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Abstract

We consider the problem of clustering a set of items into subsets whose sizes
are bounded from above and below. We formulate the problem as a graph parti-
tioning problem and propose an integer programming model for solving it. This
formulation generalizes several well-known graph partitioning problems from the
literature like the clique partitioning problem, the equi-partition problem and the
k-way equi-partition problem. In this paper and its sequel, we analyze the structure
of the corresponding polytope and prove several results concerning the facial struc-
ture. Our analysis yields important results for the closely related equi-partition
and k-way equi-partition polytopes as well.

1 Introduction

The problem of partitioning a set of items into clusters to achieve an objective (e.g., to
obtain homogeneous clusters and extract valuable information on each of the clusters, to
divide the items into clusters that have minimal interaction in-between, etc.) is encoun-
tered in a wide range of disciplines such as marketing, economics, biology, psychology,
politics, etc. Owing to this wide spectrum of applications, the clustering problem has
been studied extensively in Operations Research.

Three classes of clustering problems can be differentiated in Operations Research
applications. In the first class of problems, the items to be clustered are articulated by
numerical attributes. Generally, the items are represented by vectors in a real space which
correspond to a set of attribute measurements. This class of problems find applications
in many areas like pattern recognition (see [4] for a general treatment) and marketing
(for example, [18]), among others.

In the second class of problems, there are no attributes defined at all and only certain
pairwise relations between the items are provided. For example in some telecommunica-
tions networks, the nodes are clustered on the basis of the communication level between
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pairs of nodes. Generally, the aim in such problems is to cluster the items (routers, users,
customers, etc.) so as to minimize the communication between the clusters (for exam-
ple, see [11], [17]), or minimize total communication cost at all within the whole network
(for example, see [21]). Other application areas of this class of clustering problems are
compiler design, parallel computing and electronic circuit design (for example, see [5],
6], [10]).

In the third class, the data relevant to clustering involve attributes that are defined
categorically. Namely, attributes do not assume numerical values and are evaluated
in categories (for example, see [15]). For example, if the objects under consideration
are people, hair color is an example of an attribute which is best stated categorically
(brown, black, blond, etc.); for consumers, the attitude against a product or brand
can be more meaningfully articulated categorically (positive, negative, neutral); in some
applications, it might be more meaningful to state the size categorically as “large”,
“medium” or “small” rather than some numerical measures. Fortunately, this class of
problems can also be analyzed in the second class of clustering problems above owing to
some qualitative data analysis techniques which convert such type of data into pairwise
relations between the items. An example of such a conversion is given by Grotschel and
Wakabayashi ([7]).

Generally in Operations Research literature, the clustering problems in the second
and third classes above are classified as graph partitioning problems. In this scheme, the
items to be clustered are represented by the nodes of a graph, and pairwise relations
among them are represented by edge weights. The aim is to find the ‘best’ clustering,
which optimizes a certain objective function, of the nodes of the graph into subsets.

In practical clustering applications, the subsets to be obtained might be subject to
various constraints such as restrictions on the number of subsets, restrictions on the sizes
of the subsets, requirement that certain items be or not be in the same subset, etc. In
this paper and its sequel, we confine ourselves to clustering problems with restrictions on
the subset sizes. Namely, the clustering problems that are addressed in this paper and
its companion involve parameters Fy; and Fp, which constrain the sizes of the subsets
to be obtained from above and below, respectively. For instance, in a specific clustering
application, the subsets we obtain might represent voting districts for a certain elective
procedure, or distribution regions belonging to a distribution network. It might not be
possible to support voting districts or distribution regions larger than a pre-specified size
Fy because some resources at disposal (like human resources for the elective procedure, or
vehicles for the distribution network) might not be adequate in quantity or in quality. In
addition, reasons like economies of scale or need for balanced partitions, where the sizes
of the subsets obtained are ‘almost’ equal to each other, might give rise to minimum size
requirements as well on the subsets. For instance, we might want to impose the restriction
that the subsets have size at least F7, in order to make the voting districts large enough
to allow meaningful statistical inferences, or, in order to make the distribution regions
large enough to benefit from economies of scale, or, in order to obtain almost equally
sized subsets that will allow applying similar administrative procedures.

Besides bounds F, and Fp on the subset sizes, we assume as well that the data
relevant to clustering is provided in the form of pairwise relations among the items. This



locates our problem in the second and third class of clustering problems described above.
Following the prevalent practice in the literature, we formulate it as a graph partitioning
problem. The formal definition and an integer programming formulation of the problem
are given in Section 3. But before, in Section 2 we present the notation used throughout
this paper and its sequel.

2 Notation

We represent the set of items to be clustered by the set V = {1,2,...,n}. Consider a
graph G = (V, F) on V. Each edge e € F is also represented by means of its adjacent
nodes u and v: the terms {u, v} and {v,u} are used interchangeably to refer to the edge
e.

A partition, m, is a collection of non-empty subsets Ny, N, ..., N, of V such that
N;NN; =0 for all i # j, and J, N; = V. A size constrained partition (shortly, an
sc-partition) is a partition with Fy, < |N;| < Fy for alli =1,..., k. We associate a char-
acteristic vector w™ € {0, 1}#l with each partition 7, where wy , = Lifu,v € N; for some
i€ {1,2,...,k}, and 0 otherwise. We use the representations 7 and (N, N, ..., Ng),
and its characteristic vector w™ interchangeably to refer to a partition. We use the term
subclique to refer to the subsets (i.e., IV;’s) in the partitions.

Let Q@ C V and S C V. We denote the set of all edges whose both endnodes are in
Q by E(Q), ie., E(Q) = {{u,v} € E: u,v € Q}. The set of edges with one endnode
in @ and the other endnode in S are denoted by F(Q,S5), i.e., E(Q,S) = {{u,v} € E:
u € Q,v € S}. For ease of notation, a set with only one element is represented with
the element itself in mathematical expressions: namely, for instance, () — u stands for
Q — {u}. Adjacent edges of a node u is denoted by d(u), i.e., delta(u) = E(u,V — u).
For any € RIZl let 2(F) =Y,z for F C E.

Throughout, conv(X) and af f(X) denotes the convex hull and the affine hull of a
set X C R!Pl respectively. The equality set M(P) of a polytope P is a maximal set
of linearly independent hyperplanes that contain P. The dimension of P is denoted by
dim(P).

3 Problem definition and formulation

The problem we address in this paper and its companion consists of finding the sc-
partition 7 that optimizes
Z cew? .

VeeE

This is a quite common objective function for most of the graph partitioning problems
in the literature. Some articles interpret the minimization of this objective function
as clustering of the most similar items together when the edge weights c.’s represent
a measure of dissimilarity (like distance) between the items (see [8], [7], [13] and [12]
among others). Some others interpret the maximization of it as division of a network or



a compiler into clusters which have minimal interaction in-between (see [5], [6], [10] and
[11] among others).

This objective function, which is a sum of the weights of a set of edges, allows us
to assume that G = (V| E) is a complete graph. Because, if it is not, we can always
convert it to one by adding the missing edges with weights 0. Solving the problem on
this complete graph would be completely equivalent to solving it on GG. Hence, in the
sequel, we assume that G = (V| F) is a complete graph defined on n nodes.

The integer programming formulation we propose for our problem is as follows:

minimize or maximize Z ColW,
c€E
subject to
Wy + Wy — Wy < 1 Yu,v,t € V : u,v,t different (3.1a)
w(d(u)) > Frp—1 ueV (3.1b)
w(d(u)) < Fy—1 ueV (3.1c)
wy, € {0,1} V{u,v} € E (3.1d)

where the variable w, , takes value 1 if nodes u and v are in the same subclique, and 0
otherwise. Constraints (3.1a), called triangle inequalities, ensure that if any two edges
of a triangle linking three nodes in V' are contained in one subclique (i.e., all three of
the nodes are packed in the same subclique), then the third edge of the triangle is also
contained in that subclique. Constraints (3.1b) and (3.1c) stand for the size restrictions
on the subcliques. It is easy to see that the set of characteristic vectors of sc-partitions
of G coincide exactly with set of feasible solutions of formulation (3.1).

This paper and its sequel are devoted to the analysis of the structure of the polytope

Pl(n, F, Fy) = conv{w™ € RFl : w™ feasible for (3.1) (i.e., 7 is an sc-partition)}.

Obviously, this polytope is uniquely determined by the three parameters n, Fy, and Fy.
Formulation (3.1) and P™(n, Fy, Fyy) generalize the following several graph partition-
ing problems from the literature and their corresponding polytopes.

e For [, =1 and Fy = n (i.e., when (3.1b) and (3.1c) become redundant), this for-
mulation turns into the so-called clique partitioning problem which was introduced
by Grotschel and Wakabayashi ([8],[7]; see also [1], [16]). This problem addresses
the most basic clustering problem where there is no restriction on the number of
subsets or the sizes of the subsets (i.e., for a feasible solution (N, ..., Vi) of the
clique partition problem, 1 < k < mn, and 1 < |N;| < n foralli=1,... k). For
further use, we define

P(n) = conv{w™ € RIE . w™ satisfies (3.1a) and (3.1d) (i.e., 7 is a partition)}.

e When Fy; = n (i.e., when the upper bound on the subclique sizes is removed), we
get the so-called clique partitioning problem with minimum clique size requirement



of Ji and Mitchell [9]. Let the corresponding polytope be denoted as P'(n, Fy),
ie.,

Pl(n, F) = conv{w™ € RIFI . ™ satisfies (3.1a), (3.1b) and (3.1d)}.

e When Fj, =1 (i.e., the lower bound is removed), we end up with the so-called simple
graph partitioning problem of Sgrensen ([20] and [19]). We denote the corresponding
polytope as

PY(n, Fy) = conv{w™ € RFI : ™ satisfies (3.1a), (3.1c) and (3.1d)}.

e The equipartition problem consists of dividing a graph G into two subgraphs with
sizes |%] and [5]. Let P (n) denote the equi-partition polytope, that is, the
n

convex hull of characteristic vectors w™ such that = = (N1, Na), |[Ni| = [5] and

|N>| = [%]. Conforti et al. ([2], [3]) provide a detailed analysis of P¢"(n).

e The k-way equipartition problem (k > 3) consists of dividing a graph G with
(n mod k) = 0 into k equally sized subgraphs. And, similarly, let P*~“%(n, k)
denote the k-way equi-partition polytope, which is the convex hull of w™ such that
m=(Ni,...,Ni) and |N;] = F = ? fori = 1,..., k. For a detailed treatment of
Ph-way(n k), see [13] and [12] by Mitchell.

In this paper and its sequel, we attribute special importance to the equi-partition
polytope P (n) and the k-way equi-partition polytope P*~%%(n, k). Because, in the
sequel paper, we present several results, which are new to the literature, on P¢“(n) and
Pr=way(n, k). In Section 4, we state conditions on n, Fy, and Fy; that make P™(n, Fy, Fyy)
equivalent to P (n) or P*=ww(n, k).

For ease of notation, throughout we shortly use P™ to refer to P"(n, Fy, Fiy) unless
otherwise stated. In the next section, we start with the analysis of P! by proving
feasibility conditions and dimension.

4 Non-emptiness and dimension of Pplu

Not all (n, F, Fyy) triples yield a nonempty P'“. For example, for n = 31, F;, = 8
and Fy; = 10 it is not possible to find an sc-partition, i.e., P*(31,8,10) = (). Lemma
4.1 states the necessary and sufficient condition (n, Fy,, F;) should satisfy for P™ to be
non-empty. We assume in this and the next section that Fp, > 2.

Lemma 4.1. P # 0 if and only if LF%J > [%]
Proof. A partition m = (Ny,..., Ni) is an sc-partition if and only if kFp < n < kFy,
which holds if and only if LFLJ > k> { n ] 0

Fy



Note that, non-emptiness of P is dependent only on the values of n, Fy, and Fy;, and
not on the set V itself. This implicitly implies that non-emptiness of P" is preserved
through permutations of V. One can also infer from the proof of this lemma that an

n

Fy
We now pass on to determining the dimension of P**. When Fy; = F, the problem
reduces to the k-way equipartition problem whose dimension is shown to be (g) —n by
Mitchell [13]. Hence, assume in the rest of this section that Fyy > Fy + 1.
We now give two technical lemmas that will be used in establishing the dimension of
P and in some of the facetness proofs in the following sections.

Lemma 4.2. Let P denote a face of P # (0. Let 7 = (Ni, Na,...,Ni) be an sc-
partition such that w™ € P. Let aw = g (o # 0) be a hyperplane in R() and suppose
Pc{we RG) : aw = ao}. Let {i,j} C Ny and h € Ny. Then o, = oy, provided that
the following are satisfied for i, j and h:
e w™ € P where 7' = (N7, Nj,...,N;), Nt = Ny — {i}, N} = N, U {i}, Nf =
N Vie{3,... k};
e w™ € P where 1 = (N#,N§,...,N;i), Nif = Ny — {j}, Ny = N, U {j}, N} =
N Vie{3,... k};
e w™ € P where w® = (N§,N§,...,N;i), Nf = Ny — {i}U{h}, Nj = N, — {h}U{i},
Nf =N, Vlie{3,....,n};

o w™ € P wheren' = (N7, Nj,...,N;), N = N1 — {j}u{h}, Ny = No—{n}U{j},
Ny =N, VIe{3,...,n}.

Proof. Using the fact that aw™ = oy and aw™ = g, we obtain

i+ ali, Ny — {i,5}) = aip + ali, Ny — {R}). (4.1)

sc-partition has at least [ —‘ and at most LFLLJ subcliques.

From aw™ = o and auw™ = g we have
aij +a(j, v = {i,j}) = ajn + a(j, Na = {h}). (4.2)
Similarly, from aw™ = oy and auw™ = ap we have
a;;+a(i, Ny —{i,5}) +alh, No—{h}) = a;n +alh, Ny —{i,j}) +a(i, Ny — {h}), (4.3)
and from aw™ = o and aw™ = o we have
aij+a(i, N —{i,j}) +alh, No—{h}) = ain+alh, N —{i,j}) + a(j, No— {h}). (4.4)
From equations (4.1) and (4.3) we obtain

a;p+a(h, Ng — {h}) = o + a(h, Ny — {i,7}). (4.5)
From equations (4.2) and (4.4) we obtain

a;p+alh, Ny —{h}) = a; + a(h, Ny — {i,j}). (4.6)
Equations, (4.5) and (4.6) imply a;, = ;. O
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Lemma 4.3. Let aw = «y (o # 0) be a hyperplane in R(), Suppose that P C {w €

RE) © oTw = ap}. If there exists an integer k > 2 such that kF, < n < kFy, then
Qo = an for all €,e” € E.

Proof. The inequalities kF;, < n < kFy imply that there exists an sc-partition 7 =
(N1, ..., Ng) such that |N1| > Fp, and |Ny| < Fy. Since such an sc-partition would be
feasible for all different permutations of V, setting P = P"™ in Lemma 4.2 yields the
result. O

The following two theorems determine the dimension of P". The first one proves the

dimension when LFLLJ = [%W, i.e., when all sc-partitions in P™ have the same number

of subcliques. The second one proves the dimension when L?—LJ > {%-‘, namely, when
the number of subcliques in the sc-partitions can take on several values.

Theorem 4.1. Suppose {FLLJ = {FLU-‘ > 2.

(i) If (n mod F1,) =0 or (n mod Fy) =0, then dim(P") = () — n.

(ii) Suppose Fy — Fr, = 1. If (n mod F) # 0 and (n mod Fy) # 0, then dim(P") =
() -1
(iii) Suppose Fy — Fp, > 2.

(a) If (n mod Fr) =1 or (n mod Fy) = Fy — 1, then dim(P™) = (}) — 1.

(b) If (n mod Fr) > 1 and 0 < (n mod Fy) < Fy — 1, then dim(P™) = (}) (i.e.,
it is full-dimensional).

Proof. All sc-partitions have k = LFLLJ = [%-‘ subcliques. Note that when {F—”LJ =

[%-‘ =1, P™ reduces to a single point, in which case the dimension is equal to 0.

(i) If (n mod Fpr) =0 or (n mod Fy) = 0, then in any sc-partition all subcliques have
size Fy, or Fy, respectively. This means, P™ reduces to the k-way equipartition
polytope whose dimension is equal to (g) —n by [13].

(ii) We have kF;, < n < kFy. By Lemma 4.3, the only hyperplane that contains P™ is

w(E) = (n mod Fy) (];U) + [k — (n mod F)] (ZL)

(iii) (a) When (n mod Fr) = 1, again we have kF, < n < kFy and hence by Lemma
4.3, the only hyperplane that contains P™ is

w(E) = (FLQH) +(k—1)<];L).

A symmetric reasoning can be done when (n mod Fy) = Fy — 1.
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(b) Arguing similarly, we infer that the only hyperplane that contains P™ is in
the form w(E) = C where C' is a constant. But, when (n mod F) > 1 and
0 < (n mod Fy) < Fy — 1, there always exist sc-partitions m; and o with
w™(E) # w™(FE). For example, suppose (n mod Fj) = 2. Consider an sc-
partition m; = (Ny,..., N;) where |Ny| = |Ny| = F, + 1 and |N;| = Fp, for
1t =3,...,k. We now construct another sc-partition 7y by moving one node
from Ny to Ny, ie., m = (Nl,...,Nk) where ]N1| = Fr + 2, |NZ| = Fy, for
i=2,...,k Clearly, w™(E) = w™(F) + 1.

m
Theorem 4.2. Suppose that LF%J > [i—‘ + 1.

(i) Suppose that [%W =1 and LFLLJ =2.

(a) If (n mod Fr) =0, then dim(Pl“) (
(b) If (n mod Fr) # 0, then dim(P™) = (

5) = (n=1).
5) (i.e., it is full-dimensional).
2.

(i) Suppose that {F%J = { -‘ +1 and {Fi-‘ >

(a) If (n mod Fp) =0 and (n mod Fy) =0, then dim(P™) = (5) — (n —1).

(b) If (n mod Fr) # 0 or (n mod Fy) # 0, then dim(P™) = (3) (i.e., it is full-
dimensional).

(111) If L{%J > {F%-‘ + 2, then dim(P™) = (}) (i.e., it is full-dimensional).

Proof. We distinguish two cases:
Case 1: n mod Fp, # 0,
Case 2: n mod Fr, = 0.

Case 1: Since n mod Fj, # 0, we have FJ, L;_LJ <n. And, n < Fy [;—U-‘ implies n <
Fy LFlLJ since LF—"LJ > [;—U-‘ +1. Then, by Lemma 4.3, the only hyperplane that contains

P is w(E) = C for some constant C.

Now, consider an sc-partition 7; with LFLLJ subcliques. Since LF—LJ > {F%W + 1, it

is possible to construct another sc-partition 7y with 7|1 subcliques by distributing

the nodes of the smallest subclique of 7; over the others. It is easy to see that w™ (F) <

w™(E), because while moving nodes from the smallest subclique of 7 to the others, we

are actually increasing the number of edges contained within the subcliques. Then, P™

is full-dimensional. This proves parts (i — b), (it — b) and (iii) of the theorem for Case
1 (Case 1 does not apply to parts (i — a) and (it — a)).

n n

Case 2: On the one hand, since (n mod Fp) = 0, we have {F—LJ = £, which implies

Iy <— — 1> < n. On the other hand, we have

U L
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n

Then, we can apply Lemma 4.3 if n < Fy {FlU—‘ (i.e., if (n mod Fy) # 0) or [E—‘ <z —L
But, we can always create sc-partitions 7, and my like we do in the proof of Case 1, and
existence of two such sc-partitions contradicts Lemma 4.3. This proves parts (ii —b) and
(i) of the theorem for this case. Now remains parts (i — a) and (it — a). (Case 2 does
not apply to part (i — b)).

Part (i — a): We have, P = conv(A; U{w™}) where

Ay = {w € {0,1}/F! : w satisfies (3.1a) and w(d(u)) = Fp, — 1 Yu € V'}

and 7 is the sc-partition with only one subclique, i.e., w7 =1 for all e € E. The convex
hull of Ay, conv(A;), is the polytope of a k-way equipartition problem whose dimension

is shown to be (g) —n by Mitchell [13]. Tt is easy to verify that

aff(A) = {weRE :w(i(u)=F,—1Vue VL

Clearly, w™ ¢ af (A1) and so, dimension of P™ is equal to () — (n — 1).
Part (ii — a): We have P = conv(A; U Ay) where

Ay = {w € {0,1}/F] : w satisfies (3.1a) and w(d(u)) = Ff, — 1 Yu € V},
and
Ay = {w € {0,1}/F . w satisfies (3.1a) and w(6(u)) = Fy — 1 Vu € V1.

Both of A; and A, are the feasible sets of k-way equipartition problems. It is easy to
verify that

aff(A) = {w e RE : w(d(u) =F,—1VueV}
and

aff(Ay) = {w e R . w(d(u)) = Fy —1Vu € V}.
We know that both of af f(A;) and af f(As) have dimension d = (}) —n. The fact that
they are parallel affine sets directly implies that dim(P™) = (3) — (n — 1). O

Now, we can state the conditions that make P™ equivalent to P¢¥(n) or P*~*%(n, k).

Peavi(n) when n is odd, dim(P) = (3) — 1 and | & | = [2] =2
P = Peavi(n) when n is even, dim(P™) = (}) — n and LFLLJ = IVFLU—‘ =2;

Prway(n, k), when dim(P™) = () — n.
We summarize the results of Theorems 4.1 and 4.2 in Tables 1 and 2, respectively.
While Table 1 includes all the results related with Theorem 4.1, Table 2 only displays
results corresponding to parts (i — a), (i — b), (it — a) and (it — b) of Theorem 4.2 (i.e.,

the parts corresponding to the case {FLLJ = {FLUW +1).



H (nmod Fr,) =0 ‘ (nmod Fr) =1 ‘ 1 < (n mod Fp) H

(n mod Fyy) =0 (TQL) —n (g) —n
(n mod Fy)=Fy —1 (’2‘) —-n (n) 1 (Z) —1
0 < (nmod Fy) < Fy — 1 : (5) —1lor (5

Fr Fu
(n mod Fy) < Fy —1and 1 < (n mod Fp), dimension depends on the value of Fy — F:
if £y — Fy, > 2, P is full-dimensional; and if Fj; — F}, = 1, it has dimension (g) — 1

Table 1: Dimension of P™ when {lJ = [l—‘ (Theorem 4.1). Whenever 0 <

(nmod Fr,) =0 | (nmod Fp) #0

(5) —(n—-1) (5) When [%W -1

(n mod Fy) =0 (5) = (n—1)

(Z) When [;—Ui‘ > 2

(n mod Fy) #0 (%)

Table 2: Dimension of P™ when {FELJ = [%W + 1 (parts (i —a), (i —b), (1i — a) and

(7i—0b) of Theorem 4.2). Note that, whenever L;_LJ > L‘ZL_U—‘ +2, P is full-dimensional no

matter what the values of (n mod Fp), (n mod Fyy) and | z-| are (part (¢i7) of Theorem
4.2).

5 More on P

In this section, we deepen the analysis of the polytope P". First, we give a characteri-
zation of the full-dimensional P™’s. Secondly, we give expressions for the equality sets
of P M(P™).

Note that, when {F—Z-‘ =1, w™ =1 € P™ (i.e., not partitioning the set V and packing
all items in one subclique is feasible). From this point on, we avoid this trivial solution
and assume that n > Fy.

5.1 Characterization of Full-dimensional P

In this section, we establish four categories that full-dimensional P"’s fall into. This
characterization is going to be very helpful in proving the conditions that make several
classes of valid inequalities facet-defining in Section 6. We need the following definitions
to be able to prove this result.

Definition 5.1. Whenever Fyy — Fr, = 1, an sc-partition 7 = (N1, No, ..., Ny) (k > 4)
is called 1-loose if |{i : |N;| = Fp}| > 2 and |{i : |N;| = Fy}| > 2.

Definition 5.2. Whenever Fyy, — F, > 2, an sc-partition m = (N1, No, ..., N) is called
2-loose if it has at least two subcliques, say N; and N;, such that Fr, < |N;| < Fy and

10



Fr < |N]‘ < Fy.

Definition 5.3. Whenever an sc-partition is 1-loose or 2-loose, it is called a loose sc-
partition.

We now present a proposition that characterizes P™’s with loose sc-partitions.

Proposition 5.1. The polytope P contains loose partitions if and only if there exists
an integer k for which kFp +1 <n < kFy — 1.

We omit the proof because it is straightforward. Propositions 5.2 and 5.3 show that
existence of 1-loose or 2-loose sc-partitions in P™ implies that P™ is full-dimensional.

Proposition 5.2. Suppose that Fyy — F, = 1 and P™ has a feasible 1-loose sc-partition.
Then, P is full dimensional only if LFLLJ > [ & -‘

Fu
Proof. From Theorem 4.1, we know that P™ is not full-dimensional if {FLLJ = L‘ZL_U—‘ . So,

suppose {F%J > {FLU-‘ . Existence of a feasible 1-loose sc-partition in P™ implies that we

can employ Lemma 4.3. Consider an arbitrary sc-partition 7; with {F%J subcliques. We

can always find another sc-partition 7y with {FLLJ — 1 subcliques since

(la)) = enfz]n (l2])
But, then w™ (E) < w™(E). O

Proposition 5.3. Suppose that Fyy — Fr, > 2. If P! has a feasible 2-loose sc-partition,
then it is full dimensional.

Proof. Let m = (Nyi, No,..., Ni) be a feasible 2-loose sc-partition in P™. Then P™
satisfies the conditions of Lemma 4.3. Without loss of generality, assume that Fj <
|N1| < |N2| < Fy. Now, we can create another sc-partition mo by shifting a node from
N; to Ny. But, we contradict Lemma 4.3 since w™ (E) < w™(E). O

The converse of these propositions does not hold; for example, when |V'| = 49, F, =8
and Fy = 10, the sc-partitions have either 5 or 6 subcliques. The ones with 5 subcliques
have 4 subcliques with size 10 and one subclique with size 9; the ones with 6 subcliques
have 5 subcliques with size 8 and one subclique with size 9 (i.e., no feasible 2-loose sc-
partitions). But, from part (i — b) of Theorem 4.2, the polytope corresponding to this
instance is full-dimensional.

The following two theorems, one written for the case Fyy — F, > 2 and the other for
the case Fyy — Fr, = 1, describe the categories that full-dimensional P™’s fall into.

Theorem 5.1. Suppose that Fyy — Fr, > 2 and P™ is full-dimensional. Then, it complies
with exactly one of the following:
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(FD-1) It has feasible 2-loose sc-partitions,

(FD-3) (n mod Fr) =1, (n mod Fy) = Fy — 1 and {%J _ ;_U-‘ Y
(FD-4) (n mod F1) =0, (n mod Fyy) = Fy — 1 and {F_nLJ _ L;@_U-‘ 1
Proof. First, let k = LFLLJ = [FiU—‘ According to part (i7i — b) of Theorem 4.1, we must

have Fiy — Fr, > 2 and kFy — 2 > n > kFp, + 2. Then, by Proposition 5.1, P contains
2-loose sc-partitions (i.e., (FD-1)).

Now, suppose LFLLJ > [%—‘ We distinguish three cases: (n mod Fp) > 1, (n mod F}) =
1 and (n mod Fj) = 0.
Case 1 (n mod Fy) > 1: In this case, obviously we have F7, LF%J + 2 < n. On the other

hand, we have

nsho |2l <ho (| 2] 1) = | 2] - o< m | 2] -2

which by Proposition 5.1 implies that P" contains 2-loose sc-partitions (i.e., (FD-1)).
Case 2 (n mod Fr) = 1: We have

L

Adding 0 > 1 — F7, to this equation yields

I

—‘ + 1. We have

We also have, n < Fyy {FiU-‘

e First, consider \\FiLJ > [

7
n n n
Fo|l—|<||=|-1)Fp—Fy<||=|—-1|Fy—2
| = (7] ) p-n=(lw] 1) -
which proves then that P contains 2-loose sc-partitions by Proposition 5.1.

e Secondly, consider {F%J = {FLU—‘ + 1. If

s [3]--n((] )

then P! contains 2-loose sc-partitions. On the other hand, if n = Fy {FlU—‘ — 1,

Pl complies with (FD-3); and, if n = Fy L‘P_U—" Pl complies with (FD-2).

12



Case 8 (n mod Fr) = 0: First, note that we must have LP—U—‘ > 2, because otherwise,

Pl is not full-dimensional by part (i — a) of Theorem 4.2. From (n mod Fy) = 0, we
infer Fr (7 —1)+2<n.

e Consider first {FLLJ > {FLUW + 1. From n < Fy {FLU—" we have

ngFU(_FﬂLJ —1>—FU<FUQF%J —1>—FU,

which proves existence of 2-loose sc-partitions in P™.

e Now, consider {F%J = _FLU—‘ +1. If n < Fy (LF%J - 1) — 2, P has loose sc-

partitions; if, n = Fy (L;_LJ — 1) — 1, P™ complies with (FD-4). Note that, P™

is not full-dimensional when n = Fy (LFLLJ - 1) (i.e., (n mod Fy) = 0) by part
(12 — a) of Theorem 4.2.

]

Theorem 5.2. Suppose Fyy — Fr, = 1 and P™ is full-dimensional. Then it complies with
exactly one of (FD-2), (FD-3), (FD-4), and,

(FD-5): it has feasible 1-loose sc-partitions and {FELJ > IVFLU—‘

We skip the proof because it is very similar to that of Theorem 5.1.

In the rest of this paper and in its sequel, when we say that P complies with (FD-1)
we implicitly assume that Fy; — F, > 2. Similarly, when we say that P™ complies with
(FD-5), we implicitly assume that Fy; — Fp = 1.

Remark: In Theorems 5.1 and 5.2, we can still show full-dimensionality for (FD-1),

-2), -3) an -5) when | £ | = 1. On the other hand, -4) implies
FD FD d (FD h p% On th her hand, (FD 1

full-dimensionality only if {F%-‘ > 2.

5.2 Equality Sets of P

In this section we express the equality sets of P when it is not full-dimensional. These
characterizations are going to be helpful in proving the conditions under which several
valid inequalities are facet defining in Section 6.

When dim(P™) = (3) — 1, the equality set of P™ consists of a single hyperplane
w(E) = C where C is an appropriate constant. When dim(P™) = (;‘) — n the equality
set consists of the hyperplanes

w(d(u)) =F YueV,

where F' € {Fp, Fy}. These equality sets can trivially be inferred from the proofs of
Theorems 4.1 and 4.2. However, when dim(P™) = () — (n — 1), the equality set is not
trivial, and is shown in the following proposition.
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Proposition 5.4. Suppose dim(P™) = (g) — (n —1). Then, the equality set of P™
consists of n — 1 linearly independent hyperplanes in the form Z (A +Xj)w;; =0
(i,4)€E
where \; € R fori eV andZ)\i =0.
=%

Proof. 1f dim(P™) = () — (n — 1), then feasible solutions in P™ lie in either of the

following parallel affine spaces (by the proof of Theorem 4.2):

Ay ={we R(Z)W((S(U)) =F,—1 YueV};
A5 = {w e RO w((w) = Fy —1 VueV}

We now assign a coefficient A, (u € V') to each of the hyperplanes defining A; and take
linear combinations of these hyperplanes to obtain

D daw(B(w) = A(FL — 1) (5.1)

ueV ueV

Now, we search for X’s for which A, is contained in the affine space defined by (5.1). All
points in A, satisfy w(d(u)) = Fyy — 1 for all w € V. Inserting this into (5.1) yields

> MFy—1) = A(F - 1).

ueV ueV

This equality implies Z A = 0. O

ueV

6 Trivial Facets for P

Having set the grounds, we now pass on to the facetness proofs. In the sequel, we assume
that F7, > 3. Recall that, we also assume n > Fy; (i.e. sc-partitions in P™ have at least
two subcliques). We start with several technical lemmas.

Lemma 6.1. Suppose that Fyy — Fy, > 2. Suppose also that g"w < h is a valid inequality
for P, Let P = {w € P™|gTw = h}. Suppose further that there exists k € Z, such that
kFp+1<n<kFy—1 (ie., there exist 2-loose sc-partitions in P™). Pick such a 2-loose
sc-partition m = (N1, No, ..., Ni) such that w™ € P, i € Ny, j € Ny, F, < |Ny| < Fy
and Fr, < |Ny| < Fy fori,j € V. Then g;; = 0 if the following hold:

o w™ € P where " = (N},...,N}), Ny = (N; —i)Uj, Ny = (Ny — j) Ui and
Nf =N foralll € {3,...,k}.

. w%EPwhere%\:(Nl,...,Nk), ]vlle—i, No=NyUi andﬁl:leorall
le{s,....k}.

o w™ € P where @ = (Nl,...,Nk), Ni = NyUj, Ny = Ny — j, N, = N, for all
le{s,....k}.
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Proof. From the equalities g"w™ = h and ¢"w™ = h, we obtain
g(i, Ny — i) + g(j, N2 — j) = g(i, No — j) + g(j, N1 — ). (6.1)
From the equalities ¢"w™ = h and ¢"w™ = h, we obtain

9(i, Ny — i) = g(i, Na = j) + gi - (6.2)

From the equalities g”w™ = h and ¢g7w”™ = h, we get

90 Na = j) = g0, N1 — 1) + gij- (6.3)
Now summing the equalities (6.2) and (6.3) and comparing the sum with (6.1), we get

Lemma 6.2. Suppose that g'w < h is a valid inequality for P*. Let P = {w €
P gTw = h}. Suppose P C {w € P gTw = h}. Let u, v and z be three nodes in V.

o Let m = (Ny, No,...,Ni) be an sc-partition such that {u,v} C Ny, x € Ny and
|N1| = |N2| +1;

o let ™ = (Nl,...,Nk) where Ny = (Ny —v) Uz, Ny, = (Ny —z) U, N, = N, for
le{3,....k};

o let ™ = (Ny,...,N{) where Nf = (Ny — z) U{u,v}, Ny = (N; — {u,v}) Uz
Nf =N, forle{3,...,k};

o let 7 = (Ny,...,Ny) where Ny = (Nf —v) Uz, Ny = (Nj —x) U, N = N, for
[=1{3,...,k}.

If {w™, W™, w™ ,w™} C P then gy, = Gua-
Proof. Comparing the equalities, g?w™ = h and g7w™ = h, we obtain
gu,v + g(vv Nl - {U,U}) + g(:L“, N2 - l‘) = gu,a: + g(xa Nl - {U,U}) + g(U, N2 - fL‘),

which is equivalent to gy, — gux = A where A = [g(z, N1 — {u, v}) — g(z, N> — 2)] —
[g(v, Ny — {u,v}) — g(v, Ny — z)]. Comparing the equalities gTw™ = h and g7w™ = h,
we obtain

Gu,w —i_g(vwl\/vik - {u,v}) —f-g(l‘,N; - l’) = Guz +g($a Nl* - {u,v}) +g(U’N2* - :L‘),

which is equivalent to gy, — gu. = B where B = [g(z, Ny — {u,v}) — g(z, Ny — x)] —
lg(v, N —{u,v}) — g(v, Ny — x)]. Since Nf —{u,v} = Ny—z and Ny —z = N; — {u, v},
we have A = —B. Hence, g,» = u- O

Lemma 6.3. Suppose that g'w < h is a valid inequality for P*. Let P = {w €
P gTw = h}. Let u, v, x and y be four nodes in V.

o Let m = (Ny, Ny, ..., Ni) be an sc-partition such that {u,z} € Ny, {v,y} € Na;
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o let T = (Nl,...,Nk) where Ny = (Ny —u) U, N, = (Ny —v) U, N, = N, for

le{3,....k};
o let m = (Ny,...,N) where Nf = (N, —z)Uy, Ny = (No—y) Uz, N =N for
le{3,....k};

o let 7 = (Ny,...,Ny) where Ny = (Nf —u) Uv, Ny = (N} —v) U, N} = N, for
I1=1{3,... ,k}.
If {w™, w™, w™ ,w'} C P then Guz + Gy = Guy + Goz-
Proof. Comparing the equalities, g’ w™ = h and g7w™ = h we obtain

gu,x+g(ua Nl_{ua x})+gv,y+g(va N2_{U> y}) = gu,y+g<u> N2_{Ua y})+gv,x+g(vv Nl_{u7 ZL‘}),
which is equivalent to (Guz + Gvy) — (Guy + Goz) = A where

A =1[g(u, Ny = {v,y}) = g(u, Ny = {u, 2})] = [g(v, N2 = {v,y}) = g(v, Ny — {u, 2})].

Comparing the equalities g”w™ = h and ¢g"w™ = h, we obtain

gu,y+g(u7 Nl*_{uv y})+gv,x+g(vv N;_{Uv I}) = gu,a:'l'g(ua NQ*_{Ua x})+gv,y+g(v, Nl*_{u7 y})v
which is equivalent to (guz + Gvy) — (Guy + Gve) = B where

B = [g(u7N1* - {U,y}) - g(u, NQ* - {U,l’})] - [g<U7Nik - {U,y}) - g<U7N2* - {U,SL’})] :
Since Nf —{u,y} = Ny —{u,z} and Ny —{v,z} = Ny —{v,y}, we have A = —B. Hence,
gux+gvy:guy+gvx- L]

Lemma 6.4. Suppose that gtw < h is a valid inequality Jor Pl LetpeV and Q C V.

Suppose that g(p,Ql) +a = g(p, QQ) for any disjoint Ql,QQ C Q with |Q1| = o1,
|Q2| = oy where o € R, 01,090 € Z, 01 > 0 and g3 > 0. Then, gpq = Gpg for any

q1,q2 € Q.

Proof. Pick arbitrarily Q1 and Q. with sizes o; and o, respectively. Pick arbitrarily
¢ € @1 and g2 € R where

R:{Q% lfQQ#Qa

Q - Qla if QQ =
Consider the sets Q’{ = (Ql —q1) U q, R* = (R — q) Uq. Comparing g(p, Ql) +a=
9(p, Q=) and g(p, Q) + a = g(p, @3) yields the result. O

Note that, when Q, = 0, it is crucial to have in this lemma that Q; C Q.

In the sequel, we prove the conditions under which several classes of valid inequalities
become facet defining for P!, Each class is investigated in a separate section. Commonly,
for each of the valid inequalities, we assume that the face defined by the valid inequality
under consideration, say a’w < b, is contained in the face defined by some valid inequality
g"w < h. In our proofs, with reference to Theorem 3.6 in Section 1.4.3 of [14], we basically
show that ¢g”w = h is equal to a linear combination of a”w = b and the hyperplanes in

M(P™).
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6.1 The Non-Negativity Constraints

In this section, we provide the conditions that make the non-negativity constraints facet
defining. We denote the face corresponding to a non-negativity constraint w, > 0 by P,
ie, P, ={w € P":w, =0}. We assume that there exists a valid inequality g7w < h
such that

P, C{w € P"|g"w = h}.

In Theorems 6.1, 6.2, 6.4 and 6.3, we show that g"w = h can be written as a linear
combination of w, = 0 and the equalities in M (P™), if any.
Before moving on to these theorems, we present the following useful proposition.

Proposition 6.1. If {F%J = 2, the non-negativity constraints w. > 0 are not facet
defining for P™.

Proof. Recall that we assume n > Fy (i.e., [%-‘ > 2). So, when {F%J = 2, we can

conclude that all sc-partitions have 2 subcliques. Then, for each edge e = {u, v} we have
P. C {w e plv . Wy + Wy — Wy =1 YV €V — {u,v}}.
m

Theorem 6.1. Suppose P™ is full-dimensional. Then w., > 0 is facet-defining for P!
if and only if one of the following hold:

e n>3F,+1, or
0n:3FL§2FU—2

Proof. Let e = {u,v} for u,v € V. We present the proof separately for (FD-1)-(FD-5).
Note that, by Proposition 6.1 we have n > 3F7.

(FD-1) : Note that, in this case we assume Fyy — F, > 2. We analyze two cases separately:

(a) P™ has 2-loose sc-partitions with at least 3 sub-cliques: Note that, in this
case, n is at least 3F, + 2. Pick an arbitrary edge {i,j} € F — {u,v}. Pick
a 2-loose sc-partition ™ = (Ny, Na, ..., Ny) with at least three subcliques and
where u € Ny, i € Ny, j € Ny, v € N3 (i is not necessarily different from u),
Fr, < |Ny| < Fy, F, < |Ns| < Fy. By Lemma 6.1 and symmetry, we conclude
that g; ; = 0 for any {7, j} € E— {u,v}. Thus, w,, > 0 defines a facet of P™.

(b) All 2-loose sc-partitions in P™ have at most 2 sub-cliques: Pick two arbitrary
nodes x,y € V — {u,v}. Pick a 2-loose sc-partition, say 7! = (N}, NJ) such
that {u,z} C N{ and {v,y} C N;. By Lemma 6.1, g,, = 0. By arbitrariness
of x and y, g. = 0 for all e € E(V — {u,v}).

Pick another sc-partition, say 72 = (N? NZ,...,N2) (k > 3), such that
u € NE, {v,z} C Nj and y € N3. Switching x and y in 7', we get gy = oy
for all x,y € V — {u,v}, which can be rewritten as ¢,, = o € R for all
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(FD-2)

(FD-3)
(FD-4) :

z € V—{u,v}. Similarly, we can also infer g, , = 8 € Rfor all z € V —{u, v}.
Now, in 7!, shifting z from N{ to Nj shows that o = 3.

Since {w”l,w”2} C P., comparing gTw7r1 = h and gTw”2 = h yields a = 3 =
0, due to the fact that w™ ({u, v}, V—{u,v}) < w™ ({u,v},V—{u,v}) = n—2.
Note that, this proof for (FD-1) is applicable even if 3F, < n < 3F +1 and

: Proposition 6.1 and (FD-2) imply that n > 3F}, + 1.
Pick two arbitrary nodes x,y € V—{u,v}. Pick an sc-partition 7 = (N1, N, ..., N)

with k = LF%J >3, {v,2} C Ny, y € Ny, u € N3, [Ny| = F, + 1 and |N;| = F, for
t = 2,...,k. Using Lemma 6.2, we infer ¢g,, = ¢,,. By symmetry, we infer this

result for u as well and generalize this result as g. = « for all e € E — {u, v}.
Now, consider sc-partitions 7' = (N{,..., N} ) with k; = \\FLLJ’ u € N}, ve Ny

and, 72 = (Nf,...,N,fQ) with ky = L%J =k —1,u e N}, v € N2. Clearly,

{w™ , w™} c P.. Comparing ¢7w™ = h and gTw™ = h, we infer that o = 0.
: The proof for this case is the same as the proof of case (FD — 2).

Pick three nodes z,y,z € V — {u,v} arbitrarily. Pick an sc-partition 7 =
(N1, Na, ..., Ny) with k& > 2 such that {v,z} C Ny, {u,z,y} C Ny, |N1| = Fyy — 1,
|N;| = Fy for all ¢ = 2,... k. Applying Lemma 6.2, we obtain g,, = g, ., which

by arbitrariness of z, y and z implies g. = (8 for all e € E(V — {u, v}) where 5 € R.

Now, shifting x from N, to N in ™ we get g, = gv». Since x is an arbitrary node,

we infer g, , = gur = @, € Rfor all x € V—{u,v}. Now, pick another sc-partition

™ = (Ny,..., Ny ) with [Nf| = Fp fori=1,...,k+1, v € Nf, {z,v} C N; and

y € N3. Now, switching x and y in 7*, we get o, = o, which implies o, = o, = «

for all z,y € V — {u, v}.

e Now, assume that LFLLJ > 4 (i.e,, n > 4Fr). Pick an sc-partition 7 =
(]\71,]\72,...,]\7k) where k& > 3, ]]\71\ = Fy —1 and \Nl\ = Fy fori=2,...,k.
Suppose u € Ny, {z,y} C N, and v € Nj. Shifting y from N, to N; we get
B(Fy —1) = B(Fy — 2) + a which implies « = 3. Hence, we infer that, if a =
B # 0, P. is contained in an hyperplane g, ,wy ,+aw(E —{u,v}) = h for some
constants h € R and g,, € R. But, this contradicts the fact that {7*,7} C P.
do not both lie on this hyperplane since w™ (E — {u,v}) < w™(E — {u,v}).
Then, a = 3 = 0.

e Finally, assume that {F%J — 3 (e, n = 3F;, = 2Fy — 1). In this case, P, is

contained in the hyperplane
Guottn + aw(E({u, v}V — {u,0}) + Bw(E(V — {uv}) =h  (64)

for some constants g,, € R and h € R. Now, consider two sc-partitions
7! = (N}, N}, N}) and 72 = (N?, N2) implied by (FD-4), where |N}| = F},
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fori=1,2,3, |N?| = Fy — 1, |N3| = Fy, w € N\ N N?, v € Ny N N2. For !,
the hyperplane equation (6.4) turns into

e o) ()] o

and, for 72 it becomes

(2Fy — 3)a + KFUQ_ 1) + (FUQ_ 2)] 3=h.

P, is contained in the hyperplane represented by the equation (6.4) obtained

by setting
Fr—1 Fr, Fy—1 Fy—2
- 2 - —
() (G) () ()
3

-y <§FL - 2) — (Fy —2)",

and 3 = 2(Fy — Fr) — 1. Hence, when P complies with (FD-4) and n =
3F, = 2Fy—1, w,, > 01is not facet defining. Indeed, whenn = 3F, = 2Fy—1
it is possible to show that

awy,, + aw(E({u, v}, V —A{u,v})) + pw(EWV — {u,v})) >

(Fp, —1) (gFL — 2) (2Fy —3) — 2(Fp —1)(Fy —2)?

is facet defining if § — o > 0; and,
awy,, + aw(E({u, v}, V —{u,v})) + pw(E(V — {u,v})) <

3
(Fp, —1) (§FL - 2) (2Fy —3) — 2(Fp — 1)(Fy —2)?
is facet defining if § — a < 0.

(FD-5) : Note that, in this case we assume Fy; — Fy, = 1. The proof for this case is very
similar to the proof of case (FD-2).

]

Theorem 6.2. Suppose that dim(P™) = (g) — 1. Then, the nonnegativity constraints
we > 0 are facet defining for P if and only if n > 3F;, + 1.

Proof. By Proposition 6.1, we consider n > 3Fy. But, when n = 3F;, dim(P™) is never
equal to (g) — 1. Hence, we have n > 3F; + 1. We give the proof for only the case
(n mod Fr) = 1. The proof for (n mod Fy) = Fy — 1 is very similar.

Let e = {u,v} for u,v € V. Pick two arbitrary nodes z,y € V — {u,v}. Using
dim(P")= (Z) — 1, we can set g,, = 0. Now, pick an sc-partition 7 = (N7, Ny, ..., Ny)
such that |Ny| = F, + 1, |N;| = F for i = 2,...,k, {z,v} C Ny, y € Ny and u € Nj.
Using Lemma 6.2 we obtain ¢,, = ¢,. By symmetry, we can also infer g,, = g,
which generalizes into g. = 0 for all e € £ — {u, v} for we have already set g,, =0. O
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Theorem 6.3. Suppose dim(P™) = (3) — (n — 1). Then the non-negativity constraints

we > 0 are facet-defining for P if and only if n > 3Fy.

Proof. When dim(P™) = (3) — (n — 1), we have n > 3F;, by Theorem 4.2 and the
assumption that n > Fy.

Let e = {u,v} and without loss of generality, assume u = n, v =n — 1. Let k =
7 = 7 — 1.We know from Proposition 5.4 that M (P™) consists of linearly independent
hyperplanes in the form 2, jcp(Aw + Ag)wy, = 0 where A€ R" and >° Ay = 0.
We choose n — 1 such hyperplanes H,, Hy,..., H, 1 which are determined by the A’s

displayed in the rows of the following matrix:

A1 Ao A3 R A1 An
H, — 1 -1 0 - 0 0
Hy — 0 1 -1 e 0 0
Hy — 0 0 1 0 0
Hy @ — 0 0 0o ... 1 1
One can verify that Hy, Ho, ..., H,_ 1 are linearly independent. Now, consider the set of

edges S = {{1,n},{2,n},...,{n —2,n}, {1,n — 1}}. The following matrix displays the
coefficients of the edges belonging to S in the equations representing Hy to H,_1:

{L,n} {2,n} {3, n} {4, n} .. {n—=2,n} {1,n—-1}

H — 1 -1 0 1]
Hy, — 0 1 —1 0 0 0
H; — 0 0 1 —1 0 0
Hy — 0 0 0 1 0 0
H,_3 — 0 0 0 0 -1 0
H, o — 0 0 0 0 1 -1

Hyy— | -1 -1 -1 -1 -1 1]

This matrix is non-singular. Hence, we can set g. = 0 for all e € S (again, by Theorem 3.6
in Section I.4.3 of [14]). Now, pick four arbitrary nodes x,y, z,t € V—{n—1,n} and an sc-
partition m = (Ny, Na, ..., Ngy1) where |N;| = Fp foralli =1,2,...,k+1, {n,z} C Ny,
{n—1,y} C Ny and {z, t} C Nj. Using Lemma 6.3 we infer g, —|— Gyn—1 = Gym + Jon—1-
Since gz n = gyn = 0, we have g, ,—1 = gy n—1. But we have already set g; ,,—1 = 0, hence,
we obtain g, ,—1 =0 for all ¢ € V —{n —1,n}. Applying Lemma 6.3 once more, we can
obtain gn—14+ gzt = gn-1,2 + gy .+, which implies g = o € Rforalle € E(V —{n—1,n}).

Finally, construct another sc-partition by distributing the nodes of N, over the
others and call this new sc-partition 7*. Clearly, w™ € P.. Comparing g’ w™ = h and
gTw™ = h yields o = 0. O

Theorem 6.4. Suppose dim(P™) = () —n. Then the non-negativity constraints w, > 0

are facet-defining for P if and only if n > 3F7y.

Proof. When dim(P™) = () — n, M(P"™) consists of the hyperplanes Hy, Ha, ..., H,,
where H, is defined as

w(d(u)) =F—1
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for FF € {Fp, Fy}. Let e = {u,v}, and assume without loss of generality that v =n — 1
and u =n. Let S = {{1,n},{2,n},....{n —1,n}, {1,n — 1}}. In the following matrix,
the coefficients of the edges belonging to S in the equations representing H; to H,, are
displayed:

{I,n} {2,n} {3,n} ... {n-2,n} {I,n—-1} {1,n-—2}

H — [1 0 0 0 1 1]

Hy — 0 1 0 0 0 0

H; — 0 0 1 0 0 0

Hy — 0 0 0 0 0 0
H,_ 35— 0 0 0 0 0 0
H, 2 — 0 0 0 1 0 1
H, ,— 0 0 0 0 1 0

H,— |1 1 1 1 0 0

This matrix is non-singular. With reference to Theorem 3.6 in Section 1.4.3 of [14], we
use this fact to set g. =0 for all e € S.

Now, pick four arbitrary nodes z,y, z,t € V—{n,n—1}; and, consider an sc-partition
m = (N1, Ng,...,Ni) where k = %, |[N;| = F for all i = 1,2,...,k, {n,z} C Ny,
{n —1,y} C Ny and {z,t} C N;3. Applying Lemma 6.3 to this sc-partition yields
Onz + Gn-1y = Gny + Gn—1.- But, since we have already set g, , = gny = 0, we obtain
Gn-12 = Gn-1y- But then, since {1,n — 1} € S and we have already set ¢; ,,—1 = 0, this
implies that g,,—1 =0 for all ¢ € V — {n — 1,n}. Now, applying Lemma 6.3 once more
gives gn—1y + Gzt = Gn-1,4 + Gy,», Which, by g1 ,—o = 0, directly implies g. = 0 for all
e€e E(V—-{n—-1,n}). O

In Table 3, we summarize the results of this section.

‘ dim(P™) ‘ 4f” or ‘iff? ‘ Condition(s) of facetness
(5) (i-e., full-dim.) iff n>3F,+1,o0r,n=3F, <2Fy —2
() -1 iff n > 3Fp +1
(5) = (n—1) iff n > 3F,
(g) -n iff n > 3Fy,

Table 3: Conditions that make the non-negativity constraints facets for different values
of dim(P™).

6.2 Upper Bound Constraints
In this section, we denote by P the face defined by a constraint in (3.1c), i.e.,
P ={w € P"w(d(u)) = Fy — 1} for u e V. (6.5)

For some (n, Fy, Fyy) triples, it is possible that P = (). For such instances, the right hand
side of the constraints (3.1c) has to be strengthened to ensure that the P’s are non-

empty. For example, consider the triple (33,8, 10), which imply [%-‘ = LF%J =4. We
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have max;{|N;|} = 9 for any sc-partition m = (N7, Na, N3, Ny). Clearly, in this example
we need to use 9 rather than 10 in the right hand side of (3.1¢) to ensure that P # ().
In other words, we need to be able to find the correct right hand side value for which
(3.1c) remain valid and P’s become non-empty.

Now, we introduce a series of numbers, ¢V, where ¢{ gives us this correct right hand
side value we look for. The other elements of this series (i.e., ¢! for i > 1) will be utilized
in Sections 9 and 12. Consider the definition

where ¢g = Fyy, Rp = n and R; = R;_; — ¢Y. According to this definition, ¢} gives
the maximal size the subsets can attain in sc-partitions (i.e., in feasible solutions of
Pl(n, Fr, Fyy)), ¢Y gives the second maximal size the subsets can attain in sc-partitions,
and so on. Equivalently we can also say that ¢Y is the maximal size the subsets can
attain in feasible solutions of P"(n— oY, Fy, Fiy), ¢Y is the maximal size the subsets can
attain in feasible solutions of P"(n — ¢V — ¢¥, Fy, Fyy), and so on.

The following formula can be used for computing the values of ¢¥:

¢ = mazx {¢ €Z,| FL < ¢ < Fy, {R"‘l — (bJ > [RH - ﬂ } . (6.6)
Fr ¢

Note that, Ry = 0 for k = [%W, and hence ¢V for i > [%W is not defined.

Now, we define PY’s as follows:
Py ={w e P"w(d(u) =¢{ =1}  VueV.

Due to the definition of ¢¥, PV is never empty for all u € V.
Assume that there exists a valid inequality ¢’ w < h such that

PV C{weP":g"w=nh}

for a node u. In Theorems 6.5, 6.6 and 6.7 we show that ¢g’w = h can be written as a
linear combination of w(d(u)) = ¢V and the equalities in M (P™), if any. Beforehand,
we present a technical lemma.

Lemma 6.5. If dim(n — ¢V, Fy, Fyy) # (n—2¢[1]) —(n—¢Y), o = Fy.

Proof. Suppose that ¢V < Fy. If dim(n — @Y, Fy, Fyy) # ("_2‘1’?) — (n — ¢V), there exists
7w = (Ny,...,Ng) in P%(n — ¢V, Fr, Fyy) such that |N;| > Fp, for some [ € {1,...,k}.
Then, we can construct an sc-partition 7* = (Ny,..., N}, ) in P"(n, Fy, Fyy) such that
IN;| =|N;|fori=1,...,kand [N} ;| = ¢7. But, then we would be able to find another
sc-partition @ = (NVy, ..., Ni) by shifting a node from N; to N;,,. Then, we would have
|Nis1]| = ¢V 4 1, which contradicts the definition of ¢V O
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Theorem 6.5. Suppose P™ is full-dimensional and Fy — Fy, > 2. Then, (3.1c) are facet
defining for P" if and only if

(i) dim(P"(n — Fy, Fr, Fy))=("") — (n — Fy — 1), or,

(i) dim(P"(n — Fy, Fr, Fy))=("7").

Proof. Due to Lemma 6.5, the conditions of this theorem dictate us to consider (3.1c)
rather than their strengthened version w(d(u)) < ¢¥. We pick a node u and prove that
the conditions (i) and (ii) make its corresponding inequality in (3.1c) facet defining.

(i) By Theorem 4.2, we have % = % + 1. Let k = % Pick four nodes
p,q,z,y € V—u arbitrarily. Pick an sc-partition 7 = (Ny, ..., Npy2) in P¥(n, Fy, Fy)
such that |Ny| = Fy, |N;| = Fp for i = 2,...,k+ 2, u € Ny, {p,z} C Ny and
{¢,y} C N;. Applying Lemma 6.3 gives ¢, + G5y = Ipy + Jq, Which implies
Gp: — Gq. = a € R for all z € V. —{u,p,q}. Now, pick another sc-partition

™ = (N}, N3,....Nj,) in P"(n, Fr, Fy) such that |Nf| = Fy, |Nf| = Fy, for
i=2,....k+2 {u,q} C Nf and p € NJ. Switching p and ¢ in 7* gives

Jaut+9(a, N —{u,q}) +9(p, Ny —p) = gpu+9(p, Ny —{u, q})+9(q, Ny —p). (6.7)

Now, construct yet another sc-partition @ = (Ny, ..., Npy1) in P(n, Fp, Fy) by
distributing the nodes of N , in 7% over Ny, ..., Ni . By Theorem 4.2 we have
|IN;| = Fy for i = 1,...,k 4+ 1. Clearly, we also have {u,q} C N; and p € Ns.
Switching p and ¢ in 7 gives

9aut9(a, NT—{u, ¢})+9(p, (N5 —p)UN3) = gput9(p, Ny —{u, ¢})+g(q, (N5 —p)UN3),

where N*y = N, — N; with |[N*;| = Fyy — F. Comparing this latter equation with
(6.7) yields ) )
g(pv N*Q) = g(q: N*Q)

Plugging ¢,. — g,. = « into this equality implies that o = 0, from which we
infer ¢, ., = g,. for all z € V. — {u,p,q}. But, since p and ¢ are arbitrary, this
immediately gives g. = 8 € R for all e € E(V —u). Further, comparing g?w™ = h
and g"w™ = h we obtain 8 = 0. Then, (6.7) directly implies g,, = v € R for all
peV —u.

(i) e If P(n — Fy, Fp, Fyy) has a 2-loose sc-partition (i.e., it complies with (FD-
1)), applying Lemma 6.1 to such a 2-loose sc-partition and generalizing, one
can infer go = 0 for all e € E(V — u). Now, consider two arbitrary nodes
x,y € V —u and an sc-partition 7 = (Ny, ..., N) in P¥(n, Fy, Fyy) such that
{u,x} € N1, y € Ny and |Ny| = Fyy. Switching x and y in 7 yields g, » = gu,y-
Since x and y are arbitrary, we infer g. = o« € R for e € §(u).

o If (n — Fy, Fp, Fy) satisfies (FD-2), pick an sc-partition in P™(n, Fy, Fy),
7l = (N}, N},... N},,), such that k = [%] >1,ue N, |N}| = Fp,
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|IN;| = Fr+1and |N}!| = Fy, fori = 3,...,k+2. Applying Lemma 6.2 to this
sc-partition and generalizing, we infer g. = « € R for all e € E(V — u). Now,
pick another sc-partition 72 = (N7, Nj,...,N7.,) in P™(n, Fp,, Fyy), where
N? = NI, |N?| = Fy for i = 1,2,...,k+ 1. Comparing ¢"w™ = h and
gTw™ = h we infer that a = 0 for alle € E (V —u). Now, pick two arbitrary
nodes x,y € V — u such that, without loss of generality, z € N} and y € NJ.
Switching = and y in 7', we obtain g, , = gu,. This implies g, , = 3 € R for
all v € V — u and hence that (6.8) is facet defining. We can use this proof
when (n — Fy, Fp, Fy) satisfies (FD-3) or (FD-5) as well, by choosing 7!
and 72 accordingly.

o If (n—Fy, Fy, Fy) satisfies (FD-4), pick an sc-partition 7' = (N}, N3,..., N} ;)
in Pl(n, Fr, Fy) where k = {%W > 2 (recall from the Remark of Theo-
rem 5.1 that (FD-4) implies full-dimensionality of P (n — Fy, Fy, Fyy) if and
only if [%W > 9), ue N, [N}| = Fy, |IN}| = Fy — 1, |N}| = Fy for
i=3,...,k+ 1. Applying Lemma 6.2 to this sc-partition and generalizing,
we infer that g = a for all e € E(V — u). Now, pick another sc-partition
7 = (N, N3,...,NE,,) in P"(n, Fy, Fy) where N = NI, [N?| = F}, for
i=2,...,k+2. Comparing ¢"w™ = h and ¢"w™ = h we infer a = 0. Now,
in a similar manner to the previous paragraph (where facetness for (FD-2)
is proved), we can show that g,, = € Rforallv eV —uw.

Now, suppose that dim(P"(n— Fy, Fy, Fyy)) is either ("7V) =1 or (") — (n—Fy).
Observe from Section 5.2 that, P"(n— Fy, Fp, Fiy) is contained in the hyperplane w(E) =
C where C is a constant and E represents the edge set of a complete graph with n —
nodes. Then,

2
Note that, w(E) < C + (FQU) is valid for P, O

PV C{we RO |w(E) =0+ (FU)}.

Theorem 6.6. Suppose dim(P™) = @ — 1. Then
w(d(u)) < ¥ YueV (6.8)

are facet defining for P if and only if LFLLJ = [F%J > 3 and (n mod Fy) = Fy — 1.

Proof. First, note that if dim(P!)= @ -1, LFALJ = {F—@-‘ by Theorem 4.1. Moreover,
we have either (n mod Fj) =1 or (n mod Fy) = Fyy — 1. Now, we show that (6.8) are

facet defining if {F%J = {FLUW > 3 and (n mod Fy) = Fy — 1.

Since dim(P™)= @ — 1 we can fix g~ = 0 for some e* € E(V — u). Now, pick
four arbitrary nodes v,t,z,y € V — u and an sc-partition 7 = (N1, Na,..., Ny) (k > 3)
such that {u,y} C Ny, {v,t} C No, x € N3, |Ny| = |Na| = Fy, |N3| = Fy — 1 and
|N;| = Fy fori = 4,..., k. Applying Lemma 6.2 to 7, we can infer that g,; = ¢, for all
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v,t,x € V —u. Since v, t and z are arbitrary and g.- = 0 for some e* € E(V — u), we
infer g. = 0 for e € E(V — u). Switching v and y in 7, we get gy, = gu,y, Which implies
Jup = €RforallveV —u.

When (n mod Fj) =1 or {F%J = L%W = 2, PY is contained in the faces defined by

the upper 2-star inequalities introduced in Section 12. O

Theorem 6.7. When dim(P™) = () — (n — 1), (6.8) are facet defining for P™.

2

Proof. When dim(P")=(%) — (n — 1), P"(n, Fy, Fiy) = P"(n, Fy,, F1,) U P"(n, Fy, Fy).

Since PY = P"(n, Fy, Fy), we have dim(PY) = () — n. O
Table 4 summarizes this section.
dim(P™) 4f” or ‘iff” | Condition(s) of facetness
e dim(P"(n — Fy, Fr, Fy))=(%) — n, or,
(M) (i.e., full dim.) iff )
o dim(P"(n — Fy, Fr, Fy))=(})-
(;) -1 iff {%J = [%—‘ >3, and (n mod Fy) = Fy — 1.
(5) —(n—1) - no condition (always facet).

Table 4: Conditions that make the upper-bound constraints facet-defining for different
values of dim(P™).

6.3 Lower Bound Constraints

In this section, we express the conditions that make the strengthened version of the
lower bound constraints (3.1b) facet defining. The proofs of the theorems (except a part
of the proof of Theorem 6.9) are not presented because they are very similar to their
counterparts in the previous section.

In this section, we introduce the series ¢, which is in a sense the symmetric of ¢Y
of the previous section. We define ¢ in the following manner:

L . '

P min min N )

¢Z w=(N1,...,Ng): {jzl,...,k{| J|}}
wweplu(Ri,l,FhFU)

where ¢g = Fr, Ry = n and R; = max{0, R;_; — ¢*}. Similarly, ¢¥ gives the minimal
size the subsets can attain in sc-partitions (i.e., in feasible solutions of P (n, Fy, Fyy)),
and, ¢ gives the second minimal size the subsets can attain in sc-partitions, and so on.
We can equivalently say that ¢ is the minimal size the subsets can attain in feasible
solutions of P™(n — ¢k, Fr, Fiy), ¢ is the maximal size the subsets can attain in feasible
solutions of P(n — ¢F — ¢, Fy, Fyy), and so on. Likewise, ¢! for i > 1 will be utilized
in Section 11.
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The following formula, which is symmetric of (6.6), can be employed for computing
the values of ¢F’s:

o = min {¢ €Z,|FL<6<Fy {R - ¢J > [R - ﬂ } (69

o Fy

Note that, for k = L{%J, Ry, = 0 and hence, ¢F for i > k is not defined.

Now follows the lemma and the theorems that summarize the main results of this
section regarding the lower bound constraints.

Lemma 6.6. If dim(n — ¢F, Fp, Fy) # (n_ff) —(n—¢1), of = Fy.

Theorem 6.8. Suppose P is full-dimensional. Then, (3.1b) are facet defining for P™
of and only iof

(i) dim(P"™(n — Fy, Fp, Fy))=(}) —n, or,
(it) dim(P"(n — Fy, Fy, Fy))=(3).
Theorem 6.9. Suppose dim(P") = @ — 1. Let ¢* = min{p € Z |, < ¢ <
Fy, {"F;f—‘ < L%J} Then,
w(d(u)) > ¢F — 1 YueV (6.10)
are facet defining for P if and only if LFiLJ = IVFLU—‘ > 3 and (n mod Fy) = 1.

Fr Fu
@Y —1} is contained in the faces defined by the lower 2-star inequalities in Section 11. [

Proof. When LLJ = [i—‘ =2 or (nmod Fy) = Fy — 1, PL = {w € P"w(5(u)) >

Theorem 6.10. Suppose dim(P™) = (}) — (n —1). Then (6.10) are facet defining for

Plu‘
Table 5 summarizes this section.
dim(P™) 4f” or ‘iff” | Condition(s) of facetness
o dim(P"(n — Fy, F, Fy))=(}) — n, or,
(5) (ie., full dim.) iff
(] dim(Pl“(n - FL»FL»FU)):(;L)~
() -1 iff 2| =223 and (0 mod Fr) = 1.
(5) —(n—1) - no condition (always facet).

Table 5: Conditions that make the lower-bound constraints facet-defining for different
values of dim(P™).
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