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Abstract. Lagrangian relaxation is commonly used to generate bounds for

mixed-integer linear programming problems. However, when the number of

dualized constraints is very large (exponential in the dimension of the primal
problem), explicit dualization is no longer possible. In order to reduce the dual

dimension, different heuristics were proposed. They involve a separation pro-

cedure to dynamically select a restricted set of constraints to be dualized along
the iterations. This relax–and–cut type approach has shown its numerical effi-

ciency in many combinatorial problems. We show primal-dual convergence of

such a strategy when using an adapted subgradient method for the dual step.

1. Introduction

We consider the following optimization problem:

(1) (P) :


max
p

C(p)

p ∈ Q ⊆ IRmp

gj(p) ≤ 0 , j = 1, ..., n .

Our analysis covers two situations. First, it includes the case where (P) is a
mixed-integer linear program (MILP), which is the framework where the Dynamic
Lagrangian Relaxation appears in the literature. However, we may also consider a
general convex program. The following assumptions resume this alternative :

(2)

MILP Convex
C : IRmp → IR affine concave
gj : IRmp → IR affine convex
Q convQ compact compact


Our interest lies in applications where the number n is a huge number, possibly

exponential in the primal dimension mp. Introducing the notation L = {1, . . . , n},
a problem dual to (1) is

(3) (D) : min
x≥0

f(x) , where f(x) := max
p∈Q

C(p)−
∑
j∈L

gj(p)xj


is the dual function, possibly nondifferentiable. To ensure that the dual problem
has a solution, we also require satisfaction of a Slater–type condition on the primal
problem. Namely, there exists p0 ∈ convQ such that gj(p0) < 0 for all j = 1, . . . , n.
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France. The work of the second author was partially supported by a research contract with EdF,
CNPq Grant No. 303540-03/6, PRONEX-Optimization, and FAPERJ..

1
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We recall that regarding the assumption (2), any algorithm involving the dual
(D) can at best generate primal points solving a convexified form of the primal
problem (P) (see [LR01] and references therein):

(4) (P)conv :


max
p

C(p)

p ∈ convQ ⊆ IRmp

gj(p) ≤ 0 , j = 1, . . . , n ,

where Q from (1) is replaced by its convex hull convQ. If the primal problem is
convex, (P)conv is nothing else but the primal itself.

Lagrangian relaxation is a common framework to compute bounds for complex
mixed integer linear programming problems. The interest in solving problems with
an exponential number of hard-constraints has recently grown. In this context, a
complete dualization may be untractable or not computationally affordable. To
overcome this difficulty, various heuristic approaches have been proposed, using a
partial Lagrangian relaxation. In such methods only a subset J of the constraints
is taken into account to build up the dual function

(D)J :
{

minx f(x)
x ≥ 0, xL\J = 0.

The subset of dualized constraints is updated along the process, yielding a relax and
cut process or dynamic Lagrangian relaxation. In such a setting, the dual function
is not fixed anymore and classical dual convergence analysis cannot be applied: a
new primal–dual analysis must be developed instead.

The dynamic Lagrangian relaxation ideas can be traced back to the 80’s with
the Restricted Lagrangian Approach of Balas and Christofides [BC81] for the Trav-
eling Salesman Problem. Other contributions have been given by Gavish [Gav85]
for the Centralized Network Design, by Escudero, Guignard and Malik [EGM94]
for the Sequential Ordering Problem, and by Hunting, Faigle and Kern for the
Edge-weighted Clique Problem. [HFK01]. Good numerical results are reported for
different large-scale combinatorial problems by Lucena et al. (e.g. [Luc92] and
[Luc05]).

Essentially, all of these methods involve two main phases, one dual and the other
one primal. While the dual block searches for optimality, the primal blocks aims at
feasibility in (4). A third block, sometimes referred to as separation step but called
“constraints management” step here, is in charge of coordinating the primal and
dual phases.

The main steps performed by each block shown in Fig. 1 are the following:
Dual block: Having an index set J , defines a dual direction and stepsize, to pro-
duce a new multiplier x+, with x+

L\J = 0.

Primal block: Having a multiplier x+, evaluates the dual function, to find a new
primal point p+ and defines a new convex primal point π̂+.
Constraints Management block: Having the new dual-primal information, uses
the dual point to drop some constraints of the index set J and selects new con-
straints violated by the primal point to define a new index set J+.
In this type of methods, the separation oracle used to find violated inequalities

in the constraints management step is of prior importance. Consider, for example,
a dynamic method that makes a subgradient dual iteration. The previous primal
iteration gave a primal point p satisfying f(x) = C(p) −

∑
j gj(p)xj , and the new
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Primal Block
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Constraint Management

Index Set J+ Primal point π̂+

Dual Block

Figure 1. Dynamic Lagrangian Relaxation Scheme

dual iterate x+ is defined by projecting x+ λg(p) on the dual feasible set {x ≥ 0 :
xL\J = 0}. If the separation procedure is applied to p, and this procedure finds that
no constraint out of J is violated by p, this means that x+ is also the projection of
x+ λg(p) on the positive orthant. In other words, x+ would correspond to a dual
iterate in the static setting, that has a known convergence theory.

A first näıve approach, reflecting this reasoning, would be to require from the
separation oracle to be able to find all constraints violated by any given primal
point. This apparently convenient requirement, however, is exceedingly strong for
combinatorial problems. Typically, separation procedures can find some of the
constraints violated by a point, but not all of them. At best, for some classes of
(easier) problems, the most violated constraint can be found. This is the so-called
“maximum violation” oracle. For other problems, only heuristic procedures can be
designed, and there is no guarantee of exact separation. Along the lines of [BS08],
we focus here on smart separation oracles, that not only include the maximum
violation oracle, but also some heuristic techniques, cf. (13) below.

The scheme in Fig.1 is very broad and comprehensive. In [BC81], [Gav85], and
[EGM94], the dual phase proceeds to a full dual resolution by subgradient methods
between two updates of the working index set J . By contrast, the nondelayed
relax and cut method of [Luc92] and [Luc05] updates constraints indices “on the
fly” along iterations, without waiting for the full dual resolution of the relaxed
restricted dual problem. More recently, more robust algorithms have been employed
for the dual phase, like bundle methods in [FLR06] and [Hel04], or analytical center
cutting planes method in [BdMV06]. Except for [Hel04], no convergence theory was
developed for such methods. In [Hel04], the theory covers a spectral bundle method
for the dual phase, provided a maximum violation oracle is used at the separation
step and no constraints are dropped at null steps. In [BS08], general primal–dual
convergence results are given for a dynamic method using a bundle algorithm for
the dual iterations, with minimal assumptions on the separation procedure.

In view of the wide application of subgradient methods, we are interested here in
obtaining similar results when a subgradient algorithm is used for the dual phase.



4 GRÉGORY EMIEL AND CLAUDIA SAGASTIZÁBAL

It is important to stress the fact that the dynamic Lagrangian relaxation can
be interpreted as a column generation algorithm applied to the dual of (1). Col-
umn generation ([DW60],[GG61] and the more recent survey [Lue01]) is a powerful
technique to solve large scale linear programs. However, these methods are often
problem–dependent, in the sense that they require customization to each particu-
lar application when choosing the entering columns. To ensure convergence of the
algorithm to the optimal dual solution, no general rule is given on which column
should be added.

The paper is organized as follows. In section 2 we give some preliminary results
on dynamic subgradients without any requirement on the constraint management
block. Section 3 address the problem of selecting the index set of dualized con-
straints. In section 4 we present our convergence results. We conclude with some
remarks.

Our notation is fairly standard. The Euclidean inner product between two vec-
tors x and y is denoted by 〈x, y〉 and the norm |x| = 〈x, x〉. We sometimes write
xJ to refer to a subset J of components of a vector x ∈ IRn.

2. Preliminary primal-dual results and basic facts

Subgradient methods provide a simple yet efficient approach to solve dual prob-
lems arising from Lagrangian relaxation. They were first studied by Ermoliev
[Erm76] and Polyak [Pol87]. Primal recovery procedures based on averaging of past
subgradients were introduced by Nemirovskii and Yudin [NY78] and Shor [Sho85].
This technique has been later on computationally tested and completed by Sherali
and Choi [SC96], Larsson et al. [LPS99], Kiwiel [Kiw03] among others. Recently,
Nedič and Ozdaglar [NO07] gave estimates on the convergence rate of the primal
averaged sequence when using a dual subgradient with constant stepsize.

We start by giving intermediate primal-dual results extending to the dynamic
setting previous results in [SC96], [LPS99], and [Kiw03].

2.1. Subgradient iterates in a dynamic setting. Keeping Fig. 1 in mind, we
consider an algorithmic pattern which has its `th iteration defined by the dual and
primal blocks given below.
Dual block: Given the current dual iterate x`, a primal point p` ∈ Q such that
f(x`) = C(p`)−

〈
x`, g(p`)

〉
(and, hence, the subgradient −g(p`) ∈ ∂f(x`)) is avail-

able. Having a working index set J`, and a dual stepsize λ` > 0, the new dual
iterate is

x`+1 := proj
{x≥0:xL\J`

=0}

(
x` + λ`g(p`)

)
= x` + λ`(g(p`)− ν`).

Accordingly, the normal vector ν` has the expression

(5) ν`j =
{

min
(
0, 1

λ`
x`j + gj(p`)

)
if j ∈ J` ,

gj(p`), otherwise.
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Primal block: Evaluates the dual function at x`+1, to find a new primal point p`+1.
Defines a new convex primal point

π̂`+1 =
`+1∑
i=0

ωp
`+1
i pi,

using primal weigths ωp
`
i , which satisfy for each ` the relations

(6) ωp
`
i ≥ 0 for i = 0, . . . , ` and

∑̀
i=0

ωp
`
i = 1.

The Constraints Management block, defining the next working index set J`+1,
is given below, in § 3. Without further specifying this third block, it is possible to
state some preliminary results that will be useful in the sequel.

2.2. Primal intermediate results. In a static setting, subgradient methods pro-
vide a simple way to construct a convergent primal sequence by averaging all past
primal information in an ergodic sum. The results below, relating primal weights
ωp

`
i from (6) with dual stepsizes λi, basically follow [SC96], [LPS99], [Kiw03], and

are also valid in our dynamic setting.

Proposition 2.1. Given primal weights (ωp
`
i)
`
i=0 as in (6) and dual stepsizes

(λi)`i=0, let the corresponding primal-dual weights be defined as

ωpd
`
i :=

ωp
`
i

λi
for ` ≥ 0 , i = 0, 1, . . . , ` .

The following holds for any sequence {y`} converging to y? ∈ IRn:
(i)If for any i0 ≥ 0, lim`→∞,`>i0 ωp

`
i = 0, then

lim
`→∞,`>i0

(
∑̀
i=i0

ωp
`
iy
`) = y?.

(ii)If

(7)
ωpd

`
i ≥ ωpd

`
i−1 for all ` and i such that ` ≥ i > 0

ωpd
`
0 → 0 and maxi=1,...,`(ωpd

`
i − ωpd

`
i−1)→ 0 as `→∞

}
then

ωpd
`
i → 0 and ωp

`
i → 0 as `→∞ for all i = 0, . . . , ` .

(iii)If, in addition to (7),

(8) ∃ω̄pd > 0 such that ωpd
`
` < ω̄pd for all ` ≥ 0 ,

then, for any i0 ≥ 0,∑̀
i=i0

ωpd
`
i(y

i+1 − yi)→ 0 as `→∞ .

Proof. Item (i) is known as Silverman-Toeplitz’s theorem in e.g. [DS88].
To show item (ii), let first show recursively that ωpd

`
i → 0 as ` → ∞. By (7), the

relation holds for i = 0: ωpd
`
0 → 0. Suppose now that the relation holds for some

i ≥ 0. Then, by (7),
(
ωpd

`
i+1 − ωpd

`
i

)
→ 0 as `→∞. Hence, we get ωpd

`
i+1 → 0 for

any i ≥ 0. Now, since ωpdi,` =
ωpi,`

λi
, we deduce that ωp

`
i → 0 as ` → ∞, for any
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i ≥ 0, as desired.
For the proof of the final item, we refer to [SC96, Thm 1]. �

The primal convex weights sequence from (6) can be considered as an extension
of the traditional ergodic sequence, introduced by [Sho85], where

ωp
`,[Sho85]
i :=

λi∑`
j=0 λj

and ωpd
`
i , [Sho85] =

1∑`
j=0 λj

.

In this case, assumptions (7) and (8) hold trivially. The interest of considering a
broader setting is that it is possible to use for example ωp

`
i := 1

` , a choice that gives
more weight to more recent subgradients.

2.3. Dual intermediate results. Associated with the primal weights of (6), we
define the following ergodic objects, relevant for the dual block:

ŝ` := −
∑`
i=0 ωp

`
ig(pi) (ergodic subgradient)

ν̂` :=
∑`
i=0 ωp

`
iν
i (ergodic normal element)

f̄`(x) :=
∑`
i=0 ωp

`
i

(
f(xi)− 〈g(pi), x− xi〉

)
(ergodic model for f)

We now give some basic relations for various dual objects.

Proposition 2.2. With the definitions above, the following holds.
(i)The sequences {ŝ`} and {ν̂`} are bounded.
(ii)The affine model f̄` is a lower approximation for f , and

(9) f̄`(x) =
∑̀
i=0

ωp
`
iC(pi) + 〈ŝ`, x〉 .

(iii)For any x ≥ 0 such that xL\J`+1 = 0

(10) |x`+1 − x|2 ≤ |x` − x|2 + |λ`g`|2 + 2λ`〈g`, x` − x〉.

If, in addition f(x) < f(x`),

(11) |x`+1 − x|2 < |x` − x|2 + λ2
` |G|2

where the vector G has components Gj = maxp∈Q |gj(p)|, for j = 1, . . . , n.

Proof. The sequence {g(pi)} is bounded, because convQ is assumed to be bounded
by (2). From (5), for j ∈ Ji, |νij | = |min

(
0, 1

λi
xij + gj(pi)

)
| ≤ |gj(pi)|, since xij ≥ 0.

For j /∈ Ji, νij = gj(pi). Hence |νij | ≤ Gj for any j ∈ L. Therefore, the sequence
{νi} is bounded. The sequences {ŝ`} and {ν̂`} are obtained as convex combinations
of sequences {g(pi)} and {νi}, respectively. Therefore, |ŝ`j | ≤ Gj and |ν̂`j | ≤ Gj for
any j ∈ L.
Item (ii) follows from the definition of the ergodic model, recalling that −g(pi) ∈
∂f(xi).
Finally, the first inequality in item (iii) is well-known in the static setting and the
proof is essentially the same here. However, the result holds only for x ≥ 0 satisfying
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xL\J`+1 = 0. More specifically, in the expansion below, the nonexpansivity of the
projection yields the relations

|x`+1 − x|2 = | proj
J`+1

(
x` + λ`g

` − x
)
|2

≤ |x` + λ`g
` − x|2

= |x` − x|2 + |λ`g`|2 + 2λ`〈g`, x` − x〉 .
Finally, (11) is straightforward, using the subgradient inequality to show that the
last right hand side term in (10) is nonpositive. �

We now state a dynamic version of results in [SC96] and [LPS99].

Lemma 2.3. Consider a dynamic subgradient setting with dual and primal blocks
as in § 2.1. Suppose the primal weights sequence {ωp

`
i} satisfies (6), and the dual

stepsizes sequence is vanishing: λ` → 0 as ` → ∞. Assume that (8) holds for
the associated primal–dual weights {ωpd

`
i}. If there is some x∞, not necessarily

optimal, such that x` → x∞, then

(12a) ŝ` + ν̂` → 0 ,

(12b) 〈ν̂`, x`〉 → 0 ,

(12c) f̄`(x`)→ f(x∞) .

as `→∞.

Proof. The relation in (12a) follows from observing that ŝ` + ν̂` =
∑`
i=0 ωpd

`
i(x

i −
xi+1) and applying item (iii) in Proposition 2.1. We denote the set of asymptoti-
cally active indices J∞ := {j ∈ L : x∞j > 0} .
To show (12b) note that, since x` → x∞, there exists some iteration `′ such that
xJ∞ > 0 for any ` > `′. As a result, for any ` ≥ `′, ν`J∞ = 0. Hence, by item (i) in
Proposition 2.1, ν̂`j → 0. Furthermore, for j ∈ L\J∞ x`j → 0, and {ν̂`j} is bounded.
Hence, (12b) follows.
To show (12c), we start by splitting the sum defining the ergodic model in three
terms, with 0 < k < `:

f̄`(x∞) =
∑̀
i=0

ωp
`
i

(
f(xi)− 〈g(pi), x∞ − xi〉

)
=

∑̀
i=0

ωp
`
if(xi)−

k∑
i=0

ωp
`
i〈g(pi), x∞ − xi〉 −

∑̀
i=k

ωp
`
i〈g(pi), x∞ − xi〉.

As ` → ∞, from item (i) in Proposition 2.1, we see that the first right hand side
term goes to f(x∞) while the second term goes to 0. As for the third term, it can
be bounded below using (10):

−
∑`
i=k ωp

`
i〈g(pi), x∞ − xi〉 ≥

1
2

∑`
i=k ωpd

`
i

(
|xi+1 − x∞|2 − |xi − x∞|2

)
− 1

2

∑`
i=k ωp

`
iλiG

2 .

In this expression, both right hand side terms go to 0, by items (iii) and (i) in
Proposition 2.1. It follows that lim f̄`(x∞) ≥ f(x∞), which together with item (i)
yields that f`(x∞) → f(x∞). Finally, since f̄`(x`) = f̄`(x∞) + 〈ŝ`, x` − x∞〉 and
〈ŝ`, x` − x∞〉 → 0, we obtain that f̄`(x`)→ f(x∞), as desired. �
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All the results stated so far depend only on the dual and primal blocks in the
dynamic setting. In particular, (12c), together with (9), and the concavity of C
in (2), implies that C(π̂acc) ≥ f(x∞) for any accumulation point π̂acc of {π̂`}. If
furthermore this accumulation point was feasible for the convexified primal problem
(P)conv, by weak duality we would obtain an optimal primal–dual pair solving
((P)conv, (D)). For this purpose, assumptions on the Constraints Management
block and its separation procedure will be of central importance.

3. Choosing index sets

In the dynamic scheme of Fig. 1, primal and dual phases are coordinated by the
constraints management block, that we detail below.

In order to define the next working set, the constraints management block finds
new constraints to dualize and drops some indices from the current working set. For
the first aim, we assume that a Separation Oracle, detecting violated inequalities
not already included in the working index set, is available. Specifically, a Separa-
tion Oracle is a procedure SepOr that, given a primal point p ∈ IRmp , identifies
inequalities violated by p, i.e., some index j such that gj(p) > 0 for j in a subset
of L. The output of the procedure is a set of indices which can be empty only
if no inequality is violated. In Combinatorial Optimization, this corresponds to
having an exact separation algorithm for the family of inequalities defined by the
hard constraints.

With these elements, the third block of the dynamic setting has the following
structure.
Constraints Management block: Having the new convex primal point π̂`+1 and the
working index set, calls the separation procedure to find indices to be included in
the next working set:

I` ⊂ SepOr(π̂`+1).

Having the new dual information, possibly drops inactive constraints, defining the
set of removed indices O`.
The new working set is defined as J`+1 := (J`\O`) ∪

(
I`\J`

)
.

For the dynamic scheme to be convergent, each part of the constraints man-
agement block must satisfy some assumptions that will be referred to as “smart
oracles” and “good steps”.

3.1. Smart oracles. The “maximum violation oracle” is a standard example of
separation oracle. It defines SepOr(p) as a subset of{

j ∈ L : gj(p) = max
l∈L
{gl(p) > 0}

}
.

Depending on the application, other separating procedures may be preferable. In
many cases, the particular structure of Q and g can be exploited so that the Sep-
aration Oracle reduces to solving a simple optimization problem. Nevertheless,
there are families of inequalities for which no efficient exact separation procedure
is known so far. For this reason, along the lines of [BS08], we make the following
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minimal assumptions on the separation oracle:

(13)

given a fixed number β > 0 and the working set J ,
SepOr(p) ⊆ J =⇒ for all l ∈ L\J ,{

either gl(p) ≤ 0
or gl(p) > 0 but there is j ∈ J : gl(p) ≤ βgj(p).

The maximum violation oracle satisfies this assumption with β = 1, but other
choices are also possible. In fact, any violated inequality can be separated. More-
over, if many inequalities are returned by the Separation Oracle, any nonempty
subset of such inequalities can be used. This is a feature of practical interest when
using heuristic approaches, either because no exact separation procedure is avail-
able, or because there are inequalities that appear as “more promising” for some
reason, intrinsic to the nature of the problem. For instance, any efficient approxi-
mation algorithm for the maximum violation oracle problem could be used to define
a separation oracle that satisfies (13). Finally, even if an exact separation oracle is
available, it may still be interesting to start the process with some fast heuristic,
to increase the overall efficiency of the method.

3.2. Removal at Good steps. In nonsmooth optimization, subgradients meth-
ods are of the nonmonotone type, the sequence of objective values {f(x`)} is not
decreasing. We are interested in a subsequence with decreasing objective values,
defined by the so-called record points, for which we use the notation fkrec := f(xkrec),
with k = k(`). To each iteration ` corresponds a record point xk(`)

rec with the current
best value function, generated at some past iteration.

Asymptotically, constraints will be dropped from the index set only for a subse-
quence of record points, called of good steps. Good steps are declared according to
the following rule, depending on a positive real parameter ηk
(14)

If

 f(x`+1) < f
k(`)
rec

and I` ⊆ J`
and maxJ`

{
ν̂`j
}
≤ ηk

; then ` is a good step, denoted ` ∈ Lg .

Remark 3.1. In a static setting, the last two conditions in (14) are always satisfied.
Indeed, if J` ≡ L, from (5) νij ≤ 0 for all j ∈ L, so ν̂`j ≤ 0 for all j ∈ L. Hence, in
the static case, good steps are nothing but record points.

Giving a nonnegative integer `rem, the set of removed indices is defined as follows:

(15) O` =
{
{j ∈ J` : x`+1

j = 0} if ` is a good step or ` ≤ `rem
∅ otherwise.

The parameter `rem makes the algorithm highly flexible. At initial iterations, i.e.,
far from a solution, constraints are always dropped from the working index set.
Subsequently, at later iterations, the algorithm becomes more cautious about con-
straints removals, allowing them only at special iterations, deemed good enough.
Similar conditions are required in the dynamic bundle method in [BS08], where
constraints are dropped only at the so-called serious steps.

With this setting, there are two mutually exclusive situations: either the se-
quence of good steps is infinite, or there is a last good step followed by infinitely
many “bad” steps. In the latter case, (15) eventually blocks any removal, and the
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index set stabilizes from some iteration on. The former case, by contrast, yields an
infinite subsequence of iterates `g ∈ Lg for which SepOr(π̂`g+1) ⊆ J`g and, thus,
(13) holds.

We now show that in both situations the dynamic algorithm converges to a
primal-dual pair solving the convexified primal problem (P)conv from (4) and its
dual (D), given in (3).

4. Primal-dual convergence results

We start by analyzing convergence for an asymptotically static algorithm, with
constraints management set that eventually blocks all removals from the index sets.

Theorem 4.1 (Stabilized index sets). Consider a dynamic subgradient setting
with dual and primal blocks as in § 2.1, satisfying the assumptions in Lemma 2.3,
and with dual stepsizes sequence such that

(16)
∞∑
`=1

λ` = +∞ and
∞∑
`=1

λ2
` < +∞ .

Let the constraints management block be such that eventually all removals are
blocked: O` = ∅ for ` sufficiently large. If the separation oracle satisfies (13),
then any cluster point of the primal sequence {π̂`} solves problem (4), while the
dual sequence converges to a solution to (3).

Proof. By the assumption that removals are blocked, the working indices stabilize
at a fixed set after certain iteration `ast, and the static subgradient methods’
convergence theory applies. In particular, by (11) and (16), the sequence {x`} is
bounded. Moreover, the sequence converges to a solution x∞ to the restricted dual
problem:

(D)Jstab
:

 min f(x)
x ≥ 0
xL\Jstab

= 0.

By Lemma (2.3), as ` → ∞ the relations f`(x`) → f(x∞), ŝ` + ν̂` → 0 and〈
ν̂`, x`

〉
→ 0 hold. Together with (9) and the concavity of C in (2), we have that

C(π̂`) ≥ f̄`(x`)−
〈
ŝ` + ν̂`, x`

〉
+
〈
ν̂`, x`

〉
.(17)

Let π̂acc be an accumulation point of the (bounded) sequence {π̂`}, and consider the
subsequence {π̂`}`∈L converging to π̂acc. Passing to the limit in (17) as L 3 `→∞
gives the relation

C(π̂acc) ≥ f(x∞) .(18)

We now show that π̂acc satisfies gj(π̂acc) ≤ 0 for any j ∈ L. Consider first j ∈ Jstab:
for any ` ≥ `ast we have ν`j ≤ 0, so by Proposition (2.1), gj(π̂acc) ≤ lim sup(−ŝ`) =
lim sup ν̂`j ≤ 0. Now, for j ∈ L \ Jstab, since J`+1 = Jstab for ` ≥ `ast, and
J`+1 = J`\O` ∪ (I`\J`) with O` = ∅, eventually the inclusion I` ⊂ J` holds. With
assumption (13), this gives that gj(π̂acc) ≤ 0 for j 6∈ Jstab. Hence, any ergodic
primal cluster point π̂∞ is also feasible for the convexified primal problem.

As in [[BS08],Thm 6], with (18) primal feasiblity ensures by weak duality that
x∞ is a solution to (3) while π̂acc is a solution to the convexified primal problem
(4). �
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Theorem 4.1 gives in a straightforward manner the following two results.

Corollary 4.2 (Finite number of good steps). Consider a dynamic subgradi-
ent setting with dual and primal blocks as in § 2.1, satisfying the assumptions in
Lemma 2.3, and with dual stepsizes sequence satisfying (16). Let the constraints
management step be given by (15). Suppose that the separation oracle satisfies (13).
Assume there is a `ast iteration index after which there are no more good steps:

x̂k(`) = x̂k(`ast) for all ` ≥ `ast.

Then any cluster point of the primal sequence {π̂`} solves problem (4), while the
dual sequence converges to a solution to problem (3). Furthermore, x̂k(`ast) is also
a solution of (3).

Proof. Since no good step is declared after iteration `ast, by (15), the constraints
management rule eventually stops removing indices from the index set which sta-
bilizes to Jstab , and Lemma 4.1 applies. Now, for contradiction purposes, suppose
that x̂k(`ast) is not solution to (3). Then, since x` converges to a solution to (3),
after some iteration `1 > `ast, it holds that f(x`) < f(x̂k(`ast)) for all ` ≥ `1.
Furthermore, once the index set stabilizes we have I` ⊂ J`. Finally, reasoning like
in the theorem above, for any j ∈ Jstab, lim sup ν`j ≤ 0. As a consequence, a good
step should occur for some `2 > `ast, contradicting our assumption. Hence, xk(`ast)

must solve problem (3). �

When considering a convex program (P), the next corollary can be seen as
a unification of the previous results in [SC96], [LPS99] and [AW07] for concave
objective fonction, convex constraints and with general rules for the definition of
the ergodic sequence.

Corollary 4.3 (Primal recovery in the static setting). Consider a subgradi-
ent setting with dual and primal blocks as in § 2.1, satisfying the assumptions in
Lemma 2.3, and with dual stepsizes sequence satisfying (16). Let the constraints
managements step set J` = L at every iteration. If the separation oracle satisfies
(13), then any cluster point of the primal sequence {π̂`} solves problem (4), while
the dual sequence converges to a solution to (3).

Corollary 4.2 puts in evidence an interesting issue: as long as removals are
eventually blocked, it does not really matter what defines a “good” step, except
for the fact that it is a record poing. At first sight, then, the last two relations in
(14) could be deemed superfluous. We now show that these relations are in fact
fundamental for showing convergence when infinitely many good steps are generated
by the dynamic algorithm.

We start with an intermediate result showing convergence of the sequence of
dual steps (not necessarily to a solution) in a general context.

Lemma 4.4. Consider a dynamic subgradient scheme where constraints may be
dropped only at record points, and with stepsizes satisfying (16). Then the corre-
sponding dual sequence {x`} converges to some point x∞.

Proof. Note first that infinite good steps imply that the the records sequence {xkrec}
is infinite too. We claim that this sequence is bounded. By Prop. IV.3.2.5 in
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[HUL96], sub-level sets of a convex function f are compact if and only if f is 0-
coercive, which is implied in our case by the Slater condition on the primal problem.
Let f∞ be the limiting value of the strictly decreasing real sequence {f `rec}, and
let I∞ the the corresponding iso-level set of f : I∞ := {x ∈ Rn : f(x) = f∞},
which is nonempty and compact. Since the records subsequence {xkrec} satisfies
that d(xkrec, I∞)→ 0, our claim follows.
We now show that the whole dual sequence is bounded, by examining the length
of each k-cycle, i.e., of iterations between consecutive records xkrec and xk+1

rec . More
precisely, we show that the maximal length Σk of a cycle k tends to 0 as k → ∞.
Clearly, Σ2

k ≤ maxk(`+1)=k |x`+1 − xk(`)
rec |2. For each cycle k, its first point is xk(`)

rec ,
which is also the best function value generated so far. After this point is found,
with our assumption no constraint is dropped during the cycle. As a result, for all
iterations in the cycle, i.e. for ` such that k(`) = k, we have that xkrec ≥ 0 with
(xkrec)L\J`+1 = 0. By (11), for any ` such that k(`) = k the relations below hold:

|x`+1 − xk(`)
rec |2 ≤ |x` − xkrec|2 + (λ`G)2 ,

so, Σ2
k ≤

∑
`:k(`)=k

(λ`G)2 .

Therefore, by (16), the cycle length’s Σk → 0 as k →∞, as desired. Consider now
the sequence {x`}, and notice that

d(x`, I∞) ≤ d(x`, xk(`)
rec ) + d(xk(`)

rec , I∞)

≤ Σk(`) + d(xk(`)
rec , I∞) .

Since as `→∞, also k(`)→∞, the results above ensure that both right hand side
terms converge to 0. We conclude that the whole sequence is bounded and verifies
d(x`, I∞)→ 0, and f(x`)→ f∞ as `→∞.
Let xacc be a cluster point of {x`}:

∀ε > 0 ,∀`0 ≥ 0 ,∃` ≥ `0 : |x` − xacc| < ε .

By construction, f(xacc) = f∞ ≤ f(x`) for any `. We denote by Jacc the set of
active indices of xacc and by ρ := min{xacci : i ∈ J∞}. We observe the relation
Jacc ∩ O` 6= ∅ is only possible if |x` − xacc|2 > ρ. Now, given any ε > 0 such that
ε < ρ, by (16), there exists `0 such that

∑∞
i=`0

λ2
i <

ε
2 . Moreover, as xacc is a cluster

point, we can pick an iteration `1 ≥ `0 such that |x`1−xacc| < ε
2 . At that iteration,

it holds that J`1 ⊃ Jacc, and the inclusion J` ⊃ Jacc for ` ≥ `1 as long as no index
is dropped from Jacc. In other words, as long as Jacc ∩ O` 6= ∅. For contradiction
purposes, suppose there is some iteration `2 > `1 such that Jacc ∩ O`2 6= ∅. Then,
for any ` ∈ {`1, . . . , `2} we have that Jacc ⊂ J`, and inequality (11) holds with
x = xacc:

|x`2 − xacc|2 ≤ |x`2−1 − xacc|2 + (λ`G)2

≤ |x`1 − xacc|2 +
∞∑
i=`1

λi
2

< ε .

It follows that, in order to drop any index in Jacc at an iteration `2, the inequality
|x`2 − xacc|2 > ρ must hold. The contradiction follows and we conclude that at
record points, i.e, at ` such that x`+1 = x

k(`+1)
rec , it must hold that O` ∩ Jacc = ∅.
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It follows that the above inequality is true for any ` ≥ `1, i.e., |x` − xacc|2 < ε.
Summing up, we have shown that

∀ε > 0 ,∃`0 such that |x` − xacc|2 < ε for all ` ≥ `0 ,
and the dual sequence converges, as stated. �

Theorem 4.5. Consider a dynamic subgradient setting with dual and primal blocks
as in § 2.1, satisfying the assumptions in Lemma 2.3, and with dual stepsizes se-
quence satisfying (16). Let the constraints management step be given by (15).
Suppose that the separation oracle satisfies (13). If, in addition, the parameter se-
quence {ηk} in (14) goes to 0 as k → ∞ and there is an infinite number of good
steps, then any cluster point of the primal subsequence of good steps {π̂`g+1}`g∈Lg

solves problem (4), while the dual sequence converges to a solution to (3).

Proof. The constraints management step in (15) is more restrictive than the one
considered in Lemma 4.4. Therefore, the results therein hold and, hence, there is an
x∞ such that x` → x∞ as `→∞. It follows that Lemma 2.3 also applies. Moreover,
since conv(Q) is compact, {π̂`}`∈Lg

has cluster points in conv(Q). Let π̂acc be
an accumulation point, and consider the subsequence {π̂`}`∈Lacc⊂Lg

converging to
π̂acc. By (12c), f(x`) → f(x∞) as ` → ∞ in Lacc. Together with (9) and the
concavity of C, we have that

C(π̂`) ≥ f̄`(x`) +
〈
g(π̂`)− ν̂`, x`

〉
+
〈
ν̂`, x`

〉
.

Passing to the limit as Laccc 3 ` → ∞ gives the relation C(π̂acc) ≥ f(x∞). By
weak duality, to show that π̂acc is a solution to (4), we only need to check that
g(π̂acc) ≤ 0.
The third inequality in (14) and our assumption on the parameter sequence {ηk}
ensure that limLacc3`→∞|(ν̂`)J`

| = 0. But, since g is either an affine or a convex
function by (2), g(π̂`) ≤ −ŝ`, with ŝ` + ν̂` → 0 by (12a). It follows that

lim
Lacc3`→∞

(g(π̂`))J`
≤ 0 .

Finally, by (14), for all ` ∈ Lg the inclusion I` ⊂ J` holds, and assumption (13) on
the separation procedure gives that for all ` ∈ Lacc ⊂ Lg,

max
i∈L\J`

{gi(π̂`)} ≤ βmax
i∈J`

{gi(π̂`)} .

Hence, any cluster point π̂acc of the ergodic primal sequence {π̂`}`∈L is feasible for
the convexified primal problem (4).
As in [[BS08],Thm 6], primal feasibility ensures by weak duality that that x∞ is a
solution to dual problem (3) while π̂acc is a solution to (4). �

Concluding Remarks

We have shown convergence of dynamic subgradient algorithms for a rather
general setting. More specifically, we have shown primal-dual convergence for dual
and primal blocks as in § 2.1, and constraints management step given by (14)-(15),
under standard assumptions. These assumptions are:

– for the primal weights sequence {ωp
`
i}, satisfaction of (6);

– for the dual stepsizes sequence {λ`}, positivity and (16);
– for the associated primal–dual weights {ωpd

`
i}, satisfaction of (7)-(8);
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– and for the separation procedure, satisfaction of (13).

In particular, the traditional ergodic sequence, that takes ωp
`,[Sho85]
i =

λi∑`
j=0 λj

,

gives primal-dual weights for which (7) and (8) trivially hold.
Our asymptotic results could be used to device sound stopping tests. For exam-

ple, the method could stop at a good step, provided the duality gap is sufficiently
small.

Not surprisingly, the assumptions and convergence results are close to those for
dynamic bundle methods of [BS08]. However, when using bundle methods, primal
weights are a by-product of the quadratic programming problem defining the dual
directions. There is no need of the third condition defining good steps, simply
because the condition is always satisfied, by construction. The need of this third
condition appears for the dynamic subgradients due to the discrepancy between the
factors defining the dual direction (λ`) and those defining the primal point (ωp

`
i).

An interesting extension could be to explore the relation of our dynamic scheme
with Nesterov’s primal–dual subgradient method presented in [Nes05]. In this ap-
proach, dual stepsizes are related to a certain primal sequence, responsible for
averaging past information. This setting provides additional flexibility for the pri-
mal reconstruction while avoiding the fact of having the newest primal information
entering the ergodic sequence with vanishing weights (ωp

`
i → 0 as ` → ∞). A

similar framework is studied by Ruszczyñski in [Rn07].
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