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Abstract. We examine the local convergence of a sequential semidefinite programming ap-
proach for solving nonlinear programs with nonlinear semidefiniteness constraints. Known
convergence results are extended to slightly weaker second order sufficient conditions and the
resulting subproblems are shown to have local convexity properties that imply a weak form of
self-concordance of the barrier subproblems.
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1 Introduction

The papers [6, 8] present sequential semidefinite programming algorithms for solving nonlinear
semidefinite programs. The semidefinite subproblems are solved by standard interior point
packages such as SEDUMI, and numerical examples in [6, 8] show a good overall convergence.
Both papers also present a proof of local quadratic convergence under the assumption of a
certain second order sufficient condition for a local minimizer. Of course, this local analysis is of
practical relevance only if the subproblems are efficiently solvable—for example by polynomial
time interior point algorithms.

The main contributions of the present paper are as follows:

• As pointed out by Shapiro [18], the second order condition used in [6, 8] is unnecessarily
strong. The paper [5] gives an example of a perfectly well-conditioned problem that does
not satisfy this strong second order sufficient condition. In the present paper we change
the analysis of [8] to a weaker second order condition. Unfortunately, the subproblems
to be solved in the sequential semidefinite programming approach are nonconvex, and as
pointed out in [5], local superlinear convergence is lost, when convexifying the subprob-
lems.

• We therefore also include a local analysis of nonconvex semidefinite subproblems as aris-
ing in the sequential semidefinite programming algorithms providing further theoretical
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justification for the implementations in [6, 8]. To our knowledge this is the first exten-
sion of the concept of self-concordance to a class of practically important and “genuinely”
nonconvex problems.

In contrast to our analysis below, the analysis in [6] does not require strict complementarity.
The analysis in this paper is based on a sensitivity result that exploits strict complementarity.
We believe that the sensitivity result also holds in a weaker form – local Lipschitz continuity
in place of differentiability – when the strict complementarity assumption does not hold. Such
a weaker sensitivity result still suffices to establish local quadratic converge of the sequential
semidefinite programming approach.

The numerical solution of nonlinear semidefinite programming problems has also been
successfully approached by augmented Lagrangian methods, see [10, 11]. Fast local convergence
results of such approaches under weak second order conditions have been provided e.g. in
[14, 19].

2 Notation and Preliminaries

By Sm we denote the linear space of m × m real symmetric matrices. The space Rm×n is
equipped with the inner product A•B := trace(AT B) =

∑m
i=1

∑n
j=1 AijBij . The corresponding

so called Forbenius norm is then defined by ‖A‖F =
√

A •A. The negative semidefinite order
� for A,B ∈ Sm is defined in the standard form, that is, A � B iff A − B is a negative
semidefinite matrix. The order relations ≺, � and � are defined similarly. By Sm

+ we denote
the set of positive semidefinite matrices.

The following simple Lemma is used in the sequel.

Lemma 1 (See [8]) Let Y, S ∈ Sm.

(a) If Y, S � 0 then
Y S + SY = 0 ⇐⇒ Y S = 0. (1)

(b) If Y + S � 0 and Y S + SY = 0 then Y, S � 0.

(c) If Y + S � 0 and Y S + SY = 0 then for any Ẏ , Ṡ ∈ Sm,

Y Ṡ + Ẏ S = 0 ⇐⇒ Y Ṡ + Ẏ S + ṠY + SẎ = 0. (2)

Moreover, Y, S have representations of the form

Y = U

[
Y1 0
0 0

]
UT , S = U

[
0 0
0 S2

]
UT ,

where U is an m×m orthogonal matrix , Y1 � 0 is a (m− r)× (m− r) diagonal matrix
and S2 � 0 is a r × r diagonal matrix, and any matrices Ẏ , Ṡ ∈ Sm satisfying (2) are of
the form

Ẏ = U

[
Ẏ1 Ẏ3

Ẏ T
3 0

]
UT , Ṡ = U

[
0 Ṡ3

ṠT
3 Ṡ2

]
UT ,

where
Y1Ṡ3 + Ẏ3S2 = 0. (3)
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Proof: For (a), (c) see [8].
(b) By contradiction we assume that λ is a negative eigenvalue of S and u a corresponding

eigenvector. The equality Y S + SY = 0 implies that

uT Y (Su) + (Su)T Y u = 0,
uT Y (λu) + (λu)T Y u = 0,

λ(uT Y u + uT Y u) = 0,
⇒ uT Y u = 0, since λ < 0.

Now using the fact that Y + S � 0, we have

0 < uT (Y + S)u = uT Y u + uT Su = λuT u = λ ‖ u ‖2< 0

which is a contradiction. Hence, S � 0. The same arguments give us Y � 0. �

Remark 1 Due to (3) and the positive definiteness of the diagonal matrices Y1 and S2, it
follows that (Ẏ3)ij(Ṡ3)ij < 0 whenever (Ẏ3)ij 6= 0. Hence, if in addition to (3) also 〈Ẏ3, Ṡ3〉 = 0
holds true, then Ẏ3 = Ṡ3 = 0.

In the sequel we refer to the set of symmetric and strict complementary matrices

C = {(Y, S) ∈ Sm × Sm | Y S + SY = 0, Y + S � 0} . (4)

As a consequence of Lemma 1 (b), the set C is (not connected) contained in Sm
+×Sm

+ . Moreover,
Lemma 1 (c) implies that the rank of the matrices Y and S is locally constant on C .

3 Nonlinear semidefinite programs

Given a vector b ∈ Rn and a matrix-valued function G : Rn → Sm, we consider problems of
the following form:

minimize
x∈Rn

bT x subject to G(x) � 0. (5)

Here, the function G is at least C3-differentiable.
For simplicity of presentation, we have chosen a simple form of problem (5). All statements

about (5) in this paper can be modified so that they apply to additional nonlinear equality
and inequality constraints and to nonlinear objective functions.

The Lagrangian L : Rn × Sm → R of (5) is defined as follows:

L(x, Y ) := bT x + G(x) • Y. (6)

Its gradient with respect to x is given by

g(x, Y ) := ∇xL(x, Y ) = b +∇x (G(x) • Y ) (7)

and its Hessian by
H(x, Y ) := ∇2

xL(x, Y ) = ∇2
x (G(x) • Y ) . (8)
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3.1 Assumptions

In the following we state second order sufficient conditions due to [17] that are weaker than
the ones used in [6, 8].

A1 We assume that x̄ is a unique local minimizer of (5) that satisfies the Mangasarian-
Fromovitz constraint qualification, i.e., there exists a vector ∆x 6= 0 such that G(x̄) +
DG(x̄)[∆x] ≺ 0, where by definition DG(x)[s] =

∑n
i=1 siDxiG(x).

Assumption A1 implies that the first-order optimality condition is satisfied, i.e., there exist
matrices Ȳ , S̄ ∈ Sm such that

G(x̄) + S̄ = 0,

g(x̄, Ȳ ) = 0,

Ȳ S̄ = 0,

Ȳ , S̄ � 0.

(9)

A triple (x̄, Ȳ , S̄) satisfying (9), will be called a sationary point of (5).
Due to Lemma 1 (a) the third equation in (9) can be substituted by Ȳ S̄ + S̄Ȳ = 0. This

reformulation does not change the set of sationary points, but it reduces the underlying system
of equations (via a symmetrization of Y S) in the variables (x, Y, S), such that it has now the
same number of equations and variables. This is a useful step in order to apply the implicit
function theorem.

A2 We also assume that Ȳ is unique and that S̄, Ȳ are strictly complementary, i.e. (Ȳ , S̄) ∈ C.

According to Lemma 1 (c), there exists a unitary matrix U = [U1, U2] that simultaneously
diagonalizes Ȳ and S̄. Here, U2 has r := rank(S̄) columns and U1 has m−r columns. Moreover
the first m− r diagonal entries of UT S̄U are zero, and the last r diagonal entries of UT Ȳ U are
zero. In particular, we obtain

UT
1 G(x̄)U1 = 0 and UT

2 Ȳ U2 = 0. (10)

A vector h ∈ Rn is called a critical direction at x̄ if bT h = 0 and it is the limit of feasible
directions of (5), i.e. if there exist hk ∈ Rn and εk > 0 with limk→∞ hk = h, limk→∞ εk = 0,
and G(x̄ + εkh

k) � 0 for all k. As shown in [1] the cone of critical directions at a strictly
complementary local solution x̄ is given by

C(x̄) := {h | UT
1 DG(x̄)[h]U1 = 0}. (11)

A3 We further assume that x̄, Ȳ satisfies the second order sufficient condition:

hT (∇2
xL(x̄, Ȳ ) +H(x̄, Ȳ ))h > 0 ∀ h ∈ C(x̄) \ {0} (12)

Here H is a nonnegative matrix related to the curvature of the semidefinite cone in G(x̄)
along direction Ȳ (see [17]) and is given by its matrix entries

Hi,j := −2Ȳ •Gi(x̄)G(x̄)†Gj(x̄),

where Gi(x̄) := DG(x̄)[ei] with ei denoting the i-th unit vector. Furthermore, G(x̄)† denotes
the Moore-Penrose pseudo-inverse of G(x̄), i.e.

G(x̄)† =
∑

λ−1
i uiu

T
i ,

where λi are the nonzero eigenvalues of G(x̄) and ui corresponding orthonormal eigenvectors.
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Remark 2 The Moore-Penrose inverse M † is a continuous function of M , when the pertur-
bations of M do not change its rank, see [3].

The second order sufficient condition can equivalently be stated as follows: There exists a
number µ > 0 such that

hT (∇2
xL(x̄, Ȳ ) +H(x̄, Ȳ ))h > µ ∀ h ∈ C1(x̄) := {h ∈ C(x̄) | ‖h‖ = 1} . (13)

Since the set C1(x̄) is compact the strict positivity of the quadratic form still remains valid
for vectors h in a tiny ρ-enlargement of C1(x̄) (for some smaller value of µ > 0). Taking the
conic hull of the ρ-enlargement of C1(x̄) leads to the following result:

Lemma 2 If the second order sufficient condition is satisfied at a critical point (x̄, Ȳ ), then
there exists some µ > 0 and ρ > 0 such that:

hT (∇2
xL(x̄, Ȳ ) +H(x̄, Ȳ ))h > µ‖h‖2, ∀h ∈ Cρ(x̄),

where
Cρ(x̄) := {λh ∈ Rn | λ ≥ 0, ‖h‖ = 1, ∃y ∈ C1(x̄), ‖y − h‖ ≤ ρ} . (14)

The curvature term can be rewritten as follows:

hTH(x̄, Ȳ )h =
∑
i,j

hihj(−2Ȳ •Gi(x̄)G(x̄)†Gj(x̄)),

= −2Ȳ • (
∑
i,j

hihjGi(x̄)G(x̄)†Gj(x̄)), (15)

= −2Ȳ • (
n∑

i=1

hiGi(x̄)G(x̄)†
n∑

j=1

hjGj(x̄)),

= −2Ȳ •DG(x̄)[h]G(x̄)†DG(x̄)[h].

Note that in the particular case where G is affine (i.e. G(x) = A(x)+C, with a linear map
A and C ∈ Sm), the curvature term is given by

hTH(x̄, Ȳ )h := −2Ȳ • (A(h)(A(x̄) + C)†A(h)). (16)

4 Sensitivity result

Let us now consider the following quadratic semidefinite programming problem

min
x∈Rn

bT x + 1
2xT Hx

s.t.
A(x) + C � 0.

(17)

Here, A : Rn −→Sm is a linear function, b ∈ Rn, and C,H ∈ Sm. The data to this problem is

D := [A, b, C,H]. (18)
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In the next theorem, we present a sensitivity result for the solutions of (17), when the data
D is changed to D +4D where

4D := [4A,4b,4C,4H] (19)

is a sufficiently small perturbation.
The triple (x̄, Ȳ , S̄) ∈ Rn × Sm × Sm is a stationary point for (17), if

A(x̄) + C + S̄ = 0,
b + Hx̄ +A∗(Ȳ ) = 0, (20)

Ȳ S̄ + S̄Ȳ = 0,
Ȳ , S̄ � 0 .

Remark 3 Below, we consider tiny perturbations 4D such that there is an associated strictly
complementary solution (x, Y, S)(4D) of (20). For such x there exists U1 = U1(x) and an
associated cone of critical directions C(x). The basis U1(x) generally is not continuous with
respect to x. However, the above characterization (11) of C(x̄) under strict complementarity
can be stated using any basis of the orthogonal space of G(x̄). Since such basis can be locally
parameterized in a smooth way over the set C (4) it follows that locally, the set C(x) forms a
closed point to set mapping.

The following is a slight generalization of Theorem 1 in [8].

Theorem 1 Let the point (x̄, Ȳ , S̄) be a stationary point satisfying the assumptions A1-A3
for the problem (17) with data D . Then, for all sufficiently small perturbations 4D as in (19),
there exists a locally unique stationary point (x̄(D + 4D), Ȳ (D + 4D), S̄(D + 4D)) of the
perturbed program (17) with data D +4D . Moreover, the point (x̄(D), Ȳ (D), S̄(D)) is a dif-
ferentiable function of the perturbation (19), and for 4D = 0, we have (x̄(D), Ȳ (D), S̄(D)) =
(x̄, Ȳ , S̄). The derivative DD(x̄(D), Ȳ (D), S̄(D)) of (x̄(D), Ȳ (D), S̄(D)) with respect to D
evaluated at (x̄, Ȳ , S̄) is characterized by the directional derivatives

(ẋ, Ẏ , Ṡ) := DD(x̄(D), Ȳ (D), S̄(D))[4D ]

for any 4D . Here (ẋ, Ẏ , Ṡ) is the unique solution of the system of linear equations,

A(ẋ) + Ṡ = −4C −4A(x̄),
Hẋ +A∗(Ẏ ) = −4b−4Hx̄−4A∗(Ȳ ), (21)

Ȳ Ṡ + Ẏ S̄ + ṠȲ + S̄Ẏ = 0,

for the unknowns ẋ ∈ Rn, Ẏ , Ṡ ∈ Sm. Finally, the second-order sufficient condition holds at
(x̄(D), Ȳ (D)) whenever 4D is sufficiently small.

This theorem is related to other sensitivity results for semidefinite programming problems
(see, for instance, [2, 7, 20]). Local Lipschitz properties under strict complementarity can be
found in [12]. In [17] the directional derivative ẋ is given as solution of a quadratic problem.

Proof:
Following the outline in [8] this proof is based on the application of the implicit function

theorem to the system of equations (20). In order to apply this result we show that the matrix
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of partial derivatives of system (20) with respect to the variables (x, Y, S) is regular. To this
end it suffices to prove that the system

A(ẋ) + Ṡ = 0,
Hẋ +A∗(Ẏ ) = 0, (22)

Ȳ Ṡ + Ẏ S̄ + ṠȲ + S̄Ẏ = 0,

only has the trivial solution ẋ = 0, Ẏ = Ṡ = 0.
Let (ẋ, Ẏ , Ṡ) ∈ Rn×Sm×Sm be a solution of (22). Since Ȳ and S̄ are strictly complementary,

it follows from part (c) of Lemma 1, the existence of an orthonormal matrix U such that:

Ȳ = UỸ UT , S̄ = US̃UT (23)

where

Ỹ =
[

Ȳ1 0
0 0

]
, S̃ =

[
0 0
0 S̄2

]
, (24)

with Ȳ1, S̄2 diagonal and positive definite. Furthermore, the matrices Ẏ , Ṡ ∈ Sm satisfying (22)
fulfill the relations

Ẏ = UY̌ UT , Ṡ = UŠUT (25)

where

Y̌ =
[

Ẏ1 Ẏ3

Ẏ T
3 0

]
, Š =

[
0 Ṡ3

ṠT
3 Ṡ2

]
, and Ẏ3S̄2 + Ȳ1Ṡ3 = 0. (26)

Using the decomposition given in (10), the first equation of (22) and (25) we have

UT
1 A(ẋ)UT

1 = −UT
1 UŠUT U1 = 0.

It follows that ẋ ∈ C(x̄). Now using (16), (23-26), the first equation in (20) and the first
equation in (22), we obtain

ẋTH(x̄, Ȳ )ẋ = −2Ȳ • A(ẋ)(A(x̄) + C)†A(ẋ),
= −2Ȳ • Ṡ(−S̄)†Ṡ,

= −2Ỹ • Š(−S̃)†Š, since S̄2 � 0, S̃† =
[

0 0
0 S̄−1

2

]
.

= −2Ẏ3 • Ṡ3.

By the same way, using the first two relations in (25) and the first two equations of (22),
one readily verifies that

ẋT Hẋ = 〈Hẋ, ẋ〉 = −〈A∗(Ẏ ), ẋ〉 = −Ẏ • A(ẋ) = Ẏ • Ṡ = 2Ẏ3 • Ṡ3.

Consequently
ẋT (H +H(x̄, Ȳ ))ẋ = 0. (27)

This implies that ẋ = 0, since ẋ ∈ C(x̄). Using Remark 1 it follows also that Ẏ3 = Ṡ3 = 0.
By the first equation of (22), we obtain

Ṡ = −A(ẋ) = −A(0) = 0. (28)
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Thus, it only remains to show that Ẏ = 0. In view of (26) we have

Y̌ =
[

Ẏ1 0
0 0

]
. (29)

Now suppose that Ẏ1 6= 0. Since Ȳ1 � 0, it is clear that there exists some τ̄ > 0 such that
Ȳ1 + τ Ẏ1 � 0 ∀τ ∈ (0, τ̄ ]. If we define Ȳτ := Ȳ + τ Ẏ it follows that

Ȳτ = U(Ỹ + τ Y̌ )UT � 0 ∧ Ȳτ 6= Ȳ , ∀τ ∈ (0, τ̄ ].

Moreover, using (20),(22), and (28), one readily verifies that (x̄, Ȳτ , S̄) also satisfies (20)
for all τ ∈ (0, τ̄ ]. This contradicts the assumption that (x̄, Ȳ , S̄) is a locally unique stationary
point. Hence Ẏ1 = 0 and by (29), Ẏ = 0.

We can now apply the implicit function theorem to the system

A(x) + C + S = 0,
Hx + b +A∗(Y ) = 0, (30)

Y S + SY = 0.

As we have just seen, the linearization of (30) at the point (x̄, Ȳ , S̄) is nonsingular. There-
fore the system (30) has a differentiable and locally unique solution (x̄(4D), Ȳ (4D), S̄(4D)) .
By the continuity of Ȳ (4D), S̄(4D) with respect to 4D it follows that for ‖ 4D ‖ sufficiently
small Ȳ (4D) + S̄(4D) � 0, i.e. (Ȳ (4D) + S̄(4D)) ∈ C.

Consequently, part (b) of Lemma 1 we have Ȳ (4D), S̄(4D) � 0. This implies that the
locally solutions of the system (30) are actually stationary points.

Note that the dimension of the image space of S̄(4D) is constant for all ‖ 4D ‖ sufficiently
small. According to Remark 2 it holds that S̄(4D)† → S̄† when 4D → 0.

Finally we prove that the second-order sufficient condition is invariant under small pertur-
bations 4D of the problem data D . We just need to show that there exists ε̄ > 0 such that
for all 4D with ‖ 4D ‖≤ ε̄ it holds:

hT ((H +4H) +H(x̄(4D), Ȳ (4D)))h > 0 ∀h ∈ C(x̄(4D))/{0}. (31)

Since C(x̄(4D))/{0} is a cone, it suffices to consider unitary vectors, i.e. ‖ h ‖= 1. We
assume by contradiction that there exists εk → 0, {4Dk} with ‖ 4Dk ‖≤ εk, and {hk} with
hk ∈ C(x̄(4Dk))/{0} such that

hT
k ((H +4Hk) +H(x̄(4D), Ȳ (4Dk)))hk ≤ 0. (32)

We may assume that hk converges to h with ‖ h ‖= 1, when k →∞. Since 4Dk → 0, we
obtain from the already mentioned convergence S̄(4D)† → S̄† and simple continuity arguments
that:

0 < hT Hh + hTH(x̄, Ȳ )h ≤ 0. (33)

The left inequality of this contradiction follows from the second order sufficient condition since
h ∈ C(x̄(0))/{0} due to Remark 3. �

The sensitivity result of Theorem 1 was used in [8] to establish local quadratic convergence
of the SSP method. By extending this result to the weaker form of second order sufficient
condition, the analysis in [8] can be applied in a straightforward way to this more general class of
nonlinear semidefinite programs. In fact, the analysis in [8] only used local Lipschitz continuity
of the solution with respect to small changes of the data. Of course the differentiability
established in Theorem 1 implies local Lipschitz continuity. We believe, however, that local
Lipschitz continuity is also valid if the strict complementarity assumption is not satisfied.
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5 Nonconvex quadratic SDP subproblems

The quadratic approximation to (5) at some primal point x ∈ Rn and at an associated dual
estimate Y ∈ Sm is given by

minimize
s∈Rn

q(s) subject to G(x) + DG(x)[s] � 0, (34)

where q(s) := bT s + 1
2sT Hs and H = ∇2

xL(x, Y ).
In the following we analyze quadratic approximations of the form (34) for (x, Y ) sufficiently

close to (x̄, Ȳ ), where (x̄, Ȳ , S̄) is a fixed stationary point of (5) satisfying the general assump-
tions A1-A3 of Section 3. It can be easily verified, that the same assumtions also hold true
at the solution (0, Ȳ ) of the above problem (34) for the data given by (x̄, Ȳ ). By Theorem 1,
there exists a unique local optimal solution s̄q of (34) with norm ‖s̄q‖ = O(‖(x, Y )− (x̄, Ȳ )‖).
Moreover, the second order sufficient condition (12) also holds for (34) at s̄q with associated
multiplyer Ȳq. i.e. by Lemma 2, there exists ε > 0 such that

−uT Hu ≤ 2(1− ε)Ȳq •DG(x)[u]S̄†qDG(x)[u] ∀ u ∈ Cρ(s̄q), (35)

where Cρ(s̄q) is a ρ-enlargement as in (14) of the critical cone to the problem (34) at the point
s̄q, i.e. C(s̄q); and S̄q = −G(x)−DG(x)[s̄q]. Note that C(s̄q) coincides with C(x) at the data
set given by (x̄, Ȳ ).

5.1 Barrier calculus

We extend the vector s ∈ Rn to s̃ := (s0; s) ∈ Rn+1 and consider a reformulation of (34) in
Rn+1 by adding a slack variable for the objective function,

minimize
s̃∈Rn+1

s0 subject to q(s)− s0 ≤ 0, G(x) + DG(x)[s] � 0. (36)

The first constraint in (36) will be denoted by q̃(s̃) := q(s)− s0 ≤ 0.
For problem (36) we consider the barrier functions

Φ̃(s̃) := Φ(s) := − log(det(−G(x)−DG(x)[s]))

and
Ψ̃(s̃) := − log(−q̃(s̃)) + Φ̃(s̃).

Let s̃ be strictly feasible for (36) and h̃ := (h0;h) ∈ Rn+1 be arbitrary. For small |t| we consider
the “line function”

ls̃,h̃,H(t) := l(t) := Ψ̃(s̃ + th̃). (37)

This function depends on the parameters s̃, h̃ and on the data of (34), in particular, also
on H = ∇2

xL(x, Y ). Subsequently we will also consider the function ls̃,h̃,0, where H of (37) is
replaced with the zero matrix.

The first derivative of l at t = 0 is given by

l′(0) =
−h0 + (b + Hs)T h

−q̃(s̃)
− (G(x) + DG(x)[s])−1 •DG(x)[h],

9



To simplify the notation we write bs := b + Hs in the sequel. Since the x is fixed in (36), let
us also introduce the notations

DG[s] := DG(x)[s] and Ĝ[s] := G(x) + DG(x)[s] (38)

We obtain a slightly more compact formula for the first derivative,

l′(0) =
bT
s h− h0

−q̃(s̃)
− (Ĝ[s])−1 •DG[h],

Likewise, the second and third derivatives are given by

l′′(0) =
(bT

s h− h0)2

q̃(s̃)2
+

hT Hh

−q̃(s̃)
+ ‖(Ĝ[s])−

1
2 DG[h](Ĝ[s])−

1
2 ‖2

F

and

l′′′(0) = 2
(bT

s h− h0)3

−q̃(s̃)3
+ 3

hT Hh

−q̃(s̃)
(bT

s h− h0)
−q̃(s̃)

+ D3Φ̃(s̃)[h̃, h̃, h̃].

The function Ψ̃ is self-concordant [13], iff for any s̃, h̃ as above, the first and the third
derivatives of l at t = 0 can be bounded by suitable fixed multiples of the second derivative,
i.e. if there exist α ≥ 1, β ≥ 1 such that

l′′′(0) ≤ 2α(l′′(0))
3
2 and (l′(0))2 ≤ βl′′(0). (39)

If H is a positive semidefinite matrix, then it is known that Ψ̃ is self-concordant with α = 1
and β = m + 1, see [13], Proposition 5.4.5.

To guarantee quadratic convergence of Newton’s method it is sufficient, in fact, to establish
the first condition for any fixed number α, see e.g. [13], Thm 2.2.3. Likewise, the second
condition can be relaxed with some other constant β < ∞ in place of “m + 1”.

Below we do not show self-concordance but a weaker property that establishes these in-
equalities not for all strictly feasible s̃ but only for s̃ near the central path – i.e. near a solution
of mins̃

s0
µ + Ψ̃(s̃) – and near the optimal solution s̄q.

For a theoretical analysis of an interior point method it suffices to use the self-concordance
conditions for the convergence of Newtons method only in a neighborhood of the central path,
and to bound the distance from optimality only along straight lines connecting the current
iterate with an optimal solution, see e.g. Lemma 2.11 and Section 3.1 in [9]. Thus, the local
self-concordance provides the theoretical basis for a polynomial rate of convergence – provided
a starting point is given that lies close to the central path and to the optimal solution.

The following lemma is a helpful consequence of the self-concordance properties.

Lemma 3 Let δ ∈ (0, 1) be given and let s̃ be a stricly feasible point of problem (36) such that
the condition

−hT Hh

−q̃(s̃)
≤ (1− δ)‖(Ĝ[s])−

1
2 DG[h](Ĝ[s])−

1
2 ‖2

F , (40)

holds for all h ∈ Rn. Then there exist α ≥ 1, β ≥ 1 depending only on δ such that the
self-concordance condition (39) holds true.
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Proof:
Let us fix a point s̃ = (s0, s) satisfying (40) and certain arbitrary h̃ = (h0, h) ∈ Rn+1.

By [13], Proposition 5.4.5, the inequalities (39) are satisfied with α = 1 and β = m + 1
for all feasible points s̃ and all vectors h̃ ∈ Rn+1 when H = 0. If we take the particular
selection š := (s0 + 1

2sT Hs; s) (as strictly feasible point of the problem (36) for H = 0) and
ȟ := (h0−sT Hh;h) ∈ Rn+1 as the direction and apply the self-concordance for the case H = 0,
i.e.

l′′′
š,ȟ,0

(0) ≤ 2(l′′
š,ȟ,0

(0))
3
2 and (l′

š,ȟ,0
(0))2 ≤ (m + 1)l′′

š,ȟ,0
(0), (41)

then we obtain the inequalities(
bT
s h− h0

−q̃(s̃)
− (Ĝ[s])−1 •DG[h]

)2

≤ (m + 1)
(

(bT
s h− h0)2

(q̃(s̃))2
+ ‖(Ĝ[s])−

1
2 •DG[h](Ĝ[s])−

1
2 ‖2

F

)
(42)

and

2
(bT

s h− h0)3

(−q̃(s̃))3
+ D3Φ̃(s̃)[h̃, h̃, h̃] ≤ 2

(
(bT

s h− h0)2

(q̃2(s̃))2
+ ‖(Ĝ[s])−

1
2 •DG[h](Ĝ[s])−

1
2 ‖2

F

) 3
2

. (43)

If we write down the above condition (40) as follows

‖(Ĝ[s])−
1
2 DG[h](Ĝ[s])−

1
2 ‖2

F ≤
1
δ
(
hT Hh

−q̃(s̃)
+ ‖(Ĝ[s])−

1
2 DG[h](Ĝ[s])−

1
2 ‖2

F ), (44)

it can be easily noted that the right-hand sides of (42) and (43) can be bounded by βl′′(0)
and 2α(l′′(0))

3
2 , respectively, for suitable selections of β, α > 0. The second inequality of (39)

follows straightforwardly, since (l′(0))2 coincides with the left-hand side of (42).
Let us also note that l′′′(0) is equal to the left hand side of (43), except from the term

hT Hh
−q̃(s̃)

(bT
s h−h0)
−q̃(s̃) . To obtain the first equation in (39) it suffices to show that∣∣∣∣hT Hh

−q̃(s̃)
(bT

s h− h0)
−q̃(s̃)

∣∣∣∣ ≤ 2α(l′′(0))
3
2 .

This condition is implied by the following inequalities∣∣∣∣hT Hh

−q̃(s̃)

∣∣∣∣ ≤ 2α

(
(bT

s h− h0)2

(q̃(s̃))2
+

hT Hh

−q̃(s̃)
+ ‖(Ĝ[s])−

1
2 DG[h](Ĝ[s])−

1
2 ‖2

F

)
and ∣∣∣∣(bT

s h− h0)
−q̃(s̃)

∣∣∣∣ ≤ 2α

(
(bT

s h− h0)2

(q̃(s̃))2
+

hT Hh

−q̃(s̃)
+ ‖(Ĝ[s])−

1
2 DG[h](Ĝ[s])−

1
2 ‖2

F

)1/2

which are both easily obtained from (44) by selecting again a suitable α > 0. �

5.2 Local self-concordance

The aim of this section is to establish that Ψ̃ satisfies a certain form of self-concordance
conditions when s̃ lies near the central path and near the optimal solution s̄ of (36). Let us
first consider the self-concordance exactly on the central path.
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Theorem 2 Let (x̄, Ȳ , S̄) be a fixed stationary point of (5) satisfying the general assumptions
A1-A3. Consider some fixed (x, Y ) sufficiently close to (x̄, Ȳ ) such that the stationary solution
(s̄q, Ȳq, S̄q) of the corresponding problem (34) also fulfills the general assumptions. Then, the
self-concordance conditions (39) are satisfied on the points of the central path of (36) sufficiently
close to the solution s̄ = (q(s̄q), s̄q).

Proof:
To simplify the notation we do not distinguish between Ȳ and Ȳq; S̄ and S̄q or between

C(s̄q), C(x) and C(x̄). Note that for any point s̃ on the central path and near the optimal
solution s̄ of (36), the first component of ∇Ψ̃(s̃) is −1

−q̃(s̃) and therefore, −q̃(s̃) ≡ µ.
In analogy to the decomposition (10) let the matrix U be given such that

UT
1 (G(x) + DG(x)[s̄q])U1 = 0 and UT

2 Ȳ U2 = 0. (45)

The following equations are a straightforward consequence of this decomposition and will
be used in the sequel:

Let P := U1U
T
1 , then P is a projection, P 2 = P , and P̄ := I − P = U2U

T
2 is a projection

as well satisfying the equations

PS̄ = S̄P = 0 = P̄ Ȳ = Ȳ P̄ , P̄ S̄ = S̄P̄ = S̄, P Ȳ = Ȳ P = Ȳ .

Using these relations the critical cone can be written as

C(x) = {u | PDG[u]P = 0},

where DG[u] = D(x)G[u] according to the notation (38). The second order sufficient condition
(35) is given then by the inequality

−uT Hu ≤ 2(1− ε) trace(Ȳ PDG[u]P̄ S̄†P̄DG[u]P )

for all u ∈ Cρ(x̄).
On the central path we have Y S = µI where S = −G(x) − DG(x)[s], and the matrices

Y, S converge to Ȳ , S̄ for µ → 0,

Y = Ȳ + ∆Y, S = S̄ + ∆S with ‖∆Y ‖, ‖∆S‖ = O(µ).

Using again the notation (38) we denote Ĝ[s] := G(x)+DG(x)[s] = −S. The above equations
imply

(Ĝ[s])−1 = − Ȳ + ∆Y

µ
. (46)

According to Lemma 3, it suffices to show the condition (40). Let V := Rn\Cρ(x) where ρ
is as in Lemma 2. V is a closed cone such that V ∩ C(x) = {0}. We establish (40) separately
for h = u with u ∈ Cρ(x) and h = v with v ∈ V.

For v ∈ V with ‖v‖ = 1, it follows that PDG[v]P 6= 0, and hence

‖PDG[v]P‖2
F ≥ ε̃‖v‖2

for some ε̃ > 0 independent of v. Since V is a cone, the above relation is true for all v ∈ V. As
Ȳ is positive definite on the range space of P , it follows that

‖Ȳ
1
2 PDG[v]PȲ

1
2 ‖2

F ≥ ε‖v‖2
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for some ε > 0 independent of v. From (46) we obtain

‖Ȳ
1
2 DG[v]Ȳ

1
2 ‖2

F ≈ µ2‖(Ĝ[s])−
1
2 DG[v](Ĝ[s])−

1
2 ‖2

F .

In particular,
ε‖v‖2 ≤ 2µ2‖(Ĝ[s])−

1
2 DG[v](Ĝ[s])−

1
2 ‖2

F

for small values of µ > 0. Since −q̃(s̃) = µ on the central path we obtain

−vT Hv

−q̃(s̃)
≤ ‖H‖

µ

2µ2

ε
‖(Ĝ[s])−

1
2 DG[v](Ĝ[s])−

1
2 ‖2

F ≤ (1− δ)‖(Ĝ[s])−
1
2 DG[v](Ĝ[s])−

1
2 ‖2

F

whenever µ < ε(1− δ)/(2‖H‖).
We now turn to u ∈ Cρ(x). For Y near Ȳ the eigenspace of the nonzero eigenvalues of Ȳ

depends continuously on ∆Y , so that UT Y U is approximately a 2 × 2 block diagonal matrix
with blocks conforming the partition in (10), and likewise for UT SU . More precisely, the norm
of the off-diagonal blocks of UT Y U and UT SU is of the order ‖∆Y ‖+ ‖∆S‖.

Denote the diagonal blocks of UT Y U by D1 and D2, and the diagonal blocks of UT SU by
Λ1 and Λ2. By continuity, Λ2 and D1 contain the large elements, and the relation Y S = µI
implies D2 ≈ µΛ−1

2 . From −(Ĝ[s])−1 = Y
µ on the central path we therefore obtain for u ∈ Cρ(x)

that
‖(Ĝ[s])−

1
2 D[u](Ĝ[s])−

1
2 ‖2

F = ‖UT (Ĝ[s])−
1
2 UUT DG[u]UUT (Ĝ[s])−

1
2 U‖2

F

≈ ‖Diag(D1/µ,Λ−1
2 )

1
2 UT DG[u]U Diag(D1/µ,Λ−1

2 )
1
2 ‖2

F .

The matrix UT DG[u]U can also be partitioned into a 2×2 block matrix with blocks conforming
the partition in (45),

UT DG[u]U =
[
DG11 DG12

DGT
12 DG22

]
.

Straightforward reformulations then show

‖(Ĝ[s])−
1
2 DG[u](Ĝ[s])−

1
2 ‖2

F ≥ 2‖(D1/µ)
1
2 DG12Λ

− 1
2

2 ‖2
F

≈ 2
µ

Ȳ •DG[u]S̄†DG[u] ≥ − uT Hu

−q̃(s̃)(1− ε)

where we use (35) and the relation −q̃(s̃) = µ. For sufficiently small µ > 0 (say µ ≤ µ̂) we
may therefore bound

−uT Hu

−q̃(s̃)
< (1− ε

2
)‖(Ĝ[s])−

1
2 DG[u](Ĝ[s])−

1
2 ‖2

F .

Without loss of generality we assume that µ̂ ≤ ε(1 − δ)/(2‖H‖). Defining δ = ε/2 we have
thus established (40) for h = u and h = v separately whenever µ ≤ µ̂. �

Remark 4 Theorem 2 established the self-concordance relations (39) for points s̃ on the central
path for small values of µ > 0. Replacing δ in (40) with δ/2, Relation (40) can still be
maintained for points near the central path, more precisely for all points s̃ + ∆s̃ where s̃ lies
on the central path and

‖(Ĝ[s̃])−
1
2 DG[∆s̃](Ĝ[s̃])−

1
2 ‖F ≤ ε̂ (47)

for some fixed (small) ε̂ ∈ (0, 1).
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Proof: For −q̃(s̃) = µ, relation (40) is established in Theorem 2. The relaxation δ → δ/2
compensates for small relative changes in both sides of (40). We recall that the function Ψ̃
is the sum of the self-concordant function Φ̃ and the logarithmic barrier term − log(−q̃( . )).
Note that the right hand side of (40) is just D2Φ̃(s̃)[h̃, h̃] multiplied by (1 − δ). The second
derivative of Φ̃ satisfies a relative Lipschitz condition ([13], Theorem 2.1.1) where the norm of
the perturbation is given by the left hand side of (47). The relative change of the right hand
side of (40) can thus be bounded (arbitrarily close to 1) when ε̂ ∈ (0, 1) is sufficiently small.
Likewise, within a sufficiently small inner Dikin ellipsoid defined by (47) the relative change of
the left hand side of (40) is bounded as well. �

As a phase-1-problem to find a starting point near the central path the objective function
q̃(s̃) can be replaced with 0, and the condition q̃(0)+Dq̃(0)s̃ ≤ r for some r ≥ 0 can be added.

The analysis of the computation of starting points satisfying the assumptions of Remark
4 based on convex SDP-subproblems is beyond the scope of this paper. Numerical results in
[8, 21] however showed good global convergence of such an approach. The present paper aims
at local properties but does not provide a complete analysis.

6 Discussion

The above analysis established that the nonconvex semidefinite program locally possesses some
form of convexity property that allows for a concept of local self-concordance. It is known [13]
that for any closed convex set (with nonempty interior) there exists a barrier function whose
self-concordance parameter depends only on the dimension of the set. This independence of
any other problem specific parameters makes the concept of self-concordance so strong, and
it contrasts the result established in Section 5.2, where the self-concordance-parameters do
depend on the problem (i.e. on ε ∈ (0, 1]), and not merely on the dimension.

Here, we apply the self-concordance to a “genuinely” nonconvex problem, where the pa-
rameter ε of the second order condition specifies in how far the “nonconvexity” of the problem
is locally dominated by the curvature of the semidefinite cone. For ε = 0, the solution may
no longer be unique; in fact when ε = 0, the set of optimal solutions may be nonconvex,
and therefore any barrier function will not be convex, in particular, not self-concordant, even
locally. The domain of parameters ε which—in principle—permit self-concordant barriers is
an open set (ε > 0), and it is therefore not surprising that the self-concordance-parameters
depend on 1/ε.
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