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Abstract

We consider a regression problem where uncertainty affects to the depen-
dent variable of the elements of the database. A model based on the standard
ε-Support Vector Regression approach is given, where two hyperplanes need to
be constructed to predict the interval-valued dependent variable. By using the
Hausdorff distance to measure the error between predicted and real intervals,
a convex quadratic optimization problem is obtained. Non-linear regressors
are introduced via the use of kernels and several numerical experiments are
performed to test our methodology.
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1 Introduction

In certain situations, the most suitable way to express some variables in a database is not
via single feature vectors but via intervals. Intervals appear for expressing ranges, such as
the cost of certain items in the set of shops of a town (since there will be some variations
in the price between the different shops), or for summarizing the performances of a certain
measurement to the same individual, for instance, the weight of a newborn during his/her
first week. Other examples of interval data appear whenever imprecision or vagueness
affect the database of our problem.

In this work, we study the regression problem in which the predictive variables are single-
valued, but the dependent variable is affected by uncertainty. In the bibliography, a
first problem related to ours involves the concept of interval regression analysis, which is
the simplest version of possibilistic regression analysis, introduced by Tanaka et al. (see
[19, 22, 23]). Given a database with crisp input and output, the aim of interval regression
analysis is to predict the dependent variable via an interval by using the predictor variables.
For this, the coefficients of the model used for the regression are also intervals. Each
coefficient is expressed via its center and its radius.
In the original model, a linear programming formulation is given to solve the problem,
where the objective is minimizing the sum of radii of the predicted outputs, with the
constraint that the real value of the dependent variable must be included in the predicted
output (see [22]). Later, in [23], a quadratic formulation is given to include in the objective
function a term to minimize the sum of the squared distances from the center of the
predicted output to the real value of the dependent variable.
Other improvements have been performed to study the role of outliers in the regression
process. In [19], two regression models are built for each database by using quantile
techniques, and two interval outputs are given for each observation, with the smaller one
included in the larger one. The first model is built with a given proportion of the data
(this way, we can study the general behaviour of the data, without containing outliers),
whereas the second model is built with all the observations. Then, given a database, two
intervals will be assigned as a prediction, and this can be seen as a trapezoidal fuzzy
output. Support Vector Machines have been applied to that problem to build the two
models (see [15]) and to the general interval regression analysis case. In [17], an ε-SVR is
solved (with ε = 0) to obtain an initial crisp value of the output, which will be the center
of an interval output with radius equal to a value ε, computed by using the obtained
regression errors. This interval output will be given as initial seed to two Radial Basis
Function networks which identify the upper and lower sides of the output. In [16], the
quadratic formulation of [23] is integrated with the standard ε-SVR approach.

SVMs have also been applied to fuzzy multiple linear regression models (see [13, 14]). Two
different models have been studied in these works: when the predictor and the dependent
variables are symmetric triangular fuzzy numbers (fuzzy input - fuzzy output) and when
the predictor variables are crisp and the dependent variable is a triangular fuzzy number
(crisp input - fuzzy output). The latter model is clearly connected to our work. The
standard ε-SVR methodology is applied in both cases by imposing that the mode and the
extremes of the intervals must satisfy the usual constraints. In the crisp input - fuzzy
output case, nonlinear regressors are introduced via kernel methods.
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In our paper, we study the regression problem with single-valued input and interval-valued
output. We adapt the standard ε-Support Vector Regression methodology to our problem,
building two hyperplanes to give an interval output for each element of the database. The
dual of the problem is also studied to allow the introduction of non-linear regressors via
kernels.

The structure of the paper is the following. In Section 2, after an introduction on the
standard ε-SVR approach and ε-SVR for interval data, we formulate the optimization
problem to solve in the case of interval output. The dual formulation is obtained in
Section 3, and kernels are introduced in Section 4 to be able to model non-linear relations
in the dataset. Some computational experiments are performed with the primal and dual
formulations in Section 5. Section 6 finishes the paper with some discussion.

2 Modeling the problem

2.1 ε-Support Vector Regression for points and intervals

In the standard ε-Support Vector Regression, ε-SVR for short (see e.g. [6, 8, 10, 21, 24, 25]),
a database Ω ⊆ Rd ×R is given, with elements (xi, yi) ∈ Rd ×R, where xi is the vector of
predictor variables and yi is the dependent variable, whose value is to be predicted from
the value of xi.
The aim of ε-SVR is to find a linear function f(x) = ω>x + β, with ω ∈ Rd and β ∈ R, to
approximate the values of the dependent variable y, such that the deviation between the
real value yi and the predicted value f(xi), for each instance i ∈ Ω, is at most ε. Thus,
the constraints of this problem are

|ω>xi + β − yi| ≤ ε, ∀i ∈ Ω. (1)

As done in Support Vector Machines (see [2, 5, 6]), one seeks f(x) such that the norm of
ω is as small as possible. Then, the optimization problem to solve, as stated e.g. in [21],
is the following

min
ω,β

1
2

d∑
j=1

ω2
j

s.t. yi − ω>xi − β ≤ ε, ∀i ∈ Ω
ω>xi + β − yi ≤ ε, ∀i ∈ Ω.

(2)

A Soft-Margin version, with slack variables ξi, ξ∗i in the constraints and the corresponding
penalty term in the objective function, has the following form

min
ω,β,ξ,ξ∗

1
2

d∑
j=1

ω2
j + C

∑
i∈Ω

(ξi + ξ∗i )

s.t. yi − ω>xi − β ≤ ε + ξi, ∀i ∈ Ω
ω>xi + β − yi ≤ ε + ξ∗i , ∀i ∈ Ω
ξi, ξ

∗
i ≥ 0, ∀i ∈ Ω,

(3)
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with C and ε constants of the model.
In this paper, we consider an interval-valued database Ω ⊂ Rd × R with elements i =
(xi, Yi) ∈ Ω, where xi ∈ Rd is the vector of single-valued predictive variables and Yi is
an interval in R, Yi = [l̃i, ũi], with l̃i ≤ ũi (that is, the dependent variable is affected by
uncertainty).
This problem can be approached via the model proposed in [3] by the authors. In that
paper, the more general case where both the dependent and the predictive variables are
intervals is studied.
As a particular case, we also studied the problem where only the dependent variable is
affected by vagueness. In that case, Problem (3) was adapted by using a distance in the
constraints of the problem to measure the deviation between the real interval and the
predicted one.
Two different distances are studied in [3]: the maximum distance dmax and the Hausdorff
distance dH , defined on intervals [a, a], [b, b] as

dmax([a, a], [b, b]) = max{|a− b| : a ∈ [a, a], b ∈ [b, b]} (4)
= max{|a− b|, |a− b|}

dH([a, a], [b, b]) = max{ max
a∈[a,a]

min
b∈[b,b]

|a− b|, min
a∈[a,a]

max
b∈[b,b]

|a− b|} (5)

= max{|a− b|, |a− b|}.

When using the maximum distance, dmax, it is shown in [3] (Remark 3.2) that the Soft-
Margin formulation to use is the following convex quadratic program with linear con-
straints,

min
ω,β,ξ,ξ∗

1
2

d∑
j=1

ω2
j + C

∑
i∈Ω

(ξi + ξ∗i )

s.t. ũi −
d∑

j=1

ωjxij − β ≤ ε + ξi, ∀i ∈ Ω

d∑
j=1

ωjxij + β − l̃i ≤ ε + ξ∗i , ∀i ∈ Ω

ξi, ξ
∗
i ≥ 0, ∀i ∈ Ω, j = 1, . . . , d.

(6)

Here σj = max{0, ωj} and τj = max{0,−ωj}, for j = 1, . . . , d.
Moreover, when using the Hausdorff distance, dH , the following convex quadratic problem
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with linear constraints must be solved (see [3], Remark 4.3),

min
ω,β,ξ,ξ∗,η,η∗

1
2

d∑
j=1

ω2
j + C

∑
i∈Ω

(ξi + ξ∗i + ηi + η∗i )

s.t. ũi −
d∑

j=1

ωjxij − β ≤ ε + ξi, ∀i ∈ Ω

d∑
j=1

ωjxij + β − ũi ≤ ε + ξ∗i , ∀i ∈ Ω

l̃i −
d∑

j=1

ωjxij − β ≤ ε + ηi, ∀i ∈ Ω

d∑
j=1

ωjxij + β − l̃i ≤ ε + η∗i , ∀i ∈ Ω

ξi, ξ
∗
i , ηi, η

∗
i ≥ 0, ∀i ∈ Ω, j = 1, . . . , d.

(7)

The model proposed in this work can be considered as further research from our model
in [3]. In this paper, the single-valued input and interval-valued output case is studied in
more detail and we give a formulation allowing the use of kernel structures, which could
not be introduced directly in the interval-valued input and output problem.

2.2 SVR for single-valued input and interval-valued output

In [3] (Remarks 3.2 and 4.3), one can find formulations (6)-(7) for the case in which the
uncertainty only affects to the dependent variable Yi, and the predictive variables are
single-valued.
Given a new element, the predicted output is a singleton instead of an interval,

x ↪→ f(x) := ω>x + β. (8)

However, if interval values are allowed as output, a better performance (in the sense of
predicted intervals closer to the ones in the dataset) may be expected.
Hence, another model is proposed here, where two hyperplanes for approximating the
lower and upper bounds of the dependent variable are used. Our aim will be to seek the
pairs of coefficients (ωL, βL) and (ωU , βU ) such that

d([ω>L xi + βL, ω>U xi + βU ], [l̃i, ũi]) ≤ ε,∀i ∈ Ω, (9)

for a given distance measure defined on the set of intervals.
Given a new element x, the predicted interval output will be built as follows,

x ↪→ f(x) := [ω>L x + βL, ω>U x + βU ]. (10)

When d is the Hausdorff distance (5), we obtain that constraint (9) is transformed into

max
{
|ũi − (ω>U x + βU )|, |l̃i − (ω>L x + βL)|

}
≤ ε, ∀i ∈ Ω, (11)
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and this is equivalent to say that

|ũi − (ω>U x + βU )| ≤ ε, ∀i ∈ Ω (12)
|l̃i − (ω>L x + βL)| ≤ ε, ∀i ∈ Ω. (13)

A similar analysis can be done when d is the maximum distance (4), although we have
chosen to study the model with the Hausdorff distance because the best results for the
interval-valued input and output problem in [3] were obtained with this distance.
According to rule (10), we must also add that

ω>L xi + βL ≤ ω>U xi + βU , ∀i ∈ Ω. (14)

With constraints (12)-(14), we can write the optimization problem where the sum of the
squared Euclidean norms of ωL and ωU must be minimized (following the standard ε-SVR
approach, [21]) as follows,

min
ωL,ωU ,βL,βU

1
2

d∑
j=1

(ω2
Lj + ω2

Uj)

s.t. ũi −
d∑

j=1

ωUjxij − βU ≤ ε, ∀i ∈ Ω

d∑
j=1

ωUjxij + βU − ũi ≤ ε, ∀i ∈ Ω

l̃i −
d∑

j=1

ωLjxij − βL ≤ ε, ∀i ∈ Ω

d∑
j=1

ωLjxij + βL − l̃i ≤ ε, ∀i ∈ Ω

d∑
j=1

ωLjxij + βL ≤
d∑

j=1

ωUjxij + βU , ∀i ∈ Ω.

(15)

By adding slack variables, a Soft-Margin version, as the following convex quadratic for-
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mulation, is obtained,

min
ωL,ωU ,βL,βU ,ξ,ξ∗,η,η∗

1
2

d∑
j=1

(ω2
Lj + ω2

Uj) + C
∑
i∈Ω

(ξi + ξ∗i + ηi + η∗i )

s.t. ũi −
d∑

j=1

ωUjxij − βU ≤ ε + ξi, ∀i ∈ Ω

d∑
j=1

ωUjxij + βU − ũi ≤ ε + ξ∗i , ∀i ∈ Ω

l̃i −
d∑

j=1

ωLjxij − βL ≤ ε + ηi, ∀i ∈ Ω

d∑
j=1

ωLjxij + βL − l̃i ≤ ε + η∗i , ∀i ∈ Ω

d∑
j=1

ωLjxij + βL ≤
d∑

j=1

ωUjxij + βU , ∀i ∈ Ω

ξi, ξ
∗
i , ηi, η

∗
i ≥ 0, ∀i ∈ Ω.

(16)

Before building the dual problem in the following section, which will help to derive an
optimal solution of Problem (16), we consider the trivial case in which the objective
function is equal to zero.

Proposition 2.1. Problem (16) has optimal solution equal to zero iff the parameter ε > 0
satisfies

2ε ≥ max
i∈Ω

{ũi} −min
i∈Ω

{ũi} (17)

2ε ≥ max
i∈Ω

{l̃i} −min
i∈Ω

{l̃i}. (18)

Proof.
The objective function of Problem (16) is the sum of non-negative elements, thus, the
value of the objective function must be greater than or equal to zero. Since our aim is
to minimize that objective function, the minimum value which could be reached is zero.
Then, we must study under which assumptions this situation is possible.
The objective function is equal to zero iff ωUj = ωLj = 0, j = 1, . . . , d, and all the slack
variables ξi, ξ∗i , ηi, η∗i are also zero. Then, the set of constraints of Problem (16) remains
as follows,

ũi − βU ≤ ε, ∀i ∈ Ω
βU − ũi ≤ ε, ∀i ∈ Ω

}
↔ ũi − ε ≤ βU ≤ ũi + ε, ∀i ∈ Ω

l̃i − βL ≤ ε, ∀i ∈ Ω
βL − l̃i ≤ ε, ∀i ∈ Ω

}
↔ l̃i − ε ≤ βL ≤ l̃i + ε, ∀i ∈ Ω

βL ≤ βU
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or equivalently,

max
i∈Ω

{ũi} − ε ≤ βU ≤ min
i∈Ω

{ũi}+ ε (19)

max
i∈Ω

{l̃i} − ε ≤ βL ≤ min
i∈Ω

{l̃i}+ ε (20)

βL ≤ βU . (21)

Observe that we can always choose βL ≤ βU , since l̃i ≤ ũi, ∀i ∈ Ω. For example, one can
select βL = max

i∈Ω
{l̃i} − ε ≤ max

i∈Ω
{ũi} − ε = βU .

Then, the solution is feasible iff the intervals where βU and βL must be contained, according
to expressions (19)-(20), are non-empty, that is,

max
i∈Ω

{ũi} − ε ≤ min
i∈Ω

{ũi}+ ε

max
i∈Ω

{l̃i} − ε ≤ min
i∈Ω

{l̃i}+ ε,

and these constraints are equivalent to expressions (17)-(18).

Remark 2.1. Observe that if the optimal solution of Problem (16) is equal to zero, all
the elements of the database will have the same predicted interval output,

x ↪→ f(x) := [βL, βU ].

3 Building the dual problem

In this section, the dual formulation of Problem (16) is obtained. We first construct the
dual program, obtaining an optimal solution of (16) in the standard input space. Later,
we extend these results to the case where the data are mapped to a higher dimensional
feature space.

3.1 Dual formulation

Below, we build the dual formulation of Problem (16). The dual program can also be
used to obtain an optimal solution and allows us to introduce a kernel structure in the
objective function.

Theorem 3.1. Problem (16) has a finite optimal solution iff the following concave quadratic
maximization problem has a finite optimal solution,

max
λ,λ∗,µ,µ∗,ν

−1
2

∑
i,l∈Ω

[(λi − λ∗i + νi)(λl − λ∗l + νl) + (µi − µ∗i − νi)(µl − µ∗l − νl)]x>i xl

−ε
∑
i∈Ω

(λi + λ∗i + µi + µ∗i ) +
∑
i∈Ω

(λi − λ∗i )ũi +
∑
i∈Ω

(µi − µ∗i )l̃i

s.t.
∑
i∈Ω

(λi − λ∗i + νi) = 0∑
i∈Ω

(µi − µ∗i − νi) = 0

0 ≤ λi, λ
∗
i , µi, µ

∗
i ≤ C, ∀i ∈ Ω

0 ≤ νi, ∀i ∈ Ω.

(22)
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Proof.
Since Problem (16) is a linearly-constrained convex quadratic program, one has that it
admits a finite optimal solution iff its dual has a finite optimal solution and, in that case,
the two values coincide (see Section 6.6 in [1]). Then, the only thing to prove is that
formulation (22) is the dual program of Problem (16).
To build the dual of Problem (16), firstly, we introduce nonnegative Lagrange multipliers
for every constraint and we compute the Lagrangean function L in the primal and dual
variables,

L =
1
2

d∑
j=1

(ω2
Lj + ω2

Uj) + C
∑
i∈Ω

(ξi + ξ∗i + ηi + η∗i )

+
∑
i∈Ω

λi(ũi −
d∑

j=1

ωUjxij − βU − ε− ξi) +
∑
i∈Ω

λ∗i (
d∑

j=1

ωUjxij + βU − ũi − ε− ξ∗i )

+
∑
i∈Ω

µi(l̃i −
d∑

j=1

ωLjxij − βL − ε− ηi) +
∑
i∈Ω

µ∗i (
d∑

j=1

ωLjxij + βL − l̃i − ε− η∗i )

+
∑
i∈Ω

νi(
d∑

j=1

ωLjxij + βL −
d∑

j=1

ωUjxij − βU )−
∑
i∈Ω

(γiξi + γ∗i ξ∗i + δiηi + δ∗i η
∗
i ).

The partial derivatives of the Lagrangean function are used to build the dual problem.
We obtain the following constraints,

∂L

∂ωUj
= ωUj −

∑
i∈Ω

λixij +
∑
i∈Ω

λ∗i xij −
∑
i∈Ω

νixij = 0, j = 1, . . . , d (23)

∂L

∂ωLj
= ωLj −

∑
i∈Ω

µixij +
∑
i∈Ω

µ∗i xij +
∑
i∈Ω

νixij = 0, j = 1, . . . , d (24)

∂L

∂βU
= −

∑
i∈Ω

λi +
∑
i∈Ω

λ∗i −
∑
i∈Ω

νi = 0 (25)

∂L

∂βL
= −

∑
i∈Ω

µi +
∑
i∈Ω

µ∗i +
∑
i∈Ω

νi = 0 (26)

∂L

∂ξi
= C − λi − γi = 0, ∀i ∈ Ω (27)

∂L

∂ξ∗i
= C − λ∗i − γ∗i = 0, ∀i ∈ Ω (28)

∂L

∂ηi
= C − µi − δi = 0, ∀i ∈ Ω (29)

∂L

∂η∗i
= C − µ∗i − δ∗i = 0, ∀i ∈ Ω. (30)

From constraints (23)-(24), we derive an expression for computing ωU , ωL as a function
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of the Lagrangean multipliers,

ωU =
∑
i∈Ω

(λi − λ∗i + νi)xi (31)

ωL =
∑
i∈Ω

(µi − µ∗i − νi)xi. (32)

From constraints (25)-(26), we obtain the following constraints for the dual problem,∑
i∈Ω

(λi − λ∗i + νi) = 0 (33)∑
i∈Ω

(µi − µ∗i − νi) = 0. (34)

Moreover, from constraints (27)-(30), the nonnegative multipliers λi, λ∗i , µi and µ∗i are
bounded by the parameter C, that is,

0 ≤ λi, λ
∗
i , µi, µ

∗
i ≤ C, ∀i ∈ Ω. (35)

By replacing the values of ωL and ωU , obtained in (31)-(32), in the Lagrangean function
L and by using expressions (33)-(34) and the sets of constraints (27)-(30), the objective
function for the dual problem can be rewritten as follows,

L̃(λ, λ∗, µ, µ∗, ν) = −1
2

d∑
j=1

(∑
i∈Ω

(λi − λ∗i + νi)xij

)(∑
l∈Ω

(λl − λ∗l + νl)xlj

)

−1
2

d∑
j=1

(∑
i∈Ω

(µi − µ∗i − νi)xij

)(∑
l∈Ω

(µl − µ∗l − νl)xlj

)
−ε
∑
i∈Ω

(λi + λ∗i + µi + µ∗i ) +
∑
i∈Ω

(λi − λ∗i )ũi +
∑
i∈Ω

(µi − µ∗i )l̃i

= −1
2

∑
i,l∈Ω

[(λi − λ∗i + νi)(λl − λ∗l + νl) + (µi − µ∗i − νi)(µl − µ∗l − νl)]x>i xl

−ε
∑
i∈Ω

(λi + λ∗i + µi + µ∗i ) +
∑
i∈Ω

(λi − λ∗i )ũi +
∑
i∈Ω

(µi − µ∗i )l̃i. (36)

Then, by maximizing the objective function (36) and by adding constraints (33)-(35),
along with the non-negativity of the variables νi, we obtain the dual formulation (22),
which is a concave quadratic maximization problem in the variables λ, λ∗, µ, µ∗ and ν.

3.2 Reconstruction of an optimal solution for the primal
problem

In the following, we show how to construct an optimal solution of the primal problem (16),
given an optimal solution of the dual problem (22).
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From expressions (31)-(32), we obtain the values for ωU and ωL. For the remaining
variables (βL, βU , and the slack variables), we use that the following Karush-Kuhn-Tucker
conditions must be satisfied (see Section 4.3 in [1]),

λi · (ũi −
d∑

j=1

ωUjxij − βU − ε− ξi) = 0, ∀i ∈ Ω (37)

λ∗i · (
d∑

j=1

ωUjxij + βU − ũi − ε− ξ∗i ) = 0, ∀i ∈ Ω (38)

µi · (l̃i −
d∑

j=1

ωLjxij − βL − ε− ηi) = 0, ∀i ∈ Ω (39)

µ∗i · (
d∑

j=1

ωLjxij + βL − l̃i − ε− η∗i ) = 0, ∀i ∈ Ω (40)

νi · (
d∑

j=1

ωLjxij + βL −
d∑

j=1

ωUjxij − βU ) = 0, ∀i ∈ Ω (41)

ξi · (C − λi) = 0, ∀i ∈ Ω (42)
ξ∗i · (C − λ∗i ) = 0, ∀i ∈ Ω (43)
ηi · (C − µi) = 0, ∀i ∈ Ω (44)
η∗i · (C − µ∗i ) = 0, ∀i ∈ Ω (45)

0 ≤ λi, λ
∗
i , µi, µ

∗
i ≤ C, ∀i ∈ Ω. (46)

Lemma 3.1. Given (λ, λ∗, µ, µ∗, ν) a solution of the Karush-Kuhn-Tucker system (37)-
(46), one has that

λi · λ∗i = 0, ∀i ∈ Ω (47)
µi · µ∗i = 0, ∀i ∈ Ω. (48)

Proof.
Suppose that there exists i0 ∈ Ω such that λi0 , λ

∗
i0

> 0. According to (37)-(38), the two
corresponding constraints would become active and, for any ε > 0, the following equalities
would be satisfied simultaneously,

ũi0 −
d∑

j=1

ωUjxi0j − βU = ε + ξi0 > 0

ũi0 −
d∑

j=1

ωUjxi0j − βU = −ε− ξ∗i0 < 0,

which is a contradiction. Hence, λi · λ∗i = 0, ∀i ∈ Ω.
With a similar reasoning, one can show that µi · µ∗i = 0, ∀i ∈ Ω.
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Remark 3.1. The relative position of points with respect to the ε-insensitive tube around
HU : ω>U x + βU is obtained from the values of the dual variables λ, λ∗. Indeed, let
(λ, λ∗, µ, µ∗, ν) be a solution of the Karush-Kuhn-Tucker system (37)-(46) and let (ωL, ωU ,
βL, βU , ξ, ξ∗, η, η∗) be optimal for (16). By (47), there are five possible relative positions
of points w.r.t. the ε-insensitive tube around the hyperplane HU (see Figure 1), which are
studied separately.

1. Above the tube: if λi = C, by (37) and since ξi ≥ 0, one has that

ũi −
d∑

j=1

ωUjxij − βU = ε + ξi ≥ ε. (49)

2. On the upper boundary of the tube: if 0 < λi < C then, by (42), ξi = 0, and by (37),

ũi −
d∑

j=1

ωUjxij − βU = ε. (50)

3. Inside the tube: if λi = λ∗i = 0, by (42)-(43), the slack variables are also zero,
ξi = ξ∗i = 0, and, since (ωL, ωU , βL, βU , ξ, ξ∗, η, η∗) is feasible for (16),

ũi −
d∑

j=1

ωUjxij − βU ≤ ε (51)

d∑
j=1

ωUjxij + βU − ũi ≤ ε. (52)

4. On the lower boundary of the tube: if 0 < λ∗i < C then, by (43), ξ∗i = 0, and by
(38),

d∑
j=1

ωUjxij + βU − ũi = ε. (53)

5. Below the tube: if λ∗i = C, by (38) and since ξ∗i ≥ 0,

d∑
j=1

ωUjxij + βU − ũi = ε + ξ∗i ≥ ε. (54)

In the following remark, the same reasoning is repeated for the hyperplane HL : ω>L x+βL.

Remark 3.2. Similarly, µ, µ∗ determine the relative position of points w.r.t. the ε-
insensititve tube. Let (λ, λ∗, µ, µ∗, ν) be a solution of the Karush-Kuhn-Tucker system
(37)-(46) and let (ωL, ωU , βL, βU , ξ, ξ∗, η, η∗) be optimal for (16). As done for ũi in Remark
3.1, the position of the lower bounds l̃i of the elements of the database Ω with respect to
the hyperplane HL : ω>L x + βL can be derived from the values of the dual variables µ, µ∗.
By (48), one has that µi or µ∗i must be zero. Then, there are five types of points concerning
their situation with respect to the ε-insensitive tube around HL (see Figure 2):
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HU : ω>U x + βU
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Figure 1: Geometrical idea of the position of ũi according to the value of λi and λ∗i

1. Above the tube: if µi = C, by (39) and since ηi ≥ 0,

l̃i −
d∑

j=1

ωLjxij − βL = ε + ηi ≥ ε. (55)

2. On the upper boundary of the tube: if 0 < µi < C then, by (44), ηi = 0, and by (39),

l̃i −
d∑

j=1

ωLjxij − βL = ε. (56)

3. Inside the tube: if µi = µ∗i = 0, by (44)-(45), the slack variables are also zero,
ηi = η∗i = 0, and then

l̃i −
d∑

j=1

ωLjxij − βL ≤ ε (57)

d∑
j=1

ωLjxij + βL − l̃i ≤ ε. (58)

4. On the lower boundary of the tube: if 0 < µ∗i < C then, by (45), η∗i = 0, and by
(40),

d∑
j=1

ωLjxij + βL − l̃i = ε. (59)

5. Below the tube: if µ∗i = C, by (40) and since η∗i ≥ 0,

d∑
j=1

ωLjxij + βL − l̃i = ε + µ∗i ≥ ε. (60)
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HL : ω>L x + βL
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Figure 2: Geometrical idea of the position of l̃i according to the value of µi and µ∗i

Theorem 3.2. Let (λ, λ∗, µ, µ∗, ν) be a solution of the Karush-Kuhn-Tucker system (37)-
(46) and let (ωL, ωU , βL, βU , ξ, ξ∗, η, η∗) be optimal for (16). Then:

1. If there exists i0 ∈ Ω such that 0 < λi0 < C, then there exists a unique optimal value
of βU for Problem (16),

βU = ũi0 −
d∑

j=1

ωUjxi0j − ε. (61)

Analogously, if there exists i1 ∈ Ω such that 0 < λ∗i1 < C, one has a unique optimal
value of βU for Problem (16),

βU = ũi1 −
d∑

j=1

ωUjxi1j + ε. (62)

Otherwise, if λi, λ
∗
i ∈ {0, C}, ∀i ∈ Ω, the set of solutions for βU is the following

interval

βU ∈
[
max{ max

{i: λi+λ∗i =0}
(ũi −

d∑
j=1

ωUjxij)− ε, max
{i: λ∗i =C}

(ũi −
d∑

j=1

ωUjxij) + ε},

min{ min
{i: λi+λ∗i =0}

(ũi −
d∑

j=1

ωUjxij) + ε, min
{i: λi=C}

(ũi −
d∑

j=1

ωUjxij)− ε}
]
. (63)

2. If there exists i0 ∈ Ω with 0 < µi0 < C, then there exists a unique optimal solution
for βL in Problem (16),

βL = l̃i0 −
d∑

j=1

ωLjxi0j − ε. (64)
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Analogously, if there exists i1 ∈ Ω with 0 < µ∗i1 < C, one has a unique optimal
solution for βL in Problem (16),

βL = l̃i1 −
d∑

j=1

ωLjxi1j + ε. (65)

Otherwise, if µi, µ
∗
i ∈ {0, C}, ∀i ∈ Ω, the set of solutions for βL is the following

interval

βL ∈
[
max{ max

{i: µi+µ∗i =0}
(l̃i −

d∑
j=1

ωLjxij)− ε, max
{i: µ∗i =C}

(l̃i −
d∑

j=1

ωLjxij) + ε},

min{ min
{i: µi+µ∗i =0}

(l̃i −
d∑

j=1

ωLjxij) + ε, min
{i: µi=C}

(l̃i −
d∑

j=1

ωLjxij)− ε}
]
. (66)

Proof.
By Lemma 3.1, for any i ∈ Ω, either λi or λ∗i are zero (and the same for µi and µ∗i ).

1. The cases 0 < λi0 < C or 0 < λi1 < C for some i0, i1, are analyzed in Remark 3.1
(cases 2 and 4).

Now, we analyze the case in which λi, λ
∗
i ∈ {0, C}, ∀i ∈ Ω. For every i such that

λi = 0, we have that either λ∗i = C, and in such a case, by Remark 3.1, case 5,

βU ≥ ũi −
d∑

j=1

ωUjxij + ε, (67)

or λ∗i = 0, and thus, by Remark 3.1, case 3,

βU ≥ ũi −
d∑

j=1

ωUjxij − ε (68)

βU ≤ ũi −
d∑

j=1

ωUjxij + ε. (69)

Moreover, for every i such that λi = C, we have by Remark 3.1, case 1, that

βU ≤ ũi −
d∑

j=1

ωUjxij − ε. (70)

Hence,

βU ≥ max{ũi −
d∑

j=1

ωUjxij − ε : λi = 0, λ∗i = 0}

15



and

βU ≥ max{ũi −
d∑

j=1

ωUjxij + ε : λi = 0, λ∗i = C}.

This leads to

βU ≥ max{ max
{i: λi+λ∗i =0}

(ũi −
d∑

j=1

ωUjxij)− ε, max
{i: λ∗i =C}

(ũi −
d∑

j=1

ωUjxij) + ε}. (71)

Analogously, we obtain the upper bound for the interval of solutions for βU as

βU ≤ min{ min
{i: λi+λ∗i =0}

(ũi −
d∑

j=1

ωUjxij) + ε, min
{i: λi=C}

(ũi −
d∑

j=1

ωUjxij)− ε}. (72)

2. With an analogous reasoning on the sets of variables µi, µ∗i to that used with vari-
ables λi and λ∗i , we obtain expressions (64)-(66).

Lemma 3.2. Let (λ, λ∗, µ, µ∗, ν) be optimal for the dual problem (22). Then, for any k
such that νk > 0, one has that∑

i∈Ω

(µi − µ∗i − λi + λ∗i − 2νi)x>i xk = δ, (73)

where δ is a constant.

Proof.
If there exists k such that νk > 0, then, by (41), one has that

d∑
j=1

ωLjxkj + βL =
d∑

j=1

ωUjxkj + βU . (74)

By using the expressions for ωU and ωL, given in (31)-(32), we obtain that∑
i∈Ω

(µi − µ∗i − νi)x>i xk + βL =
∑
i∈Ω

(λi − λ∗i + νi)x>i xk + βU , (75)

and this leads to ∑
i∈Ω

(µi − µ∗i − λi + λ∗i − 2νi)x>i xk = βU − βL = δ. (76)
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Theorem 3.3. Let (λ, λ∗, µ, µ∗, ν) be optimal for the dual problem (22), such that λi, λ∗i ,
µi, µ∗i ∈ {0, C}. Let ωU , ωL be defined by (31)-(32). One has that:

1. If νi = 0, for all i ∈ Ω, then any βU , βL satisfying (63) and (66), respectively, are
such that an optimal solution exists for Problem (16) of the form (ωL, ωU , βL, βU , ξ, ξ∗,
η, η∗).

2. If there exists k ∈ Ω such that νk > 0, then any βU , βL satisfying (63) and (66),
respectively, and also satisfying

βU − βL = δ, (77)

with δ the constant defined in (73), are such that an optimal solution exists for
Problem (16) of the form (ωL, ωU , βL, βU , ξ, ξ∗, η, η∗).

Proof.
We have to show that for ωU , ωL defined in (31)-(32) and for any βU , βL in the intervals
(63) and (66), there exist ξ, ξ∗, η, η∗ such that the pairs (ωL, ωU , βL, βU , ξ, ξ∗, η, η∗) and
(λ, λ∗, µ, µ∗, ν) jointly satisfy the KKT system (37)-(46).
If νi = 0, for all i ∈ Ω, then (41) is automatically satisfied, else, by construction of βU and
βL, they satisfy (77), and thus (41) also holds.
Hence, we only need to show that for any βU and βL in the intervals (63) and (66), ξ, ξ∗,
η, η∗ exist satisfying (37)-(40) and (42)-(45).
Consider βU in the interval (63), this means that

ũi −
d∑

j=1

ωUjxij − ε ≤ βU ≤ ũi −
d∑

j=1

ωUjxij + ε, ∀i ∈ Ω : λi = λ∗i = 0 (78)

βU ≥ ũi −
d∑

j=1

ωUjxij + ε, ∀i ∈ Ω : λi = 0, λ∗i = C (79)

βU ≤ ũi −
d∑

j=1

ωUjxij − ε, ∀i ∈ Ω : λi = C, λ∗i = 0. (80)

We check that constraints (37)-(38) and (42)-(43) are satisfied, by considering the possible
values for λi and λ∗i (by taking into account (47)).

• For every i ∈ Ω such that λi = λ∗i = 0, (37)-(38) are trivially satisfied and (42)-(43)
are satisfied for ξi = ξ∗i = 0.

• For every i ∈ Ω such that λi = 0 and λ∗i = C, (37) is trivially satisfied, and (42) is
satisfied with ξi = 0.

By (38), we compute the value of ξ∗i ,

ξ∗i =
d∑

j=1

ωUjxij + βU − ũi − ε, (81)

which is non-negative by expression (79).
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• For every i ∈ Ω such that λi = C and λ∗i = 0, (38) is trivially satisfied, and (43) is
satisfied with ξ∗i = 0.

By (37), we obtain the value ξi as

ξi = ũi −
d∑

j=1

ωUjxij − βU − ε, (82)

which is bigger than or equal to zero by expression (80).

A similar reasoning can be done with βL to check that (39)-(40) and (44)-(45) are satisfied.

Corollary 3.1. Let (λ, λ∗, µ, µ∗, ν) be a solution of the Karush-Kuhn-Tucker system (37)-
(46) and let (ωL, ωU , βL, βU , ξ, ξ∗, η, η∗) be optimal for (16). Then:

1. If λi = C, then

ξi = ũi −
d∑

j=1

ωUjxij − βU − ε. (83)

2. If λ∗i = C, then

ξ∗i =
d∑

j=1

ωUjxij + βU − ũi − ε. (84)

3. If µi = C, then

ηi = l̃i −
d∑

j=1

ωLjxij − βL − ε. (85)

4. If µ∗i = C, then

η∗i =
d∑

j=1

ωLjxij + βL − l̃i − ε. (86)

In the following result, the uniqueness of solution for Problem (16), under conditions of
Proposition 2.1, is studied.

Proposition 3.1. Let ε > 0 be a parameter in Problem (16) satisfying

ε ≥ 1
2

max
{

max
i∈Ω

{ũi} −min
i∈Ω

{ũi},max
i∈Ω

{l̃i} −min
i∈Ω

{l̃i}
}

. (87)

Then, Problem (16) has a unique optimal solution iff

ε =
1
2
(max

i∈Ω
{ũi} −min

i∈Ω
{ũi}) =

1
2
(max

i∈Ω
{l̃i} −min

i∈Ω
{l̃i}). (88)
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Proof.
When ε > 0 satisfies (87), by Proposition 2.1 one has that the optimal solution of Problem
(16) satisfies that ωUj = ωLj = 0, j = 1, . . . , d, and the slack variables ξi, ξ∗i , ηi, η∗i are
also zero. The constraints of Problem (16) are reduced to

max
i∈Ω

{ũi} − ε ≤ βU ≤ min
i∈Ω

{ũi}+ ε (89)

max
i∈Ω

{l̃i} − ε ≤ βL ≤ min
i∈Ω

{l̃i}+ ε (90)

βL ≤ βU . (91)

Then, the uniqueness must be studied only in the variables βL and βU .

In one direction, if expression (88) is satisfied, constraints (89)-(91) are transformed into
the following expressions,

1
2
(min

i∈Ω
{ũi}+ max

i∈Ω
{ũi}) ≤ βU ≤ 1

2
(min

i∈Ω
{ũi}+ max

i∈Ω
{ũi})

1
2
(min

i∈Ω
{l̃i}+ max

i∈Ω
{l̃i}) ≤ βL ≤ 1

2
(min

i∈Ω
{l̃i}+ max

i∈Ω
{l̃i})

βL ≤ βU .

Denoting by u = 1
2(min

i∈Ω
{ũi}+ max

i∈Ω
{ũi}) and by l = 1

2(min
i∈Ω

{l̃i}+ max
i∈Ω

{l̃i}), the bounds of

these degenerate intervals, one has that the unique possible solution is βU = u and βL = l,
since it is clear that l ≤ u. Then, Problem (16) admits a unique optimal solution.

In the other direction, we denote by ε1 = 1
2(max

i∈Ω
{ũi}−min

i∈Ω
{ũi}) and by ε2 = 1

2(max
i∈Ω

{l̃i}−

min
i∈Ω

{l̃i}). We prove that if ε is strictly bigger than ε1 or ε2, then the solution is not unique.

We consider two different cases, when ε1 = ε2 and when ε1 6= ε2.

• Case 1: ε1 = ε2.

Suppose that ε > ε1, that is, there exists an amount δ > 0, such that ε = ε1 + δ =
ε2 + δ. Then, replacing ε in constraints (89)-(91), we obtain

u− δ ≤ βU ≤ u + δ

l − δ ≤ βL ≤ l + δ

βL ≤ βU .

Since δ > 0, non-degenerate intervals can be found for βL and βU satisfying this set
of constraints, for example, all the solutions such βL ∈ [l − δ, l] and βU ∈ [u, u + δ].

• Case 2: ε1 6= ε2.

We study, for instance, the case ε1 < ε2 (the opposite is analogous), that is, there
exists an amount δ1 > 0 such that ε2 = ε1 + δ1. Suppose that ε ≥ ε2, that is, there
exists an amount δ2 ≥ 0 such that ε = ε2 + δ2, or analogously, ε = ε1 + δ1 + δ2.
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Then, replacing ε in constraints (89)-(91), one obtains that

u− δ1 − δ2 ≤ βU ≤ u + δ1 + δ2

l − δ2 ≤ βL ≤ l + δ2

βL ≤ βU .

Then, all the solutions in the following intervals, βL ∈ [l − δ2, l] and βU ∈ [u, u +
δ1 + δ2], satisfy this set of constraints, and, since δ1 > 0, at least the interval for βU

is non-degenerate.

4 Kernel-based dual formulation

Kernels are used to project the data from the input space X ⊆ Rd into a high dimensional
feature space, where more abstract features of the data can be exploited. This way, since
the data are projected to the feature space via a usually non-linear mapping, non-linear
relations between the data can be extracted by means of a linear regressor (see [6, 12, 20]).

Definition 4.1. Let φ : X ⊆ Rd → F be a (usually non-linear) mapping from the input
space X into the feature space F . A kernel K is a function K : X × X ⊆ Rd × Rd → R,
such that for every x, y ∈ X ,

K(x, y) = φ(x)>φ(y).

From Problem (22) and by replacing x>i xl by another general kernel structure K(xi, xl),
we can rewrite the dual of Problem (16) as the following concave quadratic maximization
problem,

max
λ,λ∗,µ,µ∗,ν

−1
2

∑
i,l∈Ω

[(λi − λ∗i + νi)(λl − λ∗l + νl) + (µi − µ∗i − νi)(µl − µ∗l − νl)]K(xi, xl)

−ε
∑
i∈Ω

(λi + λ∗i + µi + µ∗i ) +
∑
i∈Ω

(λi − λ∗i )ũi +
∑
i∈Ω

(µi − µ∗i )l̃i

s.t.
∑
i∈Ω

(λi − λ∗i + νi) = 0∑
i∈Ω

(µi − µ∗i − νi) = 0

0 ≤ λi, λ
∗
i , µi, µ

∗
i ≤ C, ∀i ∈ Ω

0 ≤ νi, ∀i ∈ Ω.

(92)

When a general kernel structure has been introduced in the problem, explicit expressions
of ωU and ωL cannot be computed, because one has that

ωU =
∑
i∈Ω

(λi − λ∗i + νi)φ(xi) (93)

ωL =
∑
i∈Ω

(µi − µ∗i − νi)φ(xi) (94)
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and the mapping φ is unknown in general. However, given a new element x, we can always
obtain the predicted interval output, since the kernel is known.
Expressions for βU and βL are obtained from expressions (61)-(66) by only replacing x>l xi

by the corresponding kernel value. Thus, when ∃i0 ∈ Ω : 0 < λi0 < C, βU can be built by
using expression (61), as follows,

βU = ũi0 −
∑
l∈Ω

(λl − λ∗l + νl)φ(xl)>φ(xi0)− ε

= ũi0 −
∑
l∈Ω

(λl − λ∗l + νl)K(xl, xi0)− ε. (95)

If ∃i1 ∈ Ω : 0 < λ∗i1 < C, the value of βU is obtained from (62),

βU = ũi1 −
∑
l∈Ω

(λl − λ∗l + νl)K(xl, xi1) + ε, (96)

and, if λi, λ
∗
i ∈ {0, C}, ∀i ∈ Ω, from (63), βU belongs to

max{ max
{i:λi+λ∗i =0}

ũi −
∑
l∈Ω

(λl − λ∗l + νl)K(xl, xi)− ε, max
{i:λ∗i =C}

ũi −
∑
l∈Ω

(λl − λ∗l + νl)K(xl, xi) + ε} ≤ βU

≤ min{ min
{i:λi+λ∗i =0}

ũi −
∑
l∈Ω

(λl − λ∗l + νl)K(xl, xi) + ε, min
{i:λi=C}

ũi −
∑
l∈Ω

(λl − λ∗l + νl)K(xl, xi)− ε}.

Analogous expressions are derived for βL from expressions (64)-(66). If ∃i0 ∈ Ω : 0 <
µi0 < C or ∃i1 ∈ Ω : 0 < µ∗i1 < C, we obtain, from expressions (64) and (65), respectively,
the following expressions,

βL = l̃i0 −
∑
l∈Ω

(µl − µ∗l − νl)K(xl, xi0)− ε (97)

βL = l̃i1 −
∑
l∈Ω

(µl − µ∗l − νl)K(xl, xi1) + ε, (98)

(99)

and if µi, µ
∗
i ∈ {0, C}, ∀i ∈ Ω, one has that, from (66), βL satisfies

max{ max
{i:µi+µ∗i =0}

l̃i −
∑
l∈Ω

(µl − µ∗l − νl)K(xl, xi)− ε, max
{i:µ∗i =C}

l̃i −
∑
l∈Ω

(µl − µ∗l − νl)K(xl, xi) + ε} ≤ βL

≤ min{ min
{i:µi+µ∗i =0}

l̃i −
∑
l∈Ω

(µl − µ∗l − νl)K(xl, xi) + ε, min
{i:µi=C}

l̃i −
∑
l∈Ω

(µl − µ∗l − νl)K(xl, xi)− ε}.

Finally, given a new element x, the predicted interval is the following,

x ↪→ f(x) := [ω>L x + βL, ω>U x + βU ]

= [
∑
i∈Ω

(µi − µ∗i − νi)K(xi, x) + βL,
∑
i∈Ω

(λi − λ∗i + νi)K(xi, x) + βU ],(100)

where the only thing that changes with respect to the primal problem is that the scalar
products ω>L x and ω>U x have been replaced by the corresponding kernel values to avoid
using explicit expressions of ωL and ωU , which could not be computed, according to (93)-
(94).
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5 Computational experiments

5.1 Error measures

For the numerical experiments, several measures have been used to study the fitness of
the model. These measurements are the lower and upper bound root mean-squared error,
RMSEl and RMSEu, and the mean Hausdorff distance, dH , between the predicted and
the real interval outputs, defined as follows,

RMSEl =

√
1
n

∑
i∈Ω

(l̃i − l̂i)2 (101)

RMSEu =

√
1
n

∑
i∈Ω

(ũi − ûi)2 (102)

dH =
1
n

∑
i∈Ω

max{|l̃i − l̂i|, |ũi − ûi|}, (103)

where l̃ = (l̃1, . . . , l̃n)>, l̂ = (l̂1, . . . , l̂n)>, ũ = (ũ1, . . . , ũn)>, û = (û1, . . . , ûn)>, with n the
cardinal of Ω.

5.2 Results for resubstitution

In this section, the formulation (16) is applied to solve the problem with single-valued
input and interval-valued output in a database of cars. This dataset, which has been used
previously in [9], shows the relationship between a set of (single-valued) characteristics
of a determined car (predictor variables) and an interval score given by a set of experts
(dependent variable). Observe that in the original dataset (see [9]), the scores are given
in a fuzzy way (but these fuzzy spreads are always built under the same assumption: one
to the left and to the right when possible, but taking into account that the final interval
must be contained in [0,10]).
The database with the interval output for 50 different cars is shown in the Table 1. The
characteristics of each car studied are: X1 = price, X2 = displacement, X3 = potential,
X4 = speed, X5 = acceleration, X6 = urban fuel consumption, X7 = extra urban fuel
consumption and X8 = cost/Km. The variable Y shows the interval score given by the
experts according to the characteristics.
First, we compute the predicted interval for the score of each car via resubstitution (see
[7]), i.e., when the training sample contains all the elements of the dataset.
The primal and dual formulations have been tested by using this database. All these
programs have been solved by using AMPL+MINOS. Concerning the kernel-based dual
formulation, the two following kernels ([20, 21]) have been studied:

• Polynomial:

K(x, y) = (x>y + b)p, p ∈ N, b ≥ 0 (104)

• Radial Basis Function (RBF):

K(x, y) = exp{−‖x− y‖2

2σ2
}, σ > 0. (105)
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X1 X2 X3 X4 X5 X6 X7 X8 Y
1 21330 1598 120 200 10.5 8.8 15.6 0.41 [5, 8]
2 29864 1781 150 222 8.9 8.8 15.6 0.5 [7, 10]
3 26830 1895 118 206 10.4 8.8 16.7 0.49 [5, 8]
4 26004 1997 110 191 12.5 13.7 22.2 0.29 [4, 6]
5 17613 1998 133 195 9 8.2 15.6 0.42 [1, 4]
6 18120 1596 103 187 10.7 8.9 15.9 0.38 [4, 6]
7 13170 1396 75 165 15.6 10.5 15.6 0.36 [3, 6]
8 19290 1997 136 200 9.6 7.9 14.9 0.44 [1, 4]
9 26100 1998 150 210 9.6 7.2 13.3 0.48 [4, 6]
10 29128 1988 155 215 9.5 7.5 12.8 0.52 [7, 10]
11 28715 1998 129 210 11 7.3 14.9 0.62 [6, 9]
12 26494 1995 140 203 11.3 8.1 13.7 0.5 [3, 6]
13 22931 1997 136 208 10.8 8.7 15.4 0.51 [5, 8]
14 24248 1985 152 215 8.5 7.9 14.9 0.52 [5, 8]
15 19898 1595 105 192 11.3 8.6 15.5 0.41 [5, 8]
16 22200 1948 136 205 9.7 8.5 15.9 0.46 [4, 6]
17 30320 1970 150 215 8.5 7.5 14.7 0.53 [0, 3]
18 19095 1390 75 173 12 16.7 12.2 0.43 [5, 8]
19 37390 2393 165 222 9.2 7.3 13.5 0.65 [7, 10]
20 63812 2771 193 232 10.1 5.7 11.9 0.88 [6, 9]
21 32656 1781 180 228 7.4 9.2 15.9 0.55 [4, 6]
22 54021 2793 193 228 8.6 7.3 12.7 0.84 [6, 9]
23 20199 1997 90 175 14.5 14.3 21.7 0.3 [6, 9]
24 15250 1596 103 180 11.5 9.6 16.9 0.37 [3, 6]
25 28379 1997 147 208 10 8.2 14.1 0.15 [4, 6]
26 60942 3996 280 240 7.3 5.8 11.2 0.86 [1, 4]
27 83666 3996 280 240 7.3 5.8 11.2 1.13 [4, 6]
28 10750 1242 80 174 11.2 13.5 20 0.37 [5, 8]
29 66623 4293 281 250 6.7 5.7 11.2 1.01 [7, 10]
30 36772 1998 163 223 9.1 7.4 14.3 0.65 [6, 9]
31 23235 1796 120 193 9 9.8 17.5 0.54 [4, 6]
32 22176 1781 125 202 9.7 9.4 16.1 0.45 [5, 8]
33 40852 2171 170 226 9.1 8.2 14.1 0.63 [4, 6]
34 37701 2446 129 201 12.1 9.2 16.9 0.39 [1, 4]
35 22125 1998 133 206 10.2 7.7 14.1 0.46 [1, 4]
36 12100 1242 60 155 14.3 13.7 20.8 0.3 [5, 8]
37 14530 1242 80 170 12.5 10.6 18.9 0.32 [1, 4]
38 11078 1242 75 167 13.1 11.5 17.2 0.3 [5, 8]
39 15597 1596 101 185 11 11 18.5 0.37 [6, 9]
40 72562 3996 281 250 6.7 5.8 11.6 1 [5, 8]
41 32030 1998 220 243 7.3 6.8 12.3 0.61 [5, 8]
42 32660 1796 118 202 5.9 10.4 17.5 0.52 [5, 8]
43 20193 1598 102 182 10.8 10.4 18.9 0.4 [5, 8]
44 40619 2597 170 219 9.5 6.1 11.8 0.71 [7, 10]
45 64764 3199 224 240 8.2 5.8 12.2 0.92 [6, 9]
46 93117 4966 306 250 6.5 5.3 11.4 1.23 [7, 10]
47 11104 1360 75 170 13.2 11.2 18.9 0.3 [7, 10]
48 76132 3387 300 280 5.2 5.8 11.8 1.03 [7, 10]
49 11336 1149 60 160 15 12.7 19.2 0.45 [7, 10]
50 15423 1390 75 171 13.5 11.8 18.9 0.34 [7, 10]

Table 1: ‘Car scores’ database (single-valued input and interval-valued output)
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RMSEl RMSEu dH

Primal 1.6104 1.6834 1.3856
Polynomial, b = 1 1.8051 1.8999 1.5370
Polynomial, b = 100 1.7880 1.9022 1.5456
Polynomial, b = 10000 1.7844 1.8912 1.5388
RBF, σ = 1000 1.6054 1.6663 1.2025
RBF, σ = 2000 1.5730 1.6266 1.0395
RBF, σ = 5000 1.6125 1.6925 1.0878
RBF, σ = 7500 1.6349 1.7202 1.2098
RBF, σ = 10000 1.6515 1.7203 1.3276

Table 2: Best results for RMSEl, RMSEu and dH for different methods via resubstitution

Different experiments have been performed with several values of the parameters C and ε,
namely, for every pair (C, ε), with C = 10−4, 10−3, 10−2, 10−1, 1, and ε = 0.0001, 0.001, 0.01,
0.05, 0.1, 0.5, 1, 1.5, 2, 2.5. Several kernels have been used by changing the parameters b
(p = 1 for all the experiments), in the polynomial kernel, and σ, in the RBF kernel. The
best results (those with the smallest value for the sum RMSEl + RMSEu or with the
smallest value of the mean Hausdorff distance) for the primal and several kernel-based
dual formulations are shown in Table 2. The best performance in the primal formulation
was obtained with ε = 0.5 and with C = 1000. Concerning the dual formulation, the
best results were obtained for the RBF-kernel with σ = 2000 with for C = 10. With
ε = 0.0001 the smallest value for the mean Hausdorff distance was obtained, and with
ε = 1 we obtained the smallest sum of the root mean-squared errors. One can observe
that the best results (especially, when considering the mean Hausdorff distance as the
fitness measurement) are obtained with RBF-kernels, which seem to work well to fit this
dataset.
The predicted intervals for the minimum mean Hausdorff distances in the primal and dual
formulations are presented in Table 3 (C = 1000, ε = 0.5 for the primal, C = 10, ε = 0.001,
σ = 2000 for the dual). One can observe that the non-linear regressor approximates better
most of the intervals than the linear regressor.

5.3 Results for leave-one-out

Below, the performance of the regressors built via our methodology when applying the
leave-one-out (LOO) strategy (see e.g. [11, 18]) to the cars dataset is shown. Leave-one-
out means that, in turns, we consider only one element in the test sample, we train the
model with the remaining elements and we test this model with the unitary test sample.
The LOO strategy is more interesting than the resubstitution because this way we can
study the behaviour of the regressor when a new element arrives.
Several combinations of the parameters C and ε and for the parameters of the kernels b
and σ have been considered. The performance with the primal and dual formulations has
been studied.
Tables 4-5 display the results for the root mean-squared errors, for the different combi-
nations of the parameters C and ε with the primal formulation and with the RBF-kernel
formulation. The best results for the sum of the two errors have been marked in bold.
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Real Primal Dual Real Primal Dual
1 [ 5 , 8 ] [ 4,4 , 7,3 ] [ 5,0 , 8,0 ] 26 [ 1 , 4 ] [ 2,6 , 5,5 ] [ 1,0 , 4,0 ]
2 [ 7 , 10 ] [ 5,5 , 8,5 ] [ 6,8 , 9,9 ] 27 [ 4 , 6 ] [ 4,7 , 7,7 ] [ 4,0 , 6,0 ]
3 [ 5 , 8 ] [ 5,7 , 8,7 ] [ 4,0 , 6,2 ] 28 [ 5 , 8 ] [ 5,4 , 8,4 ] [ 5,9 , 9,0 ]
4 [ 4 , 6 ] [ 5,4 , 8,4 ] [ 4,0 , 6,0 ] 29 [ 7 , 10 ] [ 4,6 , 7,5 ] [ 7,0 , 10,0 ]
5 [ 1 , 4 ] [ 2,8 , 5,7 ] [ 3,3 , 5,2 ] 30 [ 6 , 9 ] [ 5,9 , 8,9 ] [ 6,0 , 9,0 ]
6 [ 4 , 6 ] [ 3,6 , 6,5 ] [ 4,0 , 6,0 ] 31 [ 4 , 6 ] [ 4,9 , 7,9 ] [ 4,9 , 7,4 ]
7 [ 3 , 6 ] [ 4,4 , 7,3 ] [ 3,0 , 6,0 ] 32 [ 5 , 8 ] [ 4,7 , 7,6 ] [ 4,7 , 7,5 ]
8 [ 1 , 4 ] [ 3,4 , 6,2 ] [ 4,0 , 6,7 ] 33 [ 4 , 6 ] [ 5,7 , 8,7 ] [ 4,1 , 7,0 ]
9 [ 4 , 6 ] [ 3,6 , 6,5 ] [ 4,0 , 6,0 ] 34 [ 1 , 4 ] [ 4,0 , 6,9 ] [ 5,6 , 8,6 ]
10 [ 7 , 10 ] [ 4,2 , 7,1 ] [ 6,4 , 9,5 ] 35 [ 1 , 4 ] [ 4,2 , 7,1 ] [ 4,6 , 7,4 ]
11 [ 6 , 9 ] [ 6,5 , 9,4 ] [ 6,0 , 9,0 ] 36 [ 5 , 8 ] [ 4,7 , 7,7 ] [ 5,0 , 8,0 ]
12 [ 3 , 6 ] [ 4,3 , 7,2 ] [ 3,9 , 6,0 ] 37 [ 1 , 4 ] [ 3,9 , 6,9 ] [ 2,4 , 5,5 ]
13 [ 5 , 8 ] [ 5,5 , 8,4 ] [ 4,7 , 7,4 ] 38 [ 5 , 8 ] [ 3,8 , 6,8 ] [ 5,9 , 9,0 ]
14 [ 5 , 8 ] [ 4,6 , 7,5 ] [ 5,0 , 7,3 ] 39 [ 6 , 9 ] [ 4,5 , 7,5 ] [ 3,4 , 6,2 ]
15 [ 5 , 8 ] [ 4,3 , 7,2 ] [ 5,0 , 8,0 ] 40 [ 5 , 8 ] [ 4,5 , 7,5 ] [ 5,0 , 8,0 ]
16 [ 4 , 6 ] [ 4,4 , 7,3 ] [ 4,6 , 7,4 ] 41 [ 5 , 8 ] [ 4,5 , 7,5 ] [ 5,0 , 8,0 ]
17 [ 0 , 3 ] [ 4,4 , 7,4 ] [ 6,5 , 9,6 ] 42 [ 5 , 8 ] [ 4,5 , 7,5 ] [ 4,8 , 7,8 ]
18 [ 5 , 8 ] [ 5,5 , 8,5 ] [ 4,9 , 7,4 ] 43 [ 5 , 8 ] [ 4,2 , 7,2 ] [ 5,1 , 8,2 ]
19 [ 7 , 10 ] [ 5,5 , 8,4 ] [ 5,8 , 8,7 ] 44 [ 7 , 10 ] [ 4,9 , 7,8 ] [ 4,6 , 7,5 ]
20 [ 6 , 9 ] [ 6,5 , 9,5 ] [ 6,0 , 9,0 ] 45 [ 6 , 9 ] [ 5,9 , 8,8 ] [ 6,0 , 9,0 ]
21 [ 4 , 6 ] [ 5,1 , 8,2 ] [ 4,8 , 7,8 ] 46 [ 7 , 10 ] [ 4,8 , 7,8 ] [ 7,0 , 10,0 ]
22 [ 6 , 9 ] [ 6,0 , 9,0 ] [ 6,0 , 9,0 ] 47 [ 7 , 10 ] [ 4,3 , 7,3 ] [ 5,9 , 9,0 ]
23 [ 6 , 9 ] [ 5,5 , 8,5 ] [ 4,6 , 7,7 ] 48 [ 7 , 10 ] [ 6,8 , 9,9 ] [ 7,0 , 10,0 ]
24 [ 3 , 6 ] [ 3,5 , 6,4 ] [ 3,0 , 6,0 ] 49 [ 7 , 10 ] [ 6,5 , 9,5 ] [ 5,9 , 9,0 ]
25 [ 4 , 6 ] [ 0,6 , 3,5 ] [ 5,6 , 8,5 ] 50 [ 7 , 10 ] [ 4,9 , 7,9 ] [ 3,3 , 6,2 ]

Table 3: Predicted interval output for the primal and dual formulations with the smallest
values of mean Hausdorff distance
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C 0.0001 0.001 0.01 0.1 1
ε\RMSE l u l u l u l u l u

0.0001 2.09 2.24 2.15 2.30 2.10 2.25 2.06 2.49 2.09 2.71
0.001 2.09 2.24 2.15 2.30 2.10 2.25 2.06 2.49 2.09 2.71
0.01 2.08 2.23 2.15 2.29 2.10 2.25 2.06 2.48 2.09 2.70
0.05 2.10 2.24 2.12 2.26 2.10 2.25 2.05 2.46 2.07 2.67

Primal 0.1 2.08 2.23 2.07 2.21 2.11 2.26 2.02 2.39 2.04 2.62
0.5 1.96 2.19 1.95 2.27 1.96 2.20 1.99 2.23 2.26 2.47
1 2.16 2.11 2.05 2.08 2.12 2.13 2.22 2.23 2.58 2.65
1.5 2.07 2.17 2.02 2.15 2.04 2.27 2.11 2.32 2.38 2.70
2 2.00 2.21 1.98 2.18 1.92 2.12 1.95 1.99 2.64 2.64
2.5 1.89 1.99 1.91 1.99 1.98 2.01 2.06 2.07 2.34 2.33
0.0001 1.96 2.10 1.99 2.15 1.95 2.10 1.96 2.10 2.06 2.20
0.001 1.96 2.10 1.94 2.08 1.99 2.15 1.96 2.10 2.06 2.20
0.01 1.96 2.09 1.94 2.08 1.94 2.08 2.00 2.16 2.06 2.20
0.05 1.96 2.08 1.94 2.07 1.94 2.07 1.95 2.08 2.06 2.20

RBF 0.1 1.95 2.07 1.93 2.06 1.93 2.06 1.94 2.06 2.05 2.20
σ = 1000 0.5 2.05 2.01 1.97 2.01 1.97 2.01 1.97 2.01 2.05 2.11

1 2.71 2.07 2.52 2.14 2.52 2.14 2.50 2.12 2.06 2.06
1.5 2.01 1.99 2.01 1.99 2.01 1.99 1.99 2.00 1.94 2.09
2 1.97 2.11 1.97 2.11 1.97 2.10 1.96 2.08 1.94 1.98
2.5 1.96 2.05 1.96 2.05 1.96 2.05 1.97 2.05 2.06 2.09
0.0001 1.94 2.15 1.93 2.10 1.95 2.10 1.97 2.11 2.14 2.29
0.001 1.99 2.15 1.99 2.15 1.96 2.12 1.97 2.11 2.14 2.29
0.01 1.99 2.06 1.99 2.15 1.99 2.15 1.97 2.14 2.13 2.29
0.05 1.93 2.06 1.98 2.14 1.98 2.15 2.00 2.17 2.17 2.35

RBF 0.1 1.97 2.13 1.97 2.13 1.98 2.13 2.00 2.16 2.16 2.29
σ = 2000 0.5 2.14 1.99 2.14 2.09 2.14 2.09 2.14 2.10 2.30 2.32

1 2.33 2.07 2.51 2.18 2.51 2.18 2.51 2.17 2.45 2.30
1.5 1.94 2.15 2.29 2.01 2.29 2.01 2.29 2.01 1.99 2.08
2 1.97 2.11 1.97 2.11 1.97 2.10 1.96 2.08 2.00 2.74
2.5 1.96 2.05 1.96 2.05 1.96 2.05 1.97 2.05 2.16 2.12

Table 4: RMSEl and RMSEu via LOO (primal and RBF-kernel, σ = 1000, 2000)
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C 0.0001 0.001 0.01 0.1 1
ε\RMSE l u l u l u l u l u

0.0001 2.07 2.28 1.98 2.08 2.03 2.14 1.99 2.18 2.07 2.25
0.001 2.01 2.23 2.14 2.39 1.99 2.08 2.03 2.15 2.07 2.25
0.01 1.99 2.21 1.96 2.11 2.15 2.32 1.99 2.09 2.10 2.25
0.05 2.01 2.21 1.96 2.10 1.95 2.09 2.03 2.16 2.22 2.32

RBF 0.1 2.00 2.44 1.95 2.09 1.94 2.08 2.14 2.31 2.18 2.32
σ = 5000 0.5 2.18 2.17 1.99 2.04 1.99 2.04 1.98 2.04 2.28 2.19

1 2.46 2.29 2.65 2.14 2.69 2.18 2.70 2.14 2.48 2.06
1.5 1.95 2.16 1.98 2.15 2.34 2.01 2.40 2.02 2.05 2.44
2 2.00 2.35 1.97 2.32 1.97 2.33 1.94 2.37 1.99 2.13
2.5 2.01 2.09 1.96 2.05 1.96 2.05 1.96 2.04 2.01 2.06
0.0001 2.26 2.19 2.20 2.21 2.20 2.25 2.08 2.24 1.96 2.09
0.001 1.96 2.17 2.01 2.28 2.08 2.21 2.09 2.26 2.05 2.22
0.01 1.96 2.17 1.97 2.14 1.99 2.23 2.09 2.22 2.08 2.32
0.05 1.96 2.17 1.96 2.13 1.96 2.13 1.99 2.20 2.11 2.35

RBF 0.1 1.96 2.17 1.96 2.12 1.96 2.12 1.99 2.23 2.09 2.14
σ = 7500 0.5 1.92 2.20 1.95 2.09 1.98 2.09 1.95 2.09 2.21 2.27

1 2.32 2.16 2.32 2.34 2.32 2.34 2.32 2.28 2.22 2.10
1.5 2.05 2.39 2.05 2.60 2.05 2.77 2.01 2.59 1.86 2.70
2 1.90 1.99 1.90 1.99 1.90 1.99 1.90 1.99 1.94 2.55
2.5 2.03 2.05 1.97 2.02 1.98 2.02 2.00 2.04 1.91 1.95
0.0001 2.11 2.23 1.97 2.19 1.95 2.12 2.04 2.17 2.10 2.24
0.001 1.94 2.12 1.88 2.04 1.98 2.19 2.02 2.17 2.08 2.29
0.01 1.94 2.12 1.94 2.04 1.92 1.98 1.99 2.20 2.29 2.47
0.05 2.03 2.12 1.93 2.18 1.96 2.07 2.12 2.23 2.06 2.18

RBF 0.1 1.93 2.07 1.92 2.04 1.88 2.03 1.88 2.05 2.04 2.27
σ = 10000 0.5 1.95 2.03 1.93 2.01 2.02 1.97 1.93 2.13 2.09 2.37

1 2.54 2.07 2.67 2.09 2.67 2.06 2.69 2.04 2.89 2.31
1.5 2.05 2.25 2.48 2.59 2.47 2.77 2.15 2.67 1.93 2.74
2 1.91 1.99 1.91 1.99 1.91 1.99 1.92 1.99 2.04 2.02
2.5 2.03 2.05 2.03 2.05 2.04 2.05 2.07 2.08 2.10 2.08

Table 5: RMSEl and RMSEu via LOO (RBF-kernel, σ = 5000, 7500, 10000)
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ε\C 0.0001 0.001 0.01 0.1 1 0.0001 0.001 0.01 0.1 1
0.0001 1.78 1.87 1.80 2.10 2.26 1.80 1.62 1.72 1.73 1.77
0.001 1.78 1.87 1.80 2.10 2.26 1.72 1.82 1.62 1.73 1.77
0.01 1.77 1.87 1.80 2.09 2.25 1.70 1.70 1.78 1.63 1.84
0.05 1.78 1.84 1.81 2.07 2.21 1.72 1.71 1.67 1.69 1.90
0.1 Primal 1.79 1.80 1.83 2.01 2.15 RBF 1.96 1.71 1.68 1.79 1.84
0.5 1.85 1.91 1.88 1.88 2.00 σ = 5000 1.96 1.78 1.78 1.74 2.04
1 1.94 1.85 1.92 2.00 2.12 2.52 2.58 2.57 2.51 2.18
1.5 1.85 1.84 1.90 1.95 2.06 1.95 1.84 2.16 2.14 2.26
2 1.83 1.84 1.81 1.76 2.07 2.04 2.00 2.01 2.05 1.83
2.5 1.69 1.71 1.70 1.79 1.93 1.82 1.76 1.76 1.77 1.81
0.0001 1.64 1.68 1.64 1.65 1.77 1.86 1.78 1.80 1.77 1.70
0.001 1.64 1.60 1.68 1.65 1.77 1.72 1.86 1.72 1.71 1.78
0.01 1.64 1.60 1.60 1.69 1.77 1.72 1.70 1.82 1.73 1.88
0.05 1.65 1.61 1.61 1.62 1.77 1.74 1.71 1.71 1.77 1.82
0.1 RBF 1.66 1.62 1.62 1.62 1.78 RBF 1.76 1.72 1.72 1.83 1.73
0.5 σ = 1000 1.84 1.78 1.78 1.77 1.80 σ = 7500 1.90 1.84 1.86 1.82 2.11
1 2.54 2.46 2.45 2.41 1.89 2.46 2.50 2.49 2.39 2.06
1.5 1.84 1.84 1.84 1.84 1.92 2.17 2.33 2.42 2.30 2.33
2 1.64 1.64 1.64 1.66 1.71 1.62 1.62 1.62 1.63 2.23
2.5 1.76 1.76 1.76 1.78 1.84 1.74 1.74 1.74 1.79 1.71
0.0001 1.68 1.64 1.64 1.66 1.81 1.96 1.76 1.72 1.71 1.69
0.001 1.68 1.68 1.68 1.66 1.81 1.86 1.64 1.74 1.71 1.81
0.01 1.66 1.68 1.68 1.70 1.81 1.86 1.62 1.62 1.75 2.01
0.05 1.61 1.69 1.69 1.70 1.92 1.93 1.73 1.69 1.75 1.67
0.1 RBF 1.70 1.70 1.70 1.70 1.85 RBF 1.68 1.66 1.66 1.66 1.75
0.5 σ = 2000 1.88 1.88 1.88 1.86 2.00 σ = 10000 1.75 1.86 1.90 1.85 2.05
1 2.30 2.40 2.40 2.36 2.24 2.60 2.63 2.61 2.56 2.70
1.5 1.81 2.06 2.06 2.07 1.81 2.03 2.69 2.79 2.50 2.38
2 1.64 1.64 1.64 1.66 2.24 1.72 1.72 1.72 1.73 1.84
2.5 1.76 1.76 1.76 1.78 1.91 1.74 1.74 1.74 1.79 1.86

Table 6: dH via LOO (primal and RBF-kernel, σ =1000, 2000, 5000, 7500, 10000)

Likewise, Table 6 present the results obtained when we use the Hausdorff distance to
measure the error between the predicted and the observed interval and we compute the
mean Hausdorff distance (dH) for all the elements of the database, for the primal and the
RBF-kernel formulation. The lowest value of the mean distance is in bold in each table.
One can observe that, in Tables 4-6, the behaviour of the measurements RMSEl, RMSEu

and dH is not very stable with respect to the parameter ε, especially for those values
ε ≥ 0.5.
In Table 7, the best results for the two measurements, for the different formulations are
shown. Although all the results are quite similar, one can observe that the polynomial
kernel seems to be better suited when using RMSEl and RMSEu as fitness measurements,
whereas the RBF-kernel has a better behaviour when studying the fitness via the mean
Hausdorff distance.
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RMSEl RMSEu dH

Primal 1.8852 1.9924 1.6944
Polynomial, b = 1 1.8259 1.9722 1.6229
Polynomial, b = 100 1.8256 1.9720 1.6225
Polynomial, b = 10000 1.8260 1.9720 1.6227
RBF, σ = 1000 1.9415 1.9758 1.6002
RBF, σ = 2000 1.9341 2.0646 1.6100
RBF, σ = 5000 1.9610 2.0388 1.6201
RBF, σ = 7500 1.9062 1.9464 1.6200
RBF, σ = 10000 1.9179 1.9798 1.6219

Table 7: Best results for RMSEl, RMSEu and dH for different methods via leave-one-out

Resubstitution Leave-one-out
Formulation RMSEl RMSEu dH RMSEl RMSEu dH

Maximum distance 2.1907 2.1403 2.6676 2.5564 2.3673 3.0196
Hausdorff distance 2.0617 2.2531 2.6556 2.3519 2.4633 2.9861
Primal 1.6104 1.6834 1.3856 1.8852 1.9924 1.6944
Dual (kernel) 1.5730 1.6266 1.0395 1.8256 1.9720 1.6002

Table 8: Comparison between the best results obtained for formulations with one hyper-
plane (top) and for formulations with two hyperplanes (bottom)

5.4 Comparison with point estimation

Table 8 compares the performance of the two possible models described in [3], formulations
(6)-(7), to solve the problem with single-valued input and interval-valued output, with the
model proposed in this paper.
The table shows the best results for the two fitness measurements when performing re-
substitution and leave-one-out. The first two rows display the best results when using
formulations (6)-(7) for the maximum and Hausdorff distances (with only one hyperplane
to compute), respectively. The drawback of these formulations is that the predicted in-
terval for each record of the database is degenerate (point estimation instead of interval
estimation). In the last two rows, we present the results with formulation (16) (the new
one introduced for the single-input and interval-output situation) and its kernel-based dual
formulation (92) (with two hyperplanes to compute), respectively. All the kernels used in
the computational experiment have been taken into account to select the best results.
One can observe that the results obtained with formulations with two hyperplanes are
much better on this dataset than those obtained with the formulations with only one
hyperplane, that is, one can say that interval estimates are much better than only point
estimates. This way, the introduction of formulation (16) becomes justified.
Finally, with the results obtained in these experiments, we have performed the following
measurement. We have considered the midpoint of the interval outputs in the original
dataset, and we have also obtained the midpoint of the predicted intervals via formulation
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Resubstitution Leave-one-out
Hausdorff distance formulation (7) 1.2456 1.5761
Primal formulation (16) 1.2755 1.5666
Kernel-based dual formulation (92) 0.9349 1.5102

Table 9: d1 for formulations with one hyperplane (top) and for formulations with two
hyperplanes (bottom)

(16) and the dual formulation (92). We consider the mean l1-distance, defined as

d1 =
1
n

∑
i∈Ω

|ỹi − ŷi|, (106)

where ỹi is the center of the interval output of the element i ∈ Ω, ŷi is the center of the
predicted interval for i ∈ Ω, and n is the cardinal of Ω.
We measure the mean l1-distance d1 between the midpoints of the real interval outputs
and the prediction given by formulation (7) (the model described in [3]) for the Hausdorff
distance (only one hyperplane). We also measure d1 between the center of the real intervals
and the centers of the predicted intervals obtained with formulations (16) and (92). We
have selected, in each model, the combination of parameters (C, ε) which gave the minimum
dH in Table 8. The values of this measure, for resubstitution and leave-one-out, are
displayed in Table 9.
One can observe that the best results, for resubstitution and for leave-one-out, are obtained
for the kernel-based dual formulation. Hence, formulation (92) is still better in this dataset
when only a point-prediction (instead of an interval-prediction) is asked for, since the
midpoints of the intervals obtained with this formulation are closer to the midpoints of
the real intervals than the point estimations obtained with formulation (7).
This indicates that, in a regression problem with imprecise output, when one wants a
single-valued estimate, one obtains quite similar result-quality when one does a single-point
estimation directly (using the Hausdorff distance formulation (7)) than rather an interval
estimation (primal formulation (16)) and then taking its midpoint (that is, eliminating the
additional uncertainty information given by the interval output). In fact, for leave-one-
out, the results are slightly better for the interval estimation methodology (formulation
(16)) and clearly better (for resubstitution and leave-one-out) when kernels are introduced
(formulation (92)), since they allow to extend the model to study more abstract relations
between data.

6 Conclusions

In this work, a regression problem for data with single-valued predictive variables and
interval-valued dependent variable has been analyzed.
The proposed model is based on the standard ε-Support Vector Regression approach, and
two hyperplanes must be computed to approximate the lower and upper bounds of the
dependent variable. The dual formulation of this optimization problem has been obtained,
allowing the introduction of a kernel structure to use non-linear regressors in the data.
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The computational experiments show that the introduction of these kernel structures
allows to improve the results when measuring the error between the predicted and observed
intervals.
The results for the kernel-based formulation via leave-one-out are quite unstable with
respect to the parameter ε. Thus, the correct choice of the parameter ε remains as a
critical issue for future work, which can be approached by using some of the strategies
proposed in the literature. Thus, in [4], for example, values of C and ε are given, based
on the outputs of the training sample.
The formulation has been obtained by using the Hausdorff distance in the constraints
and by minimizing the sum of the Euclidean norms of the hyperplanes in the objective
function. The use of other distances and norms to define the optimization problem is
another topic which deserves further study.
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