction
of these intervals.

This paper is structured as follows. In Section 2, our model is explained, the classifica-
tion rule is defined and the corresponding optimization problem is derived. A general
formulation is given, and it is particularized to the case of interval data and perturbed
data. Afterwards, we will focus on the case of interval data. In Section 3, an overview on
multi-class classification problems is given, before solving a real interval-valued database
via our technique (adapted to the multi-class case). In the following sections, more com-
putational experiments will be performed, firstly for a database where data are considered
imprecise and the objects have been transformed into intervals, and secondly by erasing at
random some coordinates in a real database and by substituting the missing coordinates
by intervals built with the remaining elements of the database. These intervals will be
based on different percentiles and on the mean and the deviation. Likewise, we will per-
form another numerical experiment with a database with missing values, where the blanks
will be replaced by these intervals. We will finish in Section 6 with some discussion and
concluding remarks.

2 The model

2.1 Defining the classification rule

In the standard approach to classification, each instance in the database Ω is of the
form (xi, yi) ∈ Rd × R. Now we consider a database Ω ⊂ Rd × R formed by objects
i = (Xi, Yi) ∈ Ω, where Yi is the corresponding class defined by means of a label +1 or -1
and Xi is the form Xi = xi + Bi, with xi ∈ Rd and with Bi a subset of Rd with certain
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geometrical properties, namely, it is convex, symmetric with respect to the origin and
contains the origin. In other words, Bi is the unit ball of a symmetric gauge γi (see [19]),
that is,

Bi = {s ∈ Rd : γi(s) ≤ 1}. (1)

Two different particular cases are of main interest:

1. γi is given by

γi(s1, . . . , sd) = max
j=1,...,d

2|sj |
uij − lij

, for lij < uij , j = 1, . . . , d, (2)

and then

Bi = {s ∈ Rd : γi(s) ≤ 1} = {s ∈ Rd : max
j=1,...,d

2|sj |
uij − lij

≤ 1}

= {s ∈ Rd : |sj | ≤
uij − lij

2
, ∀j = 1, . . . , d}. (3)

2. γi is given by

γi(s1, . . . , sd) =
1
ri

d∑
j=1

(|sj |p)
1
p , for some p, 1 ≤ p ≤ ∞, for ri > 0, (4)

and then

Bi = {s ∈ Rd : γi(s) ≤ 1} = {s ∈ Rd :
1
ri

d∑
j=1

(|sj |p)
1
p ≤ 1}

= {s ∈ Rd : ‖s‖p ≤ ri}. (5)

In case of γi as defined in (2), taking xi such that xij = lij+uij

2 , j = 1, . . . , d, one has
that Xi = xi + Bi, with Bi as in (3), and thus is a Cartesian product of intervals, that
is, Xi =

∏d
j=1[lij , uij ]. Interval data can be used, for example, when the data have been

aggregated or summarized in an interval (like in Symbolic Data Analysis, see [5, 7, 13])
or there exist missing values in our database and the missing coordinates are replaced by
intervals built with the remaining instances of the same group.
The second case, with γi of the form (4), is interesting to model the case of data affected by
some kind of noise. This is the idea of the so-called robust SVMs, which were introduced
in [37, 38] to classifiers, via Support Vector Machines, when the data have suffered some
perturbations. These perturbations are supposed to be unknown, but a bound of them
is known, for a chosen norm in the input space. Robust Support Vector Machines must
remain insensitive to these bounded perturbations of the data.
In that case, we can write Xi = xi + Bi, with xi the original value of the instance and Bi,
as defined in (5), a ball representing the unknown perturbation and ri being a positive
constant which bounds the perturbation in p-norm, since x ∈ Xi iff x = xi + s, with
γi(s) ≤ 1, or equivalently, ‖s‖p ≤ ri, for each i ∈ Ω.
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The classification rule is defined in terms of a separating hyperplane, whose parameters
ω ∈ Rd, β ∈ R must be computed, as in the case of single points where, given a point
x ∈ Rd, it is evaluated in the function f(x) = ω>x + β, and it is assigned to the group
G+1 or G−1 according to the sign of this evaluation (see [8, 9, 10]).
In our problem, once ω, β are determined, objects are classified according to a rule, which
extends naturally the one in which x is a singleton. Two variants are considered:

Crisp classification :
Given an object X ⊂ Rd, classify X in G+1 if maxx∈X(ω>x+β) > −minx∈X(ω>x+
β), and in G−1 otherwise.

Fuzzy classification :
Given an object X ⊂ Rd, compute I(X) := [min

x∈X
(ω>x + β),max

x∈X
(ω>x + β)],

• if 0 6∈ I(X),

• classify in G+1 (with intensity equal to 1), if min
x∈X

(ω>x + β) > 0,

• classify in G−1 (with intensity equal to 1), if max
x∈X

(ω>x + β) < 0,
(6)

• if 0 ∈ I(X),

• classify in G+1, with intensity
max
x∈X

(ω>x + β)

max
x∈X

(ω>x + β)−min
x∈X

(ω>x + β)
,

• classify in G−1, with intensity
−min

x∈X
(ω>x + β)

max
x∈X

(ω>x + β)−min
x∈X

(ω>x + β)
.

(7)

We can simplify the fuzzy rule via the following clamp function. Given three numbers
x, y and z, we define the clamp function for these three values as clamp(x, y, z) =
min(max(x, y), z).
Then, given an object X, the intensity for classifying it in G+1 is

intensity+1 := clamp(0, fuzzy value, 1), (8)

where

fuzzy value :=
max
x∈X

(ω>x + β)

max
x∈X

(ω>x + β)−min
x∈X

(ω>x + β)
. (9)

Alternatively, we classify X in G−1 with intensity−1 := 1− intensity+1.

Thus the fuzzy rule allows for a degree of uncertainty in the classification, while the crisp
rule does not.
Observe that the crisp rule simply classifies the object in the group with the highest fuzzy
intensity, since the crisp rule includes expression (6).
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Figure 1: A separating hyperplane

Figure 2: Maximizing the margin

Figure 1 shows an example in dimension 2 of the problem with boxes (Cartesian product
of intervals). The white boxes represent the objects of one group, whereas the grey boxes
represent the objects of the other group. Our problem is to build a hyperplane separating
the two sets of boxes. Observe that when the two sets are linearly separable (as in Figure
1), that is, when a hyperplane can be constructed which separates strictly the two sets,
the fuzzy part of the classification rule (expression 7) is not necessary.
Different hyperplanes separating the two groups may exist. In order to choose the hyper-
plane, we maximize a margin (see Figure 2) as performed in Support Vector Machines in
case of databases composed by single feature vectors (see [10, 27, 41]).
Then, given a training sample I = {(X1, Y1), (X2, Y2), . . . , (XN , YN )} ⊆ Ω, we will solve
the optimization problem to obtain the optimal parameters ω and β (optimal in the sense
that the margin is maximized) for constructing the classification rule.
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2.2 The optimization problem

Let ‖.‖ be a norm in Rd. Let us first consider the separable case, i.e., let us assume first
that ω, β exist such that the two groups can be separated via a hyperplane H = {x ∈ Rd :
ω>x + β = 0}.
According to the linear classification rule defined in (6), given Xi ∈ I, it is assigned to the
group

G+1 : if min
x∈Xi

(ω>x + β) > 0,

G−1 : if max
x∈Xi

(ω>x + β) < 0 ↔ min
x∈Xi

−(ω>x + β) > 0.
(10)

The distance from a point x∗ ∈ Rd to a hyperplane H = {x ∈ Rd : ω>x + β = 0} is given

by d(x∗,H) =
|ω>x∗ + β|
‖w‖0

, where ‖ω‖0 represents the dual norm of the normal vector ω to

the hyperplane H (see [30]). Hence, given the training sample I, the optimization problem
to solve is

max
ω,β

min
{

min
i∈G+1

min
x∈Xi

ω>x + β

‖ω‖0
, min
k∈G−1

min
x∈Xk

−(ω>x + β)
‖ω‖0

}
. (11)

The objective in (11) is homogeneous in its variables. Hence, one can assume without loss
of generality that

min
{

min
i∈G+1

min
x∈Xi

(ω>x + β), min
k∈G−1

min
x∈Xk

−(ω>x + β)
}
≥ 1, (12)

and the problem can be expressed as

max
ω,β

1
‖ω‖0

s.t. min
x∈Xi

ω>x + β ≥ 1, ∀i ∈ G+1

min
x∈Xk

−(ω>x + β) ≥ 1, ∀k ∈ G−1.

(13)

Taking as ‖.‖ the Euclidean norm, the problem is equivalent to

min
ω,β

1
2

ω>ω

s.t. min
x∈Xi

ω>x + β ≥ 1, ∀i ∈ G+1

min
x∈Xk

−(ω>x + β) ≥ 1, ∀k ∈ G−1.

(14)

A test to study if there exists a hyperplane separating the two groups will be given later, in
Theorem 2.2. Anyway, Problem (14) can be adapted to the one in which the two groups
are not linearly separable. Indeed, in case of non-separability, we introduce one slack
variable per object, and we penalize the objective function,

min
ω,β,ξ,η

1
2

ω>ω +
C+1

n

∑
i∈G+1

ξi +
C−1

m

∑
k∈G−1

ηk

s.t. min
x∈Xi

ω>x + β ≥ 1− ξi, ∀i ∈ G+1

min
x∈Xk

−(ω>x + β) ≥ 1− ηk, ∀k ∈ G−1

ξi, ηk ≥ 0, ∀i ∈ G+1, ∀k ∈ G−1,

(15)
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where we denote by n the cardinal of G+1 and by m the cardinal of G−1, and C+1, C−1

are constants.

2.3 Obtaining an equivalent formulation

Problem (15) has a convex quadratic objective and nonlinear constraints. In the following
result, we give an equivalent formulation of Problem (15) by building the dual of the
problems appearing in the constraints of Problem (15). Recall that the dual gauge of γi

in ω is defined by γ0
i (ω) = max

γi(u)≤1
(ω>u).

Theorem 2.1. Problem (15) admits the following equivalent formulation,

min
ω,β,ξ,η

1
2

d∑
j=1

ω2
j +

C+1

n

∑
i∈G+1

ξi +
C−1

m

∑
k∈G−1

ηk

s.t. ω>xi − γ0
i (ω) + β ≥ 1− ξi, ∀i ∈ G+1

−ω>xk − γ0
k(ω)− β ≥ 1− ηk, ∀k ∈ G−1

ξi, ηk ≥ 0, ∀i ∈ G+1, ∀k ∈ G−1,

(16)

where γi is the gauge associated to the object i ∈ I and γ0
i is its dual gauge.

Proof.
To prove the result, we change the constraints in Problem (15) by using that Xi = xi +Bi,
with Bi the unit ball induced by gauge γi for each Xi, and by changing to its dual gauge.
One has that

min
x∈xi+Bi

ω>x = min
γi(u)≤1

ω>(xi + u) = ω>xi + min
γi(u)≤1

ω>u = ω>xi − max
γi(u)≤1

(−ω>u).

By using that γ0
i (−ω) = max

γi(u)≤1
(−ω>u) (with γ0

i the dual gauge of γi), and since γ0
i (−ω) =

γ0
i (ω), one obtains that

min
x∈xi+Bi

ω>x = ω>xi − γ0
i (−ω) = ω>xi − γ0

i (ω). (17)

Then, we change the constraints for G+1 in Problem (15) by using (17),

min
x∈xi+Bi

ω>x + β ≥ 1− ξi ↔ ω>xi − γ0
i (ω) + β ≥ 1− ξi, ∀i ∈ G+1. (18)

We proceed analogously for the set of constraints for the group G−1 in Problem (15), and
by using (17) we obtain

min
x∈xk+Bk

−(ω>x + β) ≥ 1− ηk ↔ −ω>xk − γ0
k(−ω)− β ≥ 1− ηk

↔ −ω>xk − γ0
k(ω)− β ≥ 1− ηk, ∀k ∈ G−1, (19)

since γ0
k is a symmetric gauge.

Below, we consider the two cases of interest for the two definitions of γi in (2) and (4).
The first one is the particular case in which the elements of the database are boxes, that
is, Xi =

∏d
j=1[lij , uij ], for every i ∈ I.
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Corollary 2.1. Let γi be the gauge defined in (2). Then, Problem (15) admits the follow-
ing equivalent formulation as a convex quadratic problem

min
σ,τ,β,ξ,η

1
2

d∑
j=1

(σj − τj)2 +
C+1

n

∑
i∈G+1

ξi +
C−1

m

∑
k∈G−1

ηk

s.t.
d∑

j=1

σjlij −
d∑

j=1

τjuij + β ≥ 1− ξi, ∀i ∈ G+1

d∑
j=1

τjlkj −
d∑

j=1

σjukj − β ≥ 1− ηk, ∀k ∈ G−1

ξi, ηk, σj , τj ≥ 0, ∀i ∈ G+1, ∀k ∈ G−1, j = 1, . . . , d.

(20)

Proof.

Firstly, observe that, if γi(s) = max
j=1,...,d

2|sj |
uij − lij

, then its dual gauge is

γ0
i (s) =

d∑
j=1

uij − lij
2

|sj |. (21)

And now, it is sufficient to replace the particular values of xi and γ0
i (ω) in the constraints

of Problem (16).
In the first set of constraints,

ω>xi − γ0
i (ω) + β ≥ 1− ξi, ∀i ∈ G+1,

we replace xij =
lij + uij

2
, j = 1, . . . , d and γ0

i (ω) =
d∑

j=1

|ωj |
uij − lij

2
, and we obtain the

constraint
d∑

j=1

ωj(
lij + uij

2
)−

d∑
j=1

|ωj |(
uij − lij

2
) + β ≥ 1− ξi, ∀i ∈ G+1.

Let us define σj = max{0, ωj} and τj = max{0,−ωj}, for j = 1, . . . , d. One has that
ωj = σj − τj and |ωj | = σj + τj , and the set of constraints can be written as

d∑
j=1

[(σj − τj)(
lij + uij

2
)− (σj + τj)(

uij − lij
2

)] + β ≥ 1− ξi, ∀i ∈ G+1.

After some calculations, we obtain the first set of constraints in Problem (20).
Now, we must proceed analogously for the set of constraints

−ω>xk − γ0
k(ω)− β ≥ 1− ηk, ∀k ∈ G−1.

Replacing the values of xk and γ0
k(ω) in these constraints, and by introducing the variables

σ and τ , one obtains

−
d∑

j=1

[(σj − τj)(
lkj + ukj

2
) + (σj + τj)(

ukj − lkj

2
)]− β ≥ 1− ηk, ∀k ∈ G−1,
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which, after arranging terms, leads to the second set of constraints in Problem (20).

Remark 2.1. When we defined γi in (2), we assumed that lij < uij, ∀j = 1, . . . , d. In the
case of degenerate boxes (that is, lij = uij for some coordinates), denote by JF the set of
indexes with lij = uij and denote by JV the set of indexes with lij < uij. Let us define γi

as

γi(s1, . . . , sd) =

 max
j∈JV

2|sj |
uij − lij

, if sj = 0, ∀j ∈ JF

+∞, otherwise.
(22)

One has that γ0
i (s) has the same form as (21) and then, formulation (20) remains valid.

The problem of interval data will be studied more deeply in the following sections.
The second case of interest is when the data are affected by some kind of perturbations.
Then, as a straightforward consequence of Theorem 2.1, we obtain the result previously
derived by [37, 38]:

Corollary 2.2. Let γi be the gauge defined in (4). Then, Problem (15) can be written as
follows,

min
ω,β,ξ

1
2

d∑
j=1

ω2
j +

C+1

n

∑
i∈G+1

ξi +
C−1

m

∑
k∈G−1

ηk

s.t. ω>xi − ri‖ω‖q + β ≥ 1− ξi, ∀i ∈ G+1

−ω>xk − rk‖ω‖q − β ≥ 1− ηk, ∀k ∈ G−1

ξi, ηk ≥ 0, ∀i ∈ G+1, ∀k ∈ G−1,

(23)

where ‖.‖q is the dual norm of ‖.‖p, i.e.,
1
p

+
1
q

= 1.

Proof.
It is sufficient to observe that, if γi =

1
ri
‖.‖p, then its dual gauge is γ0

i = ri‖.‖q, with ‖.‖q

the dual norm of ‖.‖p, p and q satisfying that
1
p

+
1
q

= 1.

Problem (23) is equivalent to the formulation given in [37, 38], which was obtained by
building the robust counterpart of the problem (by following robust optimization methods,
[2, 3]). Hence, formulation (15) for any kind of gauge γi is more general than that obtained
for robust SVMs.

2.4 Test of linear separability

From now on, we will only consider the case of interval data. Given an interval-valued
database, a test of linear separability can be applied to the dataset by solving the linear
program proposed in the following result.
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Theorem 2.2. Given I ⊆ Ω a training sample of interval data, that is, Xi =
∏d

j=1[lij , uij ],
for every i ∈ I, there exists a hyperplane separating the two groups, G+1 and G−1, iff the
problem

max
λ,µ

∑
i∈G+1

λi +
∑

k∈G−1

µk

s.t.
∑

i∈G+1

λi =
∑

k∈G−1

µk∑
i∈G+1

λilij −
∑

k∈G−1

µkukj ≤ 0, j = 1, . . . , d∑
k∈G−1

µklkj −
∑

i∈G+1

λiuij ≤ 0, j = 1, . . . , d

λi, µk ≥ 0, ∀i ∈ G+1, ∀k ∈ G−1

(24)

is feasible with optimal solution equal to 0.

Proof.
Given the training sample I, according to the classification rule (6), the two groups G+1

and G−1 are linearly separable, that is, there exist ω, β, the parameters of a hyperplane
separating the two groups, iff

min
x∈Xi

(ω>x + β) > 0, ∀i ∈ G+1

max
x∈Xk

(ω>x + β) < 0, ∀k ∈ G−1.
(25)

By homogeneity, expression (25) is equivalent to say that ω, β exist with

min
x∈Xi

ω>x + β ≥ 1, ∀i ∈ G+1

min
x∈Xk

(−ω)>x− β ≥ 1, ∀k ∈ G−1.
(26)

Now, by using expression (17) and with an analogous reasoning to that used in the proof
of Theorem 2.1, we can rewrite (26) as

ω>xi − γ0
i (ω) + β ≥ 1, ∀i ∈ G+1

−ω>xk − γ0
k(ω)− β ≥ 1, ∀k ∈ G−1,

(27)

and since our database is interval-valued, we consider γi the gauge defined in 2, we rewrite
expression (27) and we obtain that the two groups G+1 and G−1 are linearly separable iff
the problem

min
σ,τ,β

0>σ + 0>τ

s.t.
d∑

j=1

σjlij −
d∑

j=1

τjuij + β ≥ 1, ∀i ∈ G+1

d∑
j=1

τjlkj −
d∑

j=1

σjukj − β ≥ 1, ∀k ∈ G−1

σj , τj ≥ 0, j = 1, . . . , d, β s.r.

(28)
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is feasible with optimal solution equal to 0.
And, by using duality properties of linear programming, one can state that the two groups
are linearly separable iff the dual of problem (28) is feasible with optimal solution equal
to 0. But the dual problem is just the one formulated in (24), and the result follows.

3 A multi-class classification experiment with in-

terval data

3.1 The multi-class classification problem for the ‘car’ dataset

In the previous sections, we have discussed the classification problem for two groups with
interval data. However, in many real situations, classification problems arise with data
belonging to more than two groups. Solving a multi-class classification problem (see [18,
34, 41]) is, in general, a more difficult task than solving a two-class classification problem.
Different strategies have been proposed. Most of these suggest to transform the multi-class
problem in a series of two-class problems to be solved (see e.g., [15, 17, 20, 31, 36, 42]).
In this section, we solve a classification problem with interval data belonging to four
different groups. Our methodology for classification has been applied to the ‘car’ dataset,
which is a database with 33 car models described by 8 interval variables (explaining the
following characteristics of each car model: price, engine capacity, top speed, acceleration,
step, length, width and height) and one nominal variable which represents one of the four
following possible categories: utilitarian (U), berlina (B), sportive (S) or luxury (L) (see
[13] for more details).
Then, we have a database with four different groups (multiclass classification problem),
where the data are Cartesian products of intervals in dimension 8. We have performed
several computational experiments, by considering three possible techniques for multiclass
classification (1-v-r, 1-v-1 and DDAG).
In order to measure the probability of misclassification, we have used the leave-one-out
(LOO) strategy (see e.g. [16, 21]), that is, in turns, we consider only one element in the
test sample, we train the model with the remaining elements and we test this model with
the unitary test sample. We repeat the process for every element of the database.
Before showing the results of the experiment, the multi-class classification techniques used
in the experiments are explained.

One-versus-rest (1-v-r) : N classifiers are constructed, the i-th classifier is the result
of solving the corresponding problem (20) where the elements of the i-th group have
a label +1 associated and the rest of elements have a label -1 associated.

For every element X of the database, we consider the problem where this element
is the only one belonging to the test sample and the rest belong to the training
sample and we build the corresponding N = 4 classifiers (for the i-th problem, G+1

is formed by all the elements of the i-th group). Once ωi, βi (the i-th classifier) are
obtained, we compute, for X in the test sample, the values minx∈X(ω>i x + βi) and

12



maxx∈X(ω>i x + βi), and we obtain the intensity of classifying X in the i-th group
via (8)-(9).

We assign X to the group with the highest output of the intensity. In case of tie,
X is assigned to the group i whose minx∈X(ω>i x + βi) is the highest value.

One-versus-one (1-v-1) : In this case, we build a classifier for every possible pair of
groups i and j, with i 6= j. In total, we need to construct N(N − 1)/2 classifiers.

Given the test sample with a single element X, we compute every classifier separating
two groups i and j. Once ωij , βij are obtained, we give one vote to group i if the
intensity is higher for i than for j (following the same reasoning as for the 1-v-r
case), or equivalently, if maxx∈X(ω>ijx + βij) ≥ −minx∈X(ω>ijx + βij). And X is
assigned to the group with the highest number of votes (following the Max Wins
algorithm, [15]).

In case of tie between two groups i and j, we go back to the classifier separating
those groups and we assign to the group with the highest output for the intensity.
We only need to build N(N − 1)/2 comparisons since, for two groups i and j, with
i 6= j, one obtains that ωij = −ωji and βij = −βji, that is, the classifier is the same
(the parameters are opposite).

Decision Directed Acyclic Graphs (DDAG) : This method, proposed in [31], is a
modification of the standard 1-v-1 method, which is introduced to reduce the number
of classifiers to be built (only N − 1 classifiers must be computed instead of N(N −
1)/2 in the 1-v-1 method).

A Directed Acyclic Graph, DAG for short, is a graph with oriented edges and without
cycles. In each node of this DAG, one constructs the classifier for two groups i and
j and, given an element of the dataset, we assign it to the group with the highest
output, after applying the classifier. If we assign the i-th group, we can eliminate the
label j as a candidate group for this element, we pass to the next node to compare
the group i against another one. The label at the end of this process (after N − 1
comparisons) will be the assigned group.

An ordering must be imposed to decide which comparisons must be done in each
step, but the selection of this ordering is arbitrary. In our case, we follow the DAG
depicted in Figure 3 (several experiments done for another ordering yielded very
similar results, and in [31] it is said that different orderings did not yield significant
changes in terms of accuracy).

We start with the complete list of groups and we build the classifier for the groups
1 and 4. Depending on the assigned group, we take the left or right edge and
consequently we eliminate one group. In each node, we build the classifier for the
first and the last groups in the new list of groups. And we continue until the end of
the graph, where the label is finally assigned.

3.2 Numerical results

All the computational experiments of this paper have been implemented by using AMPL
as the modeling language and have been solved via CPLEX or via LOQO, [40], (by using

13



��
��

��
��

��
��

��
��

��
��

��
��

�
�

��/

�
�

��/

�
�

��/

S
S

SSw

S
S

SSw

S
S

SSw

�
�

��/

�
�

��/

S
S

SSw

S
S

SSw

S
S

SSw

�
�

��/

1 vs 4

2 vs 4 1 vs 3

3 vs 4 2 vs 3 1 vs 2

4 3 2 1

1
2
3
4

2
3
4

1
2
3

3
4

2
3

1
2

not 1 not 4

not 2 not 4 not 1 not 3

not 3 not 4 not 2 not 3 not 1 not 2

Figure 3: Directed Acyclic Graph

the NEOS server, [28]).
We have solved the classification problem (via leave-one-out) with the three multiclass
techniques (1vr, 1v1, DDAG), for several values of the constants, C+1, C−1 ∈ {0.001, 0.01,
0.1, 1, 10, 100, 1000} and the results are given in the following tables. In Table 1, we
show how many elements from the database of cars are misclassified, that is, how many
are given a label different from its own category.
Likewise, we have studied the behaviour of the classifier via a resubstitution strategy (see
[11]), that is, when we use the complete set of instances as training sample to build the
classifier (no test sample is used) and we apply it later to assign, in turn, a label to each
instance. This way, we can study the quality of the classifier as a separator of the database.
It is only done in the 1vr and 1v1 method (not in the DDAG method, since this is basically
a 1v1 method where not all the comparisons between groups must be done).
In general, the best results for this dataset via leave-one-out and for different values of
the constants have been obtained via the 1vr method. In fact, the worst number of
misclassified elements in this case is equal to eight (which is quite good in comparison
with the other two techniques). The lowest number of misclassified elements for leave-
one-out and for resubstitution, through the three multiclass techniques, are shown in the
tables in bold. For the 1vr method, there are different combinations of C+1 and C−1 which
give only four misclassified elements for leave-one-out and only two misclassified elements
for resubstitution. For high values of C+1 and C−1, one obtains good values of well-
classified elements, nevertheless, although biggest values of the constants were considered,
the results could not be improved more.
On the other hand, although we obtain some high numbers of misclassified elements for
the 1v1 method (it is especially remarkable the case when C+1 = 0.001 or C−1 = 0.001),
the lowest numbers of misclassified elements are obtained with this method. For C+1 =
C−1 = 0.1, we obtain only three misclassified elements via leave-one-out, and we got only
one misclassified element in the training sample for several combinations of the constants.
The results obtained via DDAG are quite similar to those obtained via 1v1.
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C−1 0.001 0.01 0.1 1 10 100 1000

C+1 loo rs loo rs loo rs loo rs loo rs loo rs loo rs
1vr 8 6 4 4 7 4 7 4 7 4 7 4 7 5

0.001 1v1 6 5 17 17 17 17 17 17 17 17 17 17 17 18
ddag 6 - 17 - 17 - 17 - 17 - 17 - 17
1vr 7 5 5 5 5 3 6 4 6 3 6 3 6 3

0.01 1v1 13 11 7 4 7 5 7 5 7 5 7 5 7 5
ddag 11 - 7 - 7 - 7 - 7 - 7 - 7
1vr 7 5 5 4 4 4 7 5 6 3 6 4 6 4

0.1 1v1 11 9 7 6 3 3 4 2 4 2 4 2 4 2
ddag 11 - 8 - 4 - 4 - 4 - 4 - 4
1vr 7 5 5 4 5 4 4 3 8 5 7 3 7 3

1 1v1 11 9 8 6 5 4 5 2 5 2 5 2 5 2
ddag 11 - 8 - 6 - 5 - 5 - 5 - 5
1vr 7 5 5 4 5 4 4 2 4 2 8 4 7 3

10 1v1 11 9 8 6 6 4 7 4 6 2 6 1 6 1
ddag 11 - 8 - 6 - 7 - 6 - 6 - 6
1vr 7 5 5 4 5 4 4 2 5 2 6 2 8 4

100 1v1 11 9 8 6 6 4 7 4 8 2 6 1 6 1
ddag 9 - 8 - 6 - 7 - 8 - 6 - 6
1vr 7 5 5 3 5 4 4 2 5 2 7 4 6 2

1000 1v1 12 9 8 6 6 4 7 4 8 2 8 1 6 1
ddag 11 - 8 - 6 - 7 - 8 - 8 - 6

Table 1: Misclassified elements for the ‘car dataset’ (loo: leave-one-out, rs: resub-
stitution)

In the following tables, we show the detailed results for accuracy with each technique, for
every combination of C+1 and C−1. The rows of each cell represent the original category of
the car and the columns represent the label which has been assigned to the model through
leave-one-out. In bold, we show again the best results for the accuracy in the classification.
We can observe that, in general, it is easier to distinguish the utilitarian and the sportive
cars, and most of the difficulties arise while trying to discriminate between berlina and
luxury cars.
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loo results rs results
original U B L S U B L S

U 10 0 0 0 10 0 0 0
B 3 3 2 0 2 4 2 0
L 0 2 6 0 0 1 7 0
S 0 2 0 5 0 0 0 7

Table 2: Best results of accuracy in [13]

Finally, we compare our results with those obtained in [13]. In that paper, several strategies
are applied to classify the elements of this database, and the best results are obtained for
a distributional approach and are shown in Table 2.
We can observe that the number of misclassified elements is equal to nine (with five
misclassified elements on the training sample), while our lowest number of misclassified
elements (obtained for 1v1) is equal to three (with three misclassified elements in the
resubstitution process). In fact, for 1vr we had that for every combination of the constants,
the number of misclassified elements was always smaller than or equal to eight. In [13], it
is explained that their methods had tendency to overfit the data. In fact in some of their
experiments, they obtained two misclassified elements on the training sample, but higher
numbers for the test sample. Our method gets even better results in some cases for the
training sample (in 1v1, we got only one mistake) and much better results for the test
sample in most of the cases. Then, the results have been clearly improved and hence, one
can say that our method is competitive.

4 Computational experiment with uncertain val-

ues

4.1 Computational experiment

We have applied our model to a database where the single instances have been transformed
into intervals to represent uncertainty on the data. We have used the ‘breast-cancer’
dataset, which can be downloaded from the UCI Machine Learning Repository [6]. This
dataset is composed of 699 instances, each one representing an individual affected by
breast cancer, and 9 measurements (represented via a number between 1 and 10) have
been taken from each individual. The instances are classified as benign (group G+1) or
malignant (G−1). In the database, there are 16 instances with missing values (all of them
for the sixth variable), which have been erased for the study (then, there are 444 instances
in G+1 and 239 instances in G−1, 683 in total).
In order to construct the interval, we have computed the standard deviation σxj in each
coordinate j from 1 to d of each group of the dataset (G+1 and G−1). Then, each coordinate
xij is replaced by the interval [xij − kσxj , xij + kσxj ], with σxj the standard deviation of
the corresponding group. The values for k are 0, 0.01, 0.05, 0.1, 0.2, 0.5, 0.75 and 1.
The higher the value of k, the larger the uncertainty about the data. Observe that, when
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Figure 4: Results for uncertain data

k = 0, we obtain the original database.
We have solved the corresponding classification problem with the interval data through
10-fold cross validation, that is, the instances of the database are grouped in 10 sets (these
sets forming a partition) and, each one has been used in turn as test set against all 9
others taken together as training set, that is, the process is repeated ten times (see [21]).
The optimization problem (20) to compute the parameters of each classifier has been
solved via AMPL+CPLEX, for different pairs of C+1 and C−1. And we have computed
the classification accuracy when the fuzzy rule is considered.

4.2 Numerical results

In the following tables, we present the results for the interval dataset, depending on the
value of the parameter k. In Figure 4, the best results in the test sample for each value of
k are depicted.
One can observe that, although in general the results get worse as the value of k is
increasing, this process is quite smooth, and the results for the accuracy are quite similar
in the first tables. In fact, the best results for accuracy continue being quite good when k
increases (the accuracy is over 94% in each case).
We can also observe that the best values of accuracy are obtained for similar or almost
similar values of the constants C+1 and C−1. In fact, as k increases, the accuracy in the
training and test sample for different values of C+1 and C−1 is very bad (in some cases,
we obtain degenerate solutions for a pair of values (C+1, C−1), with C+1 6= C−1), while
the accuracy in the diagonal of the table continues being very acceptable (around 95%).

20



T
ra

in
T
es

t
k

C
+

1
\C

−
1

0.
00

1
0.

01
0.

1
1

10
10

0
10

00
0.

00
1

0.
01

0.
1

1
10

10
0

10
00

0.
00

1
96

.8
8

97
.4

9
95

.4
0

92
.6

1
91

.9
3

91
.8

0
91

.8
0

96
.6

4
97

.5
0

95
.3

0
92

.2
6

91
.8

1
91

.8
1

91
.8

1
0.

01
94

.0
5

97
.3

2
97

.4
6

95
.6

7
94

.7
8

94
.6

1
94

.6
0

94
.1

4
96

.6
3

97
.5

0
95

.5
9

94
.7

2
94

.5
8

94
.5

8
0.

1
82

.3
7

94
.1

6
97

.2
5

97
.4

3
95

.7
5

95
.1

2
94

.9
2

81
.5

6
93

.4
0

96
.7

8
97

.3
6

95
.7

4
94

.8
7

94
.7

2
0

1
73

.3
4

84
.4

8
94

.3
5

97
.2

0
97

.4
3

95
.7

7
95

.1
7

72
.7

6
83

.4
6

93
.5

5
96

.7
8

97
.2

1
95

.7
4

94
.8

7
10

72
.5

1
78

.9
3

85
.1

5
94

.3
5

97
.2

0
97

.4
1

95
.7

7
72

.4
7

78
.0

4
84

.2
0

93
.5

5
96

.7
8

97
.2

1
95

.7
4

10
0

72
.4

1
77

.9
6

80
.4

8
85

.2
5

94
.3

5
97

.2
0

97
.4

1
72

.4
7

77
.1

7
79

.2
1

84
.2

0
93

.5
5

96
.7

8
97

.2
1

10
00

72
.4

1
77

.9
1

79
.6

3
80

.6
6

85
.2

5
94

.3
5

97
.2

0
72

.4
7

77
.1

7
78

.7
7

79
.2

1
84

.2
0

93
.5

5
96

.7
8

0.
00

1
96

.9
0

97
.4

8
95

.1
6

92
.3

1
91

.5
5

91
.5

0
91

.5
0

96
.6

4
97

.5
0

95
.2

0
92

.1
6

91
.5

8
91

.5
3

91
.5

2
0.

01
94

.0
3

97
.3

2
97

.4
4

95
.5

5
94

.5
5

94
.3

1
94

.2
6

94
.1

1
96

.6
1

97
.5

0
95

.5
2

94
.3

5
94

.0
2

94
.0

4
0.

1
82

.1
8

94
.2

4
97

.2
6

97
.4

3
95

.6
9

94
.9

9
94

.8
6

81
.4

3
93

.6
3

96
.7

8
97

.4
0

95
.5

2
94

.7
2

94
.5

6
0.

01
1

73
.0

0
84

.4
2

94
.3

0
97

.2
4

97
.4

3
95

.7
1

95
.0

3
72

.7
6

83
.1

9
93

.6
6

96
.7

8
97

.3
1

95
.5

3
94

.7
1

10
72

.1
9

78
.2

8
84

.7
8

94
.3

2
97

.2
3

97
.4

3
95

.7
1

72
.0

4
77

.5
5

84
.0

0
93

.6
8

96
.7

8
97

.3
1

95
.5

3
10

0
72

.1
3

77
.4

7
79

.7
0

84
.8

5
94

.3
2

97
.2

3
97

.4
3

72
.0

4
77

.0
4

79
.0

8
84

.0
2

93
.6

8
96

.7
8

97
.3

1
10

00
72

.1
2

77
.3

9
78

.8
7

79
.8

5
84

.8
6

94
.3

2
97

.2
3

72
.0

5
77

.0
1

78
.4

9
79

.1
6

84
.0

2
93

.6
8

96
.7

8
0.

00
1

96
.8

5
97

.4
2

94
.3

2
90

.5
3

89
.8

8
89

.8
0

89
.8

0
96

.6
0

97
.4

8
93

.9
3

90
.2

9
89

.3
5

89
.2

8
89

.2
8

0.
01

94
.0

9
97

.2
9

97
.3

8
95

.1
8

93
.6

4
93

.3
6

93
.3

4
93

.9
2

96
.7

3
97

.3
5

95
.0

0
93

.4
0

93
.1

3
93

.1
0

0.
1

81
.0

5
94

.4
3

97
.2

9
97

.3
6

95
.2

8
94

.0
6

93
.8

0
80

.4
7

93
.8

9
96

.6
7

97
.3

0
95

.0
1

93
.5

8
93

.4
4

0.
05

1
71

.9
7

83
.3

9
94

.4
8

97
.2

9
97

.3
5

95
.2

9
94

.1
1

71
.8

9
82

.2
4

93
.8

7
96

.6
9

97
.3

0
95

.0
2

93
.6

4
10

71
.3

5
75

.8
4

83
.7

1
94

.4
9

97
.2

9
97

.3
5

95
.2

9
71

.3
2

75
.8

6
82

.5
8

93
.8

7
96

.6
9

97
.3

0
95

.0
2

10
0

71
.2

7
75

.0
7

76
.7

6
83

.7
4

94
.4

9
97

.2
9

97
.3

5
71

.2
6

75
.0

3
76

.6
4

82
.6

2
93

.8
7

96
.6

9
97

.3
0

10
00

71
.2

7
75

.0
0

76
.1

0
76

.8
6

83
.7

5
94

.4
9

97
.2

9
71

.2
5

74
.9

8
75

.9
0

76
.7

3
82

.6
2

93
.8

7
96

.6
9

0.
00

1
96

.8
1

97
.2

6
93

.1
2

87
.7

8
86

.9
7

86
.8

9
86

.8
8

96
.5

5
97

.3
0

92
.7

9
87

.3
3

86
.6

8
86

.6
1

86
.5

9
0.

01
94

.1
2

97
.2

6
97

.2
8

94
.4

2
92

.2
5

91
.9

5
91

.9
1

93
.7

7
96

.7
7

97
.3

1
94

.0
1

91
.7

0
91

.4
6

91
.4

2
0.

1
79

.4
5

94
.5

2
97

.3
0

97
.2

9
94

.5
6

92
.6

4
92

.3
6

78
.8

7
93

.8
4

96
.8

1
97

.2
6

94
.2

0
92

.2
7

92
.0

1
0.

1
1

70
.7

0
81

.8
7

94
.5

7
97

.3
0

97
.2

8
94

.5
8

92
.6

8
70

.4
1

80
.9

7
93

.8
5

96
.8

1
97

.2
6

94
.2

2
92

.3
4

10
69

.7
6

72
.8

6
82

.1
9

94
.5

8
97

.3
0

97
.2

8
94

.5
8

69
.7

5
72

.7
3

81
.3

0
93

.8
5

96
.8

1
97

.2
6

94
.2

2
10

0
69

.6
9

72
.3

5
73

.3
4

82
.2

2
94

.5
8

97
.3

0
97

.2
8

69
.6

8
72

.3
5

73
.1

8
81

.3
3

93
.8

5
96

.8
1

97
.2

6
10

00
69

.6
9

72
.3

0
72

.8
4

73
.4

0
82

.2
2

94
.5

8
97

.3
0

69
.6

7
72

.2
9

72
.8

9
73

.2
4

81
.3

4
93

.8
5

96
.8

1

21



T
ra

in
T
es

t
k

C
+

1
\C

−
1

0.
00

1
0.

01
0.

1
1

10
10

0
10

00
0.

00
1

0.
01

0.
1

1
10

10
0

10
00

0.
00

1
96

.8
3

96
.9

8
88

.5
9

74
.7

2
72

.0
8

71
.7

5
71

.7
2

96
.6

3
97

.0
0

88
.2

7
74

.2
2

71
.5

7
71

.2
8

71
.2

5
0.

01
93

.8
9

97
.1

3
96

.9
4

91
.3

3
85

.6
5

85
.2

6
85

.1
9

93
.5

6
96

.7
1

96
.9

9
90

.9
6

84
.8

2
84

.4
8

84
.4

1
0.

1
75

.6
3

94
.3

3
97

.2
0

96
.9

3
91

.6
2

86
.6

8
86

.3
9

75
.0

8
93

.7
2

96
.7

3
96

.9
4

91
.2

0
85

.8
1

85
.5

7
0.

2
1

67
.4

4
78

.2
2

94
.3

9
97

.2
1

96
.9

3
91

.6
5

86
.7

9
67

.1
6

77
.8

0
93

.6
9

96
.7

3
96

.9
3

91
.2

3
85

.9
2

10
66

.6
5

68
.8

3
78

.5
2

94
.3

9
97

.2
1

96
.9

3
91

.6
5

66
.4

7
68

.6
2

78
.1

4
93

.6
9

96
.7

3
96

.9
3

91
.2

3
10

0
66

.6
4

67
.6

9
69

.0
1

78
.5

5
94

.3
9

97
.2

1
96

.9
3

66
.4

5
67

.3
0

68
.8

2
78

.1
7

93
.6

9
96

.7
3

96
.9

3
10

00
66

.6
4

67
.6

5
67

.8
8

69
.0

3
78

.5
5

94
.3

9
97

.2
1

66
.4

5
67

.2
6

67
.4

8
68

.8
4

78
.1

7
93

.6
9

96
.7

3
0.

00
1

96
.5

5
95

.0
0

35
.2

1
34

.9
9

34
.9

9
34

.9
9

34
.9

9
96

.4
2

94
.7

9
35

.1
8

34
.9

9
34

.9
9

34
.9

9
34

.9
9

0.
01

91
.4

2
96

.6
7

95
.1

9
36

.3
2

34
.9

9
34

.9
9

34
.9

9
91

.0
4

96
.5

0
94

.9
9

36
.3

1
34

.9
9

34
.9

9
34

.9
9

0.
1

65
.5

5
92

.0
3

96
.6

7
95

.1
9

36
.5

1
34

.9
9

34
.9

9
65

.5
8

91
.6

3
96

.4
9

95
.0

0
36

.5
0

34
.9

9
34

.9
9

0.
5

1
65

.0
1

65
.8

6
92

.1
0

96
.6

7
95

.1
9

36
.5

3
34

.9
9

65
.0

1
65

.8
4

91
.6

8
96

.4
9

95
.0

0
36

.5
2

34
.9

9
10

65
.0

1
65

.0
1

65
.9

0
92

.1
0

96
.6

7
95

.1
9

36
.5

4
65

.0
1

65
.0

1
65

.8
8

91
.6

9
96

.4
9

95
.0

0
36

.5
2

10
0

65
.0

1
65

.0
1

65
.0

1
65

.9
0

92
.1

0
96

.6
7

95
.1

9
65

.0
1

65
.0

1
65

.0
1

65
.8

8
91

.6
9

96
.4

9
95

.0
0

10
00

65
.0

1
65

.0
1

65
.0

1
65

.0
1

65
.9

0
92

.1
0

96
.6

7
65

.0
1

65
.0

1
65

.0
1

65
.0

1
65

.8
8

91
.6

9
96

.4
9

0.
00

1
95

.8
6

77
.2

9
34

.9
9

34
.9

9
34

.9
9

34
.9

9
34

.9
9

95
.7

2
77

.1
9

34
.9

9
34

.9
9

34
.9

9
34

.9
9

34
.9

9
0.

01
86

.1
3

96
.0

2
81

.7
2

34
.9

9
34

.9
9

34
.9

9
34

.9
9

85
.6

4
95

.8
1

81
.5

9
34

.9
9

34
.9

9
34

.9
9

34
.9

9
0.

1
65

.0
1

87
.2

3
96

.0
3

82
.1

3
34

.9
9

34
.9

9
34

.9
9

65
.0

1
86

.8
0

95
.8

1
82

.0
0

34
.9

9
34

.9
9

34
.9

9
0.

75
1

65
.0

1
65

.0
1

87
.3

5
96

.0
3

82
.1

7
34

.9
9

34
.9

9
65

.0
1

65
.0

1
86

.9
1

95
.8

1
82

.0
4

34
.9

9
34

.9
9

10
65

.0
1

65
.0

1
65

.0
1

87
.3

6
96

.0
3

82
.1

8
34

.9
9

65
.0

1
65

.0
1

65
.0

1
86

.9
2

95
.8

1
82

.0
4

34
.9

9
10

0
65

.0
1

65
.0

1
65

.0
1

65
.0

1
87

.3
6

96
.0

3
82

.1
8

65
.0

1
65

.0
1

65
.0

1
65

.0
1

86
.9

2
95

.8
1

82
.0

4
10

00
65

.0
1

65
.0

1
65

.0
1

65
.0

1
65

.0
1

87
.3

6
96

.0
3

65
.0

1
65

.0
1

65
.0

1
65

.0
1

65
.0

1
86

.9
2

95
.8

1
0.

00
1

94
.0

8
34

.9
9

34
.9

9
34

.9
9

34
.9

9
34

.9
9

34
.9

9
93

.9
6

34
.9

8
34

.9
9

34
.9

9
34

.9
9

34
.9

9
34

.9
9

0.
01

77
.7

0
94

.5
5

34
.9

9
34

.9
9

34
.9

9
34

.9
9

34
.9

9
77

.2
7

94
.3

7
34

.9
8

34
.9

9
34

.9
9

34
.9

9
34

.9
9

0.
1

65
.0

1
79

.6
6

94
.6

2
34

.9
9

34
.9

9
34

.9
9

34
.9

9
65

.0
1

79
.2

1
94

.4
2

34
.9

7
34

.9
9

34
.9

9
34

.9
9

1
1

65
.0

1
65

.0
1

79
.8

7
94

.6
2

34
.9

9
34

.9
9

34
.9

9
65

.0
1

65
.0

1
79

.4
1

94
.4

3
34

.9
7

34
.9

9
34

.9
9

10
65

.0
1

65
.0

1
65

.0
1

79
.8

9
94

.6
3

34
.9

9
34

.9
9

65
.0

1
65

.0
1

65
.0

1
79

.4
3

94
.4

3
34

.9
7

34
.9

9
10

0
65

.0
1

65
.0

1
65

.0
1

65
.0

1
79

.8
9

94
.6

3
34

.9
9

65
.0

1
65

.0
1

65
.0

1
65

.0
1

79
.4

3
94

.4
3

34
.9

7
10

00
65

.0
1

65
.0

1
65

.0
1

65
.0

1
65

.0
1

79
.8

9
94

.6
3

65
.0

1
65

.0
1

65
.0

1
65

.0
1

65
.0

1
79

.4
3

94
.4

3

22



5 Computational experiment with missing values

5.1 Imputation for missing values via intervals

In the task of editing survey data, the term ‘missing data’ is used to denote invalid blanks
in an entry of any field of the survey (invalid in the sense that this value should appear in
the dataset) or inconsistent entries.
One of the most widely-used strategies to deal with missing data is the imputation for
given records, which means to replace the missing values of a database by other plausible
values in such a way that the data must remain consistent.
Different methodologies for imputation have been studied in the literature (see [23, 24, 26]
for a list of them), like using the mean (for quantitative variables) or the mode (for
qualitative variables) of the non-missing values of the database (see e.g. [1]). One of the
drawbacks of this method is that the standard deviation of the sample is ignored and it can
contain relevant information which should be taken into account during the imputation
process (see [33]).
Our idea to impute the missing values is to replace each blank by an interval (instead of
a single value) built with the non-missing values of the dataset. This way, when a blank
appears in the j-th variable of an observation, we use the non-missing values in the j-th
variable to construct the interval.
Two different strategies will be followed to impute the missing values, by transforming our
database into an interval-valued dataset. The first one is to build an interval based on the
mean and deviation of the remaining values. This way, the standard deviation is taken
into account for the imputation process. For a missing value in the j-th variable of an
instance of the training sample, we fill it in by computing the mean xj and the standard
deviation σxj for the values in this column of the remaining values, and afterwards, we
substitute the blank by the interval [xj − kσxj , xj + kσxj ].
The second strategy is not based on the mean and the deviation, but on the quantiles. We
consider the interval which is defined as [Qa, Q1−a], where Qa represents the a-th quantile,
and thus the interval contains all but a fraction 2a of the all non-missing values.

5.2 Computational experiment with missing data completely
at random

Our model for classification with interval data has been applied to a database for dealing
with missing values. We have used the ‘breast-cancer’ dataset (UCI Machine Learning
Repository [6]), with 683 instances in total.
The missing data have been generated in the database completely at random. A parameter
p has been defined as the probability of replacing the value of a variable in the database
by a missing value. The following values of p have been incorporated in the computational
experiment: 0.01, 0.05, 0.1, 0.15, 0.2, 0.3, 0.4 and 0.5. That is, we have performed
numerical experiments where very few values have been erased (p = 0.01, 0.05) and where
around half of the database is missing (p = 0.5).
With this modified database, for each value of p, we have solved the corresponding clas-
sification problem through 10-fold cross validation (see [21]).
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Before solving the corresponding optimization problem (20), we have used the two different
strategies explained before for imputation. In the first strategy, we replace the blank by
the interval [xj − kσxj , xj + kσxj ], where xj and σxj have been computed with the non-
missing values in the j-th column of the instances of the corresponding group (G+1 or
G−1). In the case of a missing value in any coordinate of an instance in the test sample,
we compute the mean and the deviation of the corresponding variable for the remaining
instances of the database (since the group which it belongs to is unknown). The values
for k are 0, 0.01, 0.05, 0.1, 0.2, 0.5, 0.75 and 1. Observe that, when k = 0, the interval is
a single point and we are considering the imputation to the mean.
In the second strategy, the blank is replaced by the interval [Qa, Q1−a], Qa being the a-th
quantile. The values studied for 2a are 0, 0.01, 0.05, 0.1, 0.2, 0.5 and 1. Observe that,
when 2a = 0, the interval is the range of the variable, when 2a = 0.5, we obtain the
interquartile range, and when 2a = 1, the interval is reduced to a singleton which is the
median of the variable.
Furthermore, another standard interval based on quantiles is included in this analysis. It
is the case of the interval defined by the inner fences (see [39]), which is an interval used in
the analysis of outliers (every observation which is not contained between the inner fences
is considered as an outlier). This interval is based on the quartiles of the sample,

IF = [Q0.25 − 1.5 · (Q0.75 −Q0.25), Q0.75 + 1.5 · (Q0.75 −Q0.25)]. (29)

All these previous modifications of the database have been performed with Matlab 6.5.
Then, we solve the optimization problem (20) to compute the parameters of the classifier
with LOQO, [40], for different values of C, where C+1 = C−1 = C (previous experiments
showed that the best results were obtained when the two constants were close to each
other). The two classification rules (fuzzy and crisp) have been considered, and in the
following tables, we present the results of the accuracy in each case.

5.3 Numerical results

The accuracy, following the crisp or the fuzzy rule, for the different datasets obtained as a
result of erasing values with a probability p and replacing those missing values by intervals
depending on the parameter k or a, are presented in the following tables. In the tables,
we show the accuracy in the training sample, in each group of the test sample, and the
average in the test sample. The best results of accuracy for each combination of (p, k) or
(p, 2a) (including the IF -interval, defined in (29)), are shown in the tables in bold and are
depicted in Figures 5-9.
In the case of replacing the missing values by the interval [xj − kσxj , xj + kσxj ], one can
observe that, when the percentage of introduced missing values is not too high (less than
30%), we obtain better results (or at least similar results) with interval imputation than
with only mean imputation (case k = 0). In general, the best results are obtained for
small intervals (k equal to 0.01 or 0.05). When the parameter p increases, the accuracy for
high values of k decreases because, although the results for the training sample continue
being very good, the accuracy in the test sample is worse, because the classifier overfits
the parameters for the training sample.
In the case of intervals based on quantiles (the different values of 2a and the IF -interval),
one can observe that, for the crisp classification rule, the interquartile range (2a = 0.5)
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Figure 5: Accuracy for the crisp rule when using the interval [xj − kσxj , xj + kσxj ]

seems to be a better imputation than the median (2a = 1), because the results are better
or equal in every case for p ≤ 0.3. This is not so clear when using the fuzzy rule. And
when p increases, the results obtained for small values of a (bigger intervals) are not very
good, due to the overfitting.
Likewise, we must say that, in general, the results obtained for the intervals based on the
mean and the deviation are better than those obtained for intervals based on quantiles.
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Figure 6: Accuracy for the fuzzy rule when using the interval [xj − kσxj , xj + kσxj ]

Figure 7: Accuracy for the crisp rule when using the interval [Qa, Q1−a]
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Figure 8: Accuracy for the fuzzy rule when using the interval [Qa, Q1−a]

Figure 9: Accuracy for the two rules when using the inner fences
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Figure 10: Accuracy for the database with its missing values. Up: interval [xj−kσxj , xj +
kσxj ]. Down: interval [Qa, Q1−a]

5.4 Computational experiment for the database with its
missing values

In this experiment, we consider the complete ‘breast-cancer’ dataset (699 instances), in-
cluding the 16 instances with missing values. All the missing values appear in the sixth
variable.
To impute the missing values, we have built an interval following the two strategies ex-
plained for the previous experiments, i.e., the blank is replaced by the interval [xj −
kσxj , xj + kσxj ] or by [Qa, Q1−a], for the same values of k and 2a as those used in the
other experiments.
The classification problem via 10-fold cross validation (see [21]) has been posed and each
optimization problem (20), for different values of C, with C+1 = C−1 = C, has been solved
with LOQO, [40]. The accuracy following the crisp and the fuzzy rule are presented in the
following tables, and the best results for each k and a are shown in bold and are depicted
in Figure 10.
In this case, we can observe that, for the two types of intervals (and the two classification
rules), the best results are obtained for non-degenerate intervals. In the case of imputing
by [xj −kσxj , xj +kσxj ], one observes that we obtain the best results in terms of accuracy
for high values of k. It means that, in this case, it is better to take into account the value
of the standard deviation when imputing the missing value than only using the mean.
Likewise, in the case of imputing by [Qa, Q1−a], we obtain better results for the accuracy
when using intermediate values of 2a than when using 2a = 1 (the case of imputing by the
median). In particular, as happened in the previous experiment, the interquartile range
seems to yield a better imputation than only considering the median.
Then, we conclude that imputing via intervals seems to be a good strategy when dealing
with missing values.
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6 Concluding remarks

In this work, a classification problem based on Support Vector Machines has been de-
scribed, where the elements to be classified are sets with certain geometrical properties. A
fuzzy and a crisp classification rule have been defined in terms of a separating hyperplane
which is found via solving a margin maximization problem.
Our model generalizes the formulation given in [37, 38] for data affected by some kind of
perturbations, which are supposed to be unknown but bounded for a given norm. Likewise,
our problem is applied to the case of interval-valued data, where a convex quadratic
problem is obtained.
Several experiments have been performed. In particular, our model gets to improve the
results published in [13] for the ‘car’ dataset, in a multi-class problem. This tool also
shows that imputation based on intervals (by using the mean and deviation of the data or
by using the interquartile range) obtains good results for the case of having missing data
in a classification problem.
The extension of this model to regression looks like a promising field of application to be
explored. Moreover, the introduction of different kernels in the model is another topic
which deserves further studies.
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