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Abstract Linear stochastic programming provides a flexible toolbox for analyzing real-
life decision situations, but it can become computationally cumbersome when recourse
decisions are involved. The latter are usually modeled as decision rules, i.e., functions of
the uncertain problem data. It has recently been argued that stochastic programs can quite
generally be made tractable by restricting the space of decision rules to those that exhibit
a linear data dependence. In this paper, we propose an efficient method to estimate the
approximation error introduced by this rather drastic means of complexity reduction: we
apply the linear decision rule restriction not only to the primal but also to a dual version
of the stochastic program. By employing techniques that are commonly used in modern
robust optimization, we show that both arising approximate problems are equivalent to
tractable linear or semidefinite programs of moderate sizes. The gap between their optimal
values estimates the loss of optimality incurred by the linear decision rule approximation.
Our method remains applicable if the stochastic program has random recourse and multiple
decision stages. It also extends to cases involving ambiguous probability distributions.

Keywords Linear decision rules - stochastic optimization - robust optimization - error
bounds - semidefinite programming
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1 Introduction

Stochastic programming researchers have always felt that dynamic decision problems un-
der uncertainty are very difficult. Only recently, this common perception has received a
theoretical underpinning. Dyer and Stougie prove that linear two-stage stochastic program-
ming problems are #P-hard [16]. As pointed out by Shapiro and Nemirovski [26], how-
ever, reasonably accurate approximate solutions can be calculated efficiently via Monte
Carlo sampling techniques. In contrast to two-stage models, linear multistage stochas-
tic programs are even hard to solve approximately. Shapiro and Nemirovski argue that
‘multistage stochastic programs generically are computationally intractable already when
medium-accuracy solutions are sought’ [26]. Complexity results of this type indicate that
stochastic programming problems need to undergo some (maybe drastic) simplification in
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order to gain computational tractablility. A suitable approximation is, for instance, to im-
pose a linear structure on the recourse decisions. This linear decision rule approximation
has attracted considerable interest in recent years since it enables scalability to multistage
models.

A survey and critical assessment of early results on decision rules in stochastic program-
ming has been assembled by Garstka and Wets in 1974 [18]. After an extended period of
neglect, linear decision rules experienced a recent revival in the context of robust optimiza-
tion. Ben-Tal et al. use them to derive tractable approximations for multistage decision
problems affected by non-stochastic uncertainty [4]. This min-max approach was shown
to have distinct advantages over dynamic programming when applied to a two-echelon
dynamic supply chain problem [3]. Other promising application areas for linear decision
rule-based robust optimization include project scheduling [1] and capacity expansion of net-
works [21]. To avoid overly risk-averse decisions, Ben-Tal et al. later refined the worst-case
approach in [4] to allow for controlled constraint violations [2]. Boosted by their success
in robust optimization, linear decision rules have recently gained renewed interest from
the stochastic programming community. Their potential for complexity reduction in mul-
tistage stochastic programming has first been highlighted by Shapiro and Nemirovski [26],
and their suitability for solving chance-constrained stochastic programs has been investi-
gated by Chen et al. [13]. To reduce the inherent approximation error, Chen et al. later
coined the concepts of deflected and segregated linear decision rules, which are more flexi-
ble than ordinary linear decision rules but retain their favorable scalability properties [14].
A similar approach based on an intelligent re-parameterization of the uncertain variables
was proposed by Chen and Zhang [15]. In a stochastic programming context, Calafiore
recently applied linear decision rules to solve multistage portfolio optimization problems
with many securities and trading periods [12].

While linear decision rules are very effective at reducing computational complexity,
they may incur a considerable loss of optimality.1 In this paper we attempt to gain a
deeper grasp of this tradeoff between tractability and optimality. To this end, we apply
the linear decision rule approximation not only to the primal stochastic program (as is
done in all of the existing literature) but also to a dual version of it. Recall that the
use of primal linear decision rules leads to a conservative approximation of the original
problem and thus underestimates the decision maker’s flexibility. In contrast, the use of
dual linear decision rules results in a progressive approximation which overestimates the
available flexibility. We show in this paper that both (primal and dual) linear decision rule
approximations lead to problems that (in ‘many’ cases) have reformulations as tractable
conic programs. The main benefits of the outlined approach are the following.

— The gap between the optimal values of the conservative and progressive approximate
problems estimates the loss of optimality incurred by using linear decision rules. If
this gap is small, there is little room for improvement. In contrast, a large optimality
gap indicates that one could (and maybe should) improve on the linear decision rules,
e.g. by using deflected or segregated linear decision rules as in [14,15]. Note that the
optimality gap can be computed efficiently as it is based on the solution of two tractable
conic programs of moderate sizes.

— The primal and dual linear decision rule-based approximations permit scalability to
multistage models. Moreover, they only require information about the support and
the first two (sometimes the first four) moments of the uncertain problem parameters.
This is a desirable feature since full distributional information is scarcely available in
reality.

— Our dual linear decision rule approximation generates semi-infinite-type problems with
finitely many expectation constraints and a continuum of nonnegative decision vari-

1 Linear decision rules are known to be optimal in control problems with linear dynamics and
quadratic costs [8]. Even for linear stochastic programming problems, however, they are generically
strictly suboptimal [18].



ables. These problems are of interest in their own right. Based on mild assumptions, our
analysis illustrates how they can be reformulated as low-dimensional linear or semidef-
inite programs. This implies that they are amenable to efficient numerical solution.

The rest of this paper develops as follows. In each of the following three sections
we elaborate decision rule-based approximations for a specific class of decision problems
under uncertainty. Sections 2 and 3 treat linear one-stage stochastic programs with fixed
and random recourse, respectively, while extensions to multistage stochastic programs are
investigated in Section 4. Emphasis is put on elaborating novel progressive (i.e., dual)
approximations. In Section 5 we assess the appropriateness of using linear decision rules
for solving a multistage multi-factory inventory problem from the literature [4].

Notation In this paper uncertainty is modeled by a probability space (]Rk7 B’(]Rk)7 P). The
elements of the sample space R” are denoted by £ and will be referred to as outcomes
or observations. The Borel o-algebra B(Rk ) is the set of events that are assigned prob-
abilities by the probability measure P. For notational simplicity, we denote by Ci,n =

£? (Rk, B(]Rk),IP’; R™) the space of all Borel measurable, square-integrable functions from
R” to R"™, while = denotes the support of P, that is, the smallest closed subset of R* which
has probability 1. Finally, E(-) denotes the expectation operator with respect to P.

By aslight abuse of notation, for A, B € R"*" the relation A > B denotes component-
wise inequality. Moreover, for C, D € R™*", the relation C > D implies that C — D is
positive semidefinite. The converse inequalities A < B and C < D are defined in the
obvious way. Finally, for every C € R™"*"™ we let Tr(C) denote the trace of C.

2 One-stage stochastic programs with fixed recourse

This section studies decision problems under uncertainty of the following generic type.
A decision maker first observes an element £ of the sample space R, Then, a decision
z(€) € R™ is selected subject to the constraints A(€)z(€) < b(€) and at a cost c(€) | z(€).
The goal is to choose the function € L, so as to minimize the expected cost. By
convention, x is referred to as a decision rule, strategy, or policy. The decision problem
outlined above can be formulated as the following linear one-stage stochastic program.

minimize E (c({)—rw(f))

xeﬂi’n
subject to A(§)z(§) < b(€) P-as.

(SP)

In order for SP to be well-defined, one needs appropriate assumptions about the underlying
problem data. We first assume that the objective function coefficients and the right hand
side vector depend linearly on the uncertain parameters. Formally speaking, we postulate
that ¢(&) = C¢ for some C € R"*F and b(¢) = B¢ for some B € R™*F. This linearity
assumption is nonrestrictive since we are free to redefine £ such that it contains ¢(¢) and
b(¢) as subvectors. Moreover, we assume the recourse matrix to be independent of £, that is,
A(¢) = A € R™*™. The case of random recourse is more intricate and will be investigated
in Section 3. Finally, we assume the support of the probability measure P to be a nonempty
compact polyhedron of the form

E= {geR’“ : Wgzh} (2.1a)
for some matrix W € R** and a vector h € R'. Without loss of generality, we will assume
that

W =(e1,—er, W) and h=(1,-1,0,...,0)", (2.1b)
——
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where W € RU=2%F ig 3 submatrix of W, and e; denotes the basis vector in R* whose
first element is 1 while all the others are 0. This specification guarantees that the first
component of every £ € = is equal to 1. It is easy to see that every compact convex
polyhedron in the hyperplane {¢ € R¥ : e] ¢ = 1} is representable in the form (2.1).
Modeling &1 as a degenerate dummy outcome that is equal to 1 almost surely allows us to
represent affine functions of the nondegenerate outcomes (&2, . ..,&y) in a compact manner
as linear functions of £ = (£1,...,&). This trick will have distinct notational advantages
below. In addition to being compact, we further require = to span the whole sample space,
that is, we assume the linear hull of = to coincide with R¥. By (2.1), = spans R¥ iff it has
dimension k — 1 or, equivalently, the system Wﬁ > 0 is strictly feasible. This nonrestrictive
extra requirement can always be enforced by reducing the dimension of &, if necessary.

The stipulated regularity conditions and the restriction to square-integrable decision
rules imply that the expectation in the objective of SP is well-defined. For the further
argumentation it proves useful to convert the inequality constraints in SP to equality
constraints by introducing slack variables s € Ei)m.

minimize E (C(f)Tfﬂ(f))

subject to z € Eim, s € ﬁi}m (2.2)
O+ =0} .,
5(6) >0 -

It is known that finding the optimal value of problem SP or its reformulation (2.2) is #P-
hard even if P is a uniform distribution on the unit cube in Rk, see [16, Theorem 3.2]. Thus,
there can be no efficient algorithm to solve SP exactly unless P=NP. While reasonably
accurate approximate solutions for SP can be obtained efficiently by using the sample
average approximation [26], we will now study an alternative approximation that remains
tractable in the multistage case.

2.1 Primal Approximation

A tractable approximation for problem (2.2) is obtained by restricting the functional form
of the decision rules to be linear, that is, by reducing the space of admissible decision
rules to those which are representable as x(¢) = X¢ and s(€) = S¢ for some X € R™*F
and S € R™**k , ]respectively.2 This radical but effective approach to complexity reduction
has been proposed by Ben-Tal et al. in a robust optimization context [4] and was later
extended to the realm of stochastic programming by Shapiro and Nemirovski [26] and
Chen et al. [14]. The resulting approximate problem is of semi-infinite type as it involves
only a finite number of decision variables (the matrices X and S) while still exhibiting
an infinite number of constraints (m equality and nonnegativity constraints for P-almost
every &).
minimize Tr (MCT X

subject to X € Rk g ¢ Rm*k (SP™)
AXE+ S = B¢ P
56> 0 -a.8.

Notice that SP" provides an upper bound (i.e., a conservative approximation) for SP
since it was obtained by reducing the underlying feasible set. The objective function of
SP" is expressed in terms of the symmetric second-order moment matrix associated with
P which is defined as

M::]E(ggT).

2 Recall that & = 1 almost surely, and therefore X¢ and S¢ represent affine functions of the
nondegenerate outcomes (£2,...,&) on the support of P.



2.2 Tractable reformulation of primal approximation

Although SP* has only finitely many decision variables, it still seems to be intractable as
it involves infinitely many constraints. By using techniques that are commonly employed
in modern robust optimization, however, the semi-infinite constraint system can be reex-
pressed in terms of a finite number of linear constraints. We first observe that due to their
continuity in &, the almost sure constraints in SP* hold in fact for all £ in the support of
P, that is, for all £ € Z. The equality constraints in SP* thus imply that the linear hull of
Z belongs to the null space of the linear operator AX + .S — B. Recall next that the uncer-
tainty set = spans the whole of ]Rk, and therefore we may equivalently require AX+S = B
in SP“. Simplification of the more intricate semi-infinite inequality constraints relies on
the following proposition which is at the heart of the robust optimization paradigm due
to Ben-Tal and Nemirovski [5,6].

Proposition 1 For any z € RF the following statements are equivalent:

(i) 2 €>0 forall§ € =;
(ii) INe R withA>0, WA=z, and hTA >0

Remark 1 Proposition 1 can be viewed as a special case of [6, Theorem 3.1] or [4, Theo-
rem 3.2]. The proof is repeated here to keep this paper self-contained.

Proof (Proof of Proposition 1) By using a standard duality argument, we find

zT§ > 0 for all £ subject to W& > h
& 0< min {Jg:wgzh}
£ERF

<= OS1(1{1&1,><{h—r)\:WT)\::/:7 )\20}
AER!

«— INeR with W' A=2h'A>0,A>0

The equivalence in the third line of the above expression follows from strong linear pro-
gramming duality, which holds since the primal minimization problem has a nonempty
feasible set. Thus, the claim follows. a

If z; denotes the pth row of the matrix S in problem SP, then we can use Proposition 1
to replace the semi-infinite inequality constraint zgf > 0 V€ € = by a finite set of linear
constraints in (zy, A\y) for some new decision vector A\, € ]Rl7 uw=1,...,m. Interpreting
)\; as the uth row of a matrix A € Rle, problem SP* thus simplifies to the following
linear program.

minimize Tr (MCTX)

subject to X € R™** A ¢ R™X!
AX + AW =B (2.3)
AR >0
A>0

One can directly verify that the slack variables s(§) = S& = AWE corresponding to any
(X, A) feasible in (2.3) are indeed nonnegative on =, that is,

SE=AWE=AWE—h)+ Ah >0 whenever WE > h.

The striking advantage of using linear decision rules is that the resulting approximate
problem SPY can be solved very efficiently as it is equivalent to a linear program whose
size is polynomial in k, [, m, and n, that is, the size of the description of the original
problem SP and the underlying uncertainty set =.



2.3 Dual approximation

Similar techniques that were used to derive the linear program (2.3) can also be used to
find a computationally tractable lower bound on SP. To this end, we first restrict certain
dual decision rules to be linear functions of £. Subsequently, we apply a dual version of
Proposition 1 to convert the resulting problem to a tractable linear program. Before we
can embark on this pathway, we have to introduce a min-max reformulation of problem
(2.2) in which the equality constraints are dualized.

minimize  sup B (e(6) "2() +y() " [Ax(€) + () ~ b(&)])

T€LY ., SELY . yELS
subject to  s(§) >0 P-as.

(2.4)

Note that the maximization over the dual decisions y € [,i)m imposes an infinite penalty

on every primal decision (z,s) € Cim X [,i)m which violates the equality constraints
Az (&) + s(&) = b(&) on a set of strictly positive probability. A formal proof establishing
the equivalence of (2.2) and (2.4) is provided in [28, § 4]. In the following derivation, we
use the shorthand notation ‘inf; s’ to denote the infimum operator over all x € Eim and

) I

over all s € E%m that are almost surely nonnegative. Similarly, ‘sup, stand

Rka}

and ‘supy

for the supremum operators over all y € Lﬁ%’m and Y € , respectively. Using the

equivalence of (2.2) and (2.4) we obtain
inf SP = inf sup E (c(6)"#(6) + () [42(6) + () ~ b(&)])
> 1nf sup E (c ) + § vy’ [Az(€) + 5(8) — 5(5)])

inf sgp E (c(f)T:c@)) +Tr [V TE ([4a(€) + s(8) - bl ¢ )] -
x,s

In the second line of the above expression we require the dual decisions to be representable
as y(&) = Y€ for some Y € R™XE Thus, we effectively restrict the dual feasible set to
contain only linear decision rules. The maximization in the third line can be carried out
explicitly, which implies that the optimal value of SP is bounded below by that of the
following approximate problem.

minimize E (C(f)Tx(f))
subject to x € Ei,n , 8 € Ei,m

E ([A2() + 5(6) ~ b(e)] ") = 0 } Poas,
(6 20

It is easy to verify directly that SP! represents indeed a relaxation of SP. Any (z,s)
feasible in (2.2) satisfies Az (&) + s(§) — b(§) = 0 for P-almost all £ and will therefore also
satisfy the less restrictive expectation constraint in SP!. This confirms that the optimal
value of problem SP! provides a lower bound on the optimal value of SP. Notice that
SP! involves only finitely many equality constraints. Thus, it is certainly not harder to
solve than SP. However, SP! still appears to be intractable as it involves a continuum of
decision variables and inequality constraints.

(SPh

2.4 Tractable reformulation of dual approximation

We now show that SP! has a reformulation as a simple linear program whenever SP is
strictly feasible. The techniques used in this section are developed ad hoc. An important
ingredient for our reformulation is a dual version of Proposition 1, see Proposition 3 below.
For the further argumentation, we need the following technical result about the second-
order moment matrix M.



Proposition 2 The matriz M is positive definite and invertible.

Proof 1t is clear that M is positive semidefinite. Assume now that M is not invertible.
Thus, thereis a v € ]Rk, v # 0, such that v Mv = 0. By definition of M, we have UT£ =0
with probability one. Thus, v is orthogonal to each £ € =, which implies that = cannot
span RF. This is a contradiction. a

A first step towards simplifying problem SP! consists in introducing new decision variables
X € R™* and § € R™** which are completely determined by the original decisions
WS Ci,n and s € Lﬁ%’m through the relations

XM =E (x(g) gT) and SM =E (s(g) gT) 7 (2.5)

respectively. Note that if x is a linear decision rule, z(§) = X ¢ for some coefficient matrix
X e ]R"Xk7 then we have X = X. A similar statement holds for the slack variables. By

using (2.5), the objective function in SP! can be reformulated as Tr (MC’TX)7 while the
equality constraint in SP! reduces to AXM + SM — BM = 0. Since M is invertible, the

latter restriction is equivalent to AX 4+ S = B. Consequently, SPis equivalent to the
following optimization problem.

minimize T (MCTX

subject to X € R"** g ¢ RmxF
AX+S=8B (2.6)
e Ld, XM =E(2(¢)¢")

3s€ L}, SM=E (s(f) gT) , 5(€) > 0 P-as.

The penultimate constraint in (2.6) is redundant and may be deleted without affecting
the problem’s feasible set. Indeed, for any X € R™ ¥ the linear decision rule z(€) == X¢
satisfies the postulated conditions. However, the last constraint looks difficult as it involves
the solution of m moment problems: for a given S € R™*¥ we have to verify the existence
of m nonnegative Borel measures whose vectors of zero- and first-order moments coincide
with the rows of SM and which have square-integrable densities with respect to P. This
moment feasibility constraint can be viewed as the dual counterpart of the semi-infinite
inequality constraint in SP". We will now show that it can generically be replaced by a
finite number of linear constraints. To this end, we need a dual version of Proposition 1.

Proposition 3 Consider the following two convex cones in RF:
K := {zERk: (W—heir)zzo}7
Kp := {z eRF:3s¢ ﬁ%,l with E(s(§)§) = z and s(§) >0 ]P’—a.s.} .
Then, ) #int K C Kp C K.

Remark 2 Note that the last constraint in (2.6) is equivalent to the requirement that every
row of the matrix SM € R™*F is an element of Kp.

Proof (Proof of Proposition 3) Fix an arbitrary z € Kp, and let s be a corresponding scalar
function that satisfies the conditions in the definition of Cp. Then, we have

W—hel )z2=E|[(W—he )¢s(&)] >0.
( )==E|( )este)]

The inequality follows from the fact that e?f = 1 while both W¢ — h and s(§) are nonneg-
ative on the support of P. As the choice of z € R” was arbitrary, the postulated inclusion
Kp C K follows.



Denote now by M™ the set of all nonnegative finite measures on (=, B(Z)) with finite
second moments, and let /\/lf; be the subset of measures in M™ that have a square-
integrable density with respect to P. Note that ME{ is dense in M™ with respect to the
weak topology since = constitutes the support of P (see e.g. [10] for a discussion weak
topologies in spaces of measures). Next, define

I@::{ :gu(dg):ue/\/t*} and I@p::{ rﬁu(df):ue/\/lgg},

which represent convex cones in RF. Since the density of any p € /\/lf; with respect to P is
a function in [,%117 it is clear that Kp = Kp C K. Below, we will argue that 0 # int K c Kp,
and K = K. This will establish  # int K C Kp.

For each £ € =, the cone M™ contains the Dirac measure d¢ which concentrates unit
mass at the point £. Therefore, K is easily seen to coincide with the convex closed cone
generated by =. This cone has nonempty interior since = is assumed to span RF. As M;
is weakly dense in M™ and the identity mapping £ — & is continuous, ’€]p is dense in K.
Keeping in mind that Ié[p? is also convex, the above findings imply

f#intK c KpCK. (2.7)

The geometry of = further implies that each z € K, z # 0, satisfies esz > 1. By [23,
Theorem 6.20] the convex closed cone K coincides with the intersection of all half-spaces
that contain = and have the origin as a boundary point. Thus, z € IC iff

0< inf {sz:ngzovgeg}.
TeRk

Proposition 1 allows us to reexpress the semi-infinite constraint in the above minimization
problem as a simple linear constraint. Hence, z € IC iff

0

IN

inf {WTZ cr=WIARTA>O0, A > 0}
TERFk AER!

— in {)\TWz:hT)\ZQ ,\zo}
AER!

=sup{0: Wz —hy >0, ¢ >0}.
PeR

Here, the equality in the last line follows from strong linear programming duality, which
holds since A = 0 is feasible in the primal problem. By the special structure of W and h
imposed in (2.1b), the only feasible dual solution is ¥ = e] z. Thus, z € K iff

w - helT)z >0 and esz >0.

Note that the constraint eirz > 1 is redundant since eirz > 1 for all z € K with z # 0.
Therefore, we conclude that z € K iff z € K. This implies K = K.
The inclusion (2.7) thus translates to ) # int K C Kp C K. O

In the following, we interpret the Cartesian products K™ and Kp* as cones in the space
of m x k-matrices. Recall that the last constraint in (2.6) is equivalent to SM € K, see
also Remark 2. By removing the (redundant) penultimate constraint in (2.6), reexpressing
the last constraint as SM € K™, and using the definition of IC, we obtain the following
finite-dimensional linear program whose size is polynomial in k, [, m, and n.

minimize Tr (MC’TX

subject to X € R"** § e Rm*F
AX+S=B
(W - hef) MST >0

(2.8)



By Proposition 3 we have Kp' C K™, which implies that (2.8) constitutes a relaxation
of (2.6). Thus, the optimal value of (2.8) provides a lower bound on the optimal value of
(2.6) (as well as on the optimal value of SP!). Proposition 3 further asserts that int K™ C
Kp'. Thus, sharpening all inequalities in (2.8) to be strict leads to a problem that is
more restrictive than (2.6). The optimal values of (2.8) and its modification with strict
inequalities therefore bracket the optimal value of (2.6). However, all three optimal values
will coincide whenever the original problem SP satisfies a strict feasibility condition.

Proposition 4 Suppose that problem SP is strictly feasible, that is, there ezists a toler-
ance € > 0 and a pair of decision rules T € Cim and 5 € E%m with

AZ(&) +5(&) =b(&) and 5(§) >ee P-as., (2.9)

where e is the vector in R™ all of whose components are equal to 1. Then, the optimal
values of (2.6) and (2.8) coincide.

Proof We first show that the linear program (2.8) inherits strict feasibility from the original
problem SP. To this end, we define X € R"** and § € R"™** via

XM=E (£(§)§T) and SM =E (g(g)gT) .

By the postulated properties of Z and 3, it is easy to see that AX +8 = B. As the support
of P coincides with the convex set =, we must have E(£) € int =, which implies

(W — he] )MS' =E ((W — het )€ g(g)T) > (WE(E) —h)e! >0.

Thus, (X, S) is strictly feasible in (2.8).

Strict feasibility guarantees that for any (X,S) feasible in (2.8) there exist strictly
feasible matrices (X,,Sy), v € N, which converge to (X,S). In fact, (X, Sy) can be
obtained by taking suitable convex combinations of (X, S) and (X,S). By Proposition 3
we have S, € int K™ C Kp' for each v € N. Thus, all the (X, Sy) are feasible in (2.6). As
(X, S) was chosen freely within the feasible set of (2.8), and since (2.6) and (2.8) share the
same continuous objective function, we conclude that the optimal value of (2.6) is no larger
than that of (2.8). The converse inequality follows immediately from Proposition 3. a

Remark 8 One can directly verify that (2.8) is less restrictive than the upper bounding
problem (2.3). For any (X, A) feasible in (2.3) we set S := AW. Then, the objective value of
(X, S) in (2.8) coincides with the objective value of (X, A) in (2.3). Moreover, the decision
(X, S) thus constructed is feasible in (2.8). Indeed, the equality AX + S = B follows from
the definition of S and feasibility of (X, A) in (2.3). Furthermore, we have

(W - helT) MST =E [(W — hef) §§TWTAT] >0,

where the inequality holds since A > 0 and Ah > 0, while W& > h and e?f =1 for all £
in the support of P.

Remark 4 Our lower bound approximation is based on dualizing the equality constraints
in problem (2.2). Alternatively, we could have directly dualized the inequality constraints
in the original problem SP (without slack variables). It can be shown that this alternative
approach results in the same lower bound. However, this alternative derivation of the
linear program (2.8) permits no clear separation between the application of the decision
rule approximation, which transforms SP to a semi-infinite problem of the type 8731, and
the elimination of the semi-infinite constraints.
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Remark 5 Different lower bounds can be obtained from alternative min-max reformula-
tions of problem (2.2). Instead of (2.4), our derivation could start from the min-max
problem

minimize  sup  E (c(¢) "2(€)) +E® (y(©) " [42(€) + s(6) - b(©)])

T€LY ., SELY . yELS
subject to  s(§) >0 P-as.,

(2.10)

where Q is a probability measure equivalent to P with bounded density function dQ/dP(¢),
while IEQ() denotes expectation with respect to Q. However, restricting the dual decisions
in (2.10) to be linear in ¢ yields a relaxation of problem SP whose optimal value is always
smaller than that of SP'. The best lower bound is in fact obtained by setting Q = P.
Details are omitted for brevity of exposition.

For later reference we pool the central insights of this section in the following main theorem.

Theorem 1 If P has a polyhedral support of the type (2.1) while SP has fized recourse
and is strictly feasible, then SP“ and SP! are equivalent to the linear programs (2.3) and
(2.8), respectively. The sizes of these linear programs are polynomial in k, I, m, and n,
implying that they are efficiently solvable.

3 One-stage stochastic programs with random recourse

Consider again the one-stage stochastic program SP with linearly parameterized cost
coefficients ¢(§) = C¢ and right hand side vector b(§) = BE. In contrast to Section 2,
we assume here that the recourse matrix A(§) depends also linearly on the uncertain
parameters. The uth row of A(§) is thus representable as fTAM for some matrix A, €
RkX"7 where p ranges from 1 to m. Moreover, as a notational convention, the pth row of
the matrix B is denoted by b;.

In the following, we equip the space R**F with the trace scalar product defined through
(R,S) :=Tr(R'S), R, S € R¥* Furthermore, we denote by S the subspace of symmetric
matrices in R¥**. For technical reasons, the support of the probability measure P is now
assumed to be representable as

Ez{geRk:ek:1,§TW¢520,4:1,...,1} (3.11)

for some matrices W, € S. By construction, the first component of every £ € = is again
equal to 1. As in Section 2 we assume = to be nonempty and bounded, while the linear hull
of = is assumed to coincide with R¥. Note that = spans R” iff it has dimension k — 1 or,
equivalently, the system §TWg £>0,0=1,...,1, is strictly feasible. The next proposition
shows that the quadratically constrained uncertainty sets of the type (3.11) are indeed

more general than the polyhedral ones considered in Section 2.

Proposition 5 The uncertainty sets of the form (3.11) cover all compact convez polytopes
in the hyperplane {£ € R* : e?f =1}

Remark 6 A similar result is reported in [6, Remark 3.1] in the context of robust opti-
mization.

Proof (Proof of Proposition 5) We denote by &1 the first component and by £_; the
subvector of the kK — 1 last components of £ € ]Rk, respectively. Any two real numbers a < b
and any vector v_; € R*~! determine a stripe-shaped subset of R*~1 of the form

Ci={e1eR i< (v e <b}. (3.12)
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In order to reexpress C' in terms of quadratic constraints, we define

_atb —a)?
v::( 2 ) and W::%ele]——vv—r.

By construction, W is an element of S, and the submatrix obtained by removing the first
row and the first column of W is negative semidefinite. The following equivalences hold
for all £ € R¥.

Ewezo e (o7e) < Lo ()’
b—

2
a+b
5 &< (v_1) €1 <

b—a T a
— —T|€1| <v €< 131

2

2

a+b
2

a a
= - [€1]+ |€1] +

&1

For &1 = 1, the last expression is equivalent to the double constraint in (3.12). Therefore,
we may identify C' with the projection of

{geRk:eIg:L gngzo}

to the £ — 1 last components of £. Since every compact convex polytope in RF1 s repre-
sentable as a finite intersection of stripe-shaped sets of the form (3.12), the claim follows.
O

Using the terminology of Ben-Tal and Nemirovski [5], we remark that the sets of the
type (3.11) cover not only all polyhedral but also all N-ellipsoidal uncertainty sets restricted
to the hyperplane {£ € RF : ele = 1}. The proof of this statement is omitted for brevity
of exposition.

3.1 Primal approximation

It seems clear that by allowing the recourse matrix to depend on £ and by considering
quadratically constrained uncertainty sets, the computational tractability of problem SP
and its equivalent reformulation (2.2) is further reduced. In order to make (2.2) tractable,
we again restrict attention to the subspace of linear decision rules. Thus, we require that
z(€) = X¢ for some matrix X € R™ ¥ With this simplification, however, the product term
A(&)z(€) becomes a quadratic function of the uncertain parameters. Since the right hand
side vector b(§) is linear in £, the equality constraints of the underlying stochastic program
are only satisfiable if the slack variables exhibit a quadratic dependence on £. Hence, we
must require that s, (£) = fTSltf for some (without loss of generality symmetric) matrices
Syu € S, where p ranges from 1 to m. With these conventions, problem (2.2) reduces to

minimize Tr (MCTX
subject to X € R™** & = (S1,...,8m) esS™

(SP*)
{TAHX§+€TSH§:b;‘r§} P-as,pu=1,....,m.

€18,6>0
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3.2 Tractable reformulation of primal approximation

Although the number of decision variables is now finite, the quadratic semi-infinite con-
straints in SP" look severely intractable. Fortunately, robust optimization technology can
again provide remedy. As all constraint functions are continuous in &, the uth equality
constraint in SP" is equivalent to

¢'H,6=0 Véez, (3.13)

where H, € S is defined as
1
Hy =5 (A#X FXTAL —erb) — b#elT) + S,

Equation (3.13) not only holds on =, but also on cone(Z), that is, the cone generated by
Z. Hence, the Hessian of the mapping £ — fTHu & vanishes on the interior of cone(Z).
Since the Hessian of the above mapping is given by 2H,, and the interior of cone(Z) is
nonempty (recall that = is assumed to span ]Rk), we conclude that Hy, = 0. Therefore, the
semi-infinite equality constraints in SP" are equivalent to the requirement that H, = 0
forall p=1,...,m.

Next, we show how to approximate the semi-infinite inequality constraints by a sys-
tem of linear matrix inequalities (LMI). This approach was first developed in a robust
optimization context [4,7] and relies partly on the following important result from matrix
analysis, see e.g. [11].

Lemma 1 (S-lemma) Consider two matrices W, S € S and assume that the inequality
§TW§ > 0 is strictly feasible, that is, f_TWf_ > 0 for some £ € RF. Then, the following
equivalence holds:

[gngzo = gngzo] = IA>0: S AW.

The S-lemma is a central ingredient for the following proposition, which is inspired by
Theorem 4.1 in [4].

Proposition 6 Consider the following two statements for some fized S € S:

(i) INER with A >0 and S — 3 b_, Ay Wy = 0;
(ii) €7S€ >0 P-a.s.

For any l € N, (i) implies (ii). The converse implication holds if | = 1.

Proof Select any £ € =. Under the assumptions of statement (i) we have

l l

o<el [S— ZMW@} € =¢'Se-> neTwe<else,
=1 =1

where the first inequality follows from positive semidefiniteness of the matrix in square

brackets, and the second inequality holds since Ay > 0 while fTW4§ >0 forall & € =.

Since the choice of £ € = was arbitrary, statement (ii) follows.

We show now that (ii) implies (i) if [ = 1. Since quadratic functions are continuous,
statement (ii) effectively asserts that & s & > 0forall £ € =. In fact, this inequality readily
extends to the double cone generated by =. As = is assumed to be bounded and nonempty,
there exists no £ # 0 with fTW1§ > 0and 6]—{ = 0 (note that a vector with these properties
would constitute a recession direction along which = would be unbounded). Hence, the
double cone generated by = coincides with the feasible set of the inequality fTWlf > 0.
So far we have thus shown that fTW1§ > 0 implies fTS§ > 0.

As = has nonempty relative interior, the inequality fTW1§ > 0 is strictly feasible. The
S-Lemma then implies that there exists A7 > 0 such that S— \{ W7 is positive semidefinite.

O
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Remark 7 1t seems unsatisfactory that we failed to reexpress the semi-infinite inequality
constraints in problem SP" in terms of a tractable constraint system in the case [ > 1. If
this was possible, however, we could devise an efficient algorithm for the NP-hard problem
of checking whether a given square matrix is copositive, see [4, Example 3.1].

We can use Proposition 6 to replace the semi-infinite inequality constraint & TSﬂf >0P-
a.s. by a set of semidefinite constraints in (Sy, Ay) for some new decision vector A\, € R,
u = 1,...,m. Interpreting )\I as the pth row of a matrix A € Rle7 problem SP“
simplifies to the following semidefinite program (SDP).

minimize 'I&"(MCTX
subject to X € R™* §=(S1,...,9m) € S™, A € R™*!
(AX +XTAL) +Su=4 (e +bue] ) Va=1,..m  (319)

Su—zlEdAueWetO Vu=1,...,m
A>0

Proposition 6 implies that (3.14) constitutes a conservative approximation for SP* when-
ever [ > 1. Equivalence of (3.14) and SP" only holds in the special case { = 1. The benefit
of using linear decision rules lies again in the fact that the size of the SDP (3.14) grows
only polynomially with k, [, m, and n, while SDPs can be solved efficiently by means of
modern interior-point algorithms [29].

3.3 Dual approximation

Similar techniques that were used to derive the SDP (3.14) can also be used to find a
computationally tractable lower bound on SP. To this end, we follow the same general
strategy as in Section 2, considering first the min-max version (2.4) of problem (2.2),
applying a suitable restriction to the set of dual decision rules, and simplifying the arising
problem by means of a dual version of Proposition 6. In the following derivation, we let f,
be a shorthand notation for the uth constraint function, which is defined through

fu:R" x R™ x R R, fu(z,sp, &) = §TAH1:+3M - b;f.

Moreover, we let ‘inf; s’ denote the infimum operator over all = € Cim and over all s =
S1,...,8m) € L2 that are almost surely nonnegative. Similarly, ‘sup,’ and ‘supy’ stand
k,m Yy Y

for the supremum operators over all y = (y1,...,ym) € Ei)m and Y = (Y1,...,Ym) € S™,
respectively. The equivalence of SP and (2.4) implies

inf SP = inf sup E | c(&) " x() + > (&) fu [2(), 5u(6), €]
pn=1

z,s Y

> inf sup E c({)Tx(f) + Z §TYM§ Jul2(8),8u(8), €]

z,s Y =1

= inf sup E (c({)Tx(f)) + i Tr [Y#E (f fu [2(8), s(8), €] fT)} .
=1

z,s Y

Here, in the second line we require the dual decisions to be representable as y,(£) = fTYuf
for some Y, € S, where p ranges from 1 to m. Thus, we restrict the dual feasible set to
contain only quadratic decision rules. The maximization in the last line can be carried out
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explicitly, which implies that the optimal value of SP is bounded below by that of the
following approximate problem.

minimize E (C(S)TSC(Q)

subject to x € E%yn, s=(s1,-... ,s—rrn) € ‘C'i,m (sPY)
E [¢ fu (@(€),5u(€),©) €T =0

} P-as,pu=1...,m.

su(§) >0

Observe that any (z, s) feasible in (2.2) satisfies fu(z(§),s(€), &) = 0 P-a.s. and will there-
fore also satisfy the less restrictive expectation constraint in SP°. This confirms a posteriori
that the optimal value of SP! provides a lower bound on the optimal value of SP.

3.4 Tractable reformulation of dual approximation

The relaxed problem SP! still involves functional decision variables and a continuum of
inequality constraints. In the remainder of this section we will argue that SP! can be
progressively approximated by a tractable SDP. This approximation relies on techniques
that we develop ad hoc; in particular, we invoke Proposition 8, which constitutes a dual
version of Proposition 6. Our derivation will involve the linear mapping @ : RFXE _, REXE
defined through

caQege] )es =E (Eatpby&s) for 1 <a,B,7,0 <k,

where {ea}gzl denotes the standard basis of R¥. Notice that Q@ can be interpreted as the
totally symmetric tensor of all moments of P up to the fourth order. Since eirf =1 for
all £ in the support of P, we have Q(elelT) = M, that is, Q maps elelT to the matrix of
second order moments of P. Moreover, @ is self-adjoint with respect to the trace scalar
product,

Tr [ATQ(B)] = Tr [Q(A)TB] VA, B e Rk,

and invariant under transposition of its argument, Q(A) = Q(A') VA € RF*k. The
following result will be crucial for our subsequent analysis.

Proposition 7 The restriction of @ to S is positive definite and invertible.

Proof @ is positive semidefinite because

(S,Q(S)) = Tr(SQ(S)) = E ([gng]Q) >0 VSeS.

It remains to be shown that @ is invertible. Assume now that @ is not invertible. Thus,
there is a matrix S € S, S # 0, such that (S, Q(S)) = 0. This implies that S§ = 0 with
probability one, that is, = is a subset of the null space of S. Since S # 0, this null space has
not full dimension, and thus = cannot span R”. This contradicts our assumption about
=, and hence @Q must be invertible. a

To simplify problem SPl, we introduce new decision variables X € R™*¥ and Su €5,
w=1,...,m, which are related to the existing functional decision variables through the
equations

E (g §TR:C(§)§T) = Q(RX) VReR"", (3.15a)

E(su(6)€7) = Q(S0). (3.15b)
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Note that it is sufficient to enforce the equality in (3.15a) only for a (finite) set of basis
matrices. By linearity of @, the equality will then hold for all R € R™**_ The relation
(3.15a) allows us now to reexpress the objective function of SP! in terms of X. In fact, we
have

E(c(©) 2()) = el E (67 CTa(©)" ) en
=Tr (elelTQ(CTX))
=Tr (Q(elelT)C’TX)
=T (MCTX),
where the first equality holds since ele = 1 on the support of P. The other equalities
follow from (3.15a), self-adjointness of @, and the fact that Q(eje; ) corresponds to the

second-order moment matrix of P. Next, by virtue of (3.15), the pth equality constraint
in SP! reduces to

0=E(¢¢ Auw(©)") +E (su©)ee”) —E (¢¢ €€ eaty)
= QAWX) + Q(Sk) — Qlerby)
-Q (%[A#X +XTAL + S, — Sesd) + b#eﬁ) .

Here, we appended again an irrelevant factor fTel to the last term in the first line. The
third equality of the above expression is based on linearity and invariance of ¢ under
transposition of its argument. Since the restriction of @ to S is invertible, the pth equality
constraint in SP! can therefore be represented as

1 T,4T 1 T T
5 (A#X+X A#) +Su=13 (elb# + bueq )
Hence, problem SP! has the following equivalent reformulation.

minimize Tr (MCTX)
subject to X € R™** g = (S1,...,8m) esS™
3(AX +XTAL) +8u =4 (exdb +buel ) Vi=1,...,m (3.16)
dz e L%,n :x and X satisfy (3.15a)
dsu € CzJ : sy and Sy, satisfy (3.15b) and
su(§) >0P-as.Vu=1,...,m

The first existence constraint in (3.16) is redundant and can be deleted. Indeed, for any
X € R™ ¥ the linear decision rule z(£) := X¢ satisfies condition (3.15a). However, the
second existence constraint is restrictive as it involves m inherent moment problems: Sy, € S
is feasible in (3.16) only if there exists a nonnegative Borel measure whose second-order
moment matrix is given by Q(Sy) and which has a square-integrable density s, with
respect to P, u = 1,...,m. We will now elaborate a progressive approximation of this
constraint in terms of finitely many LMIs. To this end, we need the following dual version
of Proposition 6.

Proposition 8 Consider the following two convex cones in S:

C:={SeS:S=0,Tr(W,S)>0vVe=1,...1},
Cp = {SE S:3s 6[1%71 withE(s({){fT) =5 and s(§) ZO]P’-a.s.}.

Then, Cp C C for each l € N, and Cp D intC £ 0 forl =1.
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Remark 8 Note that the last constraint in problem (3.16) is equivalent to the requirement
that Q(Sy) € Cp for each p=1,...,m.

Proof (Proof of Proposition 8) Fix an arbitrary S € Cp, and let s be a corresponding scalar
function that satisfies the conditions in the definition of Cp. For any v € R” we then have

v Sv=FE <s(§) [Jgf) >0,

where the inequality holds since s(£) is nonnegative on the support of P. Thus, S is positive
semidefinite. Moreover, we find

Tr (W,S) :E(s(f)fTng) >0 Vi=1,...,1

since both s(§) > 0 and §TWE§ > 0 on the support of P. Hence, S € C. As the choice of
S € Cp was arbitrary, the postulated inclusion Cp C C follows.

Henceforth we assume that [ = 1. As in the proof of Proposition 3, we denote by MT
the set of all nonnegative finite measures on (=, B(Z)) with finite second moments and let
/\/lf; be the subset of measures in M™ that have a square-integrable density with respect
to P. Recall also that ME{ is dense in M™ with respect to the weak topology. Next, define

C:= { :éfTu(df) s M+} and Cp:= {/:&Tﬂ(dﬁ) tpe Mﬁf}-

It is immediately clear that Cp = Cp C C. Below, we will argue that Cp O intC # (), and
C = C. This will establish the relation Cp D intC #Qfor I =1.

Observe that C is certainly a convex cone in S. In the proof of Proposition 7 we have
seen that for every S € S, S # 0, there exists a { € = with Tr(S §§T) # 0. Hence, the
orthogonal complement of Cs := {f{T : £ € E} in S is empty, which implies that Cg
spans S. Since M™T contains all Dirac measures d¢ for £ € =, we conclude that Cs C C.
Consequently, C spans S, as well. Convexity of C then implies that the interior of C (with
respect to the Euclidean topology on S) is nonempty. As MDJ{ is weakly dense in M™ and
the mapping & — ffT is continuous, é[p is dense in C. Keeping in mind that é[p is also
convex, the above findings imply

P#intCcCpcCC. (3.17)

It can be shown that reducing the set of measures in the definition of C to those which
are supported on at most k + 1 points has no influence on C, see e.g. [24, Lemma 3.1].
Consequently, C coincides with the convex cone generated by Cs := {ggT €€ E} Note

that Cs is compact as the continuous image of a compact set, and therefore C is closed. By
[23, Theorem 6.20] the closed convex cone C generated by Cs coincides with the intersection
of all half-spaces that contain C5 and have the origin as a boundary point. Thus, S € C iff

0< /ilréfS{Tr(SA) CTr(eeTA) > 0vVe e 5}

For [ = 1, the S-lemma allows us to reexpress the semi-infinite constraint in the above
minimization problem as a semidefinite constraint. Hence, S € C iff

0< inf {Tr(SA): A—X\W; =0}

AES, A1 >0
=sup{0:I'=S5, Tr(W1I') >0, I" = 0}.
res

Here, the equality in the second line follows from strong semidefinite programming duality,
which holds since the primal minimization problem is strictly feasible [27]. By inspecting
the (degenerate) feasible set of the dual maximization problem, we conclude that S € Cif
and only if S € C. This implies C = C.

For | = 1 the inclusion (3.17) thus translates to § # intC C Cp C C. O
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By removing the (redundant) penultimate constraint in (3.16) and by replacing the con-
straints Q(Sy) € Cp with their relaxed versions Q(Sy) € C for p = 1,...,m, we obtain the
following SDP.

minimize Tr (MCTX)

subject to X € R™** g — (S1,...,8m) eS™
F(AX +XTAD) +8u =4 (el +buel ) Vu=1,..m  (18)
Tr(WeQ(Sp) >0 Ve=1,....1, m=1,...,m
QS =0 Yu=1,...,m

The inclusion Cp C C implies that the optimal value of (3.18) underestimates the optimal
value of (3.16) (as well as that of SP'). In the special case | = 1, however, one can show
that the optimal values of (3.16) and (3.18) are generically equal.

Proposition 9 Suppose that | = 1 and that problem SP is strictly feasible. Then, the
optimal values of (3.16) and (3.18) coincide.

Proof This result relies on the fact that int C C Cp for [ = 1. Its proof is a simple general-
ization of the proof of Proposition 4 and can thus be omitted. a

Remark 9 One can directly verify that upper bounding problem (3.14) is more restrictive
than the lower bounding problem (3.18). To this end, we choose some (X, S, A) feasible
in (3.14). As (3.14) and (3.18) have identical objective functions and equality constraints,
the claim follows if we can show that (X, S) satisfies the inequality constraints in (3.18).
First, we observe that

l
Tr (WeQ(S) =E (€T Weg€ 8ug) > Y- Aua B (€T We g€ Wa) >0,
a=1

where the inequalities hold since §TWg & > 0 on the support of P, while S, > Zé:l A W
In a similar manner, one can show that

l
0 QS =E ([0 €267 5u6) = 3 A B (07 Wig) > 0
=1

for all v € R¥. Hence, Q(Sp) is positive semidefinite.

A summary of the key results elaborated in this section is provided in the following theo-
rem.

Theorem 2 IfP has a quadratically constrained support of the type (3.11), then the SDP
(3.14) conservatively approzimates SP", while the SDP (3.18) progressively approzimates
SP!. The sizes of these SDPs are polynomial in k, I, m, and n, implying that they are
efficiently solvable. If | = 1 and SP is strictly feasible, then SP" and SP! are equivalent
to (3.14) and (3.18), respectively.

4 Multistage stochastic programs

The dynamic decision problems to be considered in this section are cast in a similar
framework as the one-stage stochastic programs of Section 2. In particular, we continue
to work with the probability space (Rk7B(Rk)7]P’) and assume that P has a polyhedral
support = of the type (2.1) that is nonempty, bounded, and spans RF. Here, however,
we impose a temporal structure: the elements of the sample space are assumed to be
representable as £ = (£1,...,&r) where the subvectors & € RF* are observed sequentially
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at time points indexed by ¢ € T := {1,...,T'}. Without loss of generality, we assume that
k1 = 1, which implies that & = 1 for all £ € =. The history of observations up to time
t is denoted by &' := (&1,...,&) € R*" where k! := 22:1 ks. Consistency then requires
that €7 = ¢ and k7 = k. For notational convenience, we let E¢(-) denote (a version of)
the conditional expectation with respect to P given the random variable ft. We further
introduce truncation operators P;, t € T, which are defined through

Pt:RkHRkt, f|—>ft

Consider now a sequential decision process in which the decision ¢(£!) € R™ is selected
at time ¢ after the outcome history £ has been observed but before the future outcomes
{&s}s>t have been revealed. The objective is to find a sequence of decision rules z; € Cit,"t ,
t € T, which map the available observations to decisions and minimize a linear expected
cost function subject to certain linear constraints. The requirement that x+ depends solely
on & reflects the non-anticipative nature of the dynamic decision problem at hand and
essentially ensures its causality. Decision problems of this type can often be formulated as
linear multistage stochastic programs of the following form.

T
minimize [E <Z ct(ft)—rxt(ft)>
t=1
subject to x: € [,%t VteT (MSP)

st

T
]Et<z Atsxs(§s)> < be(€Y) P-as. VieT
s=1

In order for MSP to be well-defined, we assume that the objective function coefficients and
the right-hand side vectors are non-anticipative linear functions of the random parameters.
Thus, we postulate that c; (ft) = Ct P for some C; € R™ XK while bt(ft) = By P for
some By € R™**F" The constraint matrices Ars € R™ ™ are assumed to be independent
of £. Note that the constraints in MSP are of the expected value type. If A¢s = 0 for all t <
s, then the conditional expectations in the constraints of MSP become redundant. In this
case, the expectation constraints reduce to conventional pointwise constraints. However,
our generalized formulation offers more flexibility in modelling the decision maker’s risk
attitude. For example, if L € ££71 represents a loss variable, a risk-averse decision maker
may want to constrain the expected excess loss over a threshold L to be smaller than some
tolerance L. This requirement can be viewed as an integrated chance constraint in the
sense of [19], and it can be expressed in terms of linear expectation constraints as

E(max{L(€) — L,0}) <T <= 3s€ Li: s(€) > L(€) — L, s(6) >0 P-as.,
E(s(¢)) < L.

Alternatively, the decision maker may want to constrain the conditional value-at-risk
(CVaR) of the loss. CVaR is a popular risk measure in decision theory which quantifies the
expected losses exceeding a given percentile of the loss distribution [22]. The requirement
that the CVaR at level 3 € (0,1) of L should not exceed a given tolerance L can also be
expressed in terms of linear expectation constraints.

B-CVaR(L) <L <= 3Isc Li,h a€R: s(§) > L) —a, s(§) >0 P-as.,
<L

1
a+ ——E(s
5 E()
Furthermore, conditional expectation constraints can be used to explicitly enforce non-
anticipativity of decisions variables. They can also arise as artefacts of a superordinate
approximation based on time discretization [20].
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By introducing a sequence of non-anticipative slack variables s; € [,it t e T,

problem MSP can be brought to the following standard form.

T
minimize E<th(ft)T$t(ft)>
t=1
subject to x: € Lit

;M

7ste£it1  VteT

sTt

T
Eq (Z Atsfcs(fs)> tou@) =0 L p o e
s=1
st(€h) >0

m

(4.1)

Shapiro and Nemirovski argue that MSP is generically computationally intractable even
if ‘medium-accuracy’ solutions are sought and even if there are no expectation constraints
while the probability measure P is ‘easy to describe’ [26]. As a drastic but effective means
for complexity reduction they propose the use of linear decision rules. In our notation,
this amounts to setting mt(§t) = X¢ P € for some X € R"‘th and st(ft) = S P € for
some S; € ]Rm”(kt, t € T. To ensure that this approximation will convert (4.1) to a
tractable problem, we require E¢(£) to be almost surely linear in ft. This is the case, for
instance, if the random variables {&;}tcT are mutually independent.3 Formally speaking,
we postulate that for each t € T there exists a matrix M; € Rkat such that almost surely
Ei(€) = My P; €. Recall also that M :=E(¢¢"). With these conventions, (4.1) reduces to

T

minimize z Tr (PtM PtTCtT Xt)
t=1

subject to X; € R"*F' g, e R™*F yieT (MSP™)
T
Z As Xs Ps My P& + Sy P& = By P&

s=1

P-as. Vte T.
StP¢ >0

This semi-infinite program constitutes a conservative approximation for MSP and has
the same general structure as problem SP" in Section 2. By using robust optimization
techniques, it can therefore be reformulated as an equivalent linear program. We only show
the final result of this transformation without repeating the involved manipulations.

T
minimize > Tr (PtMPtT of Xt>
t=1
subject to Xt € R"“th7 Ay € Rt X
T (4.2)
ZAtsXsPthPt+AtWZ BtPt VtE T
s=1
Ath >0
Ay >0

A major benefit of using linear decision rules is that the size of the approximating lin-
ear program (4.2) is polynomial in k, I, m := Z?:l my, and n = Z?:l ng¢. Note that
these numbers are typically linear in 7', and hence the size of (4.2) grows typically only
polynomially with the number of decision stages. This massive reduction of computational
complexity necessarily comes at the cost of reduced accuracy. In order to estimate this loss
of accuracy, we next attempt to find an efficiently computable lower bound on MSP.

3 Stagewise independence is a widely used standard assumption in stochastic programming. It
implies that E¢(&s) is constant and thus almost surely equal to a constant multiple of & for all
t<s.
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As a first step towards a lower bound, we use a duality scheme by Wright [28, § 4] to
reexpress the standardized stochastic program (4.1) as a min-max problem in which the
dual variable corresponding to the tth equality constraint is given by a non-anticipative

square-integrable decision rule y; € Eit me In an attempt to reduce the problem complex-

ity we then require these dual decision rules to be representable as y (ft) =Yt =P ¢

t
for some Y; € R™***" Carrying out the maximization over the matrices {Y; };cr yields

T
minimize E (Z Ct({t)T»’Ct(ft)>
t—1

subject to xz¢ € C%t , St € [,%t VteT

SNt s

T
E <Z [Ats$8(§s) + St(‘gt) N bt(gt)} [Pt§]T> =0 P-as. VteT.

s=1

(MSPh

st(€) >0

The derivation of problem MSP! was intentionally abbreviated since similar arguments
were already employed in Sections 2 and 3. Moreover, by using the law of iterated condi-
tional expectations, one can directly verify that any (z, s) feasible in (4.1) is also feasible in
MSP! with the same objective value. This confirms that MSP! constitutes a progressive
approximation for MSP.

Next, we introduce new decision variables X; € R"tht and Sy € ]Rmtht that are

related to the original variables z; € Cit and st € [,it , through the equations

ne m

X,PM =E (mt(§t) gT) and SiPM =E (st(§t) gT) . (4.3)

Due to the truncation operators, which are absent in the one-stage case, it is not obvious
that the matrices X; and S; exist and are uniquely determined by (4.3).
there exist unique matrices X¢ €

Lemma 2 For any given x; € Eit7 and s € Eit7

Nt my
t t
R™**" and Sy € R™*F satisfying (4.3).
Proof Define Xy € R Xk through
X,P,MP, =E (:ct(ft) (Ptg)T) . (4.4)

Notice that PsM PtT is a principal submatrix of M and constitutes an automorphism on

Rkt. Thus, X¢ is in fact uniquely determined by the above relation. Using the assumption
that E¢(€) = M P¢ P-a.s., we find

E((e)¢") =E (2(6)E©))
—E (xt(ft) (Ptg)T) M, = X,P,MP, M, = X,P,M,
where the last equality follows from
M PMP =E(MP¢ P1) =E (Bi() ()" ) =E (¢(R)") = MP/.

Thus, X; constructed in (4.4) satisfies the first relation in (4.3). It is easy to show that
t
there is no other matrix in R™**" with this property. The existence and uniqueness of
t
Sy € Rmexk satisfying the second relation in (4.3) is proved in a similar manner. d
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As in Section 2, we can now eliminate the infinite-dimensional decision variables x¢ and
s¢ and reformulate problem (MSPl) in terms of the finite-dimensional decision variables
X and S¢. Among other things, this gives rise to the constraints

D E(ze(€H)eT) = X, P M, (4.5a)
D E(si(€9¢T) = S, PM, si(€h) > 0 P-as. (4.5b)

dxt € ;C«it

dst € Lit

,MMt

st

Constraint (4.5a) is redundant. Indeed, for any X; € R™**" the linear decision rule
:ct(ft) = X&' = Xy Pi¢ satisfies the postulated condition. Moreover, we can use Proposi-
tion 3 to reformulate (4.5b) in terms of finitely many linear inequalities. Applicability of
Proposition 3 is guaranteed by the following result.

Lemma 3 For any given St € R™ >k constraint (4.5b) is equivalent to
35 € Lo, * EG(E)ET) = SiPM, 3(¢") > 0 P-a.s. (4.5¢)

Proof It is clear that (4.5b) implies (4.5¢). To establish the converse implication, assume
that (4.5¢) holds, and define s; € Eit) , through s¢(€Y) = Eg(5¢(€)). Then,

m

E (56" ) =E (519 E(©)")
—E (gt(g) gT) P M, = S;PMP, M, = S, PM,

where the last equality follows from the proof of Lemma 2. a

If MSP is strictly feasible, we can now prove that MSP! s equivalent to the linear
program

T
minimize Z Tr (PtMPtTCtTXt)
t=1

subject to X; € R"tht, Sy € RMexk
: v t (46)

Z Aps XsPsNy Py + S¢Py = BePy 5 vt e T
s=1

(W - hef) MPTS] >0

where Ny := MP," (P,MP,’)~!. The derivation of (4.6) largely parallels that of (2.8).
Only the equality constraints in (4.6) require a more detailed description. Substituting
(4.3) into the tth equality constraint in MSP! yields

T
> A X PMP + 8 PMP = BiPMP, . (4.7)

s=1

As Py MP,;r inherits invertibility from M, we can multiply (4.7) from the right by (P; MPtT)_lPt
to obtain the postulated equality constraint

T
Z Ats XsPsNi Py + S¢ Py = By P .
s=1

In contrast to the one-stage case, the probability measure P affects the constraints of
the approximating linear programs (4.2) and (4.6) not only through its support but also
through its moments. This is not surprising since MSP accommodates expectation con-
straints. In the absence of expectation constraints, however, the moment dependence of
the equality constraints in (4.2) and (4.6) is lost since Ay = 0 for all s > ¢ while
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PsMiP;y = Ps = PsN¢P; for all s < t. To prove the latter statement, we first use the
definition of M¢ to deduce the relation

P.MyP € = PsEy(€) = Po¢ P-as. Vs<t.

As the support of P is assumed to span ]Rk7 the above statement is equivalent to Ps My Py =
Ps for all s <t. Next, we use the definition of N; and the fact that Ps = PSPtTPt for all
s <t to conclude that

PsNiP; = PsP, P,MP, (PMP, ) 'P, = PP, P, =P, Vs<t.

The principal insights gained in this section are summarized in the following theorem. Its
proof is omitted since it widely parallels the argumentation in Section 2.

Theorem 3 Assume that P has a polyhedral support of the type (2.1), while E¢(§) =

M P; € almost surely for some M € Rkat, t € T. If MSP has deterministic constraint
matrices and is strictly feasible, then MSP" and MSP are equivalent to the linear pro-
grams (4.2) and (4.6), respectively. The sizes of these linear programs are polynomial in
k,l, m:= Zthl me, and n = Zthl ng, implying that they are efficiently solvable.

It is straightforward to generalize the results of this section to decision problems in
which some uncertain parameters are stochastic in the sense that their distribution is fully
known, while all other uncertain parameters are ambiguous in the sense that only the sup-
port of their distribution is known. In this generalized setting, the objective is to minimize
the expected worst-case cost, where the expectation is taken with respect to the stochastic
parameters and the worst-case is calculated with respect to the (conditional) support of
the ambiguous parameters. In particular, if all uncertain parameters are ambiguous, we
end up with a standard robust optimization problem that minimizes the worst-case cost,
see e.g. [5,6,9,17]. By means of an epigraph formulation, worst-case optimization problems
with a min-max objective can be converted to minimization problems. Thus, the decision
rule approximations developed in this section easily carry over to pure robust as well as hy-
brid stochastic/robust optimization problems. Since these extensions require no new ideas,
further details are omitted. However, it is worthwhile to point out that the calculation of
the dual bounds requires us to specify a distribution over both the stochastic and the
ambiguous parameters. This joint distribution can be chosen freely but must be consistent
with the given marginal distribution of the stochastic parameters. Each choice of the dis-
tribution gives rise to a different dual bound and—in principle—the best (largest) lower
bound can be found by maximizing over all admissible distributions. This optimization
problem appears to be hard since its objective function is nonconvex, while the feasible
set is convex but generically lacks a simple representation in terms of conic constraints.
We will return to the problem of choosing an appropriate distribution for the ambiguous
parameters in Section 5.

5 Numerical Example

We consider an inventory system proposed by Ben-Tal et al. [4, § 5]. The system consists
of a warehouse and I factories, all of which produce a single good. The aim is to satisfy
an uncertain demand while minimizing the worst case production costs over a planning
horizon of T" semimonthly periods. & represents the demand of the product in period ¢,
while ¢;; denotes the unit production cost, ;¢ the production capacity, and x;; the actual
output of factory 4 in period ¢. The cumulative production capacity of factory i over the
total planning horizon amounts to ftom.‘l The factories forward all produced goods to the
warehouse, which has prescribed maximum and minimum inventory levels Ty and .,

4 Tt is assumed that Tiot,; is smaller than 23:1 Tit-
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respectively. The initial inventory level amounts to mevh. We assume that & = (£1,...,&7)
can take any value within a rectangle of the form

X1 [(1—0) € s, (1+0) € 1],

I

where £* represents the nominal demand, 6 determines the demand variability, and the
seasonality factor

1 .
gtzzl—l——sm{

SN LY

12

reflects our expectation that demands are highest in spring. In order to minimize the
worst-case cost over all possible demand scenarios, we solve the following robust inventory
management problem.

minimize  Top;
subject to zoh; ER, T4 € [,%71 Vi=1...,1,teT

T I
DD cirwu(€') < wob;
t=11=1
0<zy()<zTy Vi=1...,I,teT (5.8)

- P-a.s
int(ft) <oty Vi=1,...,1 -5
t=1

t I t
Ton < Tan + DD Tis(€) =Y & STy VLET

s=11i=1 s=1

Note that P may be chosen freely by the modeller as long as its support is given by =.
This choice does not affect the exact solution of (5.8), but—as manifested by our numerical
results below—may have a substantial impact on the quality of the dual linear decision
rule approximation.

Replacing the first constraint in (5.8) by

T oI
E <Z Cit xit(ft)> < Tobj (5.9)

t=11i=1

transforms (5.8) to a stochastic inventory management problem that minimizes the ex-
pected value of the production costs instead of their worst-case realization. In this setting,
we assume that P is the uniform distribution on =. Both the robust as well as the stochas-
tic inventory management problems are readily recognizable as instances of problem MSP
in Section 4.

For our computational experiments, we use the same parameters as in [4]. We assume
that there are I = 3 factories, while the maximum instantaneous production capacity
is set to xT;; = 567 units uniformly over all factories and time periods. The cumulative
production capacity amounts to Tiot,; = 13,6007/24 units for each factory (thus scaling
linearly with 7), and the maximum and minimum inventory levels are set to Ty, = 2,000
and z;, = 500, respectively. Like the demand, the production costs are subject to seasonal
changes, that is, we set ¢;; = «; <, where a1 = 1, ag = 1.5, and a3 = 2. Finally, we fix
£* = 1,000 units and impose a significant demand uncertainty by setting 0 = 30%.

In a first test series, we solve the bounding problems MSP" and MSP! corresponding
to the stochastic inventory problem for planning horizons between 1 and 72 time units (i.e.,
three years), see Figure 1, left. The relative gap between the bounds is consistently below
5%, which demonstrates that the linear decision rule approximation achieves a high degree
of precision in this example. CPLEX 11.2 can solve the two largest bounding problems
(each with a remarkable 72 decision stages) within 3,519 seconds on a 2.4 GHz machine. In
Table 1 we compare the linear decision rule approximation (LDR) with a sample average
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x10° Stochastic Inventory Problem x 10" Robust Inventory Problem
: . : ;

: : : :
upper bound upper bound = exact objective value
= = = lower bound = = =lower bound (uniform

objective value
objective value

0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
time periods time periods

Figure 1: Linear decision rule-based bounds for an inventory problem

approximation (SAA) that replaces the true demand distribution by a discrete scenario
tree obtained via conditional sampling, see e.g. Shapiro [25] for details. Due to run time
restrictions, the branching factor of the randomized scenario tree is fixed to 2 (SAA2),
3 (SAA3), or 4 (SAA4) branches per node, while the planning horizon ranges from 1 to
10 decision stages. Each SAA problem is solved for 50 statistically independent scenario
trees. Table 1 reports the 10%, 50%, and 90% quantiles of the resulting optimal objective
values. Missing entries (n/a) indicate that the corresponding SAA problems could not be
solved since CPLEX ran out of memory (>4GB). Table 1 also lists the lower (Ib) and
upper (ub) bounds associated with the linear decision rule approximation. We observe
that the SAA approximation is consistent with the linear decision rule approximation
and achieves a similar degree of accuracy—at least for the low branching factors under
consideration. However, the linear decision rule approach exhibits superior scalability, as
manifested by the average run times (see columns labeled ‘CPU’). For the linear decision
rule approximation we report the average run time required to calculate the upper and
lower bounds, and for the SA A approximation we disclose the average run time per scenario
tree. All run times are quoted in seconds on a 2.4 GHz machine using CPLEX 11.2.

Next, we solve the robust inventory problem, which offers some flexibility in choosing
the probability measure P. As neither the objective function nor the constraints of problem
(5.8) contain expectations, the upper bounding problem MSP" associated with (5.8)
depends on P only through its support. However, the lower bounding problem MS Pl is also
affected by the second-order moments of P. Thus, any choice of P may result in a different
lower bound. If one naively sets P to the uniform distribution P" on =, the resulting lower
bound is weak, see Figure 1, right. We expect to obtain stronger lower bounds by choosing
measures that concentrate probability mass on particularly unfavorable scenarios within
Z. This reasoning motivates us to solve the lower bounding problem under a probability
measure PV° that places unit mass® on the maximum demand scenario &VC. This scenario
is defined through &'° := (1 +6)£*, t € T, and may be expected to result in particularly
high production costs. It turns out that the lower bound associated with P"¢ collapses
with the upper bound (which is independent of the choice of P), implying that the robust
problem (5.8) is solved ezactly by linear decision rules.

This example demonstrates that the choice of P is critical for the quality of the dual
bounds when the underlying decision problem optimizes a worst case objective. We em-
phasize that finding the worst case scenarios of generic multistage robust optimization
problems is NP-hard [4]. However, a good understanding of a particular decision problem

5 Note that the support of P¥° is given by {¢"°} instead of =, and thus we are—strictly
speaking—not allowed to set P = PW%¢. This technical problem can be circumvented by consid-
ering the sequence of measures {(1 — %)PWC + %Pu}ueN7 which converges weakly to PVe.
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under consideration will often allow the modeller to guess unfavourable scenarios that can
be used to construct probability measures suitable for the dual bound calculations.
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LDR SAA2 SAA3 SAA4
T 1b ub CPU 10% 50% 90% CPU 10% 50% 90% CPU 10% 50% 90% CPU
1 508.3 558.3 0.00 256.0 487.2 635.0 0.0 252.1 499.7 635.1 0.0 320.3 509.4 634.9 0.0
2 1972.7 2032.6 0.00 1555.4 1988.0 2238.1 0.0 1672.6 1944.2 2150.1 0.0 1690.6 1959.2 2176.6 0.0
3 3825.5 4005.3 0.00 3024.9 3854.1 4238.1 0.0 3342.0 3808.0 4004.9 0.0 3350.7 3836.7 4071.7 0.0
4 6090.7 6356.0 0.00 5361.8 6057.9 6643.0 0.0 5319.8 6068.5 6344.9 0.0 5801.3 6125.8 6363.9 0.3
5 8665.4 9064.0 0.00 7818.7 8686.2 9240.1 0.0 8187.3 8689.1 9038.4 0.5 8290.4 8712.9 8976.3 45.6
6 11483.9 12047.5 0.01 10705.5 11433.6 12039.2 0.0 10848.7 11583.7 11985.6 28.8 10753.4 11498.3 11902.2 8476.8
7 14433.5 15182.7 0.02 13947.8 14599.9 15086.9 0.2 13837.6 14499.1 14904.5 1654.0 n/a n/a n/a n/a
8 17434.4  18329.3 0.03 | 16601.6 17616.6  18117.8 2.1 n/a n/a n/a n/a n/a n/a n/a n/a
9 20255.9  21279.0 0.04 | 19456.0 20412.3  20877.5 26.5 n/a n/a n/a n/a n/a n/a n/a n/a
10 | 22769.3  23869.9 0.05 | 22025.4 22927.3  23368.5  327.2 n/a n/a n/a n/a n/a n/a n/a n/a

Table 1: Approximate objective values and run times for the stochastic inventory problem.




