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more competitive than the normal method does.
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1. Introduction

We consider the following nonlinear programming problem

min f(x), s.t. l ≤ x ≤ u, (1.1)

where f(x) : �n → � is a nonlinear function whose gradient ∇f(x) is available, and

denote ∇f(xk), or simply gk, the vectors l and u represent lower and upper bounds on

the variables, respectively, n is the number of variables, which is assumed to be large. For

this problem, early methods tended to be of the active set variety [12, 18], which are quite

efficient for problems of relatively small dimension but are unattractive for large-scale

problems. The main reason is that typically at most one constraint can be added to or

dropped from the active set at each iteration, and the potential worst-case complexity

where each of the possible 3n active set is visited before discovering the optimal one.

Many authors have alluded to design active set methods that are capable of making rapid

changes to incorrect predictions [1, 10, 11, 19, 20]. Now more common method is the

gradient projection methods.

The gradient project method [1] is a constructive method, which bending the search

direction along the constraint boundary to add to or drop from the current estimated

active set many constraints at each iteration, and yet find the active set in a finite number

of steps. This work has motivated further studies on projection techniques both for the

general linearly constrained case and for the bound constrained case [2, 6, 7, 14, 17, 19],

where Conn et al. [7] considered extending the trust region concepts and algorithms to the

constrained minimization case and Lescrenier [14] established the superlinear convergence

rate without requiring strict complementary condition under suitable conditions.
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Xiao and Wei [25] presented a new algorithm that combines an active set strategy

with the gradient projection method. The active sets are based on guessing technique

to be identified at each iteration, the search direction in free subspace is determined by

limited memory BFGS algorithm, which provides an efficient means for attacking large-

scale optimization problems. Motivated by their ideas, we will make a further study.

For unconstrained optimization problems, there are many methods [26, 27, 28, 29]

for them, where the BFGS method is one of the most effective quasi-Newton method.

The normal BFGS update exploits only the gradient information, while the information

of function values available is neglected. These years, lots of modified BFGS methods

(see [9, 15, 16, 21, 24, 31]) have been proposed. Especially, many efficient attempts

have been made to modify the usual quasi-Newton methods using both the gradient

and function values information (e.g. [23, 31]). Lately, in order to get a higher order

accuracy in approximating the second curvature of the objective function, Wei, Yu, Yuan,

and Lian [24] proposed a new BFGS-type method, and the reported numerical results

show that the average performance is better than that of the standard BFGS method.

The superlinear convergence of this modified has been established for uniformly convex

function. Its global convergence is established by Wei, Li, and Qi [23]. Motivated by

their ideas, Yuan and Wei [30] presented a modified BFGS method which can ensure

that the update matrix are positive definite for the general convex functions. Moreover,

the global convergence is proved for the general convex functions. The limited memory

BFGS (L-BFGS) method (see [4]) is an adaptation of the BFGS method for large-scale

problems. The implementation is almost identical to that of the standard BFGS method,

the only difference is that the inverse Hessian approximation is not formed explicitly, but

defined by a small number of BFGS updates. It is often provided a fast rate of linear

convergence, and requires minimal storage.

Inspired by the modified method of [30], we combine this technique and the limited

memory technique, and give a limited memory BFGS method for bound constrained

optimization. The main contributions of this paper are as follows.

• A limited memory BFGS method is introduced, which possesses not only the gradient

information of (1.1) but also the information of function values, moreover the update

matrix can be positive definite for generally convex functions.

• All iterates are feasible and the sequence of objective functions is decreasing.

• Rapid changes in the active set are allowed.

• The global convergence of the new method is established.

• Numerical results show that this method is effective.

This paper is organized as follows. In the next section, we briefly review some modified

method and the L-BFGS method for unconstrained optimization. In Section 3, we describe

the modified limited memory BFGS algorithm for (1.1). The global convergence will be

established in Section 4. Numerical results are reported in Section 5.

Notation. Throughout this paper, ‖·‖ denotes the Euclidean norm of vectors or matrix.
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The number of variables in the optimization problem is n, and the number of correction

pairs used in the limited memory methods is m. The hessian inverse approximation is

denoted by Hk. The set of the free variables at iteration k is F k and H̄k denotes the

reduced matrix of Hk with the index of rows and columns are all in F k, the | F k |
denotes the length of the set F k. ∇fi(x) denotes the ith component of vector ∇f(x), i.e.,

∇fi(x) = ∂f(x)
∂xi

.

2. Modified BFGS Formula and L-BFGS Update

This section will state some modified BFGS formula and L-BFGS formula for uncon-

strained optimization problems, respectively.

2.1. Modified BFGS Formula

Quasi-Newton methods for solving UNP often need update the iterate matrix Bk. In

tradition, {Bk} satisfies the following quasi-Newton equation:

Bk+1sk = yk, (2.1)

where sk = xk+1−xk, yk = ∇f(xk+1)−∇f(xk). The very famous update Bk is the BFGS

formula

Bk+1 = Bk − Bksk(sk)T Bk

(sk)TBksk
+

yk(yk)T

(sk)T yk
. (2.2)

Let Hk be the inverse of Bk, then the inverse update formula of (2.2) method is represented

as

Hk+1 = Hk − (yk)T (sk − Hkyk)sk(sk)T

((yk)T sk)2
+

(sk − Hkyk)(sk)T + sk(sk − Hkyk)T

((yk)T sk)2

= (I − sk(yk)T

(yk)T sk
)Hk(I − yk(sk)T

(yk)T sk
) +

sk(sk)T

(yk)T sk
, (2.3)

which is the dual form of the DFP update formula in the sense that Hk ↔ Bk, Hk+1 ↔
Bk+1, and sk ↔ yk. In order to obtain a global convergence of BFGS method without

convexity assumption on the objective function, Li and Fukushima [15, 16] made a slight

modification to the standard BFGS method. Now we state their work [15] simply. Li and

Fukushima (see [15]) advised a new quasi-Newton equation with the following form

Bk+1sk = (yk)1∗,

where (yk)1∗ = yk+tk‖gk‖sk, tk > 0 is determined by tk = 1+max{− (sk)T yk

‖sk‖2 , 0}. Under ap-

propriate conditions, these two methods [15, 16] are globally and superlinearly convergent

for nonconvex minimization problems.
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In order to get a better approximation of the objective function Hessian matrix, Wei,

Yu, Yuan, and Lian (see [24]) also proposed a new quasi-Newton equation:

Bk+1(2)sk = (yk)2∗ = yk + Ak(3)sk,

where Ak(3) = 2[f(xk)−f(xk+αkdk)]+(∇f(xk+αkdk)+∇f(xk))T sk

‖sk‖2 . Then the new BFGS update for-

mula is

Bk+1(2) = Bk(2) − Bk(2)sk(sk)T Bk(2)

(sk)T Bk(2)sk
+

(yk)2∗(yk)2∗T

(sk)T (yk)2∗ . (2.4)

Note that this quasi-Newton formula (3.5) contains both gradient and function value

information at the current and the previous step. This modified BFGS update formula

differs from the standard BFGS update, and a higher order approximation of ∇2f(x) can

be obtained (see [23, 24]).

In order to get the positive definiteness of Bk(2) based on the definition of (yk)2∗ and

yk for the general convex functions, Yuan and Wei [30] give a modified BFGS update, i.e.,

the modified update formula is defined by

Bk+1(3) = Bk(3) − Bk(3)sk(sk)T Bk(3)

(sk)T Bk(3)sk
+

(yk)3∗(yk)3∗T

(yk)3∗T sk
, (2.5)

where (yk)3∗ = yk + Aksk, Ak = max{Ak(3), 0}. Then the corresponding quasi-Newton

equation is

Bk+1(3)sk = (yk)3∗, (2.6)

which can ensure that the condition (sk)T (yk)3∗ > 0 holds for the general convex function

f (we will state this idea in the following section). Therefore, the update matrix Bk+1

from (2.6) inherits the positive definiteness of Bk for the general convex function.

2.2. L-BFGS Update

The limited memory BFGS method (see [4, 5]) is an adaptation of the BFGS method

to large-scale problems, the only difference is in the matrix update, for getting Hessian

inverse approximate Hk+1, instead of storing the matrices Hk, at every iteration xk the

method stores a small number, say m, of correction pairs {si, yi}, i = k − 1, ..., k − m,

where

sk = xk+1 − xk, yk = gk+1 − gk.

The standard BFGS correction with Hk have the following form:

Hk+1 = (V k)T HkV k + ρksk(sk)T ,

where ρk = 1
(yk)T sk and V k = I − ρkyk(sk)T . If we use the stored correction pairs, we get

Hk+1 = (V k)T [(V k−1)T Hk−1V k−1 + ρk−1sk−1(sk−1)T ]V k + ρksk(sk)T
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= (V k)T (V k−1)T Hk−1V k−1 + (V k)T ρk−1sk−1(sk−1)TV k + ρksk(sk)T

= · · ·
= [(V k)T · · · (V k−m+1)T ]Hk−m+1[V k−m+1 · · ·V k] + ρk+m−1[(V k−1)T

· · · (V k−m+2)T ]sk−m+1(sk−m+1)T [V k−m+2...V k−1] + · · · + ρksk(sk)T . (2.7)

These correction pairs contain information about the curvature of the function and, in

conjunction with the BFGS formula, define the limited memory iteration matrix.

To maintain the positive definiteness of the limited memory BFGS matrix, some re-

searches discard a correction pair [sk, yk] if the curvature (sk)T yk > 0 is not satisfied (see

[5]). Another approach was proposed by Powell [19, 20], they replace sk with a new (sk)′

by means of some relations.

3. Modified Algorithm

In order to ensure that the condition (sk)T yk > 0 of (2.7) holds for generally convex

functions, we discuss Ak(3) in the following two cases to show this motivation [30].

case i: If Ak(3) > 0, we have

(sk)T (yk +
Ak(3)

‖sk‖2
sk) = (sk)T yk + Ak(3) > (sk)T yk ≥ 0. (3.1)

case ii: If ρk < 0, we get

0 > Ak(3) = 2[f(xk) − f(xk + αkdk)] + (g(xk + αkdk) + g(xk))T sk

≥ −2(gk+1)T sk + (g(xk + αkdk) + g(xk))T sk

= −(sk)T yk, (3.2)

which means that (sk)T yk > 0 holds. Therefore, we present our modified L-BFGS formula

as follows

Hk+1 = (V k
∗ )T [(V k−1

∗ )T Hk−1V k−1
∗ + ρk−1

∗ sk−1(sk−1)T ]V k
∗ + ρk

∗s
k(sk)T

= (V k
∗ )T (V k−1

∗ )T Hk−1V k−1
∗ + (V k

∗ )T ρk−1
∗ sk−1(sk−1)TV k

∗ + ρk
∗s

k(sk)T

= · · ·
= [(V k

∗ )T · · · (V k−m+1
∗ )T ]Hk−m+1[V k−m+1

∗ · · ·V k
∗ ] + ρk+m−1

∗ [(V k−1
∗ )T

· · · (V k−m+2
∗ )T ]sk−m+1(sk−m+1)T [V k−m+2

∗ ...V k−1
∗ ] + · · · + ρk

∗s
k(sk)T , (3.3)

where ρk
∗ = 1

(yk∗ )T sk , V k
∗ = I − ρk

∗y
k
∗(s

k)T and yk
∗ = yk +max{Ak(3), 0}. If Ak(3) > 0 holds,

it is not difficult to see that the modified L-BFGS formula (3.3) contains both the gradient

and function value information at the current and the previous step. In the following, the

matrix Hk is generated by (3.3).
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Now we show how to define at each feasible point xk a search direction dk which can

be used in connection with the projected search. We first discuss the determination of

search directions based on guessing technique in [10]. We set the feasible region K =

{x ∈ �n : li ≤ xi ≤ ui, i = 1, ..., n}, a vector x ∈ K is said to be a stationary point for

problem (1.1) if it satisfies

⎧⎨
⎩

li = xi ⇒ ∇fi(x) ≥ 0,

li < xi < ui ⇒ ∇fi(x) = 0,

xi = ui ⇒ ∇fi(x) ≤ 0.

(3.4)

Strict complementarity is said to hold at x if the strict inequality hold in the first and the

third implication of (3.4). In order to introduce the procedure that estimate the active

bounds,let x ∈ �n be a stationary point of problem (1.1), and consider the associated

active constraint set

L = {i : li = xi}, U = {i : xi = ui} (3.5)

Moreover the set of the free variables defined by

F = {1, ..., n}\(L ∪ U).

Namely, instead of the condition (3.4), we get

⎧⎨
⎩

∇fi(x) ≥ 0 ∀i ∈ L,

∇fi(x) = 0 ∀i ∈ F ,

∇fi(x) ≤ 0 ∀i ∈ U.

(3.6)

Then it seems fairly natural to define the following approximation L(x), F (x) andU(x) to

L, F andU respectively:

L(x) = {i : xi ≤ li + ai(x)∇fi(x)},

U(x) = {i : xi ≥ ui + bi(x)∇fi(x)}, (3.7)

F (x) = {1, ..., n}\(L ∪ U),

where ai and bi are nonnegative continuous bounded from above on K, such that if xi = li
or xi = ui then ai(x) > 0 or bi(x) > 0, respectively. Other identified technique can be

consult to [2, 20]. The following results shows that L(x), F (x) and U(x) are indeed ”good”

estimate of L, F and U respectively.

Theorem 3.1 [Theorem 3 in [10]] For any feasible x, L(x) ∩ U(x) = ∅. Furthermore, if

x is a stationary point of problem (1.1) where strict complementarity holds, then there

exists a neighborhood of x such that for every feasible point x in this neighborhood we have

L(x) = L, F (x) = F , U(x) = U.
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Let xk ∈ k be the current point at iteration k. Consider the sets Lk = L(xk), F k =

F (xk) and Uk = U(xk), the subspace direction dk
F k is chosen as the search direction for

the inactive variables. Let Z be the matrix whose columns are {ei|i ∈ F k}, where ei is the

ith column of the identity matrix in �n×n, and Hk be an approximation of the full space

inverse Hessian matrix. Let H
k ∈ �|F k|×|F k| be an approximation of the reduced inverse

Hessian matrix, then H
k

= ZT HkZ. The search direction dk = (dk
Lk , d

k
F k, d

k
Uk) chosen as

dk
i = li − xk

i , i ∈ Lk; (3.8)

dk
i = ui − xk

i , i ∈ Uk; (3.9)

dk
i = −(ZH

k
ZT gk), i ∈ F k. (3.10)

The projected search has been used by several authors for solving quadratic and non-

linear programming problems with bound bounds on the variables (see [1, 3, 20]). The

projected search requires that a steplength, αk > 0, which produces a sufficient decrease

in the function φk : � → � defined by

φk(α) = f([xk + αdk]+)

where [·]+ is the projection into K defined by

[x]+ =

⎧⎨
⎩

xi if li ≤ xi ≤ ui,

li if xi < li,

ui if xi > ui.

(3.11)

The sufficient decrease condition requires that αk > 0 satisfy

φk(α) ≤ φk(0) + σ∇φk(0)α, (3.12)

where σ ∈ (0, 1
2
).

Lemma 3.1 If Hk is positive definite, then dk defined by (3.8)-(3.10) satisfies

(dk)T gk ≤ 0 (3.13)

Proof. By the definition of search direction dk, (3.8)-(3.10), we get

(dk)T gk =
∑
i∈Lk

(li − xk
i )g

k
i +

∑
i∈Uk

(ui − xk
i )g

k
i +

∑
i∈F k

−gk
i (ZH

k
ZTgk)i ≤ 0

The above relation follows the positive definite of Hk (so H
k
) and the definition of the

active set (3.7), which also indicate (dk)T gk = 0 if and only if dk = 0. �

Lemma 3.1 shows that whenever dk �= 0, it is at least a descent direction for objective

function f(x) at current point xk, the property is very important to establish our global

convergence.
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If the limited memory update is used in the bounded constrained optimization prob-

lems, the set of active constraints should be changes at first finite steps. One approach is

to store {sk, yk
∗}k

k−m+1, and update it as a full matrix, and reduced in the free subspace.

This is very costly for even moderately large problems. Another approach of updating

Hk is to use only reduced gradient and projected steps, but too much information may

be cost.

In our numerical experiments, we used the approach based on the recursive BFGS

update that does that discard information corresponding to that part of the inactive set

that is not changed. At each iteration, we stores the sequence {sk} and {yk
∗} according

to the reduced gradient and projected steps.

Algorithm 1 Update (ns, {sk},{yk
∗},H0,d,Z)

Step 1: d = Z ′d;

Step 2: if ns = 0, d = H0d;return;

Step 3: α = sT
ns−1d/yT

ns−1s
k
ns−1; d = d − αyk

ns−1;

Step 4: call Update (ns − 1, {sk},{yk
∗},H0,d,Z);

Step 5: d = d + (α − (dT yk
ns−1/y

kT
ns−1s

k
ns−1))s

k
n−1;

Step 6: d = Z ′d.

where ns ≤ m is the number of the correction pairs. Note that we reinitialize to zero, when

(yk
∗)

T sk ≤ 0. Now we state the algorithm for solving the bound constrained optimization

problems (1.1) and call it projected active set limited memory BFGS (PAS-L-BFGS)

algorithm.

Algorithm 2 (PAS-L-BFGS Algorithm)

Step 1: Given starting point x0 ∈ K,constant σ ∈ (0, 1
2
) and m ∈ (3, 20), the ”basic

matrix” θI, nonnegative continuous ai(x) and bi(x) ; compute f(x0), ∇f(x0) and set

k = 0.

Step 2: Initialize. Determine Lk = L(xk), Uk = U(xk), and F k = F (xk) according to

(3.7).

Step 3: Determine the search direction. Compute dk from (3.8)-(3.10).

Step 4: Stopping test. If dk = 0 ,stop; otherwise ,continue.

Step 5: Backtracking line search . Using the projected line search rule which find αk

satisfy (3.12).

Step 6: Accept the new point. Set xk+1 = [xk +αkd
k]+. Compute f(xk+1) and ∇f(xk+1).

Step 7: Update. Update Hk by meas of (2.7).

Step 8: Continue with the next iteration. Increase the iteration counter k = k + 1 and

go to back to Step 2.

4. Global Convergence

In order to get the global convergence of Algorithm 2, we need the following assumption.
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Assumption A. There exists positive scalars ρ1, ρ2 such that any matrix H
k
, k =

1, 2, ..., satisfies

ρ1‖z‖2 ≤ ZT H
k
Z ≤ ρ2‖z‖2, for all nonzero z ∈ R|F k|.

Lemma 4.1 Assume that dk �= 0 and let dk be the search direction from (3.8)-(3.10),

then

min{1, ‖u − l‖∞
‖dk‖∞ } ≥ βk ≥ min{1, εk

‖dk‖∞} (4.1)

where εk = min{|ai(x
k)gi(x

k)|, |bi(x
k)gi(x

k)|, i ∈ F k, gi(x
k) �= 0} and βk = sup0≤γ≤1{γ|l ≤

xk + γdk ≤ u}.
Proof. From the definition of βk, xk and xk + βkdk are feasible points of (1.1), we have

‖βkdk‖∞ ≤ ‖u − l‖∞.

So the first part of (4.1) is true.

Now we prove that the second part of (4.1) holds. It is sufficient to show that

xk
i + βdk

i ∈ [li, ui] (4.2)

for all i = 1, ..., n, where β = min{1, εk

‖dk‖∞}. If i ∈ L(xk), it follows from definition (3.8)

that xk
i + dk

i = li, similarly for i ∈ U(xk). If i ∈ F (xk), we get

xk
i > li + ai(x

k)∇fi(x
k),

xk
i < ui + bi(x

k)∇fi(x
k).

Suppose that there exists an i ∈ F k such that ∇fi(x
k) < 0, by the definition (3.10), we

get dk
i > 0, thus

ui > xk
i + (−bi(x

k)∇fi(x
k)) ≥ xk

i + εk
dk

i

‖dk
i ‖∞

≥ xk
i + βdk

i .

Similarly, for ∇fi(x
k) > 0, we have xk

i + βdk
i ≥ li. When i ∈ F (xk) and gi(x

k) = 0, the

conclusion is obvious. Therefore we have shown that (4.2) holds for all i = 1, ..., n. The

proof is complete. �

Lemma 4.2 Let xk ∈ K and dk is the direction defined by (3.8)-(3.10), then we have

‖dk‖2 ≤ −γ∇f(xk)T dk, (4.3)

for some positive scalar γ.
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Proof. Since H
k

is a symmetric positive definite matrix, from (3.10), we get

dk
F k = −(ZH

k
ZT gk)F k .

Assumption A yields

ρ1‖dk
F k‖2 ≤ −∇fF k(xk)T dk

F k ≤ ρ2‖dk
F k‖2,

thus

∇fF k(xk)T dk
F k ≤ −ρ1‖dk

F k‖2. (4.4)

Now we show that there exists a positive scalar γi satisfying

∇fi(x
k)T dk

i ≤ −γi(di)
2, (4.5)

for each i ∈ Lk ∪Uk. If dk
i = 0 the inequality holds trivially. So suppose that dk

i �= 0. We

only show the inequality for i ∈ Lk, since the case of i ∈ Uk is analogous.

Considering xk ∈ K and dk
i = li−xk

i for each i ∈ Lk, then all nonzero dk
i must be negative.

Then it follows from the definition of the set Lk that

ai(x
k)∇fi(x

k) ≥ −dk
i . (4.6)

If ai(x
k) = 0 then xk

i = li and this implies dk
i = 0, so ai(x

k) > 0. Then ai(x
k) > 0, dk

i < 0,

from (4.6), we have

∇fi(x
k)T dk

i ≤ − 1

ai(xk)
(dk

i )
2.

but ai(x
k) is bounded from above on K, whence there exists

ξi ≥ sup
l≤x≤u

ai(x) > 0

and (4.5) holds with γi = 1/ξi. So some positive constant exist shows our claims. This

completes the proof. �

Lemma 4.3 Let xk, dk be given iterates of Algorithm 2. Then xk is a KKT point of

(1.1) if and only if dk = 0.

Proof. Let dk = 0. If i ∈ Lk, by (3.7) and (3.8), we get

0 = dk
i = li − xk

i ≥ −ai(x
k)∇fi(x

k).

Since xk
i = li, ai(x

k) > 0, whence ∇fi(x
k) ≥ 0. On the other hand, for each i ∈ Uk, we

have

0 = dk
i = ui − xk

i ≤ −bi(x
k)∇fi(x

k),
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whence ∇fi(x
k) ≤ 0. If dk

F k = 0, by

dk
i = −(ZH

k
ZT gk)i, i ∈ F k.

Since H
k

is a positive definite matrix, we must have ∇fi(x
k) = 0.

Suppose that xk is a stationary point of on k. Hence it follows from (3.4) and (3.6) that

Lk = {i : xk
i = li}, F k = {i : li < xk

i < ui}, Uk = {i : xk
i = ui}.

Thus, by (3.8) and (3.9), dLk = dUk = 0. Since ∇fF k(xk) = 0, H
k

is a positive definite

matrix, and (3.10), Then dF k = 0. Therefore dk = 0. The proof is complete. �

By Lemmas 3.1 and 4.3, we know that dk is a descent direction if xk is not a KKT

point. Similar to [25], it is not difficult to get the global convergence theorem of Algorithm

2. Here we also prove it as follows.

Theorem 4.1 Suppose that Assumption A holds. Let xk, dk, and H
k

be computed by

the Algorithm 2 for solving the problem (1.1) and assume that f(x) is twice continuously

differentiable in K and, there exists a positive constant γ1 such that ‖ZT H
k
Z‖ ≤ γ1 for

all k. Then every accumulation point of {xk} is a KKT point of the problem (1.1).

Proof. In view of Lemma 4.2, we get

‖dk‖2 ≤ −γ∇f(xk)T dk.

Further,

‖dk‖2 = ‖ZH
k
ZT gk‖2 +

∑
i∈Lk

(li − xk
i )

2 +
∑
i∈Uk

(ui − xk
i )

2

≤ γ1‖gk‖2 +
∑
i∈Lk

(ai(x
k)∇fi(x

k))2 +
∑
i∈Uk

(bi(x
k)∇fi(x

k))2

= (γ1 + μk)‖gk‖2 ≤ (γ1 + μk)η1, (4.7)

where η1 = maxx∈K ‖gk‖2 and μk =
∑

i∈Lk(ai(x
k))2 +

∑
i∈Uk(bi(x

k))2. By (4.1) and (4.7),

there exists a constant β ∈ (0, 1) such that

βk ≥ β, ∀ k. (4.8)

If αk < 0.1β, from the definition of αk there exists j ≥ 0 satisfying αk,j ≤ 10αk, and αk,j

is an unacceptable steplength, which means that

f(xk) + σαk,j(g
k)T dk ≤ f(xk + αkd

k) ≤ f(xk) + αk,j(g
k)T dk +

1

2
η2α

2
k,j‖dk‖2, (4.9)

where η2 = maxx∈K ‖∇2f(x)‖.
The above inequality and (4.3) imply that

αk,j ≥ −2(1 − σ)(gk)T dk

η2‖dk‖2
≥ 2(1 − σ)

η2γ
. (4.10)
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Thus αk ≥ 0.1αk,j and the above inequality yields to

αk ≥ min{−(1 − σ)

5η2γ
, 0.1β} > 0, ∀ k. (4.11)

Because k is a bounded set,

∞ >
∞∑

k=1

(f(xk) − f(xk+1)) ≥
∞∑

k=1

−σαk(g
k)T dk. (4.12)

Combining (4.11) and (4.12), we obtain

∞∑
k=1

−(gk)T dk < ∞ (4.13)

this means

lim
k→∞

(gk)T dk = 0. (4.14)

Using (4.14) and

(dk)T gk = −(gk)T ZH
k
ZT gk +

∑
i∈Lk

(li − xk
i )g

k
i +

∑
i∈Uk

(ui − xk
i )g

k
i ,

therefore, we get

lim
k→∞

‖ZT gk‖ = 0. (4.15)

lim
k→∞

∑
i∈Lk

(li − xk
i )g

k
i = 0. (4.16)

lim
k→∞

∑
i∈Uk

(ui − xk
i )g

k
i = 0. (4.17)

Let x be any accumulation point of {xj}, then there exists a subspace {xki} (i = 1, 2, ...)

satisfying

lim
k→∞

xki = x. (4.18)

By (3.5) and (3.6), if x is not a KKT point, there exists j ∈ J (or j ∈ U) such that

gj(x) < 0 (or gj(x) > 0) (4.19)

or there exists j ∈ F satisfying

gi(x) �= 0 (4.20)

For some j ∈ F , if (4.20) holds. By ((4.15)-(4.17)), for all sufficiently large i, we have

j ∈ L(xki) ∪ U(xki) ∪ F (xki), it is impossible. The proof is complete. �
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5. Numerical Results

This section reports detailed results on a set of test problems from CUTE (Conn et al.

[8]) by Algorithm 1. Problems EDENSCH and PLENTY 1 were from [5]. All codes

were written in MATLAB 7.5 and run on PC with 2.60GHz CPU processor and 480MB

memory and Windows XP operation system. In paper [25], the authors propose a new

subspace L-BFGS method (called XW-method) for (1.1), numerical results shows that

their method is competitive to PAL-BFGS method that is the projected BFGS method

PROJBFGS [13]. Then we will test these problems by our presented method against the

method of Xiao and Wei [25]. The following stop rule and parameters are the same as

Xiao and Wei [25]. We will stop this program if the condition

‖PΩ(xk −∇f(xk)) − xk‖ ≤ 10−5.

Choosing σ = 10−1 in Armijo line search, ai(x) = bi(x) = 10−5 in (3.7), θ = 1 and the

”basic matrix” to be the identity matrix I in the limited memory BFGS method, and

m = 5. In the L-BFGS update (2.7) of [25], the update rule in [22] will be used. The

columns of the table have the following meaning:

Problem: name of the test problem.

Dim: the dimension of the problem.

NI: the total number of iterations.

NF: the iteration number of the function evaluations.

Time: cpu time in seconds.

TABLE 1

Test results for Algorithm 1 and XW-method

XW-method Algorithm 1

Problem Dim NI/NF/Time NI/NF/Time

NONSCOMP 1000 19/37/5.637487e+000 6/15/1.106377e+000

EXPLIN 500 44/61/2.997471e+000 19/37/2.376656e+000

EXPLIN2 1000 110/127/1.535500e+001 104/173/1.552215e+001

EXPQUAD 500 8/9/6.827298e-001 8/9/6.750947e-001

MCCORMCK 1000 2/3/5.549596e-001 3/15/7.082210e-001

PROBPENL 500 9/25/7.762503e-001 2/4/3.413140e-001

QRTQUAD 1000 331/332/4.420028e+001 352/353/4.653462e+001

HATFLDC 1000 53/106/7.697684e+000 42/84/5.952208e+000

HS110 500 0/1/1.752058e-001 0/1/1.776128e-001

BIGGSB1 1000 1/2/3.501677e-001 1/2/3.488427e-001

HATFLDA 500 10/22/8.141783e-001 12/22/8.881171e-001

EDENSCH2 500 6/8/5.633389e-001 1/2/2.818517e-001

EDENSCH3 1000 3/5/6.952280e-001 2/3/5.085141e-001

EDENSCH5 1000 12/89/2.639427e+000 40/263/6.938283e+000

PENALTY1 500 60/107/3.618748e+000 34/98/2.142757e+000

PENALTY1 1000 9/97/2.141580e+000 4/46/1.332802e+000

PENALTY1 1000 9/73/1.726358e+000 1/29/8.641336e-001

PENALTY1 1000 9/97/2.115441e+000 4/46/1.334251e+000

The numerical results indicate that the Algorithm 1 performs better than the XW-method

does for the test problems from the table 1. Moreover, for most problems, the number of

the iterations and the function iteration on Algorithm 1 is less than those of the normal

L-BFGS method.

Acknowledgments. The authors would like to thank Professor Y. H. Xiao of Henan

University for providing us the CUTE test problems.
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