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1 Introduction

The use of heuristics and meta-heuristics in optimization requires that
those methods are tested with known problems and solutions to pre-
dict their overall performance. The use of large sets of problems reduces
the risk of overfitting in the tested methods although, even in an exten-
sive collection, some classes of features may be rare or absent (Gent and
Walsh, 1999; Deb et al., 2002).

When we try to focus on some specific problem often a number of
difficulties arise, like, the need to find repositories for the problems in
context (or possibly similar), the need to know the optimums or quasi-
optimums of the problems and, in the majority of the cases, the lack of
diversity of the so far studied instances. This situation implies that gen-
erally the proposed algorithms are first tested with classical problems,
as for example, some libraries of functions for the continuous cases, or
the travelling salesman problem for the discrete ones. This proves to
be a touchstone to many meta-heuristics (Johnson and McGeoch, 1997;
Cirasella et al., 2001).

It should be noted that this lack of choices is even more pertinent in
the multiple objective combinatorial optimization, where only a few dis-
perse sets of results are available. Therefore, in this article we propose
the Multiple Objective Spanning Tree repository – MOST – Project. This
project will serve as an archive for the large number of multidisciplinary
applications problems of the multiple objective spanning trees. The ob-
jective of the MOST Project is to establish, maintain, and successively
improve an intuitive and large set of problems along with their optimal
or quasi-optimal solutions, on which different algorithms can quickly be
tested and classified relative to their performance, with respect to pro-
cessing time and accuracy.

Therefore, MOST Project is meant to be a dynamic platform that the
interested community can make use of and contribute as well to main-
tain a helpful repository for the types of problems already mentioned.
MOST can be accessed via Internet at http://est.ualg.pt/adec/csc/most.

Relative to the groundwork of the MOST Project, the spanning trees
optimization problem is one of the most well-studied areas in the combi-
natorial optimization, with practical applications in distinct areas like,
VLSI layout, electricity, water, telecommunication or traffic networks
(Sack and Urrutia, 2000), biology and medicine (such as cancer detection
– medical imaging(An et al., 2000)), dependency parsing (Hajic et al.,
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2005), and also as a basic step in some other graph problems.

In the multiple objective minimum spanning tree problems, similar
to the generalized multiple objective optimization cases, improving one
of the weights of a good solution will worsen at least one of the others,
which implies that there rarely exists an over performing response that
is preferable to all others. Therefore, the answer to these problems is
a set of trade-off compromises between all concurring weights, result-
ing in a set of solutions. For example, in a telecommunication network,
where the optimization of several problems is based on spanning trees,
factors like the maintenance and communication costs, communication
delays, reliability, bandwidth, and profitability, compete among them-
selves (Pinto et al., 2005). This intricacy implies that the multiple objec-
tive minimum spanning trees problem is NP -complete (Camerini et al.,
1984), and Hamacher and Ruhe proved that it is also NP −#(Hamacher
and Ruhe, 1994).

Problems in NP -hard class of complexity have attracted for the at-
tention of several researchers in that they used ever-increasing compu-
tational capacities to shape and develop a large number of heuristics
and meta-heuristics, like the Genetic Algorithms (Vose, 1999; Aarts and
Lenstra, 1997; Deb, 2001), Tabu Search (Glover and Laguna, 1997), Simu-
lated Annealing (Kirkpatrick et al., 1983), and Ant Colony Optimization
(Dorigo et al., 1999; Dorigo and Stutzle, 2004). These methods proved to
be excellent working tools and are being adopted as first-choice proce-
dures to obtain suitable approximations to many solutions of problems.
Although some of these algorithms have the guaranty of convergence
through the optimum solutions (see for example (Dorigo and Stutzle,
2004) for the Ant Colony Optimization or (Coello-Coello et al., 2005) for
the Simulated Annealing, an Artificial Immune System and a General
Evolutionary Algorithm for multiple objective optimization problems),
most of the times they cannot exactly predict the quality of the approx-
imations computed within a limited time. Therefore, if with these tech-
niques we look for an extensive problem solver, then we should at least
test them in greatest possible number of different problems, to estimate
their performance in several effective measures and rank the algorithms’
utility as practical tools. This has been mentioned in the beginning of the
article: it is exactly here that the MOST Project has to prove its usefulness
by providing a variety of problems and their exact solutions or known
good approximations.

In the present implementation stage of MOST Project, problems are
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classified according to three types of generators: nodes, edges, and
weights generators. For each of the types, we have defined a set of in-
stances, as follows:

• For the nodes we consider five generators: the Grid Nodes Genera-
tor, the Triangular Nodes Generator, the Uniform Nodes Generator,
the Normal Nodes Generators, and the Clusters Nodes Generator.

• For the edges, six generators are considered: the Grid Edges Gener-
ator, the Delaunay Edges Generator, the k-Convex Edges Generator,
the Complete Edges Generator, the Voronoi Edges Generator, and
the Clusters Edges Generator.

• Finally, for the edge weights, we consider three generators: the Ran-
dom Weights Generator, the ρ-Correlated Weights Generator, and
the Concave Weights Generator.

Therefore, this article is organized as follows. In the next section,
some preliminary concepts about multiple objective optimization and
networks are introduced. Section 3 describes the methods to generate
the networks, namely: the nodes, the edges, and the weights generators.
In sections 4 and 5, we suggest the use of three reference metrics and
discuss the methods used to compute the approximations (in small in-
stances the exact solutions). Some examples along with conclusions and
future work are presented in the last sections.

2 Preliminaries

Mathematically, a multiple objective or criteria optimization problem can
be stated as

min
s∈S
W(s), (1)

where S is the feasible set and

W : S → IRm

s 7→ W(s) = (w1(s), w2(s), . . . , wm(s))
(2)

is them-objective (vector) function, for which all objectives are to be min-
imized. Note that if some of the objectives was to be maximized, we
could use the dual principle and therefore still use (1) (Deb, 2001).

The optimization process requires the definition of an order relation.
The prevailing relation, in the multiple objective optimization area, is de-
fined as follows: in a minimization process, a vector x = (x1, x2, . . . , xm)
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is said to dominate a vector y = (y1, y2, . . . , ym), and we write x ≺ y, if
xi ≤ yi for all i ∈ {1, 2, . . . ,m}, and for at least one j ∈ {1, 2, . . . ,m} we
have xj < yj . A solution is said to be Pareto optimal if it is not dominated
by any other solution of the feasible set. The set of all the Pareto optimal
solutions is called Pareto(-optimal) set or efficient set.

A network is a structure defined as

N = (V , E ,Z) , (3)

where V is the set of nodes or vertices, E is the set of edges and Z : E →
IRm is the weight vector function associating to each edge, e ∈ E , values
Z(e) = (z1(e), z2(e), . . . , zm(e)). Throughout this article, we will consider
that N is undirected.

For a sub-network T of N , it is considered the sum weight function
as

W(T ) = (w1(T ), w2(T ), . . . , wm(T )) =

=

(∑
e∈T

z1(e), . . . ,
∑
e∈T

zm(e)

)
= (4)

=
∑
e∈T

Z(e),

where e ∈ T means that e is an edge that belongs to T .

3 Network Generators

The network-generating process is divided into three phases that we will
describe in this section. The method starts by generating a set of nodes,
followed by the computation of a set of edges. The network construction
is concluded by setting the edges weights. There will be a single ex-
ception to this sequence, as we will see in Section 3.2.5, when a Voronoi
diagram is used to set up the edges, since the original set of nodes is
replaced by the one induced by the diagram.

3.1 Nodes generators

One of the main objectives of the MOST Project is to start with a num-
ber of networks that could reproduce practical problems, as much as
possible. After a previous analysis, we decided to start with five types
of nodes generators, namely: Grid, Triangular, Uniform, Normal, and
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Cluster Nodes Generator. The first two generators can be classified as
regular since they return regular clouds of nodes. The third and forth
cases are examples of a generator that uses pseudo-random numbers as-
sociated with statistical distributions. In particular, we use the Uniform
and Normal distributions. Finally, the previous generators are applied
to create a set of nodes clusters. First, we calculate a set of centers, which
is followed by the generation of a set of nodes located in the neighbor-
hood of those centers. Next, we give a detailed description of each one
of these methods.

3.1.1 Grid Nodes Generator (GNG)

The simplest case is that of a Grid Node Generator. The set of nodes
produced here is distributed over an m × n lattice. To simplify the text,
GNGm,n will represent an instance of that generator, with m lines and n
columns of nodes,

V = GNGm,n = {(x, y) : x ∈ {1, 2, . . . , n}, y ∈ {1, 2, . . . ,m}}.

In Figure 1(b) we can see an example of a GNG10,10.

HdL HeL HfL

HaL

l
�!!!!!
3 l

������������������

2

l

HbL HcL

Figure 1: (a) Height of an equilateral triangle with side l. Graphical
representation of nodes distribution according to the nodes generator:
(b)GNG10,10; (c) TNG10,10; (d) UNG1000; (e) NNG1000; and (f) ClNG50,50.
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3.1.2 Triangular Nodes Generator (TNG)

Like GNG, the Triangle Nodes Generator also sets m lines with n nodes
per line, TNGm,n, distributed according to Algorithm 1. In Figure 1(c),
we can see the nodes distribution for a TNG10,10.

Algorithm 1 Triangular Nodes Generator

input: m, n, l, h = l
√

3
2

. m, n – Number of lines and number of nodes
by line; l – distance between neighbor nodes; h - distance between lines (see
Figure 1(a))

output: V . set of nodes
1: V = ∅
2: for all (x, y) ∈ {1, 2, ..., n} × {1, 2, ...,m} do
3: if x is odd then
4: V = V ∪ {(x× l, y × h)}
5: else
6: V = V ∪ {(x× l + l

2
, y × h)}

7: return V

3.1.3 Statistical Nodes Generator

The Statistical Nodes Generator uses (pseudo) random number gener-
ators defined by two statistical distributions, ZX and ZY (associated to
x and y coordinates, respectively), to yield as much nodes as necessary.
Algorithm 2 describes the process, where random(Z) is a function that
returns a (pseudo) random number with specified distribution Z.

We considered two instances of the Statistical Nodes Generator ob-
tained with the Uniform and the Normal distributions.

Uniform Nodes Generator (UNG) As stated, the Uniform Nodes Gen-
erator is a particular case of the Statistical Nodes Generator and UNGn

represents an instance of UNG with n nodes. In this case, ZX ∼

Algorithm 2 Statistical Nodes Generator
input: ZX , ZY , n . ZX , ZY – statistical distributions; n – number of nodes
output: V . set of nodes

1: V = ∅
2: for i = 1, 2, ..., n do
3: V = V ∪ {(random(ZX), random(ZY ))}
4: return V

7



U [xmin, xmax] and ZY ∼ U [ymin, ymax], where U [a, b] is the Uniform distri-
bution over the interval [a, b], and xmin, xmax, ymin, and ymax are generator
parameters. This produces a cloud of nodes uniformly distributed over
the rectangle [xmin, xmax]× [ymin, ymax].

In Figure 1(d) we can see an example of the distribution for n = 1000
nodes, UNG1000, with xmin = ymin = 0, and xmax = ymax = 1000.

Normal Nodes Generator (NNG) The Normal Nodes Generator is also
a particular case of the Statistical Nodes Generator andNNGn represents
an instance with n nodes. Here, ZX ∼ N(µX , σX) and ZY ∼ N(µY , σY ),
where N(µ, σ) is the Normal distribution with mean µ and standard de-
viation σ, and µX , µY , σX and σY are generator parameters.

In this case, the cloud of nodes is distributed around (µX , µY ) with
horizontal and vertical deviations associated with the values of σX and
σY , respectively.

In Figure 1(e) we can see the cloud of nodes for NNG1000, with µx =
µy = 10000 and σx = σy = 100.

3.1.4 Clusters Nodes Generator (ClNG)

The last nodes generator that we will consider is the Clusters Nodes Gen-
erator. The ClNG uses, in two steps, the previous generators, to produce
a set of m clusters with n nodes each. In the first phase, m nodes are
generated, c = (cx, cy), around which, in the second phase, the clusters
are completed by the addition of the remaining n− 1 nodes. An instance
with m clusters of n nodes each will be represented by ClNGm,n. In this
case, that obviously depends on the location of the centers and the di-
mensions of the clusters, we usually obtain a set of separated sub-clouds
of nodes.

Figure 1(f) shows an example of 50 clusters with 50 nodes each,
ClNG50,50. We used a UNG50 to generate the centers with xmin = ymin =
0 and xmax = ymax = 1000. Then each cluster is completed using a UNG49

in the neighbors of the centers defined by the parameters xmin = cx − δx,
xmax = cx+ δx, ymin = cy− δy, and ymax = cy + δy, where δx = δy =

√
1000.

Although, in the example the result is a set of perfectly balanced clus-
ters with similar complexity among all, other combinations of the gener-
ators can produce very distinct cases.
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Figure 2: Graphical representation of a network obtained with GEG7,7

3.2 Edge generators

In this section, we describe the six methods used to generate the net-
works’ edges, E . The first, the Grid Edges Generator, is only applica-
ble to GNG instances and returns a Manhattan-like topology. The next
two are called Delaunay and k-Convex Edge Generator since they use
a Delaunay triangulation and an onion triangulation, respectively. This
one is based on layered k-convex hulls, to generate the edges. Fourth,
we consider the complete networks case. It follows the definition of the
Voronoi Edges Generator, based on the Voronoi diagram, which has the
pecularity of replacing the set of nodes by the ones induced by the dia-
gram. Finally, the Cluster Edge Generator uses a set of nodes obtained
with the ClNG and uses some of the previous methods to generate the
edges. Next, we outline each of these generators.

3.2.1 Grid Edges Generator (GEG)

The Grid Edges Generator uses the nodes obtained with the GNG. An
edge epq defined by nodes p and q with coordinates (px, py) and (qx, qy),
respectively, belongs to E if

(|px − qx| = 1 ∧ py = qy) ∨ (px = qx ∧ |py − qy| = 1) . (5)

This network topology appear, for instance, in problems related to
Manhattan-like cities networks and VLSI circuits problems where many
times the components must be connect over a grid arrangement. Figure
2 shows an example for GEG over a GNG7,7.

3.2.2 Delaunay Edges Generator (DEG)

The Delaunay Edges Generator uses a Delaunay triangulation to define
the edges. Starting from a set of nodes V , the Delaunay triangulation is
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Figure 3: Graphical representation of networks obtained with the DEG
from the set of nodes obtained with: (a)GND7×7; (b) TNG7×7; (c)UNG50;
and (d) NNG50.

the decomposition of the convex-hull defined by V in triangles, such that
two nodes are connected if and only if they lie on a circle whose interior
contains no other node of V (see for example (de Berg et al., 1997) for
more details). This triangulation is the one that maximizes the minimum
angle of the triangles that compose it and is used in various problems like
mesh generation and finite elements. It is also known that the Euclidean
minimum spanning tree of a set of nodes is a subset of the Delaunay
triangulation for these same set of nodes.

In Figure 3(a)∼(d), we see examples of four networks obtained with
a GNG7,7, a TNG7,7, a UNG50, and an NNG50, respectively. It is obvious
that for the first two cases the triangulation is not unique. For the other
two cases, it depends on whether the points are in general position (no
three nodes are in the same line and no four in the same circle).

Triangle Edges Generator (TEG) The Triangle Edges Generator is a
particular case of DEG when applied to TNG. Figure 3(b) shows an
example of the TEG for a TNG7,7.

3.2.3 k-Convex Edges Generator (k − CEG)

A convex hull of a set of nodes is the boundary of the smallest convex
set that contains those nodes (see, for example, (de Berg et al., 1997) for
more details). If after the computation of a convex hull some unused
interior nodes still remain then the process can be recursively repeated,
to obtain a set of k-convex hulls. This is known as onion peeling or onion
layer and has been studied in areas like computational geometry (Sack
and Urrutia, 2000), search algorithms (Chang et al., 2000), and pattern
recognition (Poulos et al., 2004). In Figure 4, we can see the resulting
k-convex hulls for an UNG50.
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Figure 4: k-convex hulls or onion peeling of a UNG50.

Any triangulation that includes the k-convex hulls is called an onion
triangulation. We specifically used a very simple and elegant method
that uses the rotating callipers to complete the triangulation (Toussaint,
1983; Pirzadeh, 1999).

The k-Convex Edges Generator (k − CEG) uses this onion triangu-
lation, described above, to naturally define the edges of the network.
Figure 5 depicts four networks obtained with k − CEG.

This k-hull kind of topology can also be found in many city traffics
networks.

HaL HbL HcL HdL

Figure 5: Graphical representations of networks obtained with k−CEG
for nodes generated with: (a) GNG7,7; (b) TNG7,7; (c) UNG50; and (d)
NNG50.

3.2.4 Complete Edges Generator (CEG)

As the name suggests, the Complete Edges Generator (CEG) defines the(|V|
2

)
edges between each pair of nodes. Most of the real-life problems do

not allow every node to be connected to each other. However, from a
more academic point of view, it is usual to consider and test this kind of
network as a worse case scenario(Knowles and Corne, 2001).
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3.2.5 Voronoi Edges Generator (V EG)

The Voronoi Edges Generator (VEG) uses the Voronoi diagram, dual
of the Delaunay triangulation, to generate a network (see, for example,
(Sack and Urrutia, 2000)). In this case, we can use any of the nodes gen-
erators to start the process. However, as we can see from example in
Figure 6(a), the final set of nodes does not coincide with the starting set
V , since the edges of the Voronoi diagram are not directly defined by V .
Therefore, in this case, V is replaced by the set of nodes induced by the
Voronoi diagram. Note that this set need not necessarily have the same
cardinality of the original V .

In Figures 6(b)∼(c) we can see examples of networks obtained with a
UNG50 and a NNG50. The Voronoi diagram is associated with problems
like the Post Office problem (see, for example, (de Berg et al., 1997)) and
this kind of topology is very often present as the frontiers of geopolitical
maps.

Hexagonal Edges Generator (HEG) The Hexagonal Edges Generator
is particular case of V EGwhen applied to a TNG. In Figure 6(d), we can
see an example for a TNG7,7.

HaL HbL HcL HdL

Figure 6: (a) Voronoi diagram for a set of ten points; Graphical repre-
sentation of the networks obtained with the Voronoi Generator for: (b)
NNG50; (c) UNG50; and (d) TNG7,7.

3.2.6 Clusters Edges Generator (ClEG)

The Clusters Edges Generator uses the previous edges generators in two
phases. First, the center nodes of the clusters (see Section 3.1.4) are con-
nected. Then, the process is repeated now over the nodes of each cluster
(including their respective centers). In Figure 7, we see two examples for
the same set of nodes, ClNG10,15. For Figure 7(a), DEG was used both
to connect the centers and the nodes of the clusters. In the case of Fig-
ure 7(b), k − CEG was adopted to connect the centers and the CEG for
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the clusters. It is easy to identify real applications where this topology
appears, like power, phone or cable distribution networks, and country
traffic maps (where each cluster may represent a village and each village
is connected to neighbor villages).

HaL HbL

Figure 7: Graphical representation of networks obtained with the ClEG
for ClNG10,15 with: (a) DEG to connect the centers and the clusters
nodes; (b) k−CEG to connect the centers andCEG to generate the edges
for the clusters.

3.3 Weights generators

Another important aspect of the networks are the edge weights. In
this section we present three types of weights generators: Random
Weights Generator, the ρ–Correlated Weights Generator, and the Con-
cave Weights Generator. The first case, for instance, is important in the
study of non-Euclidean networks. The second one, has networks with
interesting characteristics as in the Pareto front varies from a large car-
dinality for ρ ≈ −1 (where for two objectives, the graphical Pareto front
representation assumes an almost straight line shape), to a very small
cardinality when ρ ≈ 1. The Concave Weights Generator has other
very important characteristic: it can produce large concave Pareto fronts,
known to be hard to tackle by classical algorithms like the weighted sum
(Deb, 2001).

3.3.1 Random Weights Generator (RWG)

The Random Weights Generator is the simplest case to generate since
the weights are set using a discrete integer Uniform random distribu-
tion over a predefined set. In Figure 8(a), we see the cloud of weights
produced by the RWG for a complete network with 50 nodes.
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Figure 8: Cloud of weights for a complete network of 50 nodes using:
(a) RWG; (b) (−0.9) − CWG; (c) (−0.1) − CWG; (d) (0.3) − CWG; (e)
(0.99)− CWG; and (f) CWG5,10,100

3.3.2 ρ−Correlated Weights Generator (ρ− CWG)

In the ρ−Correlated Weights Generator case, the objective is to set the
edges weights, such that the correlation between them is some prede-
fined value ρ ∈ [−1, 1]. Except for the cases where the edges are gener-
ated using GEG or TEG, we considered the first weight of the edge e as
the (integer) Euclidean length of e. For the exceptions, the first weight
is a random integer in [1,Md], where Md is the maximum Euclidean dis-
tance between every par of nodes. Those two cases have this special
treatment since they are regular networks, which imply that the prob-
lem could just be reduced to the single objective case (the first weight
would be equal in all edges).

In Algorithm 3, we can see a description of the process used to es-
tablish the weights vector, where |e| is the Euclidean length of e and
random(U [−1, 1]) is a function that returns a (pseudo) random number
with Uniform distribution in interval [−1, 1].

In Figure 8(b)∼(e), we can see four examples of the clouds of weights
obtained with ρ equal to−0.9,−0.1, 0.3, and 0.99 for a complete network
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Algorithm 3 Setting edges with ρ-correlated weights
input: ρ, E = {e1, e2, . . . , ep} . ρ - desired correlation
output: Z . Z : E → IRm

1: Set W =


1 |e1| random(U [−1, 1])
1 |e2| random(U [−1, 1])

...
1 |ep| random(U [−1, 1])

 and X =


|e1|
|e2|

...
|ep|


2: Do the QR decompositions of W : W = QR
3: Set Y =

[
1 ρ

√
1− ρ2

]
×QT

4: Normalize Y
5: Set ∀ei∈E : z1(ei) = bXic
6: Set ∀ei∈E : z2(ei) = bYic

with 50 nodes.

3.3.3 Concave Weights Generator (CWG)

In the Concave Weight Generator(CWG), the weights are generated to
produce a large concave Pareto front. This case is an adaptation from the
one presented in (Knowles and Corne, 2001) for the k–degree minimum
spanning trees problem.

The generator needs two small integers ξ and η, such that ξ < η �
M − ξ, where M is the maximum weight admitted. It also needs three
special nodes n1, n2, n3. These nodes have an important roll in the gener-
ation of the concave front and should have a degree as large as possible.
Heuristically, we defined n1, n2, and n3 as follows. The selection process
starts by setting n1 as the node with highest degree. The second node,
n2, is chosen from the nodes adjacent to n1 with higher degree. Finally,
if adjacent nodes exist simultaneously to n1 and n2 we choose the one
with higher degree to be n3. Otherwise, the same choice is made from
the nodes adjacent to n1 or n2. If nodes with the same degree exist in any
of the three steps, then one of them is randomly selected.

Finally, the weights of the edges e ∈ E are set according to Algorithm
4.

In Figure 8(f), we can see the cloud of weights obtained for a com-
plete network with 50 nodes, ξ = 20, η = 40, and M = 100.
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Algorithm 4 Setting edges weights with the CWG
input: eij ∈ E , M , ξ, η, N = {n1, n2, n3}, . eij

is the edge defined by nodes i and j; M is the maximum weight; ξ and η are
small integers, such that ξ < η � M − ξ; n1, n2, n3 are the special nodes;
and Ud(a, b) - discrete integer Uniform over {a, a+ 1, . . . , b}.

output: z(eij) = (z1, z2) . eij weight vector
1: if i, j 6∈ N then return z(eij) = (Ud(ξ, η), Ud(ξ, η))

2: if i ∈ N
•
∨ j ∈ N then return z(eij) = (Ud(M − ξ,M), Ud(M − ξ,M))

3: if i = n1 ∧ j = n2 then return z(eij) = (ξ, ξ)
4: if i = n1 ∧ j = n3 then return z(eij) = (1,M − ξ)
5: if i = n2 ∧ j = n3 then return z(eij) = (M − ξ, 1)

3.4 File Format

In Figure 9, we can see the text file format. The class of the problems is
implicit in the name that follows the sequence: [<nodes generator>]<|V|>

[<edges generators>]<|E|>[<weights generator>]<parameters>[NST]<number of spanning

trees>.net. For example, [ClNG]100[ClEG][DEG][k-CEG]227[ro-CWG]0.5[NST]49.net is
a network with 100 nodes and 227 edges generated using the ClNG
for the nodes and ClEG with DEG and k − CEG to connect inter- and
intra- clusters, respectively. The weights were set using the 0.5 − CWG
and the number of distinct spanning trees of N is of the order of 1049.

10 #n = |V| – number of nodes
20 #m = |E| – number of edges
2 #c – number of weights
407 73 #x1 y1 – node 1 coordinates
298 758 #x2 y2 – node 2 coordinates
...
470 685 #xn yn – node n coordinates
0 1 89 35 #i1 j1 z1i1,j1

. . . zc
i1,j1

– Z (ei1,j1 ) =
(
z1i1,j1

, . . . , zc
i1,j1

)
0 4 34 54 #i2 j2 z1i2,j2

. . . zc
i2,j2

– Z (ei2,j2 ) =
(
z1i2,j2

, . . . , zc
i2,j2

)
...
6 8 27 95 #im jm z1im,jm

. . . zc
im,jm

– Z (eim,jm ) =
(
z1im,jm

, . . . , zc
im,jm

)
Figure 9: MOST file format example.

3.5 Summary

To summarize, the process of generating the networks is divided into
three parts: first, generate the nodes; second, generate the edges; and
third, generate the weights. In Table 1 we see the possible combinations
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of the generators. Some of the possible combination obviously take the
meaningfulness of the sub-adjacent concept, like for instance, the use of
a DEG over a ClNG.

GNG TNG UNG NNG ClNG
GEG X × × × ×
DEG X X X X X

k − CEG X X X X X
CEG X X X X X
V EG X X X X X
ClEG × × × × X

Table 1: Summary table of the possible combinations of the nodes and
edges generators (X).

4 Performance Metrics

The approximations to the solution of a multiple objective optimization
problem should satisfy some desirable aspect, as for example to be as
close as possible to the real Pareto front, uniform distribution, and hav-
ing spread solutions all along the Pareto front. Various metrics for sets
of non-dominated solutions have been proposed (Zitzler et al., 2003).
As in (Knowles and Corne, 2002) we recommend the use of R1, R2 and
R3, three of the metrics suggested in (Jaszkiewicz, 2001) for the multiple
objective maximization continuous case. These metrics have the advan-
tage of providing comparisons based on probabilities, are adaptable to
various utility functions, are non-cardinal metrics, independent of a ref-
erence set (although they induce three other metrics that depend on a
reference set – R1R, R2R, and R3R) and satisfy the complete, the strong,
and the weak outperformance relations. On the other hand, the com-
putational overhead can be high and there is the need to set a family of
utility functions (which for some cases, like the Tchebycheff utility, can
also introduce some other difficulties like the computation of an ideal
point).

Next, we shortly describe those metrics adapted for the discrete min-
imization case.

R1 Metric For the pair of approximations to the Pareto set P1 and P2, R1
is defined as

R1(P1,P2, U, p) =

∫
u∈U

C(P1,P2, u)p(u)du (6)

17



where U is a set of utility functions, u : IRm → IR, which map each
approximation to a utility measure, p(u) is the probability of the util-
ity u and

C(P1,P2, u) =


1 if u∗(P1) < u∗(P2)
1
2

if u∗(P1) = u∗(P2)
0 if u∗(P1) > u∗(P2)

, (7)

with
u∗(P ′) = min

q∈P ′
u(q). (8)

To define U , we can use a family of Tchebycheff utility function de-
fined as

uλ(q, r) = max
j=1,2,...,m

{λj(qj − rj)}, (9)

where λ = (λ1, λ2, . . . , λm) is a weight vector, q is a solution for
which we want to measure the utility and r is a reference point.
Therefore, in formula (6) we set

U =

{
uλ(q, r) : λ = (λ1, λ2, . . . , λm) ∈]0, 1[m∧

m∑
i=1

λi = 1

}
. (10)

The R1 metric measures the probability that P1 is better that P2

over the set of utility functions. If R1(P1,P2, U, p) > 1
2

then, ac-
cording to this measure, P1 is better than P2 and it will be not
worse if R1(P1,P2, U, p) ≥ 1

2
. R1R is defined by considering one

of the sets as a reference set. For example, if Pr is the reference set,
R1R(P1, U, p) = R1(Pr,P1, U, p) and, therefore, the close the value
of R1R(P1, U, p) is to 0.5, more is the probability that P1 is a good
approximation.

R2 Metric The R2 metric is defined as

R2(P1,P2, U, p) =

∫
u∈U

(u∗(P1)− u∗(P2))p(u)du. (11)

R2 returns the difference between the expected values of the utilities
of two approximations. Therefore, P1 is expected to be better than
P2 if R2(P1,P2, U, p) < 0 and not worse if R2(P1,P2, U, p) ≤ 0.

Similar to the previous case, we can use a reference set Pr to define
R2R(P1, U, p) = R2(Pr,P1, U, p) which implies that P1 is expected to
be a good approximation for values of R2R(P1, U, p) near 0.
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R3 Metric Finally, R3 is defined as the ratio

R3(P1,P2, U, p) =

∫
u∈U

u∗(P1)− u∗(P2)

u∗(P1)
p(u)du. (12)

and R3R(P1, U, p) = R3(Pr,P1, U, p).

In practice, the computation of formulae (6), (11), and (12) can be ap-
proximated by replacing the integrals by a Riemann sum over U ′ where

U ′ =

{
uλ(q, r) : λi ∈

{
1

k
,
2

k
, . . . ,

k − 1

k

}
∧

m∑
i=1

λi = 1

}
, (13)

for some large k.

5 Algorithms

In this section, we briefly present the methods used to compute the
Pareto front approximations for the multiple objective minimum span-
ning trees problems. In particular, we used a brute force method that
computes the exact Pareto front (applicable only to the smaller net-
works), the classical weighted sum, and an algorithm called MONACO.
We need to remember that, in this case an important time-consuming
factor is the update of the nondominated set, particularly in large fronts
where several comparisons have to be performed for each solution or
approximation(Mostaghim et al., 2002).

5.1 Brute Force Method

The first method uses a brute force algorithm to enumerate the exact
Pareto set (Shioura et al., 1997). Due to the O(|V| + |E| + M) time com-
plexity to enumerate all spanning trees, where M is the number of span-
ning trees in N , in practice this method can only be used for the smaller
network instances.

5.2 Weighted Sum Method

The weighted sum method transforms the multiple objective optimiza-
tion problem into a single objective problem that can be stated as

min
T∈T

m∑
i=1

liwi(T ), (14)
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where l1, l2, . . . , lm ∈ IR+ are parameters usually such that
∑m

i=1 li = 1,
T is the set of all spanning trees in N , and w1, w2, . . . , wm are defined
in (4). The weighted sum is specially used when a significance can be
estimated to each objective (reflected in the ratio between the values of
l1, l2, . . . , lm).

Consequently, the solution of (14) is obtained by the application of
a single objective algorithm that, for the case in study, is known to have
polynomial complexity (see, for example, (Jungnickel, 1999)). The single
objective method returns an optimal solution for each set of parameters
li. Therefore, we can run it with several combinations of those param-
eters to produce a set of solutions. However, reaching a representative
front can, in some cases, be difficult or impossible, since different com-
binations of the parameter do not necessarily return different solutions
(Hamacher and Ruhe, 1994). Difficulties can also arise from the fact that
this method cannot return solutions from a concave region of the Pareto
front(Deb, 2001).

5.3 MONACO Algorithm

The third method used is the Multiple Objective Network optimizations
based on an ACO (MONACO) algorithm(Cardoso et al., 2004). As the name
suggests, this method is based on the same paradigm of the Ant Colony
Optimization (ACO) metaheuristic (Dorigo et al., 1999; Dorigo and Stut-
zle, 2004). The ACO mimics the foraging behavior common to almost
all ants’ colonies. This behavior is supported by a communication pro-
cess that relies on a chemical pheromone trail, signaling a good path to
some supply location. Similar, associated to the possible parts of the so-
lutions, is defined a numerical value that represents the suitability of that
element in the construction of good outcomes.

MONACO’s basic procedure also uses a set of agents. However, one
of the main differences between ACO and MONACO, is the fact that the
MONACO process uses a pheromone vector (like if there were several lay-
ers of pheromone) associated to each atomic piece. Each element of the
vector is associated with a weight and, as described previously, repre-
sents how worthy the elements were, for some time-window, in the con-
struction of the solutions relative to the associated weight.

Algorithm 5 describes MONACO’s basic procedure. Initially, the pro-
cess starts by setting the approximation set P = ∅ and initializing the
pheromone vectors. Then a set of cycles are run. In each cycle, a collec-
tion of solutions is built using the pheromone vectors and some possible
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Algorithm 5 MONACO’s high level description
output: P . Approximation to the Pareto set

1: Initialize the pheromone vectors and set P = ∅
2: Do pre-computation . optional
3: while stopping criteria is not met do
4: for all agents do
5: Construct a new solution using the pheromone vectors
6: Apply local operators . optional
7: Evaluate the solution and update P
8: Update the pheromone vectors.
9: return P

heuristics, followed by the update of P with those new solutions. Each
cycle ends with the pheromone vectors update, based on the known so-
lutions. Some extra steps can be performed, namely, doing some pre-
computation work before the main cycle or optimizing the solutions ob-
tained using the pheromone vectors with some other local operators. A
more detailed description can be found in (Cardoso et al., 2005).

6 Examples

6.1 Computational Environment and Parameters

6.1.1 Brute Force Method

The brute force method was implemented in C++ and the tests were
run on a set of LINUX OS workstations with Intel R© PIII 533Mhz pro-
cessors and 128Mb of RAM. Due to time consumption, the use of this
method was restricted to the cases were there were less the 1012 distinct
networks. To maintain the Pareto set, we used a quadtree data struc-
ture(Mostaghim et al., 2002).

6.1.2 Weighted Sum Method

In the weighted sum case, for each problem we considered the distinct
solutions of the 1000 runs for the single objective minimum spanning
tree problem, defined in (14), with l1 = k

1001
(for k = 1, 2, . . . , 1000) and

l2 = 1− l1.
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6.1.3 MONACO

The codification of MONACO’s algorithm was made in C++ and tests were
run on the same environment of the brute force case. The running time
was limited to |E| log |E| seconds, and we also kept the last update time
for reference. To maintain the Pareto set, we used a quadtree data struc-
ture.

6.2 Network examples

Figures 10 and 11 present the graphical representations of the Pareto
fronts (obtained with the brute force method) and the approximations
sets of some examples. The Pareto approximations are the nondomi-
nated set of the union of the solutions returned by the weighted sum
and MONACO.

For instance, in Figures 10 (a), (b), (d), (e), (h), and Figures 11 (b), (c),
(d) we see sketches of eight concave fronts. In Figures 10 (c), (g), and Fig-
ure 11 (g) the solutions of three networks that used the ρ−CWG (with ρ
equal to −0.99 and −0.9) are depicted. In these cases, the nondominated
set has a relatively large cardinality and the graphical representation is
an almost straight line.

7 Conclusions and Future Work

The MOST Project intends to maintain a repository for spanning-tree-
related problems. In this installation phase, we considered only the un-
constrained minimum spanning trees problem with two objectives. In
future, and taking into account the pretension of providing real-life prob-
lems, this library must contain some other features like, undirected net-
works, networks with a larger number of objectives and nodes, different
topologies, and different instances of the spanning trees problem.

We have established a set of network generators, that are combina-
tions of three types: nodes, edges, and weights generators. These net-
work generators produce a diversified set of fronts, capable of defining
an also diversified number of difficulties in the optimization process. Ac-
companying the problem instances, the results obtained using a brute
force method (whenever the dimension of the problem makes it pos-
sible), a weighted sum method or a meta-heuristics are presented. In
particular, we used the MONACO meta-heuristic.

On our behalf, improvements to the MONACO’s algorithm and other
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Figure 10: Examples of graphical representation of the approximations
to Pareto fronts and exact fronts(*), for some selected networks.

meta-heuristical approaches are being studied in order to compute better
Pareto approximations as well as to deal with larger networks.

Finally, we reinforce the ideas:

• MOST Project must be a dynamic venture, open to the free utiliza-
tion of the enclosed problems;

• MOST is also open to the spanning trees investigators commu-
nity contributions (new problems, solutions improvements, site im-
provements,...).
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