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Abstract

This paper extends the full convergence of the proximal point method with Rieman-
nian, Semi-Bregman and Bregman distances to solve minimization problems on Hadamard
manifolds. For the unconstrained problem, under the assumptions that the optimal set is
nonempty and the objective function is continuous and either quasiconvex or satisfies a ge-
neralized Lojasiewicz property, we prove the full convergence of the sequence generated by
the proximal point method with Riemannian distances to certain generalized critical point
of the problem. For the constrained case, under the same assumption on the optimal set
and the quasiconvexity or convexity of the objective function, we study two methods. One
of them is the proximal method with semi-Bregman distance, obtaining that any cluster
point of the sequence is an optimal solution. The other one, is the proximal method with
Bregman distance where we obtain the global convergence of the method to an optimal
solution of the problem. In particular, our work recovers some interesting optimization
problems, for example, convex and quasiconvex minimization problems in IRn, semidefinite
problems (SDP), second order cone problems (SOCP), in the same way that, extends the
applications of the proximal point methods for solving constrained minimization problems
with nonconvex objective functions in Euclidian spaces when the objective function is co-
nvex or quasiconvex on the manifold.

Keywords: Proximal Point Methods, Riemannian Distances, Semi-Bregman Functions,
Bregman Functions, Quasiconvex Functions, Limiting and Fréchet Subdifferential.



1 Introduction

In this paper we treat with proximal point methods to solve the optimization problem

min
x∈X

f(x), (1.1)

where f : M → IR ∪ {+∞} is a proper lower semicontinuous function and X is a nonempty
closed convex set on a Hadamard manifold M (recall that a Hadamard manifold is a simply
connected Riemannian manifold with nonpositive sectional curvature).

A motivation to study optimization problems on Riemannian manifolds is that it permits an
unified analysis of the theory and methods of diverse kinds of problems defined in not needily
vectorial spaces. Another one is that the geometry of the space is dependent of the Riemannian
metric (arbitrarily introduced), for example, we can consider the intrinsic geometry of the
manifold, and constrained problems can be seen as unconstrained ones, or, certain non convex
functions in the usual sense become convex or quasiconvex on the Riemannian manifold, so we
can use more efficient optimization techniques, see [13, 17, 20, 25, 32, 35, 37], and references
therein. Another motivation is the relation between Riemannian metrics and interior point
methods. Indeed, it has been proved, see Nesterov and Todd [27], that the continuous path of
each polynomial primal-dual interior point method is near to the geodesic of the Riemannian
manifold induced by the Hessian of self-concordant barrier. Then, we can interpret that the
trajectory of the primal-dual method is a good approximation of the geodesic between the
initial point and an ε-solution of the problem. Furthermore, we can use Riemannian metrics to
introduce new algorithms in interior point methods, see [15, 28, 31, 33].

When X = M in (1.1) (the unconstrained minimization problem) the proximal point method
to solve this problem generates a sequence {xk} given by x0 ∈ M, and

xk ∈ argmin{f(x) + (λk/2)d2(x, xk−1) : x ∈ M}, (1.2)

where λk is certain positive parameter and d is the Riemannian distance in M . Observe that,
in particular, when M = IRn we obtain the classic proximal method introduced by Martinet
[26] and further developed by Rockafellar [38] (in a general framework): xk ∈ argmin{f(x) +
(λk/2)||x − xk−1||2 : x ∈ IRn}, where ||.|| is the Euclidian norm, i.e, ||x||2 =

√
〈x, x〉. It

is well known, see Ferreira and Oliveira [19], that if f is convex in (1.2) and {λk} satisfies
n∑

k=1
(1/λk) = +∞, then limk→∞ f(xk) = inf{f(x) : x ∈ M}. Furthermore, if the optimal set is

nonempty we obtain that {xk} converges to an optimal solution of the problem.
When X ⊆ M in (1.1), the proximal point method with Semi-Bregman and Bregman

distances to solve (1.1), generates a sequence {yk} such that y0 ∈ intX ∩ S (intX denotes the
interior of X and S is an open convex set) and

yk ∈ argmin{f(y) + λkDh(y, yk−1) : y ∈ X ∩ S̄}, (1.3)

where Dh(x, y) := h(x)−h(y)−〈gradh(y), exp−1
y x〉y, h is a Semi-Bregman or Bregman function

in S, respectively (see Section 5.1 for a formal definition of those classes of functions), gradh is
the gradient vector field of h, exp−1 is the inverse of the exponential function exp and λk is a
positive parameter. Observe that if M = IRn we obtain that exp−1

y x = x− y and gradh = ∇h
(classic gradient of h) and so Dh(x, y) = h(x)−h(y)−〈∇h(y), x−y〉, where 〈, 〉 is the Euclidian
inner product, furthermore, if h is a Bregman function we obtain the classic proximal method
with Bregman distances in IRn.
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In this work we treat (1.1) with functions with Lojasiewicz, quasiconvex and convex proper-
ties. Our motivation to study minimization problems with Lojasiewicz features becomes from
the fact that this class of functions has recently received much attention in optimization, see
[1, 6, 7, 8] and references therein. The motivation to study minimization problems with quasico-
nvex objective functions comes from two fields. One of them, is the broad range of applications
of quasiconvex optimizations in diverse areas of sciences and engineering, for example, in loca-
tion theory [23], control theory [5] and economic theory [36]. The other motivation, is to solve
more general nonconvex constrained optimization problems. Now, the Riemannian techniques
can transform those problems in quasiconvex ones, under appropriate metrics on the manifolds.
We believe that this kind of application could permit more examples, if we compare with the
convex case. Finally, our motivation to work with convex objective functions is to generalize
known methods, besides to extend the applications of the convex framework in Riemannian
manifolds to nonconvex functions in Euclidian spaces.

Proximal methods for solving minimization problems within Lojasiewicz features in Euc-
lidian spaces was studied by Attouch and Bolte in [3]. Smooth quasiconvex problems are
considered by Attouch and Teboulle [4], and Godou and Munier [22] with a dynamical method
in Euclidian and Hilbert spaces. For the proximal method with φ−divergence, see Cunha et
al. [11], with a class of separated Bregman distances, see Souza et al. [40], and, finally, Quiroz
and Oliveira, [29] with the classical and logarithmic quadratic proximal methods. When f is
nonsmooth but continuous and quasiconvex on the manifold M we have proved in [30], for
X = M in (1.1), the convergence of the proximal point methods with Riemannian and Breg-
man distances to a minimal point when limk→0 λk = 0. Observe that the above condition is
very restrictive. In fact, suppose that f in (1.1) is ill conditioned, then for very small λk, the
regularize function in (1.2) and (1.3) (respectively) will be numerically almost ill behaved as f.
Furthermore, the case X 6= M was not considered.

The main result of this paper is the extension of the convergence properties of the proximal
methods with Riemannian and Bregman distances to solve minimization problems for objec-
tive functions with Lojasiewicz, quasiconvex and convex properties on Hadamard manifolds as
well, the introduction of a proximal method with Semi-Bregman distances, that permits recover
some important optimization methods, for example, proximal methods for semidefinite optimi-
zation and second order cone program studied by Doljanski and Teboulle [16] and Chen [10],
respectively.

The paper is divided as follows. In Section 2 we give some results of Fejér convergence theory
and convex analysis on Hadamard manifolds. In section 3, some results of Fréchet subdifferential
and limiting subdifferential on Hadamard manifolds are presented. In Section 4, we analyze
the proximal point method with Riemannian distances for solving unconstrained optimization
problems on Hadamard manifolds for objective Lojasiewicz and quasiconvex functions. Then,
assuming continuity of the objective function and nonemptyness of the global optimal minimizer
set, we prove the full convergence of this method to a certain limiting critical point of the
problem. It is also given, for the quasiconvex case, a localization of the limit point with respect
to the initial date. In Section 5, we consider the constrained optimization problem for convex
and quasiconvex objective functions. In the first subsection we introduce the definitions of
Semi-Bregman and Bregman functions for an arbitrary open convex domain and give some
properties. In subsection 5.2 we give the Féjer convergence theory for Semi-Bregman and
Bregman distances. In subsection 5.3 we study existence properties for a regularized function
with Semi-Bregman and Bregman distances. In subsection 5.4 we present the proximal point
method with Semi-Bregman distances and present their convergence properties. We show that
this approach recovers, in particular, proximal methods for SDP and SOCP. In subsection 5.5
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we study proximal point methods with Riemannian distances and prove their convergence. This
approach recovers in particular, convex optimization problems in IRn, constrained minimization
problems with quasiconvex objective functions, as well, constrained problems with convex and
quasiconvex objective functions. Finally, in Section 6 is given some conclusions and future
research.

2 Some Basic Facts on Metric Spaces and Hadamard Manifolds

In this section we recall some fundamental properties and notation on Fejér convergence in
metric spaces and convex analysis on Hadamard manifolds.

Definition 2.1 Let (X, ρ) be a complete metric space with metric ρ. A sequence {zk} of X is
Fejér convergent to a set U ⊂ X, if for every u ∈ U we have

ρ(zk+1, u) ≤ ρ(zk, u).

Theorem 2.1 In a complete metric space (X, ρ), if {zk} is Fejér convergent to a nonempty
set U ⊆ X, then {zk} is bounded. If, furthermore, a cluster point z̄ of {zk} belongs to U, then
{zk} converges and limk→+∞ zk = z̄.

Proof. See, for example, Lemma 6.1 of Ferrreira and Oliveira [19].

Let M be a differential manifold of finite dimension n. We denote by TxM the tangent
space of M at x and TM =

⋃
x∈M

TxM . TxM is a linear space and has the same dimension of
M . Because we restrict ourselves to real manifolds, TxM is isomorphic to IRn. If M is endowed
with a Riemannian metric g, then M is a Riemannian manifold and we denote it by (M,G)
or only by M when no confusion can arise, where G denotes the matrix representation of the
metric g. The inner product of two vectors u, v ∈ TxS is written 〈u, v〉x := gx(u, v), where gx

is the metric at the point x. The norm of a vector v ∈ TxS is defined by ||v||x := 〈v, v〉1/2
x . If

there is not confusion we denote 〈, 〉 = 〈, 〉x and ||.|| = ||.||x. The metric can be used to define
the length of a piecewise smooth curve α : [t0, t1] → S joining α(t0) = p′ to α(t1) = p through
L(α) =

∫ t1
t0
‖α′(t)‖α(t)dt. Minimizing this length functional over the set of all curves we obtain

a Riemannian distance d(p′, p) which induces the original topology on M .
Given two vector fields V and W in M (a vector field V is an application of M in TM),

the covariant derivative of W in the direction V is denoted by ∇V W . In this paper ∇ is
the Levi-Civita connection associated to (M,G). This connection defines an unique covariant
derivative D/dt, where for each vector field V , along a smooth curve α : [t0, t1] → M , another
vector field is obtained, denoted by DV/dt. The parallel transport along α from α(t0) to α(t1),
denoted by Pα,t0,t1 , is an application Pα,t0,t1 : Tα(t0)M → Tα(t1)M defined by Pα,t0,t1(v) = V (t1)
where V is the unique vector field along α such that DV/dt = 0 and V (t0) = v. Since that
∇ is a Riemannian connection, Pα,t0,t1 is a linear isometry, furthermore P−1

α,t0,t1 = Pα,t1,t0 and
Pα,t0,t1 = Pα,t,t1Pα,t0,t, for all t ∈ [t0, t1]. A curve γ : I → M is called a geodesic if Dγ′/dt = 0.
A Riemannian manifold is complete if its geodesics are defined for any value of t ∈ IR. Let
x ∈ M , the exponential map expx : TxM → M is defined as expx(v) = γ(1). If M is complete,
then expx is defined for all v ∈ TxM. Besides, there is a minimal geodesic (its length is equal
to the distance between the extremes).

Given the vector fields X, Y, Z on M, we denote by R the curvature tensor defined by
R(X, Y )Z = ∇Y∇XZ − ∇X∇Y Z + ∇[X,Y ]Z, where [X, Y ] := XY − Y X is the Lie bracket.
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Now, the sectional curvature with respect to X and Y is defined by

K(X, Y ) =
〈R(X, Y )Y, X〉

‖X‖2‖Y ‖2 − 〈X, Y 〉2
.

The complete simply connected Riemannian manifolds with non positive curvature are deno-
minated Hadamard manifolds.

Theorem 2.2 Let M be a Hadamard manifold. Then M is diffeomorphic to the Euclidian space
IRn, n = dimM. More precisely, at any point x ∈ M, the exponential mapping expx : TxM → M
is a global diffeomorphism.

Proof. See [34], Theorem 4.1, page 221.

A consequence of the preceding theorem is that Hadamard manifolds have the property of
uniqueness of geodesic between any two points. Another useful property is the following: let
[x, y, z] a geodesic triangle, which consists of vertices and the geodesics joining them. We have:

Theorem 2.3 Given a geodesic triangle [x, y, z] in a Hadamard manifold, it holds that:

d2(x, z) + d2(z, y)− 2〈exp−1
z x, exp−1

z y〉z ≤ d2(x, y),

where exp−1
z denotes the inverse of expz .

Proof. See [34], Proposition 4.5, page 223.

The gradient of a differentiable function f : M → IR, gradf , is a vector field on M defined thro-
ugh df(X) = 〈gradf,X〉 = X(f), where X is also a vector field on M . The Hessian of a twice
differentiable function f at x with direction v ∈ TxM is given by Hf

x (v) = D
dt (grad f) (x) =

∇vgrad f (x).

Definition 2.2 Let M be a Hadamard manifold. A subset A is said convex in M if given
x, y ∈ A, the geodesic curve γ : [0, 1] → M such that γ(0) = x and γ(1) = y verifies γ(t) ∈ A,
for all t ∈ [0, 1].

Definition 2.3 Let C be a nonempty set of M and y ∈ M . A point PCy ∈ C for which

d(PCy, y) = min
x∈C

d(x, y)

is called a projection of the point y on the set C.

Theorem 2.4 Let C be a nonempty closed convex set in a Hadamard manifold M . Take
y ∈ M arbitrary, then there exists a unique projection z = PCy. Furthermore, for all x ∈ C the
following inequality holds

〈exp−1
z y, exp−1

z x〉 ≤ 0.

Proof. See [19], Propositions 3.1 and 3.2.

Given an extended real valued function f : M → IR ∪ {+∞} we denote its domain by
domf := {x ∈ M : f(x) < +∞} and its epigraph by epif := {(x, β) ∈ M × IR : f(x) ≤ β}. f is
said to be proper if domf 6= φ and ∀x ∈ domf we have f(x) > −∞. f is a lower semicontinuous
function if epif is a closed subset of M × IR.
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Definition 2.4 Let f : M → IR∪{+∞} be a proper function with domf convex in a Hadamard
manifold. f is called convex in M if for all x, y ∈ M and t ∈ [0, 1], it holds that

f(γ(t)) ≤ tf(y) + (1− t)f(x),

where γ : [0, 1] → M is the geodesic curve such that γ(0) = x and γ(1) = y. When the preceding
inequality is strict, for x 6= y and t ∈ (0, 1), the function f is said to be strictly convex.

Theorem 2.5 Let f : M → IR ∪ {+∞} with domf convex in a Hadamard manifold M . The
function f : M → IR is convex in M if and only if ∀x, y ∈ M and γ : [0, 1] → M (the geodesic
joining x to y) the function f(γ(t)) is convex in [0, 1].

Proof. See [37], page 61, Theorem 2.2.

A function f : M → IR ∪ {+∞} with domf convex is called concave if −f is convex. Fur-
thermore, if f is both convex and concave then f is said to be linear affine in M. Observe that a
twice differentiable function f in M is linear affine if and only if 〈Hf

x (v), v〉x = 0, for all x ∈ M
and v ∈ TxM.

Theorem 2.6 Let M be a Hadamard manifold and let y fixed. Then the function g(x) =
d2(x, y) is strictly convex and gradg(x) = −2 exp−1

x y.

Proof. See [18], Proposition II.8.3.

Proposition 2.1 Let M be a Hadamard manifold and h : M → IR a differentiable function.
Let y ∈ M and define g(x) = 〈gradh(y), exp−1

y x〉y. Then the following statements are true:

i. grad g(x) = Pγ,0,1gradh(y), where γ : [0, 1] → M is the geodesic curve such that γ(0) = y
and γ(1) = x.

ii. g is an affine linear function in M.

Proof. See [30], Proposition 3.1.

Definition 2.5 Let f : M → IR∪{+∞} be a proper function with domf convex in a Hadamard
manifold M . f is called quasiconvex on M if for all x, y ∈ M , t ∈ [0, 1], it holds that

f(γ(t)) ≤ max{f(x), f(y)},

for the geodesic γ : [0, 1] → IR, such that γ(0) = x and γ(1) = y.

Theorem 2.7 Let f : M → IR∪ {+∞} be a proper function with domf convex in a Hadamard
manifold M . f is quasiconvex in M if and only if the set {x ∈ M : f(x) ≤ c} is convex for
each c ∈ IR.

Proof. See [37], page 98, Theorem 10.2.

Definition 2.6 Let f : M → IR ∪ {+∞} be a proper and differentiable function on the open
convex set domf . f is called pseudoconvex if, for every pair of distinct points x, y ∈ domf we
have

〈gradf(x), exp−1
x y〉 ≥ 0, then f(y) ≥ f(x).

Theorem 2.8 Let f : M → IR ∪ {+∞} be a proper and differentiable pseudoconvex function
on the open convex set domf . If gradf(x∗) = 0, then x∗ is a global minimum of f.

Proof. Immediate.
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3 Fréchet and Limiting Subdifferential on Hadamard Manifolds

In this section, we extend some definitions and results of Fréchet and limiting subdifferential
from Euclidian spaces to Hadamard manifolds. Our results are motivated by [39].

Definition 3.1 Let f : M → IR ∪ {+∞} be a proper function on a Hadamard manifold M .
For each x ∈ domf, the Fréchet subdifferential of f at x, denoted by ∂̂f(x), is the set of vectors
s ∈ TxM such that

lim inf
y 6=x,y→x

1
d(x, y)

[f(y)− f(x)− 〈s, exp−1
x y〉] ≥ 0.

If x /∈ domf then ∂̂f(x) = φ.

Observe that the above definition is equivalent to

f(y) ≥ f(x) + 〈s, exp−1
x y〉+ o(d(x, y)),

where limx 6=y,d(x,y)→0
o(d(x,y))

d(x,y) = 0.

Fréchet subdifferential is inadequate for the calculus covering some of the properties that we
need, so we introduce the following

Definition 3.2 Let f : M → IR ∪ {+∞} be a proper function on a Hadamard manifold M .
The limiting subdifferential of f at x ∈ M, denoted by ∂f(x), is defined as follows

∂f(x) := {s ∈ TxM : ∃xn → x, f(xn) → f(x), sn ∈ ∂̂f(xn) : Pγn,0,1s
n → s},

where Pγn,0,1 is the parallel transport along the geodesic γn such that γn(0) = xn and γn(1) = x.

Proposition 3.1 The following properties are true

a. ∂̂f(x) ⊂ ∂f(x), for all x ∈ M ;

b. If f is differentiable at x̄ then ∂̂f(x̄) = {gradf(x̄)}, so gradf(x̄) ∈ ∂f(x̄);

c. If f is differentiable in a neighborhood of x, then ∂̂f(x) = ∂f(x) = {gradf(x)};

d. If g = f + h with f finite at x̄ and h is differentiable on a neighborhood of x̄ then ∂̂g(x̄) =
∂̂f(x̄) + gradh(x̄), and ∂g(x̄) = ∂f(x̄) + gradh(x̄).

Proof.
a. It is immediate from definitions 3.1 and 3.2.
b. The first part is a direct consequence of the differentiability of f and Definition 3.1. The
second comes from the previous item.
c. Let s ∈ ∂f(x̄), then

∃xn → x, f(xn) → f(x), sn ∈ ∂̂f(xn) : Pγn,0,1s
n → s,

where Pγn,0,1 is the parallel transport along the geodesic γn such that γn(0) = xn and γn(1) = x.
From item b, we have that sn = gradf(xn), for n sufficient large. From the continuity of gradf
and the Parallel transport P, and using uniqueness of the limit point we have that s = gradf(x̄).
d. The inclusion ⊂ is immediate. We get the inclusion ⊃ by applying this rule to the represen-
tation f = g + (−h).

In order to work with minimization problems we need the following generalized definition.
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Definition 3.3 Let f : M → IR ∪ {+∞} be a proper function. A point x ∈ domf is said a
limiting critical point of f if 0 ∈ ∂f(x).

Definition 3.4 Let X be a convex set of M and f : X → IR a real function. A point x ∈ X
is called limiting critical point of f on X if 0 ∈ ∂(f + IX)(x), where IX(x) = 0 if x ∈ X and
IX(x) = +∞, otherwise.

Theorem 3.1 If a proper function g : M → IR ∪ {+∞} has a local minimum at x̄ then
0 ∈ ∂̂g(x̄) and therefore,

0 ∈ ∂g(x̄).

Proof. Immediate

Theorem 3.2 If a function g : X → IR has a local minimum at x̄ ∈ X then 0 ∈ ∂̂(g + IX)(x̄)
and therefore,

0 ∈ ∂(g + IX)(x̄).

Proof. Immediate

Definition 3.5 Let M be a Hadamard manifold and C ⊂ M a subset of M . Given x̄ ∈ C, a
vector v ∈ Tx̄M is called a normal to C at x̄, in the regular sense, denoted by v ∈ N̂C(x̄), if

〈v, exp−1
x̄ x〉 ≤ o(d(x̄, x)), ∀x ∈ C (3.4)

where o(d(x̄, x)) denotes a term with the property that limx 6=x̄,d(x,x̄)→0
o(d(x̄,x))

d(x̄,x) = 0.
A vector v is normal to C at x̄ in a generalized sense or simply a normal vector, denoted by
v ∈ NC(x̄), if there exist sequences {xn} ⊂ C and {vn} ⊂ N̂C(xn) such that xn → x̄ and
Pγn,0,1v

n → v, where Pγn,0,1 is the parallel transport along the geodesic γn such that γn(0) = xn

and γn(1) = x̄.

Observe that the inequality (3.4) is equivalent to

lim sup
x 6=x̄,d(x,x̄)→0

〈v, exp−1
x̄ x〉

d(x, x̄)
≤ 0. (3.5)

Definition 3.6 Let M be a Hadamard manifold and C ⊂ M a subset of M . Given x̄ ∈ C, a
vector w ∈ Tx̄M is tangent to C at x̄, denoted by w ∈ TC(x̄), if there exist sequences {xn} ⊂ C,
xn 6= x̄, and {τn} ⊂ IR with xn → x̄ and τn → 0 with τn > 0 such that

lim
n→+∞

exp−1
x̄ xn

τn
= w.

From now on τn ↘ 0 will denote that τn > 0 and τn → 0, as n → +∞.

Proposition 3.2 Let M be a Hadamard manifold and C ⊂ M a subset of M . For each x̄, the
sets N̂C(x̄) and TC(x̄) are closed cones. Furthermore, N̂C(x̄) is convex and characterized by

v ∈ N̂C(x̄) if and only if 〈v, w〉 ≤ 0,∀w ∈ TC(x̄).
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Proof. The properties that both set are closed cones as well that N̂C(x̄) is convex are obtained
using elementary analysis. We prove the characterization property. Let w ∈ TC(x̄), arbitrary.
From Definition 3.6 there exist sequences {xn} ⊂ C, xn 6= x̄, and {τn} ⊂ IR with xn → x̄ and

τn ↘ 0 such that limn→+∞
exp−1

x̄ xn

τn = w. Defining wn = exp−1
x̄ xn

τn and using that v ∈ N̂C(x̄) we
have

〈v, wn〉 ≤ o(||τnwn||)
τn

.

Taking n → +∞ we obtain that 〈v, w〉 ≤ 0.
Reciprocally, suppose that 〈v, w〉 ≤ 0,∀w ∈ TC(x̄) and v /∈ N̂C(x̄). From (3.5), for any δ > 0

sup
x∈B(x̄,δ),x 6=x̄

(
〈v, exp−1

x̄ x〉
d(x, x̄)

)
≥ m > 0,

where m := lim supx 6=x̄,d(x,x̄)→0
〈v,exp−1

x̄ x〉
d(x,x̄) . Take δ = 1/n and using the supreme property, there

exists xn ∈ B(x̄, 1/n) with xn 6= x̄ such that〈
v,

exp−1
x̄ xn

d(xn, x̄)

〉
≥ m > 0.

Defining wn := exp−1
x̄ xn

d(xn,x̄) and taking lim inf we obtain

lim inf
n→+∞

〈v, wn〉 > 0.

As {wn} is bounded then there exist subsequences, without loss of generality, denoted also by
{xn} and {wn}, such that xn ∈ B(x̄, 1/n)∩C and wn → w, for some w. Defining τn := d(xn, x̄)
and from definition of wn, we have that w ∈ TC(x̄) and 〈v, w〉 > 0. This is a contradiction with
the hypothesis, therefore the statement of the proposition is true.

Theorem 3.3 Let M be a Hadamard manifold and C a subset of M . If C is convex then

TC(x̄) = cl{w : there exists λ > 0 with expx̄(λw) ∈ C},

NC(x̄) = N̂C(x̄) = {v : 〈v, exp−1
x̄ x〉 ≤ 0,∀x ∈ C}.

Proof. Define

K(x̄) := {w ∈ Tx̄M : there exists λ > 0 with expx̄(λw) ∈ C}.

As C is convex, it includes the geodesic segment joining the point x̄ and any of their points (See
Definition 2.2), so the vectors of K are the multiple by a positive scalar of the vectors exp−1

x̄ x
for each x ∈ C. We prove that

K(x̄) ⊂ TC(x̄) ⊂ clK(x̄).

The first inclusion is immediate (give w ∈ K(x̄), then there exists λ > 0 such that expx̄(λw) ∈ C,
define xn = expx̄(τnw) with τn ∈ (0, λ] and τn → 0), so we prove the second inclusion. Let
w ∈ TC(x̄), then, from Definition 3.6, there exist sequences xn → x̄, xn ∈ C, xn 6= x̄ and τn ↘ 0

such that limn→+∞
exp−1

x̄ xn

τn = w. Define wn := exp−1
x̄ xn

τn , then from the convexity of C, there
exists λ > 0 such that exp(λwn) ∈ C. Besides, as wn → w, we get w ∈ clK(x̄).
Now, as TC(x̄) is closed (See Proposition 3.2) we have

clK(x̄) = TC(x̄),
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and therefore the first result is satisfied.
Now, we prove the second statement of the theorem. As, by definition, {v : 〈v, exp−1

x̄ x〉 ≤
0,∀x ∈ C} ⊂ N̂C(x̄) ⊂ NC(x̄), then it is sufficient to prove that

NC(x̄) ⊂ {v : 〈v, exp−1
x̄ x〉 ≤ 0,∀x ∈ C}.

Let v ∈ NC(x̄) then, there exist xn → x̄ with xn ∈ C and Pγn,0,1v
n → v, with vn ∈ N̂C(xn),

where Pγn,0,1 is the parallel transport along the geodesic γn such that γn(0) = xn and γn(1) = x̄.
As vn ∈ N̂C(xn), then from Proposition 3.2, it holds the characterization property,

〈vn, w〉 ≤ 0,∀w ∈ TC(xn) = clK(xn)

where K(xn) := {w : there exists λ > 0 with expxn(λw) ∈ C}, the above equality being a
consequence of the previous result. Let x ∈ C, arbitrary, then w = exp−1

xn ∈ K(xn), so using
this fact in the above inequality we obtain 〈vn, exp−1

xn x〉 ≤ 0. Now, taking parallel transport
and n → +∞ we obtain that 〈v, exp−1

x̄ x〉 ≤ 0. Therefore the result is obtained.

We define the difference quotient function as a function ∆τf(x) : TxM → IR ∪ {+∞} where

∆τf(x)(w) =
f(expx(τw))− f(x)

τ
, for τ > 0.

Definition 3.7 For a function f : M → IR ∪ {+∞} and a point x̄ ∈ M with f(x̄) finite, the
Subderivative function df(x̄) : Tx̄M → IR ∪ {+∞} is defined by

df(x̄)(w) := lim inf
τ↘0,w′→w

∆τf(x)(w′).

Lemma 3.1
∂̂f(x̄) = {v ∈ Tx̄M : 〈v, w〉 ≤ df(x̄)(w),∀w ∈ Tx̄M}

Proof. We prove the inclusion ⊂ . Let v ∈ ∂̂f(x̄) and w ∈ Tx̄M . Define y = expx̄(τw′) with
w′ 6= 0 and τ > 0. From Definition 3.1 and observing that d(x̄, y) = ||τw′|| gives

∆τf(x̄)(w′)− o(||τw′||)
τ

≥ 〈v, w′〉.

Taking lim inf when τ ↘ 0 and w′ → w we obtain df(x̄)(w) ≥ 〈v, w〉.
Now, we get the inclusion ⊃ . Let v ∈ Tx̄M such that 〈v, w〉 ≤ df(x̄)(w),∀w ∈ Tx̄M and suppose
that v 6∈ ∂̂f(x̄), then from definition

S := lim inf
y 6=x̄,y→x̄

1
d(x̄, y)

[f(y)− f(x̄)− 〈v, exp−1
x̄ y〉] < 0.

From supreme and infimum properties, given δ = 1/n there exists yn ∈ B(x̄, 1/n) such that

1
d(x̄, yn)

[f(yn)− f(x̄)− 〈v, exp−1
x̄ yn〉] ≤ S.

Define wn := exp−1
x̄ yn/τn where τn := d(x̄, yn), then gives

f(expx̄(τnwn))− f(x̄)
τn

− 〈v, wn〉 ≤ S.

As {wn} is a bounded sequence then there exist a point w ∈ Tx̄M and a subsequence, denoted
also by {wn}, such that wn → w and as τn ↘ 0 we have

df(x̄)(w) ≤ S + 〈v, w〉 < 〈v, w〉,

which is a contradiction. Therefore the proof is concluded.
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Proposition 3.3 v ∈ ∂̂f(x̄) if, and only if, 〈(v,−1), (w, β)〉 ≤ 0,∀(w, β) ∈ epi df(x̄).

Proof. Let (w, β) ∈ epi df(x̄), then df(x̄)(w) ≤ β. Using the previous lemma we obtain
〈v, w〉 − β ≤ 0. This implies that 〈(v,−1), (w, β)〉 ≤ 0,∀(w, β) ∈ epi df(x̄).
Reciprocally, suppose that 〈(v,−1), (w, β)〉 ≤ 0,∀(w, β) ∈ epi df(x̄). Let w ∈ Tx̄M arbitrary,
then (w, df(x̄)(w)) ∈ epidf(x̄). Using the above inequality we have 〈v, w〉 ≤ df(x̄)(w). Finally
from the previous Lemma, we obtain that v ∈ ∂̂f(x̄).

Remark 3.1 Observe that

(w, λ) ∈ epi∆τf(x̄) if and only if (expx̄(τw), λτ + f(x̄)) ∈ epif.

Proposition 3.4
epidf(x̄) = Tepif (x̄, f(x̄)).

Proof. We first prove the inclusion ⊂. Let (w, β) ∈ epidf(x̄), then ∀δ > 0 and γ > 0

inf
τ<γ,w′∈B(w,δ)

∆τf(x̄)(w′) ≤ β.

Taking δ = γ = 1/n, from the infimum property, there exist τn < 1/n and wn ∈ B(w, 1/n)
such that

∆τnf(x̄)(wn) ≤ β.

From the Remark 3.1 this implies that (expx̄(τnwn), βτn + f(x̄)) ∈ epif. Defining zn =
expx̄(τnwn) and αn = βτn + f(x̄) we obtain that (znαn) ∈ epif with (znαn) → (x̄, f(x̄)),
τn ↘ 0 and

lim
n→+∞

exp−1
(x̄,f(x̄))(z

n, αn)

τn
= lim

n→+∞

(
exp−1

x̄ xn

τn
,
αn − f(x̄)

τn

)
= lim

n→+∞
(wn, β) = (w, β).

From the Definition 3.6 the result is obtained.
Now, we prove the inclusion ⊃ . Let (w, β) ∈ Tepif (x̄, f(x̄)) then there exist (zn, αn) ∈ epif
such that (zn, αn) → (x̄, f(x̄)), τn ↘ 0 and

lim
n→+∞

exp−1
(x̄,f(x̄))(z

n, αn)

τn
= (w, β).

From the above equality we obtain that wn := exp−1
x̄ zn

τn → w and βn := αn−f(x̄)
τn → β. Now, as

(zn, αn) ∈ epif then

∆τnf(x̄)(wn) ≤ αn − f(x̄)
τn

.

Taking lim inf when n → +∞ we obtain

lim inf
n→+∞

∆τf(x̄) ≤ β.

So, df(x̄)(w) ≤ β, and therefore (w, β) ∈ epidf(x̄).

Theorem 3.4
∂̂f(x̄) = {v ∈ Tx̄M : (v,−1) ∈ N̂epif (x̄, f(x̄))}
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Proof. It is immediate from Propositions 3.3 and 3.4 and using C = epif in Proposition 3.2.

Theorem 3.5
∂f(x̄) ⊂ {v ∈ Tx̄M : (v,−1) ∈ Nepif (x̄, f(x̄))}.

Proof. Let v ∈ ∂f(x̄), then there exist xn → x̄, f(xn) → f(x̄), vn ∈ ∂̂f(xn) : Pγn,0,1v
n → v

where Pγn,0,1 is the parallel transport along the geodesic γn such that γn(0) = xn and γn(1) = x̄.

As vn ∈ ∂̂f(xn) then, from the previous theorem, (vn,−1) ∈ N̂epif (xn, f(xn)). Now, de-
fine the following sequences: zn = (xn, f(xn)) and pn = (vn,−1). Applying this definition
we obtain that there exist zn ∈ epif and pn ∈ N̂epif (xn, f(xn)) such that zn → (x̄, f(x̄))
and (Pγn,0,1v

n,−1) → (v,−1). Thus, from the Definition 3.5 we conclude that (v,−1) ∈
Nepif (x̄, f(x̄)).

Finally, we show that if f is convex then Fréchet and limiting Subdifferential are the same
set, besides, they coincide with the classical subdifferential in convex analysis. Let

∂F f(x̄) := {v ∈ Tx̄M : f(x) ≥ f(x̄) + 〈v, exp−1
x̄ x,∀x ∈ M〉}

Theorem 3.6 If f : M → IR ∪ {+∞} is a convex function, then for each x̄ ∈ M we have

∂f(x̄) = ∂̂f(x̄) = ∂F f(x̄).

Proof. The implication ∂F f(x̄) ⊂ ∂̂f(x̄) ⊂ ∂f(x̄) is trivial from their definitions. Tehn is
sufficient to prove that ∂f(x̄) ⊂ ∂F f(x̄). Let v ∈ ∂f(x̄), then from Theorem 3.5, (v,−1) ∈
Nepif (x̄, f(x̄)). As epif is convex, because f is convex, we have from Theorem 3.3 that

〈(v,−1), exp−1
(x̄,f(x̄))(x, r)〉 ≤ 0,∀(x, r) ∈ epif.

Taking r = f(x) we obtain 〈v, exp−1
x̄ x〉 − (f(x)− f(x̄)) ≤ 0. This implies that

f(x) ≥ f(x̄) + 〈v, exp−1
x̄ x〉,

and therefore, v ∈ ∂fF (x̄).

4 Proximal Method for Unconstrained Minimization

Consider the problem:
(p) min{f(x) : x ∈ M}

where f : M → IR ∪ {+∞} is a proper function on a Hadamard manifold M . The proximal
point method to solve (p) generates a sequence {xk} given by

x0 ∈ M, (4.6)

xk ∈ argmin{f(x) + (λk/2)d2(x, xk−1) : x ∈ M} (4.7)

where λk is some positive parameter. We assume the following assumptions.

Assumption A. f : M → IR ∪ {+∞} is bounded below.

Assumption B. f : M → IR ∪ {+∞} is lower semicontinuous on domf.
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Theorem 4.1 Assume assumptions A and B. Then, the sequence {xk}, generated by the
proximal algorithm, is well defined (the solution of (4.7) exists) and the set of points that
satisfies ( 4.7) is compact.

Proof. Immediate

Lemma 4.1 The iterates {xk} do not cycle.

Proof. Consider two cases: contiguous and non contiguous iterations. Clearly if xl = xl−1 for
some l > 0 we have from (4.7) that 0 ∈ ∂f(xl). Therefore, xl is a critical point and the method
stops in finitely many iterations. Otherwise, let l > j + 1 such that xl = xj and xk 6= xk−1, for
all k. From (4.7), the minimum condition implies that, for all k,

f(xk) + (λk/2)d2(xk, xk−1) ≤ f(xk−1). (4.8)

As xk−1 6= xk we have from (4.8) that f(xk) < f(xk−1) ({f(xk)} is a strictly nonincreasing
sequence). Now, this implies that f(xl) < f(xl−1) < ... < f(xj), which contradicts that
f(xl) = f(xj).

Proposition 4.1 Under assumptions A and B, the following facts are true

a. {f(xk)} is nonincreasing.

b.
∞∑

k=1
λkd

2(xk, xk−1) < +∞

Proof.
a. Showed in the preceding Proposition.

b. From inequality (4.8) and Assumption A we obtain
n∑

k=1
(λk/2)d2(xk, xk−1) ≤ f(x0)−α, where

α is the lower bounded of f. Taking n →∞ we obtain the result.

Theorem 4.2 Suppose that assumption A is satisfied and that f is continuous on domf. Let
limk→∞ d(xk, xk−1) = 0 and 0 < λk < λ̄, for some λ̄. Then any cluster point of the sequence
{xk} is a limiting critical point of f.

Proof. Suppose that there exist x̄ and a subsequence {xkj} of {xk} converging to x̄. We will
prove that 0 ∈ ∂f(x̄). From (4.7) and Theorem 3.1 we have 0 ∈ ∂̂

(
f(.) + (λkj

/2)d2(., xkj−1)
)

(xkj )

From the smoothness of (λk/2)d2(., xk−1), Proposition 3.1, d, and Theorem 2.6 this imply that

gkj := λkj
exp−1

xkj
xkj−1 ∈ ∂̂f(xkj ).

Using the fact that the parallel transport is an isometry and using the boundedness of λk we
have that

||Pγkj
,0,1g

kj || = ||gkj || ≤ λ̄|| exp−1

xkj
xkj−1|| = λ̄d(xkj , xkj−1),

where γkj
is the geodesic curve such that γkj

(0) = xkj and γkj
(1) = x̄. Now, using the fact that

limk→∞ d(xk, xk−1) = 0, we have limj→∞ Pγkj
,0,1g

kj = 0. Therefore, there are sequences {xkj},
{f(xkj )} and {gkj} with gkj ∈ ∂̂f(xkj ) such that limj→+∞ xkj = x̄, limj→∞ f(xkj ) = f(x̄) (from
the continuity of f) and limj→∞ Pγkj

,0,1g
kj = 0. From Definition 3.2 it follows that 0 ∈ ∂f(x̄).
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4.1 The Generalized Lojasiewicz Case

Functions that satisfies a Lojasiewicz property has recently received much attention in opti-
mization see for example [1, 3, 6, 7, 8]. In this subsection we generalize to Hadamard manifolds
the result convergence in IRn of [3], where it has been proved the convergence of the method
for functions in IRn satisfying the Lojasiewicz property.

In this subsection, we let 0 < λ′ < λ̄ fixed, and utilize the following condition for the
parameters λk :

λ′ < λk < λ̄, (4.9)

Proposition 4.2 Let {xk} the sequence generated by the proximal point algorithm, with λk

satisfying (4.9). Under assumptions A and the continuity of f , the following facts are true

a.
∞∑

k=1
d2(xk, xk−1) < +∞

b. Any cluster point of {xk} is a generalized critical point of f .

In addition, if {xk} is bounded then

c. f is finite and constant in W (x0), where W (x0) denotes the set of cluster points of {xk}.

d. W (x0) is connected, compact and

d(xk,W (x0)) → 0, k → +∞.

Proof.
a. It is immediate from Proposition 4.1, item b, and the condition λ′ < λk.
b. From item a, we obtain that limk→+∞ d(xk, xk−1) = 0. Now, using this in Theorem 4.2, we
obtain the result.
c. The sequence {f(xk)} is non increasing and bounded from below, then it converges to a point
β. Now, let x′ any cluster point of {xk}, then there exists {xkj} such that limj→+∞ xkj = x′.
From the continuity of f we obtain f(x′) = limj→+∞ f(xkj ) = β. As x′ is arbitrary the proof is
concluded.
d. The connectedness and compactness are trivial, so we only prove that d(xk,W (x0)) → 0, k →
+∞. In fact, by contradiction suppose that there exist β > 0 and n0 ∈ IN such that:

d(xk,W (x0)) ≥ 2β > 0, ∀k ≥ n0.

As {xk} is bounded, then there exist x̄ ∈ M and a subsequence, denoted by {xkj}, such that
limj→+∞ xkj = x̄, so d(xkj , x̄) → 0, when j → +∞. Therefore

d(xkj ,W (x0)) → 0, j → +∞.

From the definition of convergent subsequence, there exists n1 := n1(β) ∈ IN such that for all
j ≥ n1 we have

d(xkj ,W (x0)) < β.

Now, consider j ≥ n1 such that kj ≥ n0 (such j exists because {xkj} is a subsequence of {xk})
then

2β ≤ d(xkj ,W (x0)) < β,

14



which is a contradiction. therefore we obtain the aimed result.

As was observed in the Euclidian case by Absil et.al [1], the convergence of the whole se-
quence {xk} may fail, so we introduce the following

Generalized Lojasiewicz Property

For each x̂ ∈ Critf (the set of the generalized critical points of f) there exist ε, C and θ ∈ [0, 1)
such that

|f(x)− f(x̂)|θ ≤ C ‖x∗‖ ,

for all x ∈ B(x̂, ε) and for all x∗ ∈ ∂f(x).

Assumption C. f : M → IR ∪ {+∞} satisfies the Generalized Lojasiewicz Property.

Examples of functions in IRn satisfying the Assumption C has been done by Attouch and
Bolte [3]. Now, we introduce a Lemma that will be used to prove the convergence of {xk}.

Lemma 4.2 Assume that f verifies the Lojasiewicz property, then

i. If K is a nonempty connected set of Critf, then f is constant on K.

ii. Furthermore, if K is compact, then there exist ε, C and θ ∈ [0, 1) such that for all x ∈ M
with d(x,K) ≤ ε,

|f(x)− f(x̂)|θ ≤ C ‖x∗‖ ,

for all x∗ ∈ ∂f(x).

Proof. It is a trivial generalization from Euclidian spaces to Riemannian manifold setting, see
Attouch and Bolte [3].

Theorem 4.3 Suppose that f is continuous on domf, and assumptions A and C are satisfied.
If {xk} is bounded, then

∞∑
k=1

d(xk, xk−1) < +∞.

In particular, {xk} converge to some generalized critical point of f.

Proof. As {f(xk)} is a nonincreasing and bounded below sequence then, it is convergent and
furthermore

f(xk) → inf f(xk) as k → +∞.

Define
g(xk) = f(xk)− inf f(xk)

Then we obtain that g(xk) ≥ 0 and

g(xk) → 0 as k → +∞.

We analyze two cases:
If xl = xl−1 for some l > 0 then, from (4.7) we have that 0 ∈ ∂f(xl) and the algorithm
finishes in a finite number of iterations. On the other hand, consider xk 6= xk−1 for all k, then
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d(xk, xk+1) > 0 so {g(xk)} is a positive strictly decreasing sequence.
Now, we define the function h : IR++ → IR such that h(s) = −s1−θ, θ ∈ [0, 1). This function is
differentiable and strictly convex, so

h(s)− h(s0) ≥ h′(s0)(s− s0) (4.10)

Taking s0 = g(xk) and s = g(xk+1) in (4.10) we have

g(xk)1−θ − g(xk+1)1−θ ≥ (1− θ)g(xk)−θ(g(xk)− g(xk+1)).

As (λk/2)d2(xk+1, xk) ≤ g(xk)− g(xk+1) then

g(xk)1−θ − g(xk+1)1−θ ≥ (λk/2)(1− θ)g(xk)−θd2(xk+1, xk) (4.11)

Using Lemma 4.2 for K = W (x0) we obtain that exist x̂ ∈ W (x0), IN0, ε, C and θ ∈ [0, 1)
such that for all k ≥ IN0, ∣∣∣f(xk)− f(x̂)

∣∣∣θ ≤ C||gk||,

for all x∗ ∈ ∂f(x). As f is constant in K, we can substitute f(x̂) by f(x̄), where x̄ is a limiting
point of {xk}. Thus ∀k ≥ IN0 ∣∣∣f(xk)− f(x̄)

∣∣∣θ ≤ C||gk||.

As {f(xk)} converge to inf f(xk) we get ∀k ≥ IN0 :

0 < g(xk)θ ≤ Cλkd(xk, xk−1) (4.12)

We observe that θ 6= 0. Indeed, if θ = 0 then ∀k ≥ IN0 : 1 ≤ Cλkd(xk, xk−1). Taking a
subsequence {xkj} of {xk} such that xkj → x̄ we obtain that 1 ≤ 0. Therefore, θ ∈ (0, 1). From
(4.12), also because θ 6= 0, we obtain

d(xk, xk−1)−1/(Cλk) ≤ g(xk)−θ

∀k ≥ IN0.
Using the above inequality in (4.11) we obtain that there exists M > 0 such that ∀k ≥ IN0 :

d(xk+1, xk)2

d(xk, xk−1)
≤ M(g(xk)1−θ − g(xk+1)1−θ) (4.13)

Let r ∈ (0, 1) and take k ≥ N0. If d(xk+1, xk) ≥ rd(xk, xk−1), (4.13) implies that

d(xk+1, xk) ≤ (M/r)(g(xk)1−θ − g(xk+1)1−θ),

and therefore ∀k ≥ IN0 :

d(xk+1, xk) ≤ rd(xk, xk−1) + (M/r)(g(xk)1−θ − g(xk+1)1−θ).

Now, if IN ≥ IN0 then

IN∑
k=IN 0

d(xk+1, xk) ≤ r

1− r
d(xIN 0 , xIN 0−1) + (M/(r(1− r)))(g(IN0)1−θ − g(xIN+1)1−θ),

and the conclusion follows from the fact that f is bounded from below.
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4.2 The Quasiconvex Case

In this subsection we substitute the assumption A and B by the following

Assumption A′. The set of global minimizer points, denoted by X∗, is nonempty.

Assumption B′. f is continuous and quasiconvex on domf , supposed convex.

Now, we define the following sets

U := {x ∈ M : f(x) ≤ inf
j

f(xj)} ⊂ Vk := {x ∈ M : f(x) ≤ f(xk)}.

From Assumptions A′ and B′ those sets are nonempty closed and convex (see Theorem 2.7 for
the convex property).

Theorem 4.4 Under assumptions A′ and B′, the sequence {xk}, generated by the Proximal
algorithm, is Fejér convergent to U .

Proof. From (4.7) we have

f(xk) + (λk/2)d2(xk, xk−1) ≤ f(x) + (λk/2)d2(x, xk−1),∀x ∈ M. (4.14)

Taking x ∈ Vk we obtain
d2(xk, xk−1) ≤ d2(x, xk−1).

Therefore xk is the unique projection of xk−1 on Vk. From Theorem 2.4, taking y = xk−1 and
z = xk we obtain

〈exp−1
xk xk−1 exp−1

xk x〉 ≤ 0. (4.15)

On the other hand, for all x ∈ U from Theorem 2.3, taking y = xk−1 and z = xk, we have

d2(x, xk) + d2(xk, xk−1)− 2〈exp−1
xk xk−1, exp−1

xk x〉 ≤ d2(x, xk−1).

Now, the last inequality and (4.15) imply, in particular,

0 ≤ d2(xk, xk−1) ≤ d2(x, xk−1)− d2(x, xk) (4.16)

for every x ∈ U . Thus
d(x, xk) ≤ d(x, xk−1). (4.17)

This means that {xk} is Fejér convergent to U.

Proposition 4.3 Under the assumptions of the precedent theorem, the following facts are true

a. For all x ∈ U the sequence {d(x, xk)} is convergent;

b. limk→+∞ d(xk, xk−1) = 0;

c. If limj→+∞ xkj = x̄ then, limj→+∞ xkj+1 = x̄.
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Proof.
a. From (4.17), {d(x, xk)} is a bounded below nonincreasing sequence and hence convergent.
b. Taking limit when k goes to infinity in (4.16) and using the previous result we obtain

lim
k→+∞

d(xk, xk−1) = 0.

c. Take the triangular inequality property, applied to the Riemannian distance d, which gives,
particularly

d(xkj+1, x) ≤ d(xkj+1, xkj ) + d(xkj , x).

Taking j →∞ and using b, we obtain the result.

We will use the following parameter condition to the algorithm:

0 < λk < λ̄. (4.18)

Theorem 4.5 Suppose that Assumptions A′ and B are satisfied. Then the sequence {xk},
generated by the Proximal algorithm with (4.18), converges to a limiting critical point of f.

Proof. From previous theorem, {xk} is Fejér convergent to U, thus {xk} is bounded (see
Theorem 2.1). Then, there exist x̄ and a subsequence {xkj} of {xk} converging to x̄. From
continuity of f and Proposition 4.1, a, we obtain x̄ ∈ domf and

lim
j→+∞

f(xkj ) = f(x̄).

As {f(xk)} is a non increasing sequence with a subsequence converging to f(x̄), the overall
sequence converges to f(x̄) and therefore

f(x̄) ≤ f(xk), ∀k ∈ IN.

This implies that x̄ ∈ U. Now, from Theorem 2.1 we conclude that {xk} converges to x̄. Finally,
from Proposition 4.3, item b, and Theorem 4.2, x̄ is a limiting critical point of f. As
immediate particular cases of the above theorem we obtain the following results

Corollary 4.1 Under Assumption A′ and f convex on M, then {xk} converges to an optimal
solution of the problem (p).

Corollary 4.2 Under Assumption A′, f differentiable and pseudoconvex on M, then {xk} co-
nverges to an optimal solution of the problem (p).

To finish this subsection we give a localization of the limit point. Let PU : M → M such that

PUx0 = arg min{d(x, x0) : x ∈ U}.

Note that PUx0 exists and is unique because U is a nonempty closed convex set. We denote

ρ(x0, U) := min{d(x, x0) : x ∈ U} = d(PUx0, x0).

Proposition 4.4 Let {xk} the sequence generated by the proximal point algorithm and x̄ the
limit point, then

d(x0, x̄) ≤ 2ρ(x0, U).
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Proof. Setting x = PUx0 in (4.17) we obtain d(PUx0, xk) ≤ d(PUx0, x0). Taking k → ∞ and
using the continuity of d gives

d(PUx0, x̄) ≤ d(PUx0, x0), (4.19)

Now, from the triangular inequality

d(x0, x̄)2 ≤
(
d(x0, PUx0) + d(PUx0, x̄)

)2

≤ 2
(
d(x0, PUx0)2 + d(PUx0, x̄)2

)
≤ 2

(
d(x0, PUx0)2 + d(x0, PUx0)2

)
= 4d(x0, PUx0)2.

where the third inequality is due to (4.19). Thus, the proof is completed.

Remark 4.1 If x̄ is a global minimum of (p), for example when f is convex, or differentiable
and pseudoconvex, the above result remain true if we substitute U by X∗.

4.3 Examples of Proximal Methods on Hadamard Manifolds

Examples 4.1 and 4.2 show proximal point methods for unconstrained minimization problems
and examples 4.3 to 4.6 show proximal point methods for constrained ones. Those algorithms
find interior solutions and they are particularly useful when the objective function is not convex
in the usual sense but becomes convex or quasiconvex on the manifold. We recall that proximal
methods without the convex condition on the objective function very are not studied.

Example 4.1 Consider the unconstrained minimization problem in IRn

min{f(x) : x ∈ IRn}.

Take IRn as a smooth manifold and consider the following metrics:

i. M = (IRn, 〈, 〉), where 〈u, v〉 =
n∑

i=1
uivi, for u, v ∈ IRn, (the Euclidian space) is a Hadamard

manifold with null sectional curvature and the proximal point method is the classical one,
that generates a sequence {xk} given by x0 ∈ IRn and

xk ∈ argmin{f(x) + (λk/2)||x− xk−1||2 : x ∈ IRn},

where ||.|| is the Euclidian norm, i.e, ||x||2 =
√
〈x, x〉.

ii. M = (IRn, G(x)) where

G(x) =



1 0 0 ... 0 0 0
0 1 0 ... 0 0 0
0 0 1 ... 0 0 0
. . . ... . . .. . . ... . . .. . . ... . . .. . . ... . . .
0 ... 0 0 0 1 + 4x2

n−1 −2xn−1

0 ... 0 0 0 −2xn−1 1


.
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is a Hadamard manifold with null sectional curvature, see [12], and the proximal point
method is given by x0 ∈ IRn and

xk ∈ argmin

{
f(x) + (λk/2)

(
n−1∑
i=1

(xi − xk−1
i )2 + (x2

n−1 − xn − (xk−1
n−1)

2 + xk−1
n )2

)
: x ∈ IRn

}

Example 4.2 Consider the matricial minimization problem

min{f(X) : X ∈ IRn×n},

where IRn×n is the set of n×n matrices. Take IRn×n as a smooth manifold and define 〈U, V 〉 =
Tr(UV ) (the trace operation) for U, V ∈ IRn×n. M = (IRn×n, 〈, 〉), is a Hadamard manifold and
the proximal point method to solve this problem generates a sequence {Xk} given by X0 ∈ IRn×n

and
Xk ∈ argmin{f(X) + (λk/2)||X −Xk−1||2F : X ∈ IRn×n},

where ||.||F is the Frobenius norm, i.e, ||X||2F = Tr(X2).

Example 4.3 Consider the semidefinite optimization problem

min{f(X) : X � 0},

where the notation X � 0 means that X is a n × n symmetric positive semidefinite matrix.
Take Sn

++ the set of n×n symmetric positive definite matrices as a smooth manifold and define
the metric given by the Hessian of the barrier b(X) = − log det X. (Sn

++, b′′(X)) is a Hadamard
manifold with non positive sectional curvature, see [27], and the proximal method generates a
sequence {Xk} given by X0 ∈ Sn

++ and

Xk ∈ argmin{f(X) + (λk/2)
n∑

i=1

ln2 λi(X− 1
2 Xk−1X− 1

2 ) : X ∈ Sn
++},

where λ(Z) denotes the eigenvalue of the symmetric matrix Z.

Example 4.4 Consider the second order cone programming

min{f(x) : x �K 0},

where x �K 0 means that x ∈ K := {(τ, z) ∈ IR1+n : τ ≥ ||z||2}. If we endow K0, the interior
of K, with the Hessian of the barrier − ln(τ2−||z||22), we obtain a Hadamard manifold with non
positive sectional curvature, see [27]. The proximal method generates a sequence {xk} given by
x0 ∈ K and

xk ∈ argmin{f(x) + (λk/2)[ln2 σ(x, xk−1) + ln2 σ(xk−1, x)] : x ∈ K0},

where σ(z0, z1) := max{λ : z0 − λz1 ∈ K̄}.

Example 4.5 Consider the problem on the positive orthant

min{f(x) : x ≥ 0},

where x ≥ 0 means that xi ≥ 0, ∀i = 1, ..., n. Take IRn
++ the positive orthant as a smooth

manifold. (IRn
++, X−2), where X−2 is the Hessian of the − log barrier, is a Hadamard manifold
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with null sectional curvature and the proximal point method generates the sequence {xk} given
by x0 ∈ IRn

++ and

xk ∈ argmin

f(x) + (λk/2)
n∑

i=1

(
ln

xk−1
i

xi

)2

: x ∈ IRn
++


Example 4.6 Consider the problem on the hypercube

min{f(x) : 0 ≤ x ≤ e},

where x ∈ IRn and e = (1, 1, ..., 1) ∈ IRn. ((0, 1)n, X−2(I − X)−2), where X−2(I − X)−2 is

the Hessian of the barrier
n∑

i=1
(2xi − 1)[log xi − log(1− xi)] , is a Hadamard manifold with null

sectional curvature, see [28]. The proximal point method generates a sequence {xk} given by
x0 ∈ (0, 1)n and

xk ∈ argmin{f(x) + (λk/2)
n∑

i=1

(
ln

(
xk−1

i

1− xk−1
i

)
− ln

(
xi

1− xi

))2

: x ∈ (0, 1)n}.

5 Proximal Method for Constrained Minimizaton

In this section we are interested in solve the constrained minimization problem:

(P ) min{f(x) : x ∈ X}

where X is a closed convex set with interior, intX, non null on a Hadamard manifold M and
f : X → IR is a continuous quasiconvex or convex function on X.

To solve the problem (P ), we will use proximal point methods with generalized Bregman
distances and Bregman distances defined on Hadamard manifolds. The generalized Bregman
distances permit generalize some important methods in optimization, such as proximal methods
for semidefinite optimization problems and second order cone programs.

5.1 Generalized Bregman and Bregman Distances on Hadamard Manifolds

Starting from Censor and Lent [9] definition, we propose the following. Let M be a Ha-
damard manifold and S a nonempty open convex set of M with a topological closure S̄. Let
h : M → IR be a strictly convex function on S̄ and differentiable in S. Define the funcion
Dh(., .) : S̄ × S → IR such that

Dh(x, y) := h(x)− h(y)− 〈gradh(y), exp−1
y x〉y. (5.20)

Let us adopt the following notation for the partial level sets of Dh. For α ∈ IR, take

Γ1(α, y) := {x ∈ S̄ : Dh(x, y) ≤ α},

Γ2(x, α) := {y ∈ S : Dh(x, y) ≤ α}.

Definition 5.1 Let M be a Hadamard manifold. A real function h : M → IR is called a
Generalized Bregman function, denoted by h ∈ GB, if there exists a nonempty open convex set
S such that
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a. h is continuous on S̄;

b. h is strictly convex on S̄;

c. h is continuously differentiable in S;

d. For all α ∈ IR the partial level sets Γ1(α, y) and Γ2(x, α) are bounded for every y ∈ S and
x ∈ S̄, respectively.

In this case Dh is called generalized Bregman distance from x to y.

Definition 5.2 Let M be a Hadamard manifold. A real function h : M → IR is called a
Bregman function, denoted by h ∈ B, if there exists a nonempty open convex set S such that h
satisfies the conditions of the above definition and, furthermore, satisfies:

e. If limk→+∞ yk = y∗ ∈ S̄, then limk→+∞Dh(y∗, yk) = 0, and

f. If limk→+∞Dh(zk, yk) = 0, limk→+∞ yk = y∗ ∈ S̄ and {zk} is bounded then limk→+∞ zk =
y∗.

In this case Dh is called Bregman distance from x to y.

From above definitions we obtain, obviously, that B ⊆ GB and the equality is satisfied when
S = M. In both definitions, the set S is called the zone of the function h. Some examples of
Bregman distance to different Hadamard manifolds has been done in [30], Section 8.

Lemma 5.1 Let h ∈ GB with zone S. Then

i. gradDh(., y)(x) = gradh(x) − Pγ,0,1gradh(y), for all x, y ∈ S, where γ : [0, 1] → M is the
geodesic curve such that γ(0) = y and γ(1) = x.

ii. Dh(., y) is strictly convex on S̄ for all y ∈ S.

iii. For all x ∈ S̄ and y ∈ S, Dh(x, y) ≥ 0 and Dh(x, y) = 0 if and only if x = y.

Proof. Analogous to Lemma 4.1 of [30].

Observe that Dh is not a distance in the usual sense of the term. In general, the triangu-
lar inequality is not valid, as the symmetry property.
From now on, we use the notation gradDh(x, y) to mean gradDh(., y)(x). So, if γ is the geodesic
curve such that γ(0) = y and γ(1) = x, from Lemma 5.1, i, we obtain

gradDh(x, y) = gradh(x)− Pγ,0,1gradh(y).

Definition 5.3 Let Ω ⊂ M , S an open convex set, and let y ∈ S. A point Py ∈ Ω ∩ S̄ for
which

Dh(Py, y) = min
x∈Ω∩S̄

Dh(x, y) (5.21)

is called a Dh−projection of the point y on the set Ω.

The next Lemma furnishes the existence and uniqueness of Dh−projection for a Bregman
function, under an appropriate assumption on Ω.
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Lemma 5.2 Let Ω ⊂ M a closed convex set and h ∈ GB with zone S. If Ω ∩ S̄ 6= φ then, for
any y ∈ S, there exists a unique Dh−projection Py of the point y on Ω.

Proof. For any x ∈ Ω ∩ S̄, the set

B := {z ∈ S̄ : Dh(z, y) ≤ Dh(x, y)}

is bounded (from Definition 5.1, d) and closed (because Dh(., y) is continuous in S̄, due to
Definition 5.1, a). Therefore, the set

T := (Ω ∩ S̄) ∩B

is nonempty, because x ∈ B ∩ Ω, and bounded. Now, as the intersection of two closed sets
is closed, then T is also closed, hence compact. Consequently, Dh(z, y), a continuous function
in z, takes its minimum on the compact set T at some point, let denote it by x∗. For every
z ∈ Ω ∩ S̄ which lies outside B

Dh(x, y) < Dh(z, y);

hence, x∗ satisfies (5.21). The uniqueness follows from the strict convexity of Dh(., y), therefore

x∗ = Py.

Lemma 5.3 Let h ∈ GB with zone S and y ∈ S. Suppose that Py ∈ S, where Py is the
Dh−projection on some closed convex set Ω such that Ω ∩ S̄ 6= φ. Then, the function

G(x) := Dh(x, y)−Dh(x, Py)

is linear affine on S̄.

Proof. From (5.20)

G(x) = h(Py)− h(y) + 〈gradh(Py), exp−1
Py x〉Py − 〈gradh(y), exp−1

y x〉y.

Due to the affine linearity of the functions 〈gradh(Py), exp−1
Py x〉Py and 〈gradh(y), exp−1

y x〉y in
x the result follows.

Proposition 5.1 Let h ∈ GB with zone S and Ω ⊂ M a closed convex set such that Ω∩ S̄ 6= φ.
Let y ∈ S and assume that Py ∈ S, where Py denotes the Dh−projection of y on Ω. Then, for
any x ∈ Ω ∩ S̄, the following inequality is true

Dh(Py, y) ≤ Dh(x, y)−Dh(x, Py).

Proof. Let γ : [0, 1] → M be the geodesic curve such that γ(0) = Py and γ(1) = x. Due to
Lemma 5.3 the function

G(x) = Dh(x, y)−Dh(x, Py)

is linear affine on S̄. Then in particular G(γ(t)) is convex for t ∈ (0, 1) (see Theorem 2.5). Thus,

G(γ(t)) ≤ tG(x) + (1− t)G(Py),

which gives,

Dh(γ(t), y)−Dh(γ(t), Py) ≤ t(Dh(x, y)−Dh(x, Py)) + Dh(Py, y)− tDh(Py, y),
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where we took in account that Dh(Py, Py) = 0. The above inequality is equivalent to

(1/t) (Dh(γ(t), y)−Dh(Py, y))−(1/t)Dh(γ(t), Py) ≤ Dh(x, y)−Dh(x, Py)−Dh(Py, y). (5.22)

As Ω ∩ S̄ is convex, and x, Py ∈ Ω ∩ S̄, we have γ(t) ∈ Ω ∩ S̄ for all t ∈ (0, 1). Then, use the
fact that Py is the projection to get

(1/t)(Dh(γ(t), y)−Dh(Py, y)) ≥ 0.

Using this inequality in (5.22) we obtain

−(1/t)Dh(γ(t), Py) ≤ Dh(x, y)−Dh(x, Py)−Dh(Py, y).

Now, as Dh(., z) is differentiable for all z ∈ S, we can take the limit in t, obtaining

−〈gradDh(Py, Py), exp−1
Py x〉Py ≤ Dh(x, y)−Dh(x, Py)−Dh(Py, y).

Clearly, the left side is null, leading to the aimed result.

Proposition 5.2 Let h ∈ GB with zone S and Ω ⊂ M a closed convex set such that Ω∩ S̄ 6= φ.
Let y ∈ S and assume that Py ∈ S, where Py denotes the Dh−projection of y on Ω. Then, for
any x ∈ Ω ∩ S̄, the following is true

〈gradDh(Py, y), exp−1
Py x〉 = Dh(x, y)−Dh(x, Py)−Dh(Py, y).

Proof. Let γ : [0, 1] → M be the geodesic curve such that γ(0) = Py and γ(1) = x. Due to
Lemma 5.3 the function

G(x) = Dh(x, y)−Dh(x, Py)

is linear affine on S̄. Then, from Theorem 2.5 we have

G(γ(t)) = tG(x) + (1− t)G(Py),

which gives,

Dh(γ(t), y)−Dh(γ(t), Py) = t(Dh(x, y)−Dh(x, Py)) + Dh(Py, y)− tDh(Py, y),

where we took in account that Dh(Py, Py) = 0. The above equality is equivalent to

(1/t) (Dh(γ(t), y)−Dh(Py, y))− (1/t)Dh(γ(t), Py) = Dh(x, y)−Dh(x, Py)−Dh(Py, y).

Taking limit when t → 0 we obtain

〈gradDh(Py, y), exp−1
Py x〉 = Dh(x, y)−Dh(x, Py)−Dh(Py, y).
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5.2 Fejér Convergence with Bregman Distances

Definition 5.4 Let M be a Hadamard manifold. A sequence {yk} of M is Dh-Fejér convergent
to a nonempty set U ⊂ M, if

Dh(u, yk+1) ≤ Dh(u, yk),

for every u ∈ U.

Theorem 5.1 Let M be a Hadamard manifold and h ∈ GB with zone S. If {yk} is Dh-Fejér
convergent to a nonempty set U ⊂ M, then {yk} is bounded. If, furthermore, h ∈ B and a
cluster point ȳ of {yk} belongs to U, then {yk} converges and limk→+∞ yk = ȳ.

Proof. From above definition

0 ≤ Dh(u, yk) ≤ Dh(u, y0), (5.23)

for all u ∈ U . Thus, yk ∈ Γ2(u, α) with α = Dh(u, y0). We can now apply Definition 5.1, d, to
see that {yk} is bounded.
Let ȳ a cluster point of {yk}, with ȳ ∈ U , then there exists a subsequence {ykj} such that
limj→∞ ykj = ȳ. From Definition 5.1, e, it is true that limj→+∞Dh(ȳ, ykj ) = 0. From (5.23),
{Dh(ȳ, yk)} is a nonincreasing bounded below sequence with a subsequence converging to 0,
hence the overall sequence converges to 0, that is,

lim
k→+∞

Dh(ȳ, yk) = 0. (5.24)

To prove that {yk} has a unique limit point, let y′ be another limit point of {yk}. From (5.24)
liml→+∞Dh(ȳ, ykl) = 0 with liml→+∞ ykl = y′. Using Definition 5.1, f, we have y′ = ȳ. It
follows that {yk} cannot have more than one limit point and therefore, limk→+∞ yk = ȳ.

5.3 Regularization

Let M be a Hadamard manifold and f : X ⊂ M → IR a real function. Let S an open convex
set and h : S̄ → IR a differentiable function in S. For λ > 0, the Moreau-Yosida regularization
fλ : S → IR of f is defined by

fλ(y) = inf
x∈X∩S̄

{f(x) + λDh(x, y)} (5.25)

where Dh(x, y) is given in (5.20). In order to prove that the function fλ is well defined, h and
f should satisfy some conditions.

Proposition 5.3 If f : X ⊂ M → IR is a bounded below and lower semicontinuous function
over a closed convex set X, and h ∈ GB with zone S such that X ∩ S̄ 6= φ, then, for every y ∈ S
and λ > 0 there exists a point, denoted by xf (y, λ), such that

fλ(y) = f(xf (y, λ)) + λDh(xf (y, λ), y). (5.26)

Proof. Let β a lower bound for f on X, then

f(x) + λDh(x, y) ≥ β + λDh(x, y),

for all x ∈ X ∩ S̄. It follows from Definition 5.1, d, that the level sets of the function f(.) +
λDh(., y) are bounded. Also, this function is lower semicontinuous on X ∩ S̄, due to Definition
5.1, a, and the hypothesis on f . So, the level sets of (f(.)+λDh(., y)) are closed, hence compact.
Now, from lower semicontinuity and compactness arguments, f(.) + λDh(., y) has a (not need
unique) global minimum xf (y, λ) ∈ X ∩ S̄. Then the equality (5.26) follows from (5.25).
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5.4 The Proximal Method with Generalized Bregman Distances

The Proximal Point Method with Generalized Bregman Distances to solve the problem (P ),
henceforth abbreviated PGBD method, is defined as

y0 ∈ intX ∩ S, (5.27)

yk ∈ argmin{f(y) + λkDh(y, yk−1) : y ∈ X ∩ S̄}, (5.28)

where h ∈ GB (h is a Generalized Bregman function) with zone S, such that X ∩ S̄ 6= φ, Dh is
as in (5.20) and λk is a positive parameter.

Along this section we assume the following assumption

Assumption D. The sequence {yk} exists and satisfies yk ∈ intX ∩ S, for all k ∈ IN.

Some examples of the PGBD method are the following

Example 5.1 (Semidefinite Optimization) .
Consider the problem

min{f(X) : X � 0},

where the notation X � 0 means that X is a n × n symmetric semidefinite matrix. Let Sn×n

the n× n symmetic matrix space and 〈U, V 〉 = Tr(UV ) (the trace operation) for U, V ∈ IRn×n.
M = (Sn×n, 〈, 〉), is a Hadamard manifold where exp−1

X Y = Y − X, gradf = ∇f (the usual
gradient in matrix spaces) and 〈U, V 〉X = 〈U, V 〉. Then, the PGBD method generates a sequence
{Y k} given by

Y k ∈ argmin
{
f(Y ) + λkDh(Y, Y k−1) : Y � 0

}
,

where Dh(Y, Y k−1) = h(Y ) − h(Y k−1) − Tr(∇h(Y k−1)(Y − Y k−1)) and h ∈ GB with zone
S = Sn

++ and λk is some positive parameter.
If f is lower bounded and furthermore convex or continuously differentiable (not needly convex),
then some examples of h ∈ GB satisfying assumption D, see Teboulle for the conve case, are

i. h1 = tr(X lnX) with the generalized distance given by

Dh1(X, Y ) = Tr(X lnX −X lnY + Y −X),

ii. h2 = − ln detX with the generalized distance given by

Dh2(X, Y ) = +Tr(XY −1)− ln det(Y X−1)− n,

Example 5.2 (Second Order Cone Programming) .
Consider the problem

min{f(x) : x �K 0},

where x �K 0 means that x ∈ K := {(x1, x2) ∈ IR1+n : x1 ≥ ||x2||}. The Second Order Cone
Program (SOCP) has recently received much attention in optimization ................
Given x, y ∈ IR1+n, the Jordan product is defined as

x o y = (xT
2 y2, y1x2 + x1y2).
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This product satisfies the following properties: e o x = x, x o y = y o x and (x + y) o z = x o z +
y o z. For each x = (x1, x2) ∈ IR1+n we define Trx := 2x1 and

lnx :=
1
2

(
ln(x2

1 − ||x2||2), ln
(

x1 + ||x2||
x1 − ||x2||

)
x2

||x2||

)
if x2 6= 0 and lnx := (ln x1, 0) otherwise. From the trace definition it is easy of chek that
〈x, y〉 = 1

2(x o y).
Now, consider the space IR1+n as a smooth manifold and define for x, y ∈ IR1+n, 〈x, y〉 = xT y.
(IRn, 〈, 〉) is a Hadamard manifold where exp−1

x y = y−x, gradf = ∇f (the usual gradient) and
〈u, v〉x = 〈u, v〉. Then, the PGBD method generates a sequence {yk} given by

yk ∈ argmin
{
f(y) + λkDh(y, yk−1) : y �K 0

}
,

where Dh(y, yk−1) = h(y) − h(yk−1) − (1/2)Tr
(
∇h(yk−1) o (y − yk−1)

)
and h ∈ GB with zone

S = intK and λk is some positive parameter.
An example of h ∈ GB, studied recently by Jein-Shan Chen [10], is h(x) = Tr(x o lnx) and the
distance is given by

Dh(x, y) = Tr(x o lnx− x o ln y + y − x),

for all y ∈ intK and x ∈ K. When f is lower bounded and convex then, the above function
satisfies the assumption D.

Proposition 5.4 Under the Assumption D, the iterates yk do not cycle.

Proof. Consider two cases: contiguous and non contiguous iterations. Clearly if yl = yl−1 for
some l > 0 we have from (5.28) that 0 ∈ ∂f(yl). Therefore, yl is a critical point and the method
stops in finitely many iterations. Otherwise, let l > j + 1 such that yl = yj and yk 6= yk−1, for
all k. From (5.28), the minimum condition implies that, for all k,

f(yk) + λkDh(yk, yk−1) ≤ f(yk−1). (5.29)

As yk−1 6= yk we have from (5.29) that f(yk) < f(yk−1) ({f(yk)} is a strictly nonincreasing
sequence). Now, this implies that f(yl) < f(yl−1) < ... < f(yj), which contradicts that
f(yl) = f(yj).

Proposition 5.5 Under assumptions D the following fact is true

a. {f(yk)} is nonincreasing.

Furthermore, if f is lower bounded then

b.
∞∑

k=1
λkDh(yk, yk−1) < +∞

Proof.
a. Shows in the preceding Proposition.
b. From inequality (5.29) and lower boundedness of f we obtain

n∑
k=1

λkDh(yk, yk−1) ≤ f(y0)− α,

where α is the lower bounded of f. Taking n →∞ we obtain the result.
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5.4.1 The Quasiconvex Case

I this subsection we assume that f is continuous and quasiconvex in X. Furthermore, we
assume the following assumption:

Assumption E. X∗ ∩ S̄ 6= φ, where X∗ is the set of global minimizer points.

Now, we define the following sets

U := {x ∈ X : f(x) ≤ inf
j

f(yj)} ⊂ Vk := {x ∈ X : f(x) ≤ f(yk)}.

From Assumptions E and continuous quasiconvexity of f those sets are nonempty closed and
convex (see Theorem 2.7 for the convex property).

Theorem 5.2 Under assumptions D and E, and continuous quasiconvexity of f , the sequence
{yk}, generated by the PGBD algorithm, is Fejér convergent to U ∩ S̄.

Proof. Since yk satisfies (5.28) we have

f(yk) + λkDh(yk, yk−1) ≤ f(x) + λkDh(x, yk−1), ∀x ∈ X ∩ S̄. (5.30)

Hence, ∀x ∈ Vk ∩ S̄ is true that

Dh(yk, yk−1) ≤ Dh(x, yk−1).

Therefore yk is the unique Dh−projection from yk−1 on the convex set Vk (see Definition 5.3).
Using Proposition 5.1 and in particular for all x ∈ U ∩ S̄ we have

0 ≤ Dh(yk, yk−1) ≤ Dh(x, yk−1)−Dh(x, yk) (5.31)

Thus for every x ∈ U ∩ S̄ :
Dh(x, yk) ≤ Dh(x, yk−1). (5.32)

The last inequality tell us that {yk} is Dh− Fejér convergent to U ∩ S̄.

Corollary 5.1 Under the assumptions of the precedent theorem, the sequence {yk}, generated
by the PGBD algorithm, is bounded.

Proof. See Theorem 5.1.

Proposition 5.6 Under the assumptions of the precedent theorem, the following facts are true

a. For all x ∈ U ∩ S̄ the sequence {Dh(x, yk)} is convergent;

b. limk→+∞Dh(yk, yk−1) = 0;

Proof.
a. From (5.32), {Dh(x, yk)} is a bounded below nonincreasing sequence and hence convergent.
b. Taking limit when k goes to infinity in (5.31) and using the previous result we obtain
limk→∞Dh(yk, yk−1) = 0, as desired.

Theorem 5.3 Suppose that Assumptions D and E are satisfied and that f is continuous and
quasiconvex. If λk satisfies

lim
k→∞

λk = 0,

then, any cluster point of {yk} is an optimal solution of the problem (P ).
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Proof. Given x∗ ∈ X∗ ∩ S̄. As yk is a solution of (5.28) we have

f(yk) + λkDh(yk, yk−1) ≤ f(x∗) + λkDh(x∗, yk−1).

As yk is Dh-Fejér convergent and x∗ ∈ U ∩ S̄, we have

f(yk) + λkDh(yk, yk−1) ≤ f(x∗) + λkDh(x∗, y0).

Let ȳ a cluster point of {yk} (assured by Corollary 5.1) with limj→+∞ ykj = ȳ. Taking j → +∞
in the above inequality and using Proposition 5.6, b, and continuity of f we obtain f(ȳ) ≤ f(x∗).

5.4.2 The Convex Case

Now, we assume that f is convex then, from strictly convexity of Dh(., y), we obtain that
for each k there exists an unique yk in (5.28).

Lemma 5.4 Suppose that assumptions D and E are satisfied and that f is convex, then we
obtain

(1/λk)(f(yk)− f(y)) ≤ Dh(y, yk−1)−Dh(y, yk)−Dh(yk, yk−1),

for all y ∈ X ∩ S̄.

Proof. From (5.28) we have

0 ∈ ∂
(
f + λkDh(., yk−1)

)
(yk).

From smoothness of Dh(., yk−1) this implies that

−λkgradDh(yk, yk−1) ∈ ∂f(yk).

Equivalently, for all y ∈ X ∩ S̄.

1
λk

(f(yk)− f(y)) ≤ 〈gradDh(yk, yk−1), exp−1
yk , y〉yk

Using Proposition 5.2 for Py = yk, y = yk−1 and x = y we have the aimed result.

Lemma 5.5 Suppose that assumptions D and E are satisfied and that f is convex, then we
obtain ∀y ∈ X ∩ S̄ :

σn(f(yn)− f(y)) ≤ Dh(y, y0)−Dh(y, yn)−
n∑

k=1

σkλkDh(yk, yk−1),

where σk =
k∑

n=1
(1/λn). Therefore,

σk(f(yk)− f(y)) ≤ Dh(y, y0). (5.33)
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Proof. Define σk = (1/λk) + σk−1 with σ0 = 0. From (5.28) we have

λkσk−1Dh(yk, yk−1) ≤ σk−1(f(yk−1)− f(yk))

= σk−1f(yk−1)− (σk − (1/λk))f(yk)

= σk−1f(yk−1)− σkf(yk) + (1/λk)f(yk).
Taking the sum over k, from k = 1 to n gives

n∑
k=1

λkσk−1Dh(yk, yk−1) ≤ −σnf(yn) +
n∑

k=1

(1/λk)f(yk) (5.34)

On the other hand, from the above Lemma
n∑

k=1

(1/λk)(f(yk)− f(y)) ≤
n∑

k=1

(
Dh(y, yk−1)−Dh(yk, yk−1)−Dh(y, yk)

)
.

This implies that
n∑

k=1

(1/λk)f(yk) ≤ σnf(y) + Dh(y, y0)−Dh(y, yn)−
n∑

k=1

Dh(yk, yk−1).

The above inequality and (5.34) give
n∑

k=1

λkσk−1Dh(yk, yk−1) + σnf(yn) ≤ σnf(y) + Dh(y, y0)−Dh(y, yn)−
n∑

k=1

Dh(yk, yk−1).

Thus

σn(f(yn)− f(y)) ≤ Dh(y, y0)−Dh(y, yn)−
n∑

k=1

(1 + λkσk−1)Dh(yk, yk−1).

As 1 + λkσk−1 = λkσk then

σn(f(yn)− f(y)) ≤ Dh(y, y0)−Dh(y, yn)−
n∑

k=1

σkλkDh(yk, yk−1).

Putting as k iteration we have

σk(f(yk)− f(y)) ≤ Dh(y, y0),∀y ∈ X ∩ S̄.

where

σk =
k∑

n=1

(1/λn).

Theorem 5.4 Suppose that assumptions D and E are satisfied and that f is convex. Let y∗ is
an optimal point of (p), if λk satisfies

n∑
k=1

(1/λk) = +∞,

then

f(yn)− f(y∗) ≤ Dh(y∗, y0)
n∑

k=1
(1/λk)

.

Furthermore, any cluster point of {yk} is an optimal solution of the problem (P ).
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Proof. From (5.33) we have

(f(yk)− f(y∗)) ≤ (1/σk)Dh(y∗, y0),

∀y∗ ∈ X∗ ∩ S̄.
Now, let ȳ ∈ X ∩ S̄ be a cluster point of {yk} with

lim
j→+∞

ykj = ȳ.

Take k = kj in the above inequality. Taking j → +∞ and using limj→∞ σkj
= +∞ we have

f(y∗) ≥ f(ȳ).

Therefore, any cluster point is an optimal solution of (P ).

Remark 5.1 Observe that if we substitute, in the convex case, the assumption E by:
There exists c tal que

−∞ < c < f∗ = inf{f(x) : x ∈ X}.

Then, Lemma 5.4 and Lemma 5.5 are also true. Thus by definition of f∗ there exists a v such
that

f(v) < f∗ + ε.

Let y = v ∈ X ∩ S̄ in (5.33), then

f(yk)− f(v) ≤ Dh(v, y0)
n∑

k=1
(1/λk)

.

Taking k → +∞ we obtain
lim

k→+∞
f(yk) ≤ f(v) < f∗ + ε.

Since ε > 0 is arbitrary we obtain
lim

k→+∞
f(yk) = f∗.

5.5 Proximal Method with Bregman Distances

The Proximal Point Method with Bregman distances to solve the problem (P ), henceforth
abbreviated PBD method, generates the sequence {yk} given by (5.27) and (5.28), but with
h ∈ B (h is a Bregman function).

We will assume the same assumptions D and E of the subsection 5.4.

Example 5.3 (Unconstrained Problems on Hadamard Manifolds) .
Consider the problem

min{f(x) : x ∈ M},

where M is a Hadamard manifold and f : M → IR is a convex or continuous quasiconvex
function. Defining X = S = M, we obtain the PBD sequence {yk}, studied and analyzed in
[30], given by y0 ∈ M and

yk ∈ argmin{f(y) + λkDh(y, yk−1) : y ∈ M}.

Observe that any Bregman function satisfies the assumption D, where the existence of {yk} is
assured by Proposition 5.3.
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Example 5.4 (Convex Minimization Problems in IRn) .
Let consider the problem

min
x∈X

f(x),

where f : IRn → IR is a convex function on a closed convex set X of IRn. The PBD sequence
{yk} is given by

Given y0 ∈ S,

yk = arg min
x∈X∩S̄

{f(x) + λkDh(x, yk−1)},

where h is a Bregman function with zone S, such that X ∩ S̄ 6= φ, λk is a positive parameter
and Dh is a Bregman distance defined as

Dh(x, y) = h(x)− h(y)− 〈∇f(y), x− y〉,

where 〈, 〉 denotes the usual inner product on IRn.

a. ;

b. ;

Example 5.5 (Minimization of Quasiconvex Functions in IRn
+) .

Consider the problem
min{f(x) : x ≥ 0},

where f is a continuously differentiable quasiconvex function in IRn bounded from below and
x ≥ 0 means that xi ≥ 0, ∀i = 1, ..., n. Let X = IRn

+ (the non negative orthant), S = IRn
++ (the

positive orthant), M = IRn and consider the separated Bregman functions h(x) =
n∑

i=1
hi(xi),

such that h is zone coercive (Img∇h = IRn), in particular h(x) =
n∑

i=1
xi lnxi. The PBD sequence

{yk} is given by y0 ∈ IRn
++, and

yk ∈ argmin{f(x) + λkDh(x, yk−1) : x ≥ 0}.

It can be proved, see Souza et al. [40], Proposition 3.1, that yk ∈ IRn
++, for each k. Thus, the

assumption D is assured.

5.5.1 The Quasiconvex Case

Theorem 5.5 Suppose that Assumptions D and E are satisfied and f is a continuous quasico-
nvex function. Then the sequence {yk}, generates by the PBD method, converges to some point
of U ∩ S̄.

Proof. From Corollary 5.1, {yk} is bounded. Then, there exist ȳ and a subsequence {ykj} of
{yk} converging to ȳ. From continuity of f we have

lim
j→+∞

f(ykj ) = f(ȳ).

As {f(yk)} is a monotone nonincreasing sequence then it converges to f(ȳ) and

f(ȳ) ≤ f(yk), ∀k.
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That implies that ȳ ∈ U ∩ S̄. Now, as h ∈ B we obtain from Theorem 5.1 that {yk} converges
and

lim
k→+∞

yk = ȳ ∈ U ∩ S̄.

Theorem 5.6 Suppose that Assumptions D and E are satisfied and that f is continuous and
quasiconvex. If λk satisfies

lim
k→∞

λk = 0,

then {yk} converges to an optimal solution of the problem (P ).

Proof. From theorems 5.3 and 5.5 we obtain the result.

Theorem 5.7 Suppose that assumptions D and E are satisfied and f is a continuous quasico-
nvex function. Let λk such that

0 < λk < λ̄.

If ||Pαk,0,1gradh(yk−1)− gradh(yk)|| → 0, k → +∞, or {yk} converges to an interior point of
U ∩ S̄ then, the sequence {yk} converges to a limiting critical point of f on X.

Proof. We will prove that 0 ∈ ∂(f + IX)(ȳ). From (5.28) and Theorem 3.1 we have

0 ∈ ∂̂
(
(f + IX) + λkDh(., yk−1)

)
(yk).

From smoothness of Dh(., yk−1) and Proposition 3.1, item d, this implies that

−λkgradDh(yk, yk−1) ∈ ∂̂(f + IX)(yk).

Using Lemma 5.1,i, there exists gk ∈ ∂̂(f + IX)(yk) such that

gk = λk[Pαk,0,1gradh(yk−1)− gradh(yk)],

where αk is the geodesic curve such that αk(0) = yk−1 and αk(1) = yk. Taking parallel transport
and using the above boundedness of λk we obtain

||Pγk,0,1g
k|| = ||gk|| ≤ λ̄||Pαk,0,1gradh(yk−1)− gradh(yk)||

where γk is the geodesic curve such that γk(0) = yk and γk(1) = ȳ. Now, if if ȳ ∈ intX ∩ S,
taking k → +∞ and using continuity of the gradient and parallel transport, we have

lim
k→+∞

||Pαk,0,1gradh(yk−1)− gradh(yk)|| = 0,

Thus,
lim

k→∞
Pγk,0,1g

k = 0.

Therefore, there are sequences {yk}, {f(yk)} and {gk} with gk ∈ ∂̂(f + IX)(yk) such that
limk→+∞ yk = ȳ, limk→∞(f+IX)(yk) = f(ȳ) (from the continuity of (f+IX)) and limk→∞ Pγk,0,1g

k =
0. Using Definition 3.4 it follows that 0 ∈ ∂(f + IX)(ȳ).

Corollary 5.2 Let X = S = M (the unconstrained optimization problem). If Assumption E
is satisfied and f is a continuous and quasiconvex function on M. Then, the sequence {yk}
converges to a limiting critical point of f on X.

Proof. Immediate from above theorem.

Corollary 5.3 Let X = S = M (the unconstrained optimization problem). If Assumption E
is satisfied and f is a differentiable and pseudoconvex function on M. Then, the sequence {yk}
converges to an optimal solution of the problem (p).

Proof. Analogous to Corollary 4.2.
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5.5.2 The convex case

Theorem 5.8 Suppose that assumptions D and E are satisfied and that f is convex. If λk

satisfies
n∑

k=1

(1/λk) = +∞,

then

f(yn)− f(y∗) ≤ Dh(y∗, y0)
n∑

k=1
(1/λk)

,

where y∗ is an optimal point of (P ). Furthermore, the sequence {yk} converges to a solution of
the problem (P ).

Proof. It is immediate from theorems 5.4 and 5.5.

6 Conclusion

Observe that Theorem 4.5 is new in the theory of the proximal point methods.
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