Minimal Spanning Trees with Conflict Graphs

Andreas Darmann **  Ulrich Pferschy * Joachim Schauer *

Abstract

For the classical minimum spanning tree problem we introduce disjunctive
constraints for pairs of edges which can not be both included in the span-
ning tree at the same time. These constraints are represented by a conflict
graph whose vertices correspond to the edges of the original graph. Edges
in the conflict graph connect conflicting edges of the original graph. It is
shown that the problem becomes strongly NP-hard even if the connected
components of the conflict graph consist only of paths of length two. On
the other hand, for conflict graphs consisting of disjoint edges (i.e. paths
of length one) the problem remains polynomially solvable.
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1 Introduction

In this paper we consider an extension of the minimum spanning tree problem
(MST). In addition to the well studied problem of finding a minimum spanning
tree in a weighted, undirected connected graph, there exist incompatibilities
for certain pairs of edges. This means that from each such conflicting pair at
most one edge can occur in the spanning tree. It is natural to represent these
symmetric conflict relations by means of an undirected conflict graph, where
every vertex of the conflict graph corresponds uniquely to an edge in the original
graph and an edge in the conflict graph implies that the two adjacent vertices,
i.e. edges in the original graph, cannot occur together in an MST solution.

For a formal definition of this minimum spanning tree problem with conflict graph
(MSTCGQG), let G = (V, E) be an undirected connected graph with n vertices and
m edges, where each edge e has associated a weight w(e) (w is a weight function
w : E — R). Furthermore, an undirected graph G' = (E, E) represents a conflict
graph where each of the m vertices corresponds uniquely to an edge e € E of
G. An edge e = (i,j) € E implies that the two vertices incident to € — that
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is, the two edges 7,j € E — cannot occur together in a spanning tree of G. In
contrast to G, G is not necessarily connected and may contain isolated vertices
(i.e. edges of G which can be combined with every other edge in the minimum
spanning tree solution). MSTCG asks for a minimum spanning tree 7' in G,
given that adjacent vertices in G are not both together included in 7T

For a set of vertices F' C V in G let E(F) be the set of edges in G that have
both of its endpoints in F. Then MSTCG can be stated by the following ILP
formulation:

(MSTCG) min Z w(e) * T (1)
eclE
s.t. er:n—l (2)
eclE
Y @ <|F|-1 VO#£FCV (3)
ecE(F)
ze+zy <1 V(e f)EE (4)
z. €{0,1} VeeFE (5)

Obviously, (1)—(3) is a classical ILP-model for MST and (4) adds the conflict
constraints.

In this paper we will characterize the complexity of MSTCG and identify the
graph classes for the conflict graph G where the problem changes from polyno-
mially solvable to strongly A'P-hard. These are graphs whose connected com-
ponents are edges resp. paths of length two (we define the length of a path as
the number of edges in the path). For obvious illustrative reasons we introduce
the following terminology.

Definition 1 A 2-ladder is an undirected graph whose components are paths of
length one, i.e. edges connecting pairs of vertices.

Definition 2 A 3-ladder is an undirected graph whose components are paths of
length two.

It will be shown in Section 2 that MSTCG is already strongly AN/P-hard if the
underlying conflict graph is a 3-ladder. In fact, A/P-hardness holds even if all
edge weights are restricted to {0,1}. On the other hand, it can be shown by a
matroid intersection argument in Section 3 that the problem remains polyno-
mially solvable for a 2-ladder as a conflict graph.

In contrast to the latter result, it should be noted that the shortest path prob-
lem with pairwise disjoint forbidden pairs of edges (i.e. with a 2-ladder conflict
graph) is known to be strongly NP-hard [GJ79]. Results of the same flavour
were recently derived for the classical 0-1 knapsack problem with conflict graphs.
While this problem is strongly NP-hard for arbitrary conflict graphs, it was



shown in [PS08| that pseudopolynomial algorithms (and hence also fully poly-
nomial approximation schemes) exist if the given conflict graph is a tree, a graph
of bounded treewidth or a chordal graph. Bin packing problems with special
classes of conflict graphs were considered from an approximation point of view
by [JO97] and [Jan98]. Complexity results for different classes of conflict graphs
for a scheduling problem under makespan minimization are given in [BJ93]. Fur-

ther references on combinatorial optimization problems with conflict graphs can
be found in [PS08§].

2 A strongly NP-hardness result for MSTCG

In this section we show that MSTCG is already strongly N"P-hard if the conflict
graph G is a 3-ladder. E.g. for ej,es,e3 € E let a component of G be made
up of the path (ejezez). Then, in terms of the underlying graph G, a feasible
spanning tree for MSTCG that contains e; must include neither edge e; nor
edge e3. However, a feasible tree that contains e; must not contain es, but it
may contain es.

2.1 The graphs G5_gar and G5_gar

We reduce an N'P-complete subproblem of 3-SAT on the decision problem cor-
responding to MSTCG with a 3-ladder as conflict graph.

Let I be an arbitrary instance of 3 — SAT with k clauses C1, ..., C} and n vari-
ables x1,...,x,, such that each literal x; occurs in ¢; clauses and its negation
#; occurs in ¢; clauses. We restrict ourselves to instances with ¢; + ¢; < 5. The
decision problem whether or not there exists a satisfying truth assignment for
I is N'P-complete [GJ79]. Considering this decision problem, we construct an
instance of MSTCG by defining a graph Gs_gsar and a conflict graph Gs_gar
as described in the two following subsections.

2.1.1 Construction of G3_gar

Unless otherwise stated, each edge of G3_gar has zero weight. The graph
G3_gar is being built as follows (see Figure 1): For each variable z;, 1 <i <mn,
we introduce

e the edges x; = (a;,b;) and z; = (a;,b;) corresponding to the literals with
the same label,

e a vertex i that is connected to b; and b; via the edges y; and ; respectively
and



e one path of length /; starting in vertex ¢ and ending in a;. Let the edges of
this path starting at ¢ be called w;g, w;1, wya2, ... . Each vertex of this path
is connected to vertex b; by the edges z;1, 22, ... , where z;; is adjacent
to wi(;j—1), j = 1. An analogous path is defined for i and a; with the
corresponding connections to b;.

For each clause Cj, 1 < j <k,

e a vertex labelled C} is introduced,

e for each x; contained in clause C; we insert a path of length 4 consist-
ing of edges (ei; fij gij hij) starting in vertex a; and ending in vertex Cj.
Furthermore, a shortcut is constructed by joining vertex a; to the vertex
incident to f;; and g;; via an edge A;;.

Analogously, the path (&5 fij gij hij) connects a; with C; if literal z; is
contained in C; with an analogous shortcut A;;.

Finally, edges connecting the parts of Gs_gar described above are introduced.
For 1 < i <n —1 we introduce an edge connecting vertex i with vertex i + 1.

A weight of 1 is associated with all edges g;; and g;;. Note that these are the
only edges of non-zero weight in G3_gar.

2.1.2 Construction of G3_gar

The conflict graph G3_gar on the edges of G3_gar is defined in the follow-
ing way. Denote the clauses containing literal x; resp. z; by Cy,, "'Cwi(l/,,-—l)
resp. Cz,, ... Cg, o1y’ where the order in which theses clauses are chosen is ar-
bitrary but fixed. Then we introduce in G3_gar the edge (w0, fir,,) and the
paths (zi1, w1, fiz,y)s--- s (Zif,;—lawi@,;—17fix,-g7.,1)- Again we construct equiva-

lent components of G3_gar for the clauses Cy,, . ..Cg—oi([_l)
z.

containing literal
Furthermore we add the edges (z;,Z;), the edges (Aiz,q, Gizio)s - -+ > (Dizy iy
gixi([,;—l)) and the edges (Aiz,o, Gizso)s - - - » (Ai@(zi_m , gi@(zi_l)). This procedure
is performed for all variables.

Remark 1 Note that Gz_gar is not a 3-ladder. To be more precise, Gz_gar
consists of a subgraph being a 3-ladder, a subgraph which is made up of com-
ponents consisting of a single edge, and of isolated vertices. However, by intro-
ducing “dummy edges” Gs_gar can easily be transformed into a 3-ladder.



2.2 MSTCG with a 3-ladder conflict graph is strongly N P-
hard

Theorem 1 Let G = (V, E) be an undirected graph and let the conflict graph
G = (E,E) be a 3-ladder. Then MSTCG is N'P-hard even if w(e) € {0,1} Ve €
E.

Proof.

Let I be an instance of 3-SAT where each variable occurs in at most 5 clauses.
Let the instance I’ of M ST CG be defined by the graph G'3_gs a7 and the conflict
graph Gs_gar constructed as described in Section 2.1. Let 7 be the set of
feasible solutions of I’.

Let T € 7. It is easy to see that T must have a weight of at least k: The set
Gj :={9qj|1 < ¢ <n}U{gy|1 < g < n}isacutset, ie. it separates the vertex
C; from the rest of the graph. Therefore, every spanning tree must contain at
least one edge from G;. Since each of the mentioned edges has a weight of 1 we
have w(T) > k.

We proof the theorem by showing that the following equivalence holds:

3 a satisfying truth assignment for [ <= 3T € 7: w(T) <k

“=": Given a satisfying truth assignment ¢; for instance I we construct a
feasible solution T of I’ with w(T) = k. Let T := () and let X :={z;,,...,z; }
and X = {Z,,..., Tk, } be the sets of literals set “TRUE” under ¢; (recall that
setting literal Zp;, “TRUE” means to set variable x;, “FALSE”, 1 < j < s).

T=TUuXUX

T:=TUy; Uy, Vi €{l,...,n}
T:=TU(@,i+1) Vi €{l,...,n—1}

Label all clauses C; “unmarked”. Let C(z;) (resp. C(Z;)) be the set of all clauses
containing x; (resp. ;). We complete T' by performing the following algorithmic
statements:

for i € {i1, ... ir}:
T :=T Uw;y
for je {1,...,¢6;}:
T:=TU Zij
for j' € {1,...,4;}:
T:=TU Wi
for C; € C(z;):
T :=TU{eij, fij, hij}
if C; is “unmarked” (a)
T:=TU{gi;}
Label C; “marked”.



for C; € C(z;): _
T :=TU{A;,&j hij}

for k € {k1,..., ks}:
T :=T Uwgo
for j € {1,... 0}
T:=TUZz
for ' € {1,..., ¢ }:
T .= Tkaj/
for C; € C(z):
T :=TU{ekj, fij, hij}
if C; is “unmarked” (a)
T:=TU{gk;}
Label C; “marked”.
for C; € C(x):
T :=TU{Akj, exj, hij}

It is easy to check that T is a feasible solution of I’. Since ¢ is a satisfying truth
assignment for I, each clause C; contains a literal set “TRUE”. As mentioned
before, in order to reach a vertex C; at least one edge with weight 1 has to be
added to T. By (a) in the construction of T for each vertex C; exactly one such
edge is contained in 7. Thus we get w(T) = k.

“<=" Let T € 7 with w(T') = k. Since each vertex C; has to be reached, at
least one edge G; = {gq;]1 < ¢ < n}U{G,;/1 < g < n} has to be contained in T,
1 < j < k. However, since each edge of G; has weight 1, exactly one edge of G
is contained in 7', 1 < j < k. Recall that each vertex C; corresponds to a clause
with the same label. Let for vertex (clause) C; the edge g;; be the unique edge
in T that is an element of ;. We will now show that this implies z; € 7" and
T; ¢ T:

Let v be the vertex incident to both g;; and f;;. As T is a tree there has to
be a unique simple path p in T between vertex v and vertex 1. Due to the
fact that g;; is the only edge in 7' that is contained in the set G; the path p
cannot pass through vertex C;. Analogously, p cannot pass through any of the
vertices C) # Cj, 1 < r < k. Furthermore, the edge A;; cannot be contained
in p because the edge (A;;,gi;) is a component of the conflict graph Gs_gar.
Thus fi;,ei; € p (and hence f;;5,e;; € T') has to hold.

Now assume x; ¢ T. Then in order to reach vertex 1 the path p must contain
w;(¢,—1)- Note that w;y, 1) € T implies z;4, 1) ¢ T because of Gs_gar.
Analogously, we have w;, € T and z;, ¢ T for 1 < k < ¢; —2 and w;p € T as
well. Thus we have w;, € T for all 0 < k£ < ¢; — 1 which contradicts f;; € T
due to the construction of Gs_gar. Hence x; € T, and again by Gs_gsar we
get ©; ¢ T.

Summarizing the facts we have that for each vertex C; exactly one edge x;, resp.
T, is contained in T that is connected to C; by the path (e;;, fij, gij, hij), resp.



(€15, ﬁj,gij, }_zij). That is, for each clause at least one of the literals the clause
is made up of is contained in the tree. Thus, the truth assignment that sets a
variable x; “TRUE” if x; € T and x; “FALSE” if Z; € T constitutes a satisfying
truth assignment for 1. O

Since MSTCG is strongly NP-hard given the conflict graph is a 3-ladder,
MSTCG is also strongly NP-hard in case the conflict graph is a path. Finally
both results obviously imply that MSTCG is strongly NP-hard for general con-
flict graphs.

Corollary 1 Given the conflict graph is a path, MSTCG is strongly N'P-hard.

Corollary 2 MSTCG is strongly N'P-hard.

3 MSTCG with disjoint conflicting pairs of edges
is in P

In this section we focus on the MSTCG where the conflict graph is a 2-ladder,
i.e. the conflict graph represents pairwise disjoint forbidden pairs of edges of
E. We will first give a representation of the set 7 of feasible solutions of this
problem by using matroid intersection. With the help of that representation,
Edmonds’ famous matroid-intersection theorem (Edmonds [Edm79], cf. [Sch03|)
yields that an optimal solution of MSTCG with disjoint conflicting pairs of edges
can be computed in polynomial time.

Let us consider the ILP-formulation of our problem. Condition (3) of this formu-
lation induces the well-known graphic-matroid. To be more precise, the graphic
matroid My = (E,Z;) is being formed by all subsets of E which do not form a
cycle [Sch03]. More formally, Z; is the set of all subsets of E such that (3) is
satisfied. Obviously a base of M consists of n — 1 edges (a base corresponds to
a spanning tree) and thus (2) is satisfied by all bases of M;. However, the fact
that the conflict graph G is being made up of disjoint conflicting pairs of edges
of GG induces a matroid as well. As we will show below, defining 75 as the set
of all subsets of E that do not contain a conflicting pair of edges (represented
by G) yields a matroid My = (FE,Z,). This matroid will be called conflict-free
matroid. More formally, the conflict-free matroid Mo = (F,Z>) is defined by

L :={E CEl#(e,f) € E: {e, [} C E).
Lemma 1 My = (E,I;) is a matroid.

Proof.

Obviously, ) € Zs is satisfied.

Let J be an element of Zo and I any subset of J. Then I cannot include a
conflicting pair as J does not and hence I € 75 holds. Thus J € Z implies



I eZyforall I CJ.
Let I,J € Zy and |I| < |J|, then we have to show that (I U {z}) € Z for some
ze J\I:

e Case 1: I C J. This case is trivial.

e Case 2: INJ = (). Assume that no such edge z exists: Then for every edge
e € J the set (I U{e}) is not in Zy. This implies that there exists an edge
e¢ € I such that (e, e°) is a conflicting pair in (I U {e}). But since G is a
2-ladder for each edge ¢’ € F there is at most one edge that is in conflict
with e’. Hence, every edge e® € I can belong to only one conflicting pair
(e,e°) with e € J. Thereby, we get a contradiction to |I| < |J].

o Case 3: INJ #0. Let I' . =TI\ (INJ)and J :=J\ (INJ). Then we
have I', J" € Iy, |I'| < |J'| and I' N J" = (. From Case 2 we get that
there is a z € J' such that (I' U {z}) € Z,. It follows from z € J that z
can not be in conflict with any edge in I N J and hence (I U {z}) € Z.

O

Clearly, any feasible solution of MSTCG with disjoint conflicting pairs of edges
corresponds to a common base of the graphic matroid and the conflict-free
matroid. Thus, an optimal solution of MSTCG is a common base of M; and
My with minimum weight. As a consequence, Edmonds’ weighted matroid
intersection algorithm gives the answer on the question of the computational
complexity of MSTCG with disjoint conflicting pairs of edges.

Theorem 2 (Edmonds [Edm79], cf. [Sch03])

Let S be a set and let ¢ : S — R. Gien two matroids M, = (S,11) and
My = (S, I3), a common base of My and My with minimum weight can be found
in strongly polynomial time.

Since any optimal solution of MSTCG corresponds to a minimum-weight com-
mon base of the graphic matroid and the conflict-free matroid the above theorem
yields the following result.

Theorem 3 MSTCG with disjoint conflicting pairs of edges can be solved in
strongly polynomial time.
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