Size-constrained graph partitioning polytope.
Part II: Non-trivial facets

F. Aykut Ozsoy, Martine Labbé*

Université Libre de Bruxelles, Département d’Informatique

May 23, 2007

Abstract

We consider the problem of clustering a set of items into subsets whose sizes
are bounded from above and below. We formulate the problem as a graph parti-
tioning problem and propose an integer programming model for solving it. This
formulation generalizes several well-known graph partitioning problems from the
literature like the clique partitioning problem, the equi-partition problem and the
k-way equi-partition problem. In this paper, we analyze the structure of the cor-
responding polytope and prove several results concerning the facial structure. Our
analysis yields important results for the closely related equi-partition and k-way
equi-partition polytopes as well.

This is the second part of the two papers addressing the study of the facial structure
of the size-constrained graph partitioning polytope. All the definitions and notation of
the first paper (i.e., “part I") apply for this paper as well. Hence, we start numbering
the sections of this paper from where we have left in the first paper.

In this paper, we prove facetness for P™ of several classes of valid inequalities: 2-
partition inequalities, lower and upper general clique inequalities, cycle inequalities and
the lower and upper 2-star inequalities. As already stated in the first paper, the equi-
partition polytope P (n) and the k-way equi-partition polytope P¥~%%(n, k) are spe-
cial cases of P™. Certain theorems of this paper prove for the first time in the litera-
ture that some of the aforementioned valid inequalities are facet defining for these two
polytopes as well. We highlight such results we obtain as corollaries to corresponding
theorems.

*Corresponding author: Universit Libre de Bruxelles, Boulevard du Triomphe, CP 210/01, 1050
Bruxelles, Belgique. E-mail:mlabbe@ulb.ac.be



7 2-Partition inequalities

This section is devoted to the 2-partition inequalities, which are defined in the following
manner over two disjoint subsets S and T of V:

w(E(S,T)) — w(E(S)) — w(E(T)) < min(|S|,|T|) for S, TCV:SNT=0. (7.1)

They are introduced by Grétschel and Wakabayashi [3] for the clique partitioning poly-
tope P(n) and shown to be facet defining for this polytope if and only if |S| # |T.
Oosten et al. [7] introduce some generalizations of these inequalities (the weighted 2-
partition inequalities), which are also facet defining for P(n). Ji and Mitchell [4] and
Serensen [8] show that these inequalities are facet defining for P!(n, F) and P%(n, Fy)
as well, respectively.

One special feature of the 2-partition inequalities is their having the triangle inequal-
ities as special cases: for disjoint S,7 C V with |S| =1 and |T'| = 2, (7.1) turns into a
triangle inequality.

In this section, we denote by Pgr the face defined by a 2-partition inequality over
the sets S and T, i.e.,

Psr={we P w(E(S,T)) — w(E(S)) —w(E(T)) = min(|S], 7))} .

Now, in Theorems 7.1-7.6 we prove several sufficient conditions that make a 2-
partition inequality facet defining. As before, we assume that there exists a valid in-
equality g"w < h such that

Psy C {w € P"|¢g"w = h}.

We will show that g”w = h is a linear combination of the 2-partition inequality under
consideration and the equalities in M (P™), if any.

But, before, in Lemma 7.1 we give a characterization of the sc-partitions that lie on
Pg .

Lemma 7.1. Consider two disjoint subsets S,T" C V and the corresponding face Pgsr.
Suppose without loss of generality that |S| < |T'|. Then, w™ € Pgr for an sc-partition
m= (N1, Nay...,Ng) if and only if 0 < |N;NT|— |N;NS| <1 foralli=1,2,... k.

Proof. Let sT = |N;N S| and tF = |N;NT| for all i =1,2,...,k. Then,

™

W(B(S,T)) — w"(B(S)) — w(B(T)) = Z (= () - (9)

Rearranging we get

W (B(S,T)) — w(E(S)) — w (B(T)) = Y <<S? HE e 5?)2> S (12)

i=1




Let pf = min{s7,t7} and 67 = |[tT — s7|. Then, we can rewrite (7.2) as

177

W (B(S,T)) ~ w(B(S)) — w (B(T)) = Z (- (%)),

=1

which attains its maximum value |S| if and only if pf = sT and 0 < 67 < 1 for all
i=1,2,.. k. 0

Theorem 7.1. Suppose that Fyy — Fr, > 2. Suppose further that P™ is full-dimensional
and complies with (FD-1). Let S and T be two proper and disjoint subsets of V' such
that |S| < |T| and |V — (SUT)| > 2. Let A = |T| —|S|. Pick an integer k such that
kFp+1<n < kFy—1 (note that such a k exists since P" complies with (FD-1)). The
2-partition inequality (7.1) defined over S and T is facet defining for P if

o A<k, and,

e there exist an sc-partition m = (Ni, No,..., Ny) such that F;, < |N;| < Fy for
i=1k, F, <|N;| < Fy fori=2,...,k—1, and

15| < QlNl'z_ IJ +k§§ {@J + ki VNZ"Q_ 1J + {'N’“g_ 2J) . (73)

i= i=k—A+1

Proof. Let L = min{2,|S|}. There exist integer p; (i = 1,..., k) values such that
1.y >0fore=1,...,Land p; > 0fori=L+1,...,k,
2. Zf:l i =S,
3. 211 + 1 <[V
4. 2u; < |Nj| fori=2,... k= A,
5. 2 + 1< |N;|fori=k—A+1,....k—1,
6. 2 +2 < |Ni.
Pick 7 in such a way that

o IN;NS|=p;fori=1,2,... k,

o, fori=1,2, k= A,
o’NZﬂT|—{M+17 forlzk—A+1,,k

By Lemma 7.1, w™ € Psy. The conditions on p; and gy imply Ny — (SUT) # () and
N, — (SUT) # 0. Pick arbitrarily w € Ny — (SUT) and v € N, — (SUT). From
Lemma 6.1, we infer g,, = 0, which leads to g. = 0 for all e € E(V — (SUT)) due to
arbitrariness of u and v. We can apply Lemma 6.1 also to an arbitrary s € Ny N.S and
v to infer g, , = 0, which generalizes into g. =0 for all e € E(S,V — (SNT)).
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Moving u from N; to Ny yields
glu, N\yNT) =g(u, NyNT). (7.4)

Due to Lemma 6.4, (7.4) implies that g,y = g, for all ¢/, " € T, which generalizes into
ge=a€c€Rforallee E(T,V — (SUT)). Then, (7.4) is equivalent to

e = (pu + 1a. (7.5)

Now, obtain another sc-partition 7* = (N7,...,N}) from 7 by shifting an arbitrary
t* € N, NT from Ny to N;. Shifting u from Ny to N}, we get

g(u, Ny NT)=g(u, N; NT),

which is equivalent to (u; + 1)a = pga. Solving this equation and (7.5) simultaneously
yields a = 0.
Now, pick an arbitrary ' € N, N'T and shift it from N, to Ny in 7 to get

g(t' Nu (T — ) + g(t'. Ny S) = g(t', Ny T) + g(', N, 1 S). (7.6)

Claim 1: Equation (7.6) implies that g = —g. = [ € R for all ¢ € E(T) and e €
E(S,T).

Proof: When k = 2 and py = 0 (i.e., Ny N (T —t') = 0), obviously we have |S| =1 and
|T| = 2, and the result is trivial. When k& > 3 or py, > 0 (i.e., NyN (T —t") # 0), condition
(i) on p; values allows us to apply Lemma 6.4 twice and conclude that g = 3 € R for
all ¢ € E(T) and g, = 7 for all e € E(S,T). Then (7.6) can be rewritten as

(e — pa)(B+) = 0. (7.7)
If jip = 0 or py # g1, (7.7) implies 8 = —v since p; > 0. Suppose pp = p; > 0. We
obtain a new sc-partition 7 = (Ny, ..., N;) from 7 in the following way:

o If [N, —(SUT)| > 2, pick {u,z} C Ny —(SUT) arbitrarily. Obtain 7 by switching
{u,z} in Ny and {5,%} in Ny, where § € N,NS andt € N, NT.

o If Ny — (SUT)| =1 (i.e.,, |[N1| = 2u1 + 1), we have |Ny| + 1 < |Ni|. This implies
that |N;| < Fy — 1 and |N,| > F + 1. Obtain 7 by switching u in N, and {5,1}
in Nk

In either case, shifting ¢ from Ny to Ny yields (ux — g1 — 2)(3 + ) = 0. Solving this
and (7.7) simultaneously, we get § = —v. This completes the proof of the claim.

Claim 2: g. = [ for all e € E(S).
Proof: Shift s from Ny to N in 7 to get

g(s, N1 N S) — = g(s, N, N S) — . (7.8)



Due to Lemma 6.4, this equality implies that g, = 6 € R for all s’ € S —s. Then, (7.8)
turns into

(11 — (6 — B) = 0. (7.9)
If pp # p1, then we infer & = 3. Suppose pur = py > 0. Consider the sc-partition 7

obtained above in the proof of Claim 1. Shifting s from N, to N in 7 gives (1 — o +
2)(6 — ) = 0. Solving this simultaneously with (7.9) yields § = 3. This completes the

proof of the claim and the theorem. O

When
\S|§QFL;?J+A{FL2_1J+(I<:—A—1) {%D (7.10)

this theorem proves that Psp is a facet.

On the other hand, when |S| violates (7.10), it is not a trivial task to check if there
exists an sc-partition that satisfies (7.3). For this case, we introduce a very simple
polynomial algorithm to check existence of such an sc-partition.

Let m = (N, ..., Ni) be an sc-partition such that

FL < |Nz| < FU for ¢ = 1,]{), (711)
FL§|NZ|§FU fOI‘Z:2,,k'—1 (712)

Let

INL-2|—1J’ fori=landi=k—A+1,....k—1,

Ti(m) = %J , fori=2,...,k—A, (7.13)

N;|—2 .
%J , fori==k.
\ L

If S 7, >|S| for 7, this means Py is a facet.

The aim of our algorithm is to construct an sc-partition 7 that is in accordance with
(7.11) and (7.12) and that maximizes Zle 7;(m). Clearly, 7;(m)’s depend only on the
subclique sizes |Ni|,...,|Ng| of m. Hence, the aim of our algorithm is essentially to
construct valid subclique sizes (i.e., |[N;|’s for i = 1,... k) in accordance with (7.11) and
(7.12) such that S_F | 7;() is maximized.

Initially in the algorithm, we put F7, nodes in each of the k subcliques of 7 (i.e., we
assign |N;| = Fy, for i = 1,...,k) and distribute the remaining r = n — kF}, nodes over
these subcliques. During the course of this construction, we make use of a concept which
we call the growth potential. We define the growth potential corresponding to a subclique
i as the increase in the value of 7;(7) induced by unit increase in the value of |N;|. For
example, when |Ny| = 8, 7 (7) = 3. If we add 1 to |Ny|, 7 () increases to 4. Hence,
when |N;| = 8 we say that the growth potential of subclique Ny is 1. By definition,
the growth potential can only take on 0-1 values. We denote the growth potential of a
subclique N; by (] N;]), where

DN = (1+|N;]) mod 2), fori=1landi=k—-A+1,....,k—1.
L (|N;] mod 2), fori=2,...,k—Aandi=k.
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Besides, we use the following constants for denoting the maximum allowed subclique
sizes as implied by (7.11) and (7.12):

L FU—l, forz'zl,k;;
Xi= Ry, fori=2,... . k—1.

The algorithm is based on the following four index sets A, ), S and U:

A = {i:p(INi]) = L [Ni| < xit,

Y o= {i:¢(Ni]) =0,|Ni| <xi — 1},
S = {i:d(INi]) = 0,|Ni| = x; — 1},
U = {i:|N|=x}

Note that, no matter what the values of |N;|’s are, we always have
AuYuSulU ={1,...,k}.

For a subclique j € A, increasing |N;| by one makes j leave A and move into one of Y,
SorU. If j € Y and if we increase |N;| by one, j leaves )} and moves into A. Clearly,
if 7 € S and we increase |N;| by one, j shifts into ¢. And, we can not increase |N;| by
one for a subclique N; with j € U.

Among these four sets, A retains a special feature in that if ;7 € A and we increase
|N;| by one, 7;(7) increases by 1, too. This is not the case for j € Y US UU. For this
reason, in order to obtain an increase in Zle 7;, we need to add nodes to subcliques with
indices in \A. This is the basic logic we use in the algorithm, which we present below:
Algorithm:

Input: n, k,|S|, A;

Output: Valid subclique sizes |N1|,...,|Ng| in accordance with condition (7);
Variable: integer r;

Constants: x; for i =1,...,k as defined above;

Functions: ¥(|N;]) for i = 1,...,k as defined above;

Initialization: |N;| = Fp fori=1,...,k; r=n— kFp;

Step 1: For all j € Ado |N;| = |N;| +min(l,r) and r = r — min(1,r);
Step 2: Pick a j € Y do |N;| = |N;| +min(1l,r) and r = — min(1, r);
Step 3: If (AUY # () then go to Step 1, else go to Step 4.

Step 4: For all j € S do |[N;| = |N;| 4+ min(1,7) and 7 = r — min(1,7);
Return: |N;| values for i =1,... k.

In Step 1 we add one node to each of the subcliques whose indices belong to A.
For each node added, Zle 7;(m) increases by 1. Once Step 1 is completed, growth
potentials of all the subcliques are 0 (i.e., A is empty and we can not induce an increase
in 2% | 7,(7) by adding a node to a subclique). At this point, the best action to be taken
would be to move a subclique into A. This is exactly what Step 2 carries out by adding
one node to a subclique in Y. In Step 3, we check if there remains any subcliques in
AUY (ie., if there remains any subcliques with growth potential equal to 1, or, whose
growth potential would be equal to 1 when size is increased by 1). If there are any, we
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return to Step 1 and continue in the same manner. If there are not any, we can infer that
{1,...,k} = SUU and we can put the remaining r nodes we have into the subcliques
in S only. Step 4 carries out this terminating task.

We plug the |N;|’s returned by the algorithm into (7.13) to obtain 7;(7m)’s. As we
have mentioned above, if S>F_ 7;(x) > |S|, then we conclude that Py is a facet.

Now, we continue with the other theorems of this section.

Theorem 7.2. Suppose that P™ is full-dimensional and complies with (FD-2). Let S
and T be two proper and disjoint subsets of V' such that |S| < |T|. Let A = |T|—|S| and

k= LF%J The 2-partition inequality (7.1) is facet defining for P if A <k —1 and

Fr—1

|S|§(A+1)L J+(k—A—2) LQJ (7.14)

2

Proof. Let L = min{2,|S|}. By (7.14), there exist integer u; (i = 1,...,k — 1) values
such that

1. y;>0fore=1,....,L, u; >0fore=L+1,...,k—1,
2. Zf:lﬂi: 5],
3. 2u1 +2 < Fr +1,
4. 2u; < Fpfori=2,... k—A—1,
5. 2u; +1 < Fpfori=k—A,...;k—1.
Pick an sc-partition m = (N, N, ..., Ni) such that
o |[Ni|=F,+1and |N;|=Fpfori=2,... k,
o INNNS|=p;fori=1,2....k—1,

' - ILLZ', fOrZ:17277k_A_1’
o |NZmT|_{ Mz+17 for@:k—A,,k_l

By Lemma 7.1, w™ € Pgr. Conditions on g4 imply that [Ny — (SUT)| > 2. Pick
arbitrarily u,v € Ny — (SUT) and x € N, — (SUT). We can apply Lemma 6.2 to infer
Guw = Gu.x, which generalizes into g. = a € Rforalle € E(V — (SUT).
Moving u from Ny to Np_1 in 7 gives
g, NynS) + g(u, N\iNT) + g(u, Ny = (SUT Uu)) = (7.15)
g(u, Nk—l N S) + g(u, Nk—l N T) + g(u, Nk—l - (S U T))

Applying Lemma 6.4 to this equation, one can infer that g,;, = 3 for all £ € T" and
gus = 7 for all s € S. This turns (7.15) into

(k-1 — ) (v + B — 2a) = a — 0. (7.16)
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Now, obtain another sc-partition 7@ = (N, NQ,L. . N’i> from 7 by switching v € N; —
(SUTUuw) and t € Ny_1 NT. Moving u from Ny to Nj_; yields

(-1 — ) (v + B —2a) = B —a, (7.17)
which, together with the former equation, implies
o o= [ =rif uy # pux_1, and,
o a=p1if = prp-1.

If 4y = p—1, move u from Ny to Ny in 7 to obtain (8 + ) = 2u1cr, which obviously
leads to v = a.

Next, we obtain a new sc-partition 7* = (N, N5,..., Ny ;) from 7 by removing
subclique N, by distributing its nodes over the other subcliques. Comparing g”w™ = h
with g?’w™ = h, we obtain a = 3 = v = 0.

Now, shifting ¢t € Ny N T from N; to Njy_; in 7 yields

g(t, Ny S) + g(t, Ny NT) = g(t, Nu.1 N S) + g(t, Np_1 N T). (7.18)

Applying Lemma 6.4 to this equation and generalizing, we get g = o € R for all
e € E(S5,T) and g = w € R for all e € E(T). But, then (7.18) turns into (u; —
tr—1)(0 + w) = 0, which immediately implies that ¢ = —w if p; # pr—1. If 1 = pg-_1,
one can shift ¢ from N; to N, to get (o + w) = 0, which immediately implies that
o = —w since p; > 0.

Finally, we show g. = —o for all e € F(S). It is always possible to obtain a new
sc-partition 7 = (NNV{, ..., NV]) by rearranging m such that

e [INJNS|=2if |S] =2
e INJNS|>2and |[NjNnS|>0if S| >3.

Let ) = |N;n S| and pj_, = |N,_; N S|. Shifting s € Ny NS from N to N;_, in 7’
yields

9(s, NN (S =) + (1y)o = g(s, Ny_y N 8) + (y—y + Do
If |S| = 2 this equation already implies g. = —o for e € E(S). If |S| > 3, one can apply
Lemma 6.4 to infer that g. = —o for all e € E(5). O

Theorem 7.3. Suppose that Fyy — Fy, > 2. Suppose further that P™ is full-dimensional
and complies with (FD-3) or (FD-4). Let S and T be two proper and disjoint subsets

of V' such that |S| < |T|. Let A = |T| —|S| and k = [%-‘ The 2-partition inequality
(7.1) is facet defining for P if A < k and

S| < (k- A) L%J +ALFL2_1J Y

Proof. The proof is very similar to the proof of Theorem 7.2. ]
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Remark:

e When P complies with (FD-1), the triangle inequalities (i.e., |S| = 1 and |T| = 2)
are facet defining if \\FELJ > 2 (i.e., n>2F, +2).

e When P" complies with (FD-2), the triangle inequalities are facet defining if
{FﬂJ >3 (ie., n > 3F, +1).

e When P complies with (FD-3) or (FD-4), the triangle inequalities are facet
defining if \\FLLJ > 3 (i.e., n > 3F, + 1 for (FD-3) and n > 3F}, for (FD-4)).

Theorem 7.4. Suppose that dim(P™) = (g) —1. Let S and T be two proper and disjoint
subsets of V' such that |S| < |T|. Let A =|T| —|S| and

LFELJ ., if (n mod Fp) =1,

[”—‘, if (n mod Fy) = Fyy — 1,

Fu
The 2-partition inequality (7.1) is facet defining for P if A < k and

A+ (k—A-1) | 2] + |52 if (n mod Fp) =1,

2 2

|51 <

552+ 6= 5= 1) |5 + (A= 1) [ B2 + [ 552 f (0 mod F) = Fy —1
(7.19)

Proof. Let L = min{2,|S|}. By (7.19), there exist integer u; (i = 1,...,k) values such
that

1.y >0fore=1,....,L, u; >0fore=L+1,... k,

2. Y0, 1= 18],

Fy 41, if (nmod Fy) = 1
‘2N1+2§{ Fy, if(nmod Fy)=Fy—1;°

w

Fp, if (n mod Fp) =1, :
4. QMZ_{FU, if (n mod Fy)) = Fyy — 1; fori=2,...,k— A,
FL) if (n mod FL) = 1, .
; < =k — _
5. 2M+1_{FU, if (n mod Fy) — Fiy — 1 fori=k—A+1,...,k—1,

Fp, if (nmod Fp) =1,
<
6. 2’uk+2_{FU_27 if (n mod Fy) = Fy — 1.

Using the fact that dim(P"™) = () — 1, we assign g~ = 0 for some ¢* € E(V — (SUT)).

Pick an sc-partition m = (N1, No, ..., Ni) with
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o |[Ni|=Fp+1and |N;| = Fp fori=2,... kif (n mod Fp) =1,

o |[N;|=Fyfori=1,...,k—1and |Ny| =Fy—1if (n mod Fy) = Fy — 1,
o INNNS|=p;fori=1,2... k,

0|NiﬂT|:{ i, fore=12....k—A,

g1, fori=k—A+1,... k.

By Lemma 7.1, w™ € Pgp. Values of p; and gy, allow us to apply Lemma 6.2 to infer
ge=a€Rforalleec E(V—(SUT)). But, then g.- = 0 implies a = 0.

Moving u € Ny — (SUT) from N; to Ny in 7, and proceeding in the same way
as for (7.15) in the proof of Theorem 7.2, one can show that g. = 3 € R for all e €
E(T,V—-(SUT))and go =y € Rforalle e E(S,V — (SUT)). Moreover, continuing
in the same manner, one can obtain

(e —p)(vy+B8—-2a) = a=p, (7.20)
(e —p)(y+6—2a) = f-a (7.21)
which are essentially very similar to (7.16) and (7.17). These two equalities imply 3 =
a = 0. Now, we obtain a new sc-partition 7 = (]\[1,...,Nk) from 7 by switching

v € Ny —(SUT) and s € NyN'S. Moving u € Ny — (SUT) to N, in 7 yields
(g — p1 + 2)y = 0, which, together with (7.21) implies v = 0.
Switching u € Ny — (SUT) and t € N, N T in 7 yields

gt, NynNS)+g(t, NyNT)=g(t, NyNS) + g(t, N, N (T —t)). (7.22)

From Lemma 6.4, one can infer that g = o for all e € E(S,T) and g. = w for all
e € E(T). This turns (7.22) into (p; — px) (0 +w) = 0. If 19 # py, then we have 0 = —w.
Suppose i1 = pg. Due to restrictions on the values of py and pug, when py = g, we
have |[N; — (SUT)| > 3. Pick {v,2} C Ny — (SUT Uwu) and obtain a new sc-partition
7 = (Ny,...,Ny) from 7 by switching {v,z} and {5,7} C N, where 3 € N, N S and
t e N,N (T —t). Switching v and ¢ in 7 yields (y — g + 2)(0 + w) = 0, which leads to
o= —w.

We can show that g. = —o for all e € E(S) just like we do in the proof of Theorem
7.2. O

According to this theorem, the triangle inequalities are always facet defining for P
when its dimension is (g) -1

Another very important result of Theorem 7.4 is that the 2-partition inequalities are
facet defining for the equi-partition polytope P¢“!(n) when n is odd and certain other
conditions are satisfied. We highlight this result, which is new to the literature, by means
of the following corollary.

Corollary 7.1. Consider the equi-partition polytope P (n) where n =2p +1 (i.e., n
is odd). Let S and T be two disjoint subsets of V' such that |T'| = |S|+ 1 and

et 2]
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Then, the 2-partition inequality (7.1) is facet defining for P (n).

This corollary shows in particular that the triangle inequalities are facet defining for
Pea¥(n) when n is odd.

Theorem 7.5. Suppose that dim(P"™) = (}) — (n—1). Let S and T be two proper and
disjoint subsets of V' such that |S| < |T|. Let A = |T|—|S| and k = ¢-. The 2-partition
inequality (7.1) is facet defining for P if A < k —1 and

(7.23)

ISISZLFL;QJ +(k—A—-2) L%JHA—U LFL—lJ

2
Proof. Let L = min{2, |S|}. There exist integer u; (i = 1,...,k — 1) values such that

1. wy>0fore=1,....,L, u; >0fore=L+1,...,k—1,

2 S = IS,

3. 2 +2 < F,

4. 2u; < Fpfori=2,... ) k—A—1,

5. 2u;+ 1 < Fpfori=k—A,...)k—2,

6. 21 +2< Fy.

By part (iii) of Theorem 4.2, we know (k — 1)Fy = kFy, where k = - = - + 1. Let
m = (N1, Na, ..., Ni) be an sc-partition with |N;| = Fy, for i = 1,2,..., k. Suppose the
following conditions hold for 7:

o IN;NS|=p;fori=1,2,... k,

, — i, fOI'Z.:172’...,k:_A_1;
L |NlmT|_{ i+ 1, fori=k—A ... k—1.

By Lemma 7.1, w™ € Pgr.

Without loss of generality, suppose n ¢ S UT. Consider the set of edges @ =
{{1,n},{2,n},...,{n — 1,n}}. Recall the hyperplanes Hy, Hs, ..., H, 1 we considered
belonging to M(P™) in Theorem 6.3. The coefficients in the equations representing
Hy,... H,  of the edges in () are as follows:

{I,n} {2,n} {3,n} ... {n—-2,n} {n-1,n}
[ 1 -1 0 0 0]
0 1 -1 0 0
0 0 1 0 0
0 0 0 1 -1
[ S R L -1 0

This matrix is non-singular. Hence, set g. = 0 for all e € Q.
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Suppose that n € Ny in 7. Pick w € Ny — (SUT) and {x,y} C Ny arbitrarily (note
that N, N (SUT) =0). By Lemma 6.3, we have g, + guy = Gnz + Guy- Since we have
already set g, = gne = 0, this implies g, = gu 4, Which generalizes into g = o € R
foralle e E(V — (SUT Un),).

Now, pick an sc-partition 7! = (N}, NJ, ..., N}) such that n € N}! and u € N} —
(SUT). Switching n and u in 7! gives

gu, Ny N S) + glu, Ny NT) + a(Fp, — 21y — 1) = a(Fp, — 1). (7.24)

Applying Lemma 6.4, we infer that g = § € R for all e € E(V — (SUT),T) and
ge=7v€Rforalle e E(V - (SUT),S). Then (7.24) turns into

B+ =2a. (7.25)

Now, consider the sc-partition 72 = (NZ,..., N2) obtained by switching ¢t € N1 NT
and z € N}, — (SUT). Switching u and n in 7 yields

(Fr =2 — Va+ B+ my = (Fr — 2)a+ f.

Comparing this equation with (7.25) yields 8 = v = a.

Now, consider the sc-partition 7* obtained from 7 by distributing Ny over the other
subsets. Comparing g7 w™ = h with ¢g7w™ = h gives a = 3 = v = 0.

Now, switching ¢t € Ny_1NT and u € Ny — (SUT) gives

This equality and Lemma 6.4 leads us to g. = 0 € R for all e € E(S,T) and g =w € R
for all e € E(T'). Then, (7.26) turns into

(1 — 1) (o +w) = 0. (7.27)

If 47 # pgp_1 then we have ¢ = —w. Suppose p; = pg_1. Then, obtain a new sc-
partition 7’ = (Nj,..., N}) by switching {z,y} C Ny and {s,t'} C Ni_; in 7 where
s € Ny_1NSandte Ny_yNT. Switching t € N| ;NT and u € N| — (SUT) yields
(1 — pg—1 + 1)(0 + w) = 0, which, together with (7.27) implies 0 = —w.

Finally, we show that g, = —o for all e € E(S). Pick an sc-partition @ = (Ny, ..., N}
where n € N,_; and

o IN\NS|=2if || =2,

Note that, we can always find such an sc-partition 7. Switching s € N; NS and n in 7
yields ) ) ) 3
9(s, NiNS) +g(s, NiNT) = g(s, Np—1 N S) + g(s, Np—1 N T).

Applying Lemma 6.4 to this equality yields g. = —o for all e € E(S). ]
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Remark: When dim(P™) = (3) — (n — 1), the triangle inequalities are facet defining
for P if n > 3F}.

Theorem 7.6. Suppose that dim(P™) = (g) —n. Let S and T be two proper and disjoint

subsets of V' such that |S| < |T|. Let A = |T| —|S| and k = % where

Ja Fr, if (n mod Fp) =0,
| Fu, if (n mod Fy) =0.

The 2-partition inequality (7.1) is facet defining for P if A < k and

\S]g(k—A—l){gJ+(A—1){%J+{F;2J+{F;SJ. (7.28)

Proof. Let L = min{2, |S|}. There exist integer p; (i = 1,..., k) values such that

1.ywy>0fore=1,....,L, u; >0fore=L+1,... k,
2. 3 i =18,

3. 21 +2< F,

4. 2u; < Ffori=2,...,k— A,

5. 2ui+1 < Ffori=k—A+1,...,k—1,

6. 2u, +3 < F.

Without loss of generality, assume that {n,n —1,n —2} C V — (SUT). Let Q =
{{1,n},{2,n}, ..., {n—1,n},{n—2,n—1}}. When dim(P") = (}) —n, M(P"™) consists
of hyperplanes Hy, ..., H, where H, is defined as

w(d(u)) =F —1.

The columns of the edges belonging to () in the equalities corresponding to Hy,..., H,
are as follows:

{I,n} {2,n} {3;n} ... {n-2,n} {n—-1,n} {n-—2,n-1}
(1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 1

0 0 0 0 1 1

1 1 TR 1 1 0 |

This matrix is non-singular. Hence, we set g. = 0 for all e € Q.
Pick an sc-partition 7 = (Ny, ..., Ny) such that

o IN;NS|=p;fori=1,2,... k,

13



. _ /’L’U fori:1727"’7k_A7
o’NZﬂT|—{Mi+1’ fori=k—A+1,... )k
.TLENl.

By Lemma 6.4, w™ € Pgr.

Pick arbitrarily v € Ny — (SUT) and {z,y} C Ny — (SUT). Lemma 6.3 implies
that gun + Gry = Guy + gne. Since {u,n} and {n,z} are in Q, we infer g,, = Guy,
which generalizes into g. = 0 for all e € E(V — (SUT Un)) since we have already set

In—2n—-1 = 0.
Now, switch z and n in 7 to obtain

gz, NynNS)+g(z, N\iNT) = g(x, Ny N S) + gz, Ny N T). (7.29)

Lemma 6.4 implies that g. = f € R for alle € E(T,V — (SUT)) and g. = v € R for all
e€ E(S,V —(SUT)). Then, (7.29) turns into

(e — 1+ 1)B + (s — pa)y = 0. (7.30)

Now, we obtain a new sc-partition 7' = (N},..., N}) from 7 by switching ¢t € Ny N T
and u € Ny — (SUT). Switching z and n in 7! yields

(e — p11 — 1)B + (pe — 1)y = 0.

Solving this equation simultaneously with (7.30) gives # = 0. Now, obtain yet another
sc-partition 72 = (NZ,..., N?) from 7 by switching s € Ny NS and y € Ny — (SUT).
Switching z and n in 72 yields

(e — p11 +2)y =0,

which, when compared with (7.30), implies v = 0.
Switching t € NyNT and u € Ny — (SUT) in 7 gives

gt, NynNS)+g(t, NyNT) = g(t, Ny, N S) + g(t, N, N (T —t)). (7.31)

Again, applying Lemma 6.4, we infer g. = o for all e € E(S,T) and g. = w for all
e € E(T). Then, (7.31) can be rewritten as

(g — 1) (0 +w) =0. (7.32)
If pp # w1, we have 0 = —w. Suppose pr = p1. Obtain a new sc-partition 7* =
(NY, ..., N}) by switching {s*,t*} C Ny and {z,y} C Ny — (SNT), where s* € NyN S
and t* € Ny NT. Switching t € N, NT and v € Ny — (SUT) yields
(e — 1 +2)(0 +w) =0,

which implies w = —o. In a very similar manner, one can also show that g. = —o for all

e € E(S). O
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This theorem suggests that, under certain conditions, the 2-partition inequalities and
in particular the triangle inequalities are facet defining for the equi-partition polytope
Peavi(n) for even n, and the k-way equi-partition polytope (k > 3). We highlight these
two important results in the following corollaries. To our knowledge, these results as
well are new to the literature.

Corollary 7.2. Consider the equi-partition polytope P (n) where n = 2p (i.e., n is
even). Let S and T be two disjoint and proper subsets of V' such that |T| = |S| + 1 and

el 12

Then, the 2-partition inequality (7.1) is facet defining for P4%(n).

Corollary 7.3. Consider the k-way equi-partition polytope P*~“%(n, k) where k > 3
and n = kF. Let S and T be two disjoint and proper subsets of V' such that A =
|T| — |S| < k and (7.28) is satisfied. Then, the 2-partition inequality (7.1) is facet
defining for PE=v%(n k).

8 The lower general clique inequalities

Let @ be, throughout this section, a subset of V' such that |Q| > LFELJ and (\Q| mod {F%J) #+
0. Likewise, let k, r, p and g be defined, throughout this section, in the following manner:

s b=z
Y T:andFL, i.e.,n:kFL+T7

e p= {%J (p > 1 always due to choice of |@Q]), and,

e ¢ = (|Q] mod k) (¢ > 0 always due to choice of |Q)]).

Consider the following inequality:

w(e@) = k- a(5) +a("3 ). 8.1)

These inequalities are first introduced by Chopra and Rao [1] for a graph partitioning
problem. Chopra and Rao call these inequalities ‘the general clique inequalities’. But
in this context, we prefer using the term ‘the lower general clique inequalities’ because
in Section 9 we introduce another set of valid inequalities, ‘the upper general clique
inequalities’, which have the same left hand side as and the opposite sense of (8.1).

Chopra and Rao [1] introduce these inequalities for the polytope corresponding to
the problem of partitioning G into at most [ subcliques without any size restrictions, i.e.,
they deal with the following polytope:

conv{w™ : 7= (Ny,...,N), | <L,1<|Ny| <nmfori=1,...,1}.
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Obviously, when [ = k, P™ is a subset of this polytope. And, this means that (8.1) is
valid for P™ as well.

Ji and Mitchell [4] prove the conditions for these inequalities to be facet defining for
Pl(n, Fr). Theorems (8.1)-(8.3) of this section are devoted to proving the conditions
that make (8.1) facet defining for P™. We denote by Pg the face defined by a lower
general clique inequality written for a subset @, i.e.,

Po={we P u@) = - 0(5) +a("3 1)}

As usual, we assume that there exists a valid inequality ¢g”w = h such that
Py C{w e P":g"w=nh}.

We aim to show that g?w = h can be written as a linear combination of (8.1) and the
hyperplane equations in M (P™), if any. Before moving on to the theorems, we give a
simple characterization of Py in the following lemma.

Lemma 8.1. For any sc-partition m = (Ny, ..., N;), w™ € Py if and only if
1 0=k
2. {i: [Nin Q| =p} =k —q, and,
3. i |[NinQ|=p+1} =¢q.

Proof. Sufficiency is obvious. We prove necessity. Note that any sc-partition 7* that min-
imizes w”™(E(Q)) necessarily has k subcliques, because, minimizing w”(E(Q)) requires
that the nodes of () be dispersed to the maximal number of subcliques.

Secondly, for 7' = (N}, ..., N}) with w™ € Pg, we necessarily have

IN'NQI—IN/nQI| <1 Vij=1,.. kK (8.2)

To see this, suppose that [Nt N Q| — [Nj. N Q| > 2 for some i* and j*. Now, obtain
another sc-partition 7> = (N7, ..., N?) from ' by switching z € NiNQandy € N. -Q.
Clearly, w™ (E(Q)) > w™ (E(Q)). This contradicts the assumption that w™ minimizes

w™(E(Q)).
The conditions (i7) and (i4i) follow from (8.2) and the fact that any = with w™ € Py
has k subcliques. O

Theorem 8.1. Suppose that the polytope P™ is full-dimensional and suppose Fyy — Fy, >
2.

1. Whenr =0, (8.1) is valid for P, but not facet-defining.
2. Whenr =1, (8.1) is facet-defining for P™ if and only if Q =V .
3. Whenr > 1, (8.1) is facet-defining for P™.
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Proof. (i) When r =0,
Py C{w e P":w(d(u)) = F, — 1}
for any u € V.

(i) When r = 1, note that, all sc-partitions with k subcliques in P" are composed of
k — 1 subcliques with size F}, and one subclique with size F}, + 1.

We first show that g = a € R for all e € E(Q). Pick arbitrarily three nodes
u, v,z € (). Pick an sc-partition m = (Ny, Na, ..., N) such that w™ € Py, {u,v} C
Nl, T C N27 |N1| = FL+1, |Nz| = FL for ©+ = 2,...71{3, ‘Nl OQ| =p+ 1 and
|Na N Q| = p. Applying Lemma 6.2 to 7 yields gy, = gu.. Since u, v and z are
arbitrary, we have g = a € R for all e € E(Q).

Secondly, we show that go = # € R for all e € F — E(Q). Pick arbitrarily
u € Q, v,x ¢ Q. Pick an sc-partition m = (Ny, No, ..., Ni) such that w™ € Py,
{u,v} C Ny, x € No, |[N1| = F,+ 1, [N;| = Fp fori=2,... )k, [N NQ|=p+1
and |Ny N Q| = p. Using Lemma 6.2, one can show g, = gpu = Guz = 0 € R.
Arbitrariness of u, v and x implies g. = 3 for all e € E — E(Q).

We infer that
Py C{w e P": aw(E(Q)) + fw(E — E(Q)) = C}

for some constants a, 3 and C. Then, (8.1) is facet defining for P™ if and only if
QR=V.

(iii) When r > 1, we know from Theorem 5.1 that, all the sc-partitions with k subcliques
are 2-loose sc-partitions (note that Fy — Fr, > 2). We first show that g. = 0 for
all e € E(Q,V — Q). Pick two arbitrary nodes u € @ and v ¢ Q. Pick a 2-
loose sc-partition m = (N, Na, ..., Ng) such that w™ € Py, Fi, < |Ny| < Fy,
Fr <|N3| < Fy,u € Ny, v € Ny, INyNQ| = p+1 and [NoNQ| = p. Using Lemma
6.1, we get g(u,v) = 0. Since u and v are picked arbitrarily, we can infer g, = 0
foralle € E(Q,V — Q).

Now, picking the same sc-partition 7 and two arbitrary nodes z € N; — @ and
y € Ny — @, and applying Lemma 6.1, one can infer that g(z,y) = 0, i.e., g. = 0
for all e € E(V — Q) since = and y are arbitrary.

Finally, pick three nodes u, v, z € (). Consider the sc-partition 7 = (N1, No, ..., Ny)
such that w™ € Py, u € Ny, v,x € No, F, < |Ny| < Fy, Fi, < |Ny| < Fy,
INtNQ| =pand |[NoNQ| = p+1. Applying Lemma 4.2 to 7, u, v and x by setting
P to Py, one can infer that g. = a € R for all e € E(Q).

O

Theorem 8.2. If dim(P™) = () — 1, the lower general clique inequality (8.1) is facet
defining for P™.
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Proof. Using dim(P™) = () — 1, we set g, = 0 for one ¢ € E — E(Q). Proceeding like
in the proof of part (i) in Theorem 8.1, we show g. = S for alle € F— E(Q) and g. = «
for all e € E(Q). But, ¢, = 0 implies 5 = 0. m

Note that, Theorem 8.2 proves as well that (8.1) is facet defining for P°?“*(n). This
result is already proved by Chopra and Rao [1]. Theorem 8.2 proposes just an alternative
proof for this result.

n

Proposition 8.1. Suppose dim(P") = (2) —(n—1). The general clique inequality (8.1)
is not facet defining for P™.

Proof. In this case,
Py C{w e P":w(d(u) = F, -1}

for any u € V. O
Theorem 8.3. Suppose dim(P"™) = (5) —n. Let

[ Fr, if (n mod Fp) =0,
| Fu, if (n mod Fy) = 0.

The lower general clique inequality (8.1) is facet defining for P™ if and only if p < F —1.
Proof. First note that, when p = F — 1

Py C{weP":w,, =0}

for all u,v € V—Q. Suppose p < F'—1. Without loss of generality, let Q@ = {1,2,...,|Q|}
and V—0Q = {|Q|+1,...,n}. Consider the set S = {{1,n},{2,n},...,{n—1,n},{1,n—
1}}. We know that M (P"™) consists of the hyperplanes Hi, ..., H, where H, is repre-
sented by the equation

w(d(u)) =F —1.

In the following matrix, the coefficients of the edges belonging to S in the equations
representing H; to H,, are displayed:

{I,n} {2,n} {3,n} ... {n—-2,n} {n—-1,n} {1,n—1}
Hy — [ 1 0 0 0 0 1]
Hy — 0 1 0 0 0 0
Hy — 0 0 1 0 0 0
H,_9— 0 0 0 1 0 0
H, 1 — 0 0 0 0 1 1
H,— |1 1 1 1 1 0 |

This matrix is non-singular. With reference to Theorem 3.6 in Section 1.4.3 of [6], we
use this fact to set g. =0 for all e € S.

Now, pick an arbitrary node u € () and an sc-partition @ = (INy, ..., Ni) such that
w”™ € Pg. Suppose that u € Nj, n € Ny, INyN Q| =p+ 1 and [N N Q| = p. Switching
u and n, we get

g9(u, (N1 —u) N Q) + g(u, (N1 —u) = Q) = g(u, (N2 =n) N Q) + g(u, (N2 —n) — Q).
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Applying Lemma 6.4 to this equation yields g = o € R for e € F(Q) and g. = [ for
e € E(Q,(V—n)—Q). But, then since we have already fixed ¢; ,—1 = 0, we immediately
have § = 0.

Now, pick an arbitrary node z € (V —n)— Q. Pick an sc-partition 7* = (N7, ..., N})
such that w™ € Py, x € Nf, n € N5, [INyN Q| =p+1 and [N N Q| = p. Switching x
and n yields

9(@, (Ny —2) = Q) = g(z, (N3 —n) — Q). (8.3)
Applying Lemma 6.4 to this equation gives g. = 7 for all e € E((V —n) — Q). Plugging
this into (8.3), we infer v = 0. O

Theorem 8.3 suggests that (8.1) is facet defining for P*~“%(n, k) as well. We highlight
this result, which is new to the literature, in the following corollary.

Corollary 8.1. The lower general clique inequality (8.1) is facet defining for P*=*%(n, k)
if and only if

1. (|Q| mod k) # 0, and,
2. 1Q] <n—k.

9 The Upper General Clique Inequalities

In this section, we introduce a new family of valid inequalities, the upper general clique
inequalities, and prove conditions for which these inequalities become facet defining for
Plu.

Let @ C V. Consider the ¢V values computed by means of the formula (6.6) in
Section 6.2. Let kg and ng be defined throughout this section as follows:

o ko =max{i| >, ¢! <|Ql}, and,
k
® Ng = ‘Q’ - zg1¢lU-

Contrary to the lower general clique inequality (8.1), the following upper general
clique inequality aims to bound w(E(Q)) from above:

w(E(Q)) < ij (QZU) + (”;) VQ C V. 9.1)

Note that in the statement of this inequality, we adopt the convention that (g) = (;) = 0.

Lemma 9.1. The upper general clique inequality (9.1) is valid for P™.

Proof. The set ) should be split into the largest subcliques possible in order to maximize
w(E(Q)). This can be achieved by putting ¢¥ nodes of @ in one subclique, ¢§ nodes in
another subclique, and so on. O
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Throughout this section, Py stands for the face defined by (9.1). Next, we give a
lemma that characterizes the sc-partitions whose characteristic vectors lie on FPyp. We
skip the proof because it is trivial.

Lemma 9.2. For an sc-partition 71 = (Ny,...,Ny), w™ € Py if and only if |N;| =
IN;NQ|=¢Y fori=1,...,kg and |N;| > |N; N Q| =ng fori=kg+ 1.

Now, we continue with two lemmas that state some conditions on () determining if
(9.1) is or is not facet defining.

Lemma 9.3. Suppose Fy—F, > 2 and Q = V. The upper general clique inequality (9.1)
is facet defining for P if and only if it is full-dimensional and complies with (FD-1)
and (FD-3).

Proof. When
e P is full-dimensional and it complies with (FD-2), or,
e P is full-dimensional and it complies with (FD-4), or,
o dim(P) = (2) = (n— 1),

we have
Py C{w e P":w(d(u) = Fy —1} YueV.

When dim(P™) = (3) — n,

2
Py C{weP": w((u)=F—1} YueV
where

Fy, if (n mod Fy) = 0.

And, finally when dim(P™) = (}) — 1, Py = P™.

When P™ is full-dimensional and it complies with one of (FD-1) and (FD-3), there
always exist ¢% and gbg-]* such that ¢l # qb? When ¢l = qbg-]* + 1, using Lemma 6.2, one
can easily show that g. = a € R for all e € F.

Suppose that ¢l > (bg-f* + 2. Pick four arbitrary nodes x,y, z,t and an sc-partition

m = (Ni, Ny, ..., Ni) where k = [%-‘, {z,z} C Ny, {y,t} C Ny, |N;| = ¢V for
1=1,2,..., k. Applying Lemma 6.3 to 7 yields

F:{ Fr, if (n mod Fp) =0,

Grz — ot = Gy — Gyt = @ €ER Vz,t € V —{z,y}. (9.2)

But, switching x and y in 7, we obtain

9(x, Niw — ) + g(y, Nj» —y) = g(x, Nj» —y) + g(y, Ni» — ). (9:3)
Plugging (9.2) into (9.3), we get a = 0. Since x,y,z and t are arbitrary, we have
ge=7v€Rforalle e FE. O
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Lemma 9.4. Suppose Fyy — Fp, > 2. Let QQ be a proper subset of V. The upper general
clique inequality (9.1) is not facet defining for P if

1. ng =0, or,
2. 1QI < o] + 1.
When P™ is full-dimensional, (9.1) is not facet defining for P™ if

3. Plu(n — S8 oV, Fy, Fyy) is not full-dimensional.

Proof. 1. When ng = 0, Py lies in the intersection of the hyperplanes w,, , = 0 for all
uveandv eV —Q.

2. When |Q| < ¢V, Pg lies in the intersection of the hyperplanes w,, = 1 for all
u,v € Q. When |Q| = ¢ + 1, Py is contained in the face defined by the cycle
inequalities of Section 10. More precisely, let Q@ = {q1, o, - - - ,q¢§]+1}; the face
defined by the valid inequality ¢7w < ¢V — 1 with

1, ifu=g and v =gy, foralli=1,2,...,¢7 +1,
Juv =90, otherwise,

where all indices are taken modulo ¢% + 1, contains Pp.

3. Let n = n — fol #Y and Ej; be the edge set of the complete graph defined
on 7 nodes. When dim(P™(, Fy, Fyy)) = (}) — #, Pg consists of w™ such that
™ = (Nh...,Nk), |N1| = |N1 N Q| = Qﬁg] for ©+ = 1,...,]{7Q, ’Nk:Q—I—l ﬂQ| = nQ,
|N;| = F for i = kg + 1,...,k where F is equal to either Fy, or Fy;. This implies
that Py is contained in the intersection of the hyperplanes w(d(u)) = F' — 1 for all
ueV —qQ.

Now, suppose dim(P" (@, Fr, Fy)) = () — (7 — 1). All points w™ in Py where 7 =
(Nl, NQ, ceey Nk) have |Nz| = ’NzﬂQl = qbgj for ¢ = 1, e ,]{ZQ and |NkQ+1ﬂQ| = ng.
Let P, consist of points w™ € Py such that |N;| = Fy, for i = kg +1,...,k; and,
let P, consist of points w™ € Py such that |N;| = Fy for i = kg +1,..., k. Since
Py = P, U Py, obviously, Py is contained in hyperplanes w(d(u)) — w(d(v)) = 0 for
all u,v € V — (@, which is in accordance with Proposition 5.4.

Finally, suppose dim(P™(n, Iy, Fyy)) = (’;‘) — 1. Suppose that P™(n, Fy, Fy) is
contained in an hyperplane w(E;) = C for some constant C' € R. Then Py is

contained in w(E) = C + fol (‘@U ), where F, as before, denotes the edge set of
the complete graph defined on n nodes.
m

The following Theorem 9.1 states the conditions that make (9.1) facet defining
for a full-dimensional P!. With reference to Lemma 9.4, we assume that P"(n —
fol Y, Fy, Fy) is full-dimensional, and hence by Theorem 5.1, it falls into one of four
categories (FD-1),(FD-2)-(FD-4).

21



Theorem 9.1. Suppose P™ is full-dimensional and Fyy — Fr, > 2. Let QQ be a subset
of V' which does not comply with any of the conditions (i)-(iii) of Lemma 9.4 (i.e.,
Plu(n — ngl &Y, Fr, Fy) is full-dimensional, ng > 0 and |Q| > ¢Y +1).

1. When P"(n — Zfﬁl &Y, Fr, Fy) complies with (FD-1), (9.1) is facet defining for
Pl if1 <ng < Fy.

2. When P"(n — Zfﬁl &Y, Fr, Fy) complies with (FD-2), (9.1) is facet defining for
Pl if and only if

o 1 <ng<Irty andeS[%-‘—l, or,
o ng=Fy and kg < ||~ 1.

3. When Fy — Fr, =2 and P"(n — fol oY, Fr, Fy) complies with (FD-3), (9.1) is
facet defining for P™ if and only if

o 1 <ng<Fpand kg < LZ‘—U—‘—L or,
o ng = Iy and kg < {Flu—‘—l, or,
o ng=IFp+1and kg < {%—‘—2.

4. When Fy — Fr, > 2 and P"(n — Zfﬁl &Y, Fr, Fy) complies with (FD-3), (9.1) is
facet defining for P™ if and only if

o 1 <ng<Irly andeS[;—U-‘—l, or,

° FLSHQSFL—Fl ande<{FiU-‘—1.

5. When P"(n — Zfﬁl &Y, Fr, Fy) complies with (FD-4), (9.1) is facet defining for

Pl if and only if 1 <ng < F, and kg < {%W —1.

Proof. We prove the cases (i) and (ii) only. The proofs of parts (éii), (iv) and (v) are
similar.
1. Pick two arbitrary nodes u,v € V — @ and an sc-partition # = (NVy, ..., Ny) where
[FH—J <h< LFLJ N = INiNQ| = ¢V for i = 1,.... kg, |[Nigs1 N Q| = no,
Fr, < |Nios1| < Fu, FiL < |Npy42| < Fy. Note that such an sc-partition with 2 >
kg + 2 exists since P (n — Zfﬁl Y, Fr, Fyy) complies with (FD-1). Suppose that
U € Nypor1 and v € Ny, (there exists a u € Ny, 11 —@Q since we assume ng < Fp).
By Lemma 6.1, g,, = 0. This means, we have g. =0 for all e € E(V — Q).

Now, in 7, shift v from Ny, 2 to Ni,41 to obtain
9(v, Nig+1 N Q) = 0. (9.4)
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When applied to this equation, Lemma 6.4 implies that g. = a € R for e €
E(Q,V — Q). But, then inserting this into (9.5) we immediately infer g. = 0 for
e€ E(Q,V —-Q).

Now, we will show g. = 8 € R for all e € F(Q). We prove separately for two cases:
a) ng > 2, b) ng =1 and kg > 2 (we do not consider kg = 1, because then (9.1)
would not be facet defining by part (i) of Lemma 9.4).

Case a): Pick four nodes z,y, z,t € Q and suppose that {z, 2z} C Ny, and {y,t} C
Nioq1 in m. By Lemma 6.3, we have g, . — gy.- = gzt — gy, which implies

9rq — Gyg =7 ER Vg e @Q—A{z,y}. (9.5)

by arbitrariness of z and ¢. Switching x and y in 7, we get

9(x, (NkgNQ)—2)+9(y, (Nig1NQ)—y) = 9(x, (Nig+1NQ) —y)+9(y, (N NQ) —2).

(9.6)
Plugging (9.5) into (9.6) yields v = 0 since ¢kUQ = [Ny, NQ| > ¢gQ+1 > |Nip+1NQ)
due to definition of kg. Then, we infer g. = 5 € R for all e € E(Q).

Case b): Pick four nodes z,y, z,t € @ and suppose that t € Ny, {z, 2z} C Ny, and
Y € Nipoq1 in 7. Obtain a new sc-partition 7 = (N7, ..., N}) from 7 by switching
z and t. Clearly, w™ € Pg. Switching x and y in 7* gives

9(x, (N, NQ)—2)+9(y, (N, 1NQ)—y) = g(x, (N, 11NQ)—y)+3(y, (N;,NQ)—x).

Comparing this equation with (9.6) leads us to (9.5) once more. Now, arguing in
a similar manner to the proof of case (a) we can obtain the result.

. Sufficiency: Pick an sc-partition m = (Ny,..., Ngy1) where k = [%-‘, |N;| =
|N$ﬂQ| = gbg] fori = 1, ceey k’Q, |NkQ+1| = FL+1, |Nz| = FL fori = k’Q+2, N k3+1
and [Ny, 41 N Q] = ng. Clearly, w™ € Py. Note that such an sc-partition exists
since P™(n — fol Y, Fr, Fy) complies with (FD-2). We organize the proof in
four steps.

(1) We first show that g. = a € R for all e € E(V — Q). Assuming ng < F,
pick three arbitrary nodes u,v,t € V — @ and suppose {u,v} C Ni,11 and
t € Niyt2. By Lemma 6.2, we infer g,, = g, Arbitrariness of these three
nodes implies g = o € R for all e € E(V — Q).
Now, assume ng = Fp, and kg < k — 1. This latter implies that the number
of subcliques in 7 is strictly larger than kg + 2 (i.e., kg +2 < k+1). Pick
an arbitrary node v € V — () and suppose u € Nigt1- Shift u from N1 to
Niq+2 to obtain
g(“» Nk’Q-‘rl - u) = g(“? NkQ-‘r?)' (97)

Since kg +2 < k + 1, we can apply Lemma 6.4 and get g,, = gu, for all
z,y € (V — Q) — u. Obviously, this result generalizes into g. = a € R for
e E(V—-Q).
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(2)

(4)

Now, we show g, = « for e € E(Q,V — Q). Note that, for an arbitrary
u €V — @, the equation (9.7) applies for any value of ng, no matter if it is
smaller than F7, or not. The previous result g. = a for e € E(V — Q) turns
(9.7) into

g(u, NkQ+l — u) = FLOé. (98)
Applying Lemma 6.4 to this equation gives ¢y 4 = gug for all ¢1,¢ € Q,
which implies g. = 5 € R for e € E(Q,V — Q). But inserting this result into
(9.8) gives 3 = a.
Next, we show a = 0. Distribute the nodes in N,y over Ny,i1,..., Ng in
7 (note that, this is possible since P"(n — fol Y, Fr, Fyy) complies with
(FD-2)) and name this new sc-partition as 7. Clearly, w™ € Py. Comparing
gTw™ = h and gTw™ = hyields a = 0, because w™(E(V —-Q,V)) < w™(E(V —
Q. V).
Finally we can show that g. = v € R for e € F(Q) in the same manner as in
the proof of part ().

Necessity: We consider three cases and prove separately:

a)
b)

c)
a)

ng = Fp+1;
TLQ:FL ande: ’VF—T:J-‘ — 1.

When ng > Fj,+1, Py consists of sc-partitions m = (N1, Na, ..., N) with k =
[FLU] IN)| = Fyfori=1,2,....k |N:NQ| = ¢V = Fyfori=1,2,..., ko and

|Nig+1 N Q| = ng. This means, Py lies in the intersection of the hyperplanes
w(d(u)) =Fy—1forallueV.

Let P; be the set of sc-partitions m = (IVq, ..., Nyi1) with k& = L{%W, |N;| =
‘Nz HQ] = ¢£] = FU for i = 1,...,]€Q, ’NkQJrl' = ‘NkQ+1 le = FL +1
and |N;| = Fp for ¢ = kg +2,...,k. Let P, be the set of sc-partitions
m = (Ny,...,Ng) with |N;| = Fy fori = 1,...,k, [N, N Q| = ¢! = Fy for
i =1,... kg, |Negt1 N Q| = ng = Fr +1. When ng = F + 1, we have
Py = Py U P;. In all the solutions in P; and P, all the nodes in V' — @) are
always in subcliques with the same size. That is, we have w(d(u)) = w(d(v))
for all u,v € V' — @, which shows that (9.1) is not facet defining in this case.
All w™ € Py with m = (N1, No, ..., Ni) has |[N;| = [N; N Q| = ¢Y = Fy for
i=1,...,kg and | Ny, 11 N Q| = ng = Fr. Let P, consist of sc-partitions in
Pg with k = kg +2, one of [Ny, 1] and [Ny, 4o| is Ff, and the other is Fy, +1;
and, let P consist of sc-partitions in Pg with k& = kg + 1 and [Ny, 11| = Fu.
Since P (n— 31 ¢V, Fy, Fyy) complies with (FD-2), we have Py = P, U P;.
In other words, |V — Q| = F + 1 and it is ensured that in any sc-partition
of Pg, at most one node of V' — @ is packed in a different subclique than the
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others (indeed, in the sc-partitions of P, it is ensured that all are packed in
the same subclique).

Now, let Q" =V —Q = {4}, 43, --,qr,+1}- Both P, and P, (and hence Py)
are contained in the face defined by the 2-chorded cycle inequalities, which
were introduced in [3] for P(n). More precisely, P; and P are contained in
an hyperplane g”w = 0 such that

1, ifu=qg andv=g¢ql,, foralli=12...,¢7 +1;
Guw = —1, ifu:qgandv:qgw,foralli:1,2,...,gz§1U—|—1;
0, otherwise,

where all indices are taken modulo F}, + 1.

]

Now, we prove necessary and sufficient conditions for (9.1) to be facet defining for
P with dimension () — 1. Note that in this case, Pg = P™ (i.e., (9.1) constitutes the
equality set of P'*) when Q = V. So, we assume in the following theorem that Q C V.

Theorem 9.2. Suppose dim(P™) = @ — 1. Let Q be a subset of V' for which the
conditions (i) and (ii) of Lemma 9.4 are not satisfied (i.e. ng > 0 and |Q| > ¢¥+1). The
upper general clique inequality (9.1) is not facet defining for P when (n mod Fp) = 1;
when (n mod Fy) = Fy — 1, it is facet defining for P™ if and only if

e 0<ng<rty—1 ande:{FiU-‘—Q, or,

o 0<ng<Fy—1andkg< {FLU]—Q.

Proof. When (n mod Fp) = 1, Py lies in the hyperplanes w(d(u)) = Fr — 1 for all
weV —Q. When kg = [%W — 1, Py lies in the hyperplanes w(3(w)) = Fyy — 2 for all
u €V — Q. And, in a similar manner to part (i7) of Theorem 9.1, one can show that
(9.1) is not facet defining for P if ng = Fiy — 1 and kg = [%-‘ — 2.

When (n mod Fy) = Fy — 1, we set go = 0 for one ¢ € E(V — Q). Proceeding
in a similar manner to part (iz) of Theorem 9.1, one can show that g. = a € R for all

e € E— E(Q). But then, go = 0 implies g. = 0 for all e € E — E(Q). Proceeding like
in part (i) of Theorem 9.1, one can show g. = § € R for all e € E(Q). O

Proposition 9.1 states that (9.1) is not facet defining at all when dim(P™) = (}) —
(n — 1). The following Theorem 9.3 states the necessary and sufficient conditions that

make (9.1) facet defining for P when its dimension is (}) — n.

Proposition 9.1. The upper general clique inequality (9.1) is not facet defining for P™
when dim(P™) = () — (n— 1).

2

Proof. In this case, P is contained in the hyperplanes w(d(u)) = Fy — 1 for all w € V.
O
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Theorem 9.3. Suppose dim(P™) = () —n. Let

o Fr, if (n mod Fp) =0,
| Fu, if (n mod Fy) = 0;

and let k = %. Let Q be a subset of V' which does not comply with conditions (i) and
(ii) in Lemma 9.4 (i.e., ng > 0 and |Q| > F +1). The upper general clique inequality

(9.1) is facet defining P™ if and only if Q complies with one of the following:
I.ng=1and2 <kg<k—1, or
2.2<ng<F—-1and1<kg<k-—1, or
3 ng=F—1and1<kg<k-2.

Proof. If kg =k — 1,

Py={weP": w,,=1} Vu,veV —-Q.

And, when ng = F'—1 and kg = k — 2, one can show in a similar manner to the proof of
part (i7) of Lemma 9.4 that Py is contained in the face defined by the cycle inequalities.
Without loss of generality, let @ = {1,2,...,]|Q|} and V — Q = {|Q| + 1,...,n}.
Consider the set S = {{1,n},{2,n},...,{n — 1,n},{1,n — 1}}. Like in the proof of
Theorem 8.3, one can fix the values of the g, variables to 0 for all e € S.
Now, we prove the separately for the parts (i), (i7) and (7).

1. Pick z,y,z € V—Q and p, q € Q arbitrarily. Pick an sc-partition 7 = (Ny, ..., Ng)
such that w™ € Py, ng = 1,2 < kg <k —1,p € Niy, {n,2,q} C Niyq1 and
{z,y} C Niyyo. Applying Lemma 6.3, one can infer that g,. + gey = gny + ga.2
which leads to g,, = ¢, since {n, z},{n,y} € S. Since, z, y and z are arbitrary
nodes, we infer that

ge=a€R Veec E(V—-0Q). (9.9)
Switching n and x in 7 yields
9(@, Nigv2 — ) = g(2,q) + 9(&, Neg1 — {q,n}). (9.10)

If we plug (9.9) into (9.10) we get g, , = «. Since x and ¢ are arbitrary, this implies
ge = a for all e € E(Q,V — Q). But then since we have set g1, = 0, we get
a=0.

Now, switch p and ¢ in 7 to obtain
9(p, Nkg —p) = 9(¢, Ny — p)- (9.11)
Pick ¢; € Ny and g € Ny, (note that, kg > 2). Obtain a new sc-partition 7 by
switching ¢; and ¢». Switching p and ¢ in 7 yields
9(ps Neg = {0: @23) + 9par = 9(¢, Nig = {P, 02}) + Goan-

Comparing this equality with (9.11) gives gy ¢, —9g.q1 = 9p.go—YJa.q2>» Which generalizes
into g5 — gqq = B € R for ¢ € Q — {p,q}. However, due to (9.11), this implies
that 6 = 0, which implies further that g. = v € R for e € F(Q).
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2. Proceeding in a similar manner to part (i), one can show that g. = 0 for all
e € E—E(Q). Now, we show g = f € R for all e € E(Q). Pick three nodes
u, v,z € () arbitrarily. Pick an sc-partition m = (Ny,..., N;) such that w™ € Py,
2<ng<F-1,1<kg<k—1,{ux} C Ny, and {v,n} C Ni,41 arbitrarily.
Now, applying Lemma 6.3 yields g, , = gy since {n,v},{n,z} € S, which implies
ge=p € Rforall e € E(Q).

3. The proof of this part is similar to those of parts (i) and (7).
[

This theorem suggests that the upper general inequality (9.1 is facet defining for the
k-way equi-partition polytope P*~*%(n, k). In fact, Mitchell [5] shows that (9.1) is valid
for this polytope. Here in Theorem 9.3, we advance this result one step further and show
for the first time that (9.1) is indeed facet defining for P*~“%(n, k). We highlight this
contribution by means of the following corollary:

Corollary 9.1. The upper general clique inequality (9.1) is facet defining for P*~v% (n, k)
if and only if

e [ +2<|Q|<n—F -2, and,

e (|Q| mod F) #0.

10 The Cycle Inequalities
Let Go = (Ve, E¢) be a cycle in G. The cycle inequality
w(Ee) < |Vo| -2 (10.1)

is first introduced by Conforti, Rao and Sassano [2] for the equipartition polytope
Peavi(n). They show that it is facet defining for P**(n) when n is odd and |V | = [2]+1.
In this section, we generalize this result for P™. In the rest of this section, let ¢{ and
#Y be defined as in (6.6), and all the indices be taken modulo |Vi|. And, let Po denote
the face of P™ defined by (10.1) corresponding to the cycle Ge.

We first present a lemma that states the validity condition of (10.1) for P™. We skip
the proof because it is trivial.

Lemma 10.1. The cycle inequality (10.1) is valid for P™ if and only if |Vo| > ¢Y + 1.
Now follows the theorems that state the conditions of facetness for P™.

Theorem 10.1. Suppose P™ is full-dimensional and Fyy — Fr, > 2. Pick a cycle G =
(Ve, Ec) with |Vo| = ¢V + 1. The cycle inequality (10.1) is facet defining for P™ if
§> L@J +1 and P(n — @Y, Fy, Fy) is full-dimensional.
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Proof. Let Vo = {uq,us, ..., up, } and

Ec = {{ur,ua}, {u, us}, ... . {wve -1 upo b {wve ), wa b}

Pick an sc-partition m = (Ny, No, ..., Ni) with |[Ny| = ¢V, NyNVe = {ug, us, . .. Uy 1}
and Ny N'Vg = {u;}. Clearly, w™(E¢) = |Vo| — 2. If P(n — ¢Y, Fr, Fyy) complies with
(FD-1), suppose that we have picked 7 such that Fj, < |Ny| < Fyy and F, < |N3| < Fy.
Using Lemma 6.1, we can show that ¢, ,» = 0 for two arbitrary nodes v,v" in V' — V. If
Pl(n — @Y, Fr, Fy) complies with (FD-2), (FD-3) or (FD-4), suppose that we have
picked 7 such that |Ny| = |N3| + 1. Then, we can apply Lemma 6.2 so as to show that
Gvw = a € R for any two arbitrary nodes v,v’ in V' — V. But, with (FD-2), (FD-3)
and (FD-4) it is always possible to construct another sc-partition with one less or one
more number of subcliques than 7 (like in step (3) in the proof of part (ii) in Theorem
9.1). This implies o = 0, namely, g. = 0 for e € E(V — V).

Now, pick an arbitrary v € V — Vo and u; € V. Furthermore, pick an sc-partition
7' = (Ny,...,N}) such that |[Nj| = &Y, Ny N Ve = {uy,ug, ..., ui1,Uit1,... 7U¢?+1}7
NN Ve = {w} , |Nj| < Fy, |Nj| > Fr, and v € Nj. Note that full-dimensionality of
Pl(n — @Y, Fr, Fy) ensures existence of such an sc-partition. Shifting v from N} to N,
we get gy,., = 0, which generalizes into g. = 0 for all e € E(V, V — Vo).

Now, we show gy, 4, = 0 for i = 1,2,...,|Vg| and | = 2,3,..., {@J Pick an
sc—partition T = (NI,NQ,. . ,Nk) with |N1| = ¢[1], Nl N VC = {ul/+1,ul/+2, ce 7U\VC\}7

|]\72| = ¢¥ and NoN Ve = {uy,ug,...,up} where 3 <1’ < L'V_;'J + 1 (this is possible
even for ' = L'V—flJ + 1 since ¢Y > {@J +1). Clearly, w™(E¢) = |Vg| — 2. Since
Ve| = ¢V + 1 and |Ny| = ¢V, there exists {v,v'} € Ny — V. Switching v and u; yields

g(ul, {UQ, e ,Ul/}) = g(ul, {ul/_H, e >U\VC|})' (10.2)

Now, consider another sc-partition 7* = (Ny, ..., NJ) obtained from 7 by switching u
and v. Obviously, w™ (E¢) = |Vo| — 2. Now, switching u; and v’ in 7* yields

g(uh {u27 cee 7ul’}) - gul,ul/ = Q(Uh {ul’Jrla ey ‘VC‘}> + gu1,ul/'

Comparing this with (10.2), we infer g,, ., = 0. By symmetry, the same result can be
obtained for any u; € Vg, that is, gu,u,,, , = 0 for any i = 1,2,...,[V¢|. This implies
that g. = 0 for all e € E(Vc) — Ec. But, then (10.2) directly gives gu,u, = Guiup,,»
which generalizes into g. = a € R for e € C' by symmetry.

0

Theorem 10.2. Suppose dim(P™) = () — 1. Pick a cycle Gc = (Ve, Ec) with [Ve| =
oY + 1.

1. When (n mod Fy) = Fy — 1 and Fyy — Fr, > 2, the cycle inequality (10.1) is facet
defining for P if ¢¥ > L@J + 1.
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2. When (n mod Fy) = Fy — 1 and Fy — Fi, = 1, the cycle inequality (10.1) is facet

defining for P if Fy > 4 and 6§ > |51 + 1.

3. When (n mod Fy) = 1, the cycle inequality (10.1) is facet defining for P™ if Fy, > 4
and Fr, > L'V—zcw + 1.

Proof. We present the proof for case (i) only. The proofs for the other cases are similar.
Note that in case (i),

e when [%-‘ =2, ¢Y = Fy; ¢§ = Fy — 1; and,

o when [Fﬂ >3, ¢V = ¢¥ = [

Let Vo = {u, ua, ..., upy,} and

Eo = {{u1,ua}, {ug, us}, ..., {upve -1, o) b {uve), w1 } -

Since dim(P™) = () — 1, we can set go = 0 for one ¢’ € E(V — V¢). Pick three
arbitrary nodes z,y and z in V — V. Pick an sc-partition 7 = (Ny,..., Ni) with,
without loss of generality, |Ni| = Fy, |Nao| = Fy — 1, Ny N Ve = {ug,ug, ..., up,—2},
NoNVe = {up,—1,up,, up, 1}, {z,y} C Ny and t € Ny (note that, Ny — V¢ is non-
empty because |Ny| = Fy — 1> (F,+2) — 1 > (3 + 2) — 1, since we assume F, > 3).
Using Lemma 6.2, we get g. = o € R for e € E(V — V) since z,y and z are arbitrary.
Pick another sc-partition 7* = (N7, ..., Nj) with |N{| = Fyr, Nyn\WVe = {uy, ..., up, -1},

NyNC ={up,,up,+1} and x € Ny. Shifting = from Nf to Nj yields

g(x, {ulv Uz, ... 7uFu—1}) = (FU - 3)& + g(x, {UFU’ uFU+1})‘ (103)

Now, we obtain a new sc-partition 7 by only switching up, -1 and w41 in 7. Shifting
x from N; to Ny in m we get

g(x, {ur,ug, ... up,—2,up, 1)) = (Fu — 3)a + gz, {up,—1,up, }).

Comparing this with (10.3) we infer Joupy 1 = 9wup, 1, Which generalizes into gy, =
Gz, fori=1,2, ... |Ve| since up, 11 is arbitrary in the sense that we could have placed
any two consecutive nodes of Vi into Nj.

When |V¢| is odd, ¢yu; = gz, , for any i implies that g = 8 € R for e € E(V —
Ve, Vo) since z is arbitrary. When |V| is even, we infer g,,, = 61 € R if ¢ is odd and
9zu; = P2 € R if ¢ is even. Now, we repeat the same procedure using 7 instead of 7*.
Namely, we obtain a new sc-partition 7’ by switching up,_o and ug, 1. We compare
the two equations we obtain by shifting  in 7 and 7" and get gs,ur, » = Grup, 41, Which
generalizes into ¢, ., = gzu, , Since up, 41 is arbitrary in the sense that we could have
placed any three consecutive nodes of Vi into Ny. This shows that £, = 5 when |V
is even. In other words, for any |V¢|, we have shown g. = f € R for e € E(V — Vi, Vo).
Inserting this into (10.3) gives @ = (3. But, since we have already set g = 0 for one
¢ e E(V—Vg), weinfer a = 3 =0.

We can show g. = v € R for e € E¢ and g, = 0 for E(V) — E¢ just like we do in
Theorem 10.1. 0
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Theorem 10.3. Suppose dim(P™) = (3) — (n — 1). Pick a cycle Go = (Vo, Ec) with
\Vo| = Fy + 1. The cycle inequality (10.1) is facet defining for P if and only if

Fy < 2F7}.

Proof. First assume Fy < 2Fy. Let Vo = {uy,ug, ..., up,+1} and

EC = {{uh u2}7 sy {uFU7 U’FU—i-l}v {UFU—i-la ul}}

Without loss of generality, suppose n ¢ V. We use the fact that dim(P™) = () —(n—1)
for setting g. = 0 for e € S where S = {{1,n},{2,n},...,{n —1,n}}, just like we do in
the proof of Theorem 7.5. Pick two arbitrary nodes x,y € V — V. Pick an sc-partition
™ = (Nl,NQ,...,Nk) with |Nz| = FU for i = 1,2,...,]43, N1 N VC = {u17u2,...,ul},
NonVe ={w1, ..., up,41}, n € Ny and {z,y} € Ny where | = L@J Switching x and

n yields
g(x,(No — (Ve Ux)) + g(z, NaN Vi) = g(x, Ny — Vo) + g(x, Ny N V). (10.4)

Now, switch y and u; in 7 and call this new sc-partition 7*. Switching  and n in 7*
yields

g(a:, N2 - (VC USL’)) — Yay +g<x7 N2 N VC’) +gz,ﬂ1 =
g(z, Ny = Vi) + Goy + 9(x, Ny N V) — Gaus -

Comparing this equation with (10.4) we obtain g, , = ¢u.,. We can generalize this result
toge=a € Rforeec E(V — Vg, V) since T,y @nd up are arbitrary.

Next, pick another sc-partition @ = (N, N, ..., Ngi1) where |N;| = Fp for i =
1,2, .. .,k‘—i—l, NlﬂVC = {ul,u2, ce ,ul}, NQHVC = {ulH, ce 7UFU+1} where [ = \\@J
Note that such an sc-partition exists since we assume Fy < 2Fp and |Vg| = Fy + 1.
Comparing g(w™)? = h and g(w™)" = h, we can infer a = 0.

We can show g, = v € R for e € FE¢, g. = 0 for E(V¢) — E¢ like we do in Theorem
10.1.

Finally, when Fy > 2F7, all the points that satisfy the cycle inequality at equality
lie on the hyperplanes w(d(u)) = Fy — 1 for all uw € V. O

Theorem 10.4. Suppose dim(P"™) = () —n. Pick a cycle Ge = (Ve, Ec) with |Vo| =
F + 1 where
[ { Fr, if (n mod Fr) =0,
| Fu, if (n mod Fy) =0.

The cycle inequality (10.1) is facet defining for P™*.

Proof. Let Vo = {u1,ua, ..., up, 11} and Ec = {{u1, ua}, ..., {ur,, up,+1}, {um 41, u1}}
Suppose, without loss of generality that {n — 1,n} C V — V. Like we do in the proof
Theorem 8.3, we set go = 0 fore € S = {{1,n},{2,n},....,{n—1,n},{1,n—1}}. Then,
like in the proof of Theorem 10.3, we can show g. = o € R for e € E(V — V¢, V). But,
of course, combining this with g;,-1 = 0, we get g. = 0 for e € E(V — V¢, V). Finally,
we can show g. =~y € Rfore € C, g. = 0 for E(V) — C like we do in Theorem 10.1. [

Mitchell [5] shows that the cycle inequality (10.1) is facet defining for P*?“(n) for
even n and P¥~%%(n, k). Theorem 10.4 presents an alternative proof for this result.
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11 The lower 2-star inequalities
In this section, we introduce the following lower 2-star inequalities:
(2 + ¢5 — pN Wy + w({u, v}, V — {u,v}) > ¢f + ¢ — 2 Yu,v € V. (11.1)

Let P, , denote the face defined by the lower 2-star inequality corresponding to the nodes
u and v, i.e.

Puw={w € P": (2465 — ¢ wuy + w({u, v}, V — {u,v}) = ¢f +¢5 — 2}
The following lemma proves that (11.1) is valid for P™.
Lemma 11.1. The lower 2-star inequality (11.1) is valid for P™.

Proof. Consider two nodes u,v € V and the corresponding lower 2-star inequality (11.1).
Pick an sc-partition 7 = (Ny, ..., Ni). First suppose that u and v are packed in the same
subset, say N;, in w. In this case, the left hand side of (11.1) is equal to

(2+ 05 —or) + (2IN;| — 4), (11.2)

which is always larger than or equal to the right hand side of (11.1). Now, suppose that
u and v are packed in different subsets, i.e., say v € V; and v € N;. Then, the left hand
side of (11.1) is equal to

|Ni| + |N;| — 2, (11.3)

which is always larger than or equal to the right hand side of (11.1). O

The next lemma characterizes P, ,,.

Lemma 11.2. The characteristic vector w™ of an sc-partition m = (Ny, ..., Ni) is con-
tained in P,, if and only if

e there exist i* and j* such that |[N;s| = ¢¥ and |Nj«| = ¢%,

d |(Nl* U N]*) n {U,U}’ = 2) and;
o [Ny N{u,v} >1.

Proof. Sufficiency is obvious from the proof of Lemma 11.1. For necessity, consider
an sc-partition 7 = (Ny,..., Ng). Obviously, if there do not exist ¢ and j such that
|N;| = ¢ and |N;| = ¢&, (11.2) and (11.3) are never equal to the right hand side of
(11.1). Similarly, if |(N;+ U Nj») N{u,v}| < 2 or |[N;« N {u,v}| =0, at least one of (11.2)
and (11.3) is different from the right hand side of (11.1). O

As usual, we start by considering the full-dimensional case.
Theorem 11.1. Suppose that P is full-dimensional. Then the lower 2-star inequalities

11.1) define facets of P™ if and only if o5 > ¢F + 2.
2
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Proof. Necessity: When ¢l and ¢f are equal, the lower 2-star inequality (11.1) is obtained
by merely adding up the corresponding lower bound inequalities (6.8). When ¢} = ¢F+1,

by definition of ¢1’s, we have ¢F = Fyy fori =3,. .., {F%J Then,

o1 Oy — (Fv
o= () (3) 2 (5)
7
by this valid inequality.

Sufficiency: Pick z,y,z € V — {u,v} arbitrarily; and, pick an sc-partition = =
(Ny, ..., Ny) where {v,2} C Ny, {u,z,y} C No, |N1| = ¢F and |No| = ¢L. Note that
w™ € P,,. Obtain a new sc-partition 7* = (N7, N3, ..., N}) by only switching y and z
in 7 (obviously, w™ € P,,). Now, shift  from N, to N; in 7 to obtain

where k* = { J, is a valid inequality for P and P,, is contained in the face defined

Gou T Goy + g<377 Ny — {u,a:, y}) =0zt Gop + g<377 Ny — {U, Z}) (11'4)

Shifting x from N5 to Ny in 7* yields

g:t,u + ga:,z + g(l’,N; - {uax>y}) = gx,y + gw,v + g(xaNl* - {U,Z}).

Comparing this with (11.4) gives ¢,, = ¢.., which implies that g. = o € R for all
e € E(V — {u,v}). Plugging this into (11.4) and rearranging we obtain

9o — GJzu = ((bg - ¢f - 1)@ (115>

Now, consider yet another sc-partition 7 which is obtained by switching v and v in 7.
Clearly, we still have w™ € P. If we proceed in the same manner for 7, we get

9ru — Gz = (ng - ¢f - 1)@,

which, in comparison with (11.5) yields a = 0 since we assume ¢} — ¢ > 2. Moreover,
we also have ¢, = gpp =7, € Rforall z € V — {u,v}.

Now, consider 7 = (Nl,NQ,...,Nk) with {u,v,y} C Nl, z € Ny, |N1| = ¢F and
|No| = ¢%. Clearly, w™ € P. Switching x and y in 7 yields

9o+ oo = Gyu + Gyv- (116)

Next, consider yet another sc-partition 7’ = (Ny, N3, ..., N}) with {u,z} C Ny, {v,y} C
Ny, |Nj| = ¢F and |Nj| = ¢%. Clearly, w™ € P. Switching z and y in 7’ yields

Gz,u + Gyv = Gz + Gy,u- (117)

Summing up this equation with (11.6) gives g, = guy and g, = gyy, which further
implies that 7, =, and g. = v for all e € E({u,v},V — {u,v}).

Finally, switching u and z in 7 yields g,, = (¢% — ¢ + 2)7, which completes the
proof. ]
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Now, we prove the facet defining conditions for the lower 2-star inequalities when
dim(P™) = (}) — 1. In this case, the lower 2-star inequalities are facet defining for P™ if
and only if the lower bound inequalities (6.10) are not facet defining. This complementary
facetness property between these two sets of inequalities is a direct consequence of the
following theorem and Theorem 6.9.

Theorem 11.2. Suppose dim(P"™) = (3) — 1. The lower 2-star inequalities (11.1) are
facet defining for P™ if and only if

e (n mod F) =1 and LFALJ = {%—‘ =2, or,

o (n mod Fy) = Fy — 1.

Proof. Using the fact that dim(P™) = (}) —1, we set g = 0 for some ¢’ € E(V —{u, v}).
Proceeding like in the proof of Theorem 11.1, we can show g = o € R for all e €
E(V —{u,v}). But, go = 0 implies &« = 0. Now, we can complete the proof proceeding
in the same manner as in the proof of Theorem 11.1. When (n mod Fj) = 1 and

Fr
inequalities (6.10). O

{ I J = {%W > 3, P, lies in the corresponding hyperplanes defined by the lower bound

Now, we state that the lower 2-star inequalities are not facet defining when dim(P™) =

(5) = (n—1).
Proposition 11.1. Suppose dim(P™) < (3) — (n — 1). The lower 2-star inequalities
(11.1) are not facet defining for P™.

Proof. When, dim(P™) = (}) — (n — 1), P, lies in the intersection of the hyperplanes

w(6(u)) = Fr, — 1. When dim(P™) = (}) — n, the lower 2-star inequalities are just the

sum of two hyperplanes from M (P™). O

12 The upper 2-star inequalities
In this section, we introduce the following upper 2-star inequalities:
(2_ (gbgj _¢g))wuw+w({uav}vv_ {U,U}) < ¢I1]+¢2U -2 Vu,v eV (12'1)

The proofs of the following theorems are very similar to their counterparts in Section 11,
so we present them without proofs. Just like in Section 11, when dim(P™) = (g) -1,
the upper 2-star inequalities are facets of P™ if and only if the upper bound inequalities

(6.8) are not facet defining. s

Theorem 12.1. Suppose that P is full-dimensional. Then the upper 2-star inequalities
(12.1) define facets of P™ if and only if ¢V > ¢Y + 2.

Theorem 12.2. Suppose dim(P™) = (Z) — 1. The upper 2-star inequalities (12.1) are
facet defining for P™ if and only if
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e (n mod Fyy) = Fy — 1 and {FLLJ = {FlU—‘ =2, or,
e (n mod F) = 1.

Proposition 12.1. Suppose dim(P™) < (Z) — (n —1). The upper 2-star inequalities
(11.1) are not facet defining for P™.
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