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Abstract

In this paper, we analyze the limiting behavior of the weighted
least squares problem min,cgn Zle |Di(A;z — b;)||?, where each D;
is a positive definite diagonal matrix. We consider the situation where
the magnitude of the weights are drastically different block-wisely so
that max(D;) > min(D;) > max(D2) > min(D3) > max(Ds) >
...> max(Dp_1) > min(D,_1) > max(D,). Here max(-) and min(-)
represents the maximum and minimum entries of diagonal elements,
respectively. Specifically, we consider the case when the gap g =
min; 1/(||D; ||| Div1]]) is very large or tends to infinity. Vavasis and
Ye proved that the limiting solution exists (when the proportion of di-
agonal elements within each block D; is unchanged and only the gap g
tends to co), and showed that the limit is characterized as the solution
of a variant of the least squares problem called the layered least squares
(LLS) problem. We analyze the difference between the solutions of
WLS and LLS quantitatively and show that the norm of the differ-

ence of the two solutions is bounded above by O(x A)Zi(p T g=2|1p||)

and O()Zip *39=2||b||) in the variable and the residual spaces, respec-
tively, using the two condition numbers x4 = maxpgep ||B7!|| and
X4 = maxpeg ||[B7A| of A, where B is the set of all nonsingular
nxn submatrix of A, A= [A;;...; Ay and b= [b1;...;b,]. A remark-
able feature of this result is the error bound is represented in terms
of A, g (and b) and independent of the weights D;, ¢ = 1,...,p. The
analysis is carried out by making the change of variables to convert the
matrix A into a basis lower-triangular form and then by applying the
Sharmann-Morrison-Woodbury formula.
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1 Introduction

Let us consider the following weighted least squares (WLS) problem

P
min ) || Di(Aiz — b;)||? (1)

i=1
where A; € R™*" b, € ®™ for i = 1,..., p and each D; is an m; X my-

dimensional positive definite diagonal matrix, that is, D; € D"
Let
Ay b1
A=1[A1;.. ;4] = S, b=1b. b= 8 (2)
Ap bp

(We use analogous “Matlab-like” notations to concatenate matrices through-
out the paper.) We assume that the column vectors of A are linearly inde-
pendent and A does not contain a zero row vector. Then the solution of the
weighted least squares problem (1) is unique and is written as follows:

zhys = (ATD?A)1AT D2,

where D = [Dy;...;Dp).

In this paper, we analyze the asymptotic behavior of the solution of (1)
when the magnitude of the block weights D; is drastically different. This
means (without loss of generality) that

max(D1) > min(Dy)

> max(D3) > min(Ds)

> max(D3) > min(Ds)
(3)

> max(D,) > min(D))

holds, where min(D) and max(D) denote the minimum and the maximum
of the diagonal elements of the matrix D, respectively. We define the gap of
the weights as

g= min min (D;)/max (Dis1) = min (D |ID7U) 7 (4)

i=1,....p—1 i=1,....p—1
In terms of g, the purpose of this paper is described as follows: we analyze
the asymptotic behavior of (1) when g — oo.

The simplest type of this problem is the ordinarily weighted least squares
problem where each D; is proportional to the identity matrix. The more
general form we consider here arises in the context of interior-point methods
for linear programming [2, 14, 17, 18].



Intuitively, when g is large, one may solve this problem approximately by
the following heuristic idea. Since the first term in the sum (1) dominates
in the quadratic objective function, we first minimize this term ignoring
other terms. Then we minimize the second term under the condition that
the residual of the first term is fixed. We repeat this procedure to the last
term. This procedure is called the layered least squares (LLS) method, and
formally described as follows.

The Layered Least Squares Method
(1)Set i =1 and z° = 0.
(2)Let Az* be the solution of the following problem:

min | Di{ (A (xP1 + Az) — b; }||? (5)
subject to AjAzx =0, j=1,...,1—1,

where the problem is unconstrained when i = 1. Set z% := 21 + Az*.
(3)If i = p, output P. Otherwise, increase i by one and return to (2).

We denote by x7 ;¢ the layered least squares solution.

LLS was introduced by Vavasis and Ye in their seminal work [17] of the
polynomial-time interior-point method whose complexity just depends on
the coefficient matrix. Vavasis and Ye proved that the solution of WLS
converges to that of LLS when g tends to infinity (when the proportion of
diagonal elements within each block D; is unchanged and only the gap g¢
tends to 0o0). In the following few paragraphs, we briefly discuss potential
importance of LLS as a model through two examples. The first one is
from statistics and the second one is related to optimal design of magnetic
shielding [10].

Suppose that we want to solve a least squares problem which includes
both accurate data and inaccurate ones. In the notation above, the accurate
data and inaccurate ones correspond to A; and Ao, respectively. A natural
choice avoiding the influence of the bad data would be to consider a WLS
problem assigning large weights to accurate data, i.e., D1 = diI, di > 1 and
Dy = I. A difficult problem here is how to choose the weight d;. Then LLS
is considered as a natural alternative because the solution of WLS tends to
the solution of LLS when d; — oo and now we have no need to determine
di.

We move on to the second example. In [10], we dealt with an optimal
design problem of magnetic shielding of MAGLEV train (linear motor car).
The problem was formulated as a second-order cone program (SOCP). One
of the relevant idea for SOCP formulation is to consider the situation where
permeability of shielding material (iron, say) goes to infinity in the Maxwell
equation which appears as the constraint of SOCP, and the proper limit



was taken based on physical consideration. This model is also derived by
using the idea of LLS [9, 16]. If we adopt the variational formulation of the
Maxwell equation, we obtain a weighted least squares problem associated
with the system where permeability appears as weight. The LLS problem
obtained by letting the permeability to infinity imposes the constraint iden-
tical to the one obtained initially through physical consideration. This is
another example where LLS can be useful as a modeling tool.

In the above examples LLS is considered as an approximation to WLS
representing real optimization model. The relation between LLS and WLS
can be viewed from the other side. Knowing LLS as a useful model, one
may want to consider using LLS in his/her analysis. In such a case, a major
difficulty which prevents he/her from using LLS would be its complication;
LLS is a bit involved constrained least squares problem, though its interpre-
tation as a model can be easy and simple. A solution to the WLS with a
large gap g may well serve as a simple approximation to the LLS solution.
Thus, WLS may help in utilizing LLS as a model.

Thus the idea of LLS can be applicable to many fields. Therefore, it
is important to analyze theoretical properties of LLS in connection with
WLS. In this paper, we study asymptotic behavior of the WLS method
quantitatively and provide a bound on difference between the WLS solution
and the LLS solution. The main contributions of this paper are summarized
as follows.

1. We introduce the basis block lower-triangluar (BBLT) form of A to
analyze WLS and LLS. This is the major tool of our analysis.

2. We develop a bound of the difference between the solutions of WLS and
LLS. It is shown that the difference is bounded above by O(XA)Zi(pH)g_Q )
and O()‘(ip 3972||b])) in the variable and the residual spaces, respec-
tively. where x4 and Y4 are condition numbers associated with A
studied by several authors including Khachiyan and Dikin.

An interesting remarkable feature of our result is that the bound is just
expressed in terms of the condition numbers of A and the gap g (and b).
This is quite anti-intuitive in that generally such an error bound is expected
to contain some quantity related to each D; in addition to g. A special case
where every D; is proportional to the identity matrix is analyzed in [15];
this paper is a generalization of [15].

This paper is organized as follows. In Section 2, we introduce the
block lower-triangular (BLT) matrices and the basis block lower-triangular
(BBLT) matrices. In Section 3, we introduce two condition numbers asso-
ciated with A, namely x4 and Y4, and state their properties. In Section
4, we derive the bound of difference between WLS and LLS based on the
BBLT matrix and Sherman-Morrison-Woodbury formula.



2 Block lower-triangular matrices and the layered
least squares method

2.1 The Block Lower-Triangular Matrix

Let
Ay

Let 7; be the rank of A;. Note that 7; is a monotonically increasing function
of . Also define r; = 7; — 7;_1, where 1 = 71.

We first observe that after an appropriate change of variables z = Gy
with a nonsingular matrix G, the least squares problem can be transformed
into another one with a block lower triangular (BLT) matrix T = AG™!
whose row block corresponds to the partition of layers determined by Ay, ..., A,.
The BLT form was introduced in [14] in the analysis of the affine-scaling al-
gorithm and then utilized in [6] in the study of a variant of the Vavasis-Ye
layered-step interior-point algorithm.

Theorem 2.1 For the matriz A defined in (2), there exists a nonsingular
matriz G € R™*"™ satisfying the following properties:

1. T := AG~! is a p x p block lower-triangular (BLT) matriz, i.e.

T T, O --- O
! Ty Tos O O
T=\|:|=| . . o (6)
T : : :
P Tpl Tp2 e Tpp

where T;; is an m; X r; matriz, for 1 <14,5 < p.

2. For all i = 1,...,p, rank(T};) = r;, that is, the columns of Ty are
linearly independent.

3. Fork=1,...,p, we have

A1 T11 O s 0]
A2 T21 T22 O O
Im . =Im .
: : : : O
Ay Tkt Tk -+ Thi



Proof. For a matrix C of the same size as T' (and hence A), by Cp, we
mean the (p,q) block of C corresponding to the block determined by T,
above.

First let us choose r1 column vectors of A; which form a basis for Im(A4;),
and perform exchange of columns (they are column elementary transforma-
tions) to A to place these vectors becomes the first r; columns. Let A’ and
A} be A and A; after this operation. Then we perform another sequence
of column elementary transformations to A’ to eliminate r; + 1 to n — rq
column vectors of A}. After these operations the first row block becomes
[T11 0 ... 0]. Let T™ Dbe the resulting matrix.

Then we continue to the second step. Let T" be the submatrix of T
consisting of the [T2(21) ...,T2(11))] blocks. Performing similar column trans-
formations as in the first step, 7" is converted to the form [* O], where * is
an mg X ro matrix and O is (n —rg) X mgy matrix, without affecting the first
r1 columns of T, By repeating this procedures, we obtain T satisfying
the conditions 1 and 2. Thus there is a nonsingular matrix G € R™*™ such
that T = AG~!. Finally, the condition 3 is satisfied obviously from the
construction. O

With the BLT matrix T, the layered least squares method is described in
a simplified manner as follows. Suppose that "= AG~! is a BLT matrix for
some nonsingular matrix G € R"*". Remember that in LLS, the subproblem
(5) is to be solved. Let us define Au = GAz, ¢; = b; — A;z*~! and break the
variable vector Au into p layers, that is, Au = [Auy;...; Aup]. Then, the
subproblem (5) to be solved in the layered least squares method becomes

min IDi(gi — [Tin, - - ., Tyl [Augs . . .5 Aug])||?
subject to  [T7;---; Ti—1][Aug, ..., Auy] = 0,

Notice that the constraint is

Ty, 9] . e .o O Aug
Ty, Ty 0] e o O Aus .
Ti-11 - Ty O - O Auy
From the first block, we have Au; = 0 as the columns of 77; are lin-

early independent. Using this equation and the fact that Ty is full col-
umn rank, it follows that Aus = 0. By proceeding similarly, we obtain
[Aug; Aug;...; Au;—1] = [0;0;...,0]. Then the subproblem turns out to be
the normal weighted least squares problem

min ||D;(g; — Tulw,)|?,

which has a unique solution Au} = (T D?D;;) 1T D2g;. Thus if we use
the BLT matrix, the layered least squares method can be represented as



follows.

The Layered Least Squares Method using BLT

Let T = AG~! be a BLT matrix for some nonsingular matrix G € R?*".
(1)Set i = 1 and ¢° = b.

(2)Compute Au} = (TFD?Dy;) 'TE D2

(3)Update the residual by [q;- -3 qb] = g a5 = [T+ -+ Tpi) Au.
(4)If i = p stop. Output the solution G~'[uf;---;u}]. Otherwise increase i
by one and return to (2).

We have the following proposition.

Proposition 2.1 Let T = AG™! be a BLT matriz for some nonsingular
matriz G € R™*™. Then the solution of the layered least squares problem
can be represented as x* = G1Stb, where the matriz St, i = 1,...,p is
defined by the recursive equation

(T D} T) "' T;; D} 0
Tiv1i . .
o || st| o ammyomgn spr | Tl h
Tp,i
T —1pT -
(TpngTpp) 1TppDZ2) i=p.

(7)

The matrix S} is the linear operator to compute LLS. In the following, S} is
denoted by Sr. Let T = AG~! be a BLT matrix for some matrix G € <",
For D = [Dy1;...; Dp], define the matrix Sy = (TTD2T)'TT D% As we
mentioned in Section 1, * = G~1Sy b is a unique solution of the weighted
least squares problem (1). Then the difference between the solution zjy ¢
of WLS and the solution z7 ;¢ of LLS is given by

Tiyrs — Thps = G (Sw — Sp)b.

Furthermore, the difference between the residual of the weighted least squares
method and that of layered squares method becomes

(b — Azjyrs) — (b— Azprs) = =T (Sw — Sp)b.

In Section 4, we analyze how these values depend on the gap (4) and condi-
tion numbers of A we will discuss in Section 3.



2.2 The Basis Block Lower-Triangular Matrix

Now we introduce the basis block lower triangular (BBLT) matrix [15]. An
mxn matrix T is called a BBLT matrix if the following condition is satisfied.

1. T is a p x p BLT matrix.

2. T contains, after appropriate row permutations, the m-dimensional
identity matrix.

3. Each T;; contains, after appropriate row permutations, the r;-dimensional
identity matrix.

In our setting, there exists a nonsingular matrix G which convert A into
a BBLT matrix AG~1.

Theorem 2.2 There exists a nonsingular matriz G € R"*™ such that T =
AG™' is a BBLT matriz.

Proof. Let T = [T};... ;TI’)] = AG{! be a BLT matrix of A. We first

deal with the first layer [111,0,...,0]. Let i be a nonzero element in
the first row of Tn. Multiply the k-th column by 1 /flk and change the
resulting column with the first column. After that, sweep the first row using
(1,1) element (that is, 1). Note these are achieved by column elementary
transformations. Repeating the procedure, we can change T so that the first
layer contains the r{ x r{ identity matrix. Let T be the resulting matrix.

Then let us go on to the second layer. Let ffi)l Iy

in the mq +1-th row. Multiply the k’-th column by 1/75&1_1 w and change the
resulting column with the r1 4+ 1-th column. After that, svx;eep the mj1 + 1-th
row of T using (mq + 1,71 + 1) element. This changes the m; + 1-th row
of T to the form (0,...,0,1,0,...,0). We remark that the first layer is
not affected by the series of manipulations. These procedures are repeated
to the last row of the second layer, that is, mi + mo-th row. It is easy to see
that we can obtain a BBLT matrix T by executing similar procedures from
the third layer to the p-th layer. O

be a nonzero element

Note that AG~! is nothing but “a basis matrix” in the context of linear
programming.

3 Condition Numbers of Matrix

In this section, we introduce two condition numbers of a matrix and state
their properties.



Definition 3.1 Let C € R™*" be a matriz whose column vectors are lin-
early independent. We define the condition numbers x¢c, Xc of C as follows.

xc = sup [[(CTDC)'CT D, (8)
DeDT,

xc = sup [|[C(CTDC)'CTD. (9)
DeDT,

Finiteness of these numbers was first proved by Dikin [2]. Later Stewart
[11], Todd [12], Ben-Tal and Teboulle [1] gave other proofs independently.

We summarize in the next proposition several important facts about x¢
and yc.

Proposition 3.1 Let C € R™*™ be a column full rank matriz. Then the
following statements hold:

(a) x¢c = max{||G7|| : G € G} where G denotes the set of all n x n
nonsingular submatrices of C;

(b) Xxc = max{||CG7|| : G € G} where G denotes the set of all n x n
nonsingular submatrices of C;

mxXm .
U

(¢) Xca = Xc for any nonsingular matriz G €
(d) Both xc and Xc are invariant under row and/or column permutations.

(e) Suppose that C contains the n-dimensional identity matriz as its sub-
matriz. Then for any submatriz C of C, we have ||C|| < x¢.

(f) Suppose that C contains the n-dimensional identity matriz as its sub-
matriz. Let C be any submatriz of C, consisting of columns of C.
Then we have x& < Xc-

(9) If C includes n-dimensional identity matriz as its submatriz, we have
xc < Xc-

(h) Let C be a submatriz of C consisting of its rows. Suppose that C is
column full rank. Then we have X& < Xc-

Proof. For (a) and (b), see Corollary 2.2 of Forsgren [3] and Theorem 1
of Todd et al. [13], respectively. (¢) and (d) are obvious from the definition.
For (e), first note that ||C| < ||C|. With this and ||C|| < x¢ from (b),
we have the desired result. For (f) refer to Proposition 2.2 of Monteiro and
Tsuchiya [7]. Next we show (g). From the assumption, C' can be written as



C = [I; R¢] for some matrix Rc and from (a), xo = |G| for some n x n
nonsingular submatrix of C'. Then we have

xe =G < [G7H ReG7H| = ICGTY| < X,

where the last inequality follows from (b). Finally for (h), first we have
C = [C; Q¢] for some matrix Q¢c. Let F' be any nonsingular submatrix of
C. Then we have

ICFH < [[CF,QeF™' = |CF| < xc,
which prove the property. O

Khachiyan [5] showed that computation of x¢ is NP-hard. Vavasis and
Ye [17] proved that if C' is an integer matrix and its input bit length is L¢,
both x¢ and ¢ can be bounded above by 20(Lc) - Other studies on the
condition numbers include, for example, O’Leary [8] and Gonzaga and Lara
[4].

4 Analysis of Asymptotic behavior of the layered
least squares method

In this section, we analyze the asymptotic behavior of the layered least
squares method. To this end, we first deal with the case where the number
of the layers is two. Later, we handle general cases based on the result.

4.1 Two layers

Suppose that A = [Ay; A] € R™*™ is a two-layer matrix, where A; €
RMiX™ (7 =1,2). Assume A is column full rank and define r; = rank(A;), ro =
n—ry. Let T € ™™™ be a 2 x 2 BBLT matrix of A. That is, for some
nonsingular matrix G € R"*",

_ Ti1 O
T=AG'= ,
[ To1 Tho ]

where T;; € 2™i*7i 1 < 4,j < 2. Recall T7; contains the identity matrix
after appropriate row permutations. Therefore we have To; = V1q; for
some matrix V € R™2X™1 which consists of column vectors of T5; and zero
vectors. Then we have |V|| < ||T21]|, and with V', T is rewritten as

T =
[ VT Too ] ’

10



and for D = [Dl; DQ],

DT — D1T11 O i B 0]
| DyTy1 DTy | | WB M |

where
B =D Ty1, Toy = VI, W = DgVDl_l, M = DyT5s.

Since ||V|| < ||T21]| holds, it is easy to see the following Lemma hold.

Lemma 4.1 The following relations hold:
(1) W < [ID2/l[| DT [ T [
(2) | D3 ' WB| = | Tz
(3) [|WB| = [|D2T21]| < | D2|||Tal-
(4) 1Dz W < | DT | Toa -

Lemma 4.2 The following inequality holds:
[T21]] < Xxa- (10)

Proof. We can prove the lemma using the properties of x4 (Proposition
3.1) as follows:

[To1]] < X(71,13,) (from (e))
< Xr (from (f))
= x4 (from (¢))
0

Lemma 4.3 Let T € R™*" be a BBLT matriz for A = [A1; A2] and D =
[D1; D3] be a positive definite diagonal matriz. Then we have

(1T D?*T)~ 1T D?

_ (THD3T) T D} O
— (T, D3T9) " T5, D3To1 (T11 DT ) "' TH D3 (T4,D3Ts) " T5,D3
Ci1 Ci2

+ )
Co1 Oy

(11)
where for t = ||To1|| and 7 := ||D1_1||||D2||,

1Ol < 3y, 772,

1Cr2ll < (X1 + X, 27272,

[Car]| < X%11XT22t3T2’

||022|| < XTzz(l + X1y, + X%11t27_2)t27_2'

11



Proof. We have

. | FG | _ BT(I+WT™W)B BTWTM
6t H MTWB MTM

From the inversion formula for nonsingular block matrices, it follows that

A BT ] B l Lt ~L'GH™! ]

Tr2m-1_ [ &4 2
(7 D°T) _[B C ~HGTLY H 14+ HIGTL'GH!

where L = F' — GH_NIGT.
Next transform A of (TTD2T)~! as follows:

A = L1

BTB+ BTWTQuQuWB)™t
BTB) ' — (BB 'BTWTQu I + QuWPsWTQuy) tQuWB(BTB)™?,
(12)

(
(
(BT(I1+WTQuW)B)™
(
(

where we set Pg = B(BTB)"'BT, Pyy = M(MTM)"'MT, Quy = I —
Py and the sixth equality follows from the Sherman-Morrison-Woodbury
formula.

Also we have

B=—-H'GT'L? = —(MTM)"*MTWBA. (13)
By using the equality (12), we further obtain the following:

C =H'+H'GTL'GH™!
= (MTM=1) + (MTM)=*MTW Ppx
(I — PeWTQu (I +QuWPsWTQu)1QuW Pg)PeWT MY (MT M)~
= (MTM)=' + (MTM)*MTW Pg(I + PeWT QW Pg) ' PgWTM(MT M)

With the above equalities combined, we have

(TD2TT)—1TTD2
A BT || B"D, BTWTD,
B C o MT D,
| ABTD, ABTWTD,+ BTMTD,
BBTD, BBTWTD,+CM"D,
| AB"D, ABTD\D;'WTD, — ABTD\Dy'WTM(MTM) ' MT D, ]
BBTD, BBTDD;'WTDy + CMT Dy
| ABTD, ABT DDy *WTQp Dy [ Hy Hi
BBTD, BBTDD{'WTDy+ CMTD, ] o l Hy Hop ] ‘

12



In the following, we evaluate each element of the right-most matrix. First
let us consider Hy;. We have

Hy;, = ABTD,
= (BTB)"'BTD,
—(BTB)'BT™TWTQun(I + QuWPsWTQu)'QuWB(BTB)"'BTD,
= (T, D3¥T1,)~'TE D? + C1y,
where

Ci=—-B'B) ' BTWTQyI+QuWPsWTQuy) tQuWB(BYB) BT D,.

As for Ci1, we can bound its norm as follows:

ICiull = I(BTB)'B"W'Qu(I + QuW PsW"Qun) 'QuW B(B" B)~' B D/||
< [(BTB)BTDu|[|D; W |QumllI(T + QuW PEWTQur) |
< Qu W B|[|(BB)~' B D |
< xzu 1D DT D2 || Tox 1 D2 || T Xz
= X%11t2T2’
where t := ||To1||, 7 := ||D;*||D2||. For the second inequality, we used

Lemma 4.1 and the relation
I(B*B) "' BT Dy|| = (T, DIT11) ' T}, D3| < x13,,

which follows from the definition of x7,,. Afterall, the norm of H;; can be
bounded in the following way.

|Hy|| = (T DiTy) " *TH D3 + Cua|
< ||(T{, DY T1) ' T DR + || Cua |
< X1, + X%"llt27—2a
thus we have

1H1 ]l < X7y, + Xy, 272 (14)

Next we evaluate C1o9. Observe that
Cio = Hia = ABTD\D*'WTQp Dy = Hi1DT'WT QDo
Using the inequality (14), we have

| Hizl |H11 D7 *WTQ Dl

2 42 2\1—1 -1
(X1, + X7, TP DT [ D[ T2a ||| D2 ||
(

<
= XTll + X%11t27_2)t7_2‘

13



Now we derive the bound on Cy;. We have
H,y, = BB'D,
—(MT My *MTWBABT D,
MT M) *MTWBHy,
MTM)TMTW B{(TL D?Ty,) 1T} D? 4 C11}
TL D3Ty) ' TLD2To (TL D3T),) 1 TLID? + Coy (15)

—(
—(
—(
—(MT MY MTW BCY,.

Cy =

The norm of the first term of the righthand side of (15) is bounded from
above by

(T35 D3 T2) ™ Ty D3| | Toa [T DY T11) T DR || < Xy Xt
As to Cy1 we have

|Carll = [(MT M)~ MT Dy D5 "W BCHy ||
< |(T92D3Ts2) ' T2 D3|||| D3 "W B|[||C11 |
< X1 | T || X, £27
= X%11XT22t37_2-

By combining the two bounds, we obtain
[ Ho1l| < X7y, X1 t(1 + XT11t2T2)'
Finally we deal with C22. First we observe that
Hy, = BBTDD'WTDy+ CMTD,
= HyuD'W'Dy+ CMT D,
= Cop +CMT Dy, (16)

where C’gg = Hy Dy 'WTD. We rewrite the second term of the righthand
side of (16) using the relation

C=MTM)y™MI+M"WPs(I+PgWTQuyuWPs) *PeWTMMTM)1}.

and we have 3 B
CMT Dy = (TLD3Ty,) 1 TL D2 + Cos,

where
Coo = (MTM) TMTW P(I+PeWT QW Pg) L PsWT M (MY M) MT Ds,.
Therefore, we have

Hyy = Cay + (THD3Th0) T D3 + Csy
= (T4, D3Tys) 'T$D3 + Cao,

14



where Cggy = C’zz + Cyy. Now we find bounds on the norm of C’gg and Chss.
Using Lemma 4.1, we can bound the norm of C9s as follows.

|Co2l| = |[Ha Dy "W T Dy|
—1
< [[Ha[[l[Dy W[ D2l
< X1 XT22t2T2(1 + XT11t2T2)'

The norm of Cys is bounded as follows.

|Caal| = [(MTM)™*MT DaD5 "W Pg(I + PsWTQuW Pp)~' PeW™ PpDs|
< |[(MT M)~ M7 Dol|[| Dy *'W ||| P5|[[|(I + PeWTQaW Pp)~"|
|| P [[[WT || Parll| Da|l
< XTpt*T?

Then from the bounds on the norm of C’gg and C_'gg, we derive

[Coall = ||©22 + 022_||
< [|Coal| + [|Col
< X1 t? T2 (1 + X1y, + X%11t2T2).

Combining the results, the proof of the lemma is completed. 0

4.2 (General cases

In this subsection, we analyze the asymptotic behavior of the layered least

squares method when the number of layers is not necessarily two. For A =
[Ar; -5 Ap], let

Ty, O o v oo O
T_AG_l_ T21 T22 -« o .. o)
Tpl Tp2 Tpp

be a BBLT matrix of A. Assume that the weight matrices g > 1, see (4).
In the following, we use the following notations:

Tir 1) )
. Ter1k Thr1 k41 O oor oo O
Ty = + +. i . ,k‘Zl,. y D,
Ty T, ki1 e T,

Dy = [Dy; Diyai-.; Dyl k=1,...,p,
Sk, = (TFD2Ty)TT D2, k=1,...,p.

Lemma 4.4 The following relations hold:

XTkkSXAa kzla"'apa
XTkSXAakzla"'apa
||[Tk+1,k;"';Tpk]|| < XA, k= 1a"'ap_ L.

15



Proof. From (c), (f), (g) and (h) of Proposition 3.1, we have

Xty (from (g))

(Trk;Trt1 k55 Tpk]

(from (f))
(from (c)),

XTik
(from (h))

VAN VARVAY

=i X< X
=N

which prove the first relation. The second relation is proved similarly since
T}, contains the identity matrix as a submatrix. Finally, we have

Tkt -5 Torll| < TN < X = Xa,
where the second inequality follows from (e) of Proposition 3.1. Thus the
third relation of the lemma holds. O
Lemma 4.5 Let S¥ be the matriz defined in (7) and define
7 =g = max{| D7 || Dell,.... [ID, 21| Dyll}-

Then fork=1,...,p— 1, we have the following relations:

sk, gk
19 19
Tit1,k
—(Syt =S | v | (TRDRTw) T DR Syt - st
Tk

(17)

1Ck]l < XO7% +2(1+ xa + XaT2)XAT (18)

1S, — SEI| < 1+ XA ISEF — SEP |+ X572+ 2(1+ xa + X 47X (19)

When k = p, we have S€V - SP =0.

Proof. From Lemma 4.3, we have

(TL.D*Tyy,) 1L D? 0)
Tii1,k
Sk — o B + .
W —Sit : (T D3Tw) ' TEHDZ Syt k
Tk

The relation (17) follows from the above relation and the definition of S%.
It also follows from Lemma 4.3 that

Ci Cho
o= | G G2
b [ Co1 Co ]

16



where for £ := |[Tisvpi- - Tlll and 7 == | D || Deal] = D5 I D,

||Q11|| S X%‘kkig,f_2’ _ _
[Cr2]l < (XTkk + X%kkt2’f_2)t'f_2a
2 B 1322
1Co1ll < Xy X7, 7% o
[Caz|l < XTk+1(1 + XTwe t X%kkt27_2)t27_2'

Using Lemma 4.4 and the fact that y4 > 1, we obtain the second relation
(18). From this relation and Lemma 4.4, it is easy to see that the third
relation (19) holds. In the case where k = p, Sj;, — ST = O easily follows as
there is only one layer. O

Now we are ready to prove the main theorem of this paper.

Theorem 4.1 The difference between the solution xyy, ;g of the WLS and
the solution x7 ;¢ of LLS is given by

s —2irs = G (S — SL)b, (20)
and its norm can be bounded as follows:

IG=(Sy — SL)bl

_ - _ _ _ _ 21
< xaf(L £ )P — A 4 2L+ 4 el Y

Also, the difference between the residual of WLS and that of LLS is given
by
(b—Azyyg) — (b— Azppg) = —T(Sw — S)b (22)
and we have

IG=H (S — Sp)bll

_ _ _ _ _ _ 23
< [+ 2P -G 2R e

Proof. For the relation (20), see Section 2.1. The bound (21) can be
obtained by recursive uses of (19) in Lemma 4.5 and the fact |G| < x4
(see (a) and (d) of Proposition 3.1).

The relation (22) is discussed in Section 2.1. The bound (23) is derived
from (19) and ||T|| < x4 from Lemma 4.4. O
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