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Abstract

Proximal bundle methods have been shown to be highly successful optimization methods for un-
constrained convex problems with discontinuous first derivatives. This naturally leads to the question
of whether proximal variants of bundle methods can be extended to a nonconvex setting. This work
proposes an approach based on generating cutting-planes models, not of the objective function as most
bundle methods do, but of a local convexification of the objective function. The corresponding convexifi-
cation parameter is calculated “on the fly” in such a way that the algorithm can inform the user as
to what proximal parameters are sufficiently large that the objective function is likely to have well de-
fined proximal points. This novel approach, shown to be sound from both the objective function and
subdifferential modelling perspectives, opens the way to create workable nonconvex algorithms based on
nonconvex VU theory. Theoretical convergence analysis and some encouraging preliminary numerical
experience is provided.

1 Introduction

We consider the nonsmooth unconstrained optimization problem

min
x∈IRN

f(x).

Bundle methods are currently among the most efficient optimization methods in the presence of discon-
tinuous first derivatives [24]. Yet, very little systematic research has been performed on extending convex
bundle methods to a nonconvex framework. In this paper we build on previous research on determining
proximal points for nonconvex functions in order to develop a basic proximal bundle method that is
suitable for nonconvex objective functions.

Initially, bundle methods were based on subdifferential estimates that asymptotically ensure satis-
faction of the first order optimality conditions [22], [28], [23], [25], [29], [30]. In these dual methods not
much attention is paid much to the primal view, of how to model the objective function by using tangent
hyperplanes. Primal forms of convex bundle methods, sometimes referred to as stabilized cutting planes
or proximal bundle methods, were mostly developed in the 90’s; see [17, Ch. XV] and references therein.

The dual insight was so pervasive that practically all nonconvex bundle algorithms are modifications of
some convex forerunner, with a “fixed” model function that is not theoretically supported from the primal
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point of view. Basically, such fixes consist in redefining linearization errors to enforce nonnegativity. At
a given point, the linearization error of a given line tangent to f is the difference between f and
the line, evaluated at the point under consideration; see [17, Def. XIV.1.2.7] and (3) below. If f is
convex, tangent lines are “cutting planes” supporting the graph of f and linearization errors are always
nonnegative. If linearization errors are nonnegative, model functions, usually defined as the maximum
of tangent lines, are lower approximations to the objective function. This feature is crucial to prove
convergence of most bundle methods [17, vol. II], [4], [18]. However, in the nonconvex case, since tangent
hyperplanes may not support the graph of the objective function, linearization errors can be negative.
The corresponding model function does not stay below f and may even cut off a region containing a
minimizer. This drawback was circumvented by forcing the linearization error to remain positive by
purely heuristic methods such as replacing negative values with a quadratic term, or with the absolute
value of the linearization error (see [30] for a general study on this subject).

In this work we present a new nonconvex bundle method, which is more deeply rooted in a logical
primal-dual assessment of the cutting-planes model. The algorithm, of the proximal form, is largely based
on the work [13], laying the ground for the algorithm’s convergence analysis. The algorithm generates
approximate proximal points, computed by using a variation of the algorithm presented in [13], in which
(exact) proximal points of a special cutting-planes model are used to compute increasingly accurate
approximations to the correct proximal point. The cutting-planes model is special in the sense that
it no longer models the objective function f , but rather certain local convexification, centered at the
current serious step (see (4)). Such local convexification is modified dynamically in order to always yield
nonnegative linearization errors, and stems from redistributing the proximal parameter of the objective
function into two terms; see (6) below.

Like our method, the bundle nonconvex methods [18], [27], [20], [26], [36], [9], [10], [12] are of the
proximal type. However, these methods still pursue the track of previous dual approaches, by using
“subgradient locality measures”, possibly quadratic, to redefine negative linearization errors. The use
of quadratic subgradient locality measures is somewhat similar to the idea we present here, but has the
weakness that the penalty parameter is fixed a priori (moreover, primal information, corresponding to
function values, is again ignored).

Instead, in our redistributed method the parameters adjustment and their redistribution is done “on
the fly”, taking into account primal and dual information. By approaching the problem from this direction
we create a better understanding of why the algorithm works and how it might be further employed. For
example, the algorithm developed in this paper is not only shown to converge on a variety of nonconvex
functions, but is also designed to inform the user as to what proximal parameters are sufficiently large
that the objective function is likely to have well defined proximal points. This is a crucial issue for speed
of convergence, since nonsmooth methods are in general linearly convergent at best. This is not only
the case for the bundle family, but also of the gradient sampling method [3], its less known antecessor
[11], and the derivative free methods [1] and [2]. The interest in devising proximal nonconvex bundle
methods lies on the “smoothing” effect of the proximal point operator and its potential to speed up
the algorithm’s convergence. With our approach, the user is informed on the algorithm’s estimate of
the proximal threshold for the objective function. Such information should make it possible to create
workable fast nonconvex algorithms, based on the nonconvex VU theory in [31], [32], and the nonconvex
partly smooth theory in [14]. Furthermore, our local convexification approach can give a new insight on
the first order models from [33].

The remainder of this paper is organized as follows. In Section 2 we provide a review of the Variational
Analysis definitions and results required for this work. Section 2 also includes the main assumption for
the functions considered in this work, some examples of functions that satisfy the assumption, and
some basic results arising from the assumption. In Section 3 we review how bundle methods work in
a convex setting, and discuss how requirements change in a nonconvex setting. This section provides
details on most of our notation. In Section 4 we provide the details of the algorithm developed in this
paper, followed by results showing that the algorithm is well-defined. Section 5 examines the convergence
properties of the algorithm. Section 6 provides encouraging results of some preliminary numerical testing
for the algorithm. We give some concluding remarks in Section 7.
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2 Background, Assumptions and Notation

In this section we recall concepts and results of Variational Analysis that will be of use in this paper.
Notable we make use of the limiting subdifferential denoted by ∂f(x̄) in [35, Def 8.3, p. 301]. First we
define the regular subdifferential of f at x̄ via

∂̂f(x̄) := {g ∈ IRN : lim
x→x̄

inf
x6=x̄

f(x)− f(x̄)− 〈g, x− x̄〉
|x− x̄| ≥ 0}.

Now the limiting subdifferential is defined

∂f(x̄) := lim
x→x̄

sup
f(x)→f(x̄)

∂̂f(x).

We call elements of this subdifferential subgradients, and generally represent them with the variable g.
We say a function f is prox-bounded if there exists R ≥ 0 such that the function f +R 1

2
| · |2 is bounded

below. The corresponding threshold (of prox-boundedness) is the smallest rpb ≥ 0 such that f + R 1
2
| · |2

is bounded below for all R > rpb.
In order to define a nonconvex proximal variant bundle method, we consider lower-C2 functions, that

we define following the equivalence shown in [35, Thm. 10.33, p. 450]. Specifically, the function f is
lower-C2 on an open set O if f is finite valued on O, and for any point x in O there exists a threshold
rlC2(x) > 0 such that f + r

2
| · |2 is convex on an open neighbourhood O′ of x for all r > rlC2(x).

We now state our basic assumption on the function f .

Given x0 ∈ IRN and M0 ≥ 0 there exists
an open bounded set O and a function F such that,

L0 :=
˘
x ∈ IRn : f(x) ≤ f(x0) + M0

¯
⊂ O,

F is lower-C2 on O satisfying F ≡ f on L0.

(1)

Since the assumption depends on x0 and M0, we refer to it as (1)(x0,M0) when appropriate. Before
moving on to some of the properties of functions satisfying assumption (1)(x0,M0), we first provide some
quick examples of such functions.

Example 1 (lower-C2) If f is lower-C2 on an open bounded set O satisfying

L0 :=
˘
x ∈ IRn : f(x) ≤ f(x0) + M0

¯
⊂ O,

then f satisfies (1)(x0,M0).

In the next example we note that Lipschitz functions that are prox-regular (in the sense of Poliquin
and Rockafellar [34]) are lower-C2. (Prox-regular is not used within this paper, so we do not elaborate on
its definition here.) Since prox-regularity is essential when working with proximal points in a nonconvex
setting, this example shows that lower-C2 functions (see [15]) are a useful subset of Lipschitz functions
in this setting.

Example 2 (prox-regular Lipschitz) Let f be a prox-regular locally Lipschitz function. Then f is
lower-C2 [35, Prop 13.33 & Def 9.1]. In particular, if f is (globally) semismooth (in the sense of Mifflin
[28]) and prox-regular and, then f is (globally) lower-C2; see also [16].

In the next example we describe one manner of ensuring the level sets are bounded, as in assumption
(1).

Example 3 (level coercive lower-C2) Let the function f be globally lower-C2. Suppose that f is level
coercive (i.e. bounded below on bounded sets and lim inf |x|→∞ f(x)/|x| > 0). Then by [35, Cor 3.27, p.
92], the level sets of f are bounded. Thus, for any M0 > 0 and any x0 one has that f satisfies assumption
(1)(x0,M0) (here O can be any bounded set containing L0).

Let the function f be lower-C2 on the open set O containing the minimizer x̄ ∈ argminf . Suppose that
f is level coercive, so the level sets of f are bounded. Then f satisfies assumption (1)(x0,M0) for any x0

and M0 such that L0 ⊂ O. (Since L0 is bounded, we may reduce O to a bounded open set containing
L0.)
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The final two examples demonstrate methods of building functions which satisfy assumption (1)(x0,M0).

Example 4 (construction from lower-C2) Let the function f be lower-C2 function on O (possibly
unbounded). Given ε > 0, M > 0, and a point ȳ ∈ O, define f̃ by f̃(x) := max{f(x), ε 1

2
|x − ȳ|2 −M}.

Then f̃ is lower-C2 (on O) and level coercive (as |x− ȳ|2 is level coercive), so the conclusions of Example
3 hold. (Note that, by selecting M sufficiently large, it is easy to ensure that f̃(x) = f(x) for all x near
ȳ.)

Example 5 (construction via indicator functions) Let the function f be lower-C2 function on O∗

(possibly unbounded). Let C be any compact subset of O∗, and define g by g(x) := f(x) + ιC(x), where ι
is the indicator function of C (ιC(x) equals 0 on C and infinity elsewhere). Let x0 ∈ C and M0 ≥ 0, then
g satisfies assumption (1)(x0,M0). Indeed, in this case the function “F” is the original function f , while
the open bounded set “O” is any open subset of O∗ containing C. (Note that L0 ⊆ C, as ιC(x) = ∞ for
x /∈ C.)

The following result gathers some important consequences of our assumption, essentially related to
the existence of uniform bounds for the various thresholds involved (lower-C2, Lipschitz continuity, etc).

Proposition 1 For a function f satisfying (1)(x0,M0), the following holds.

(a) The level set L0 is nonempty and compact.

(b) The function f is bounded below and prox-bounded with threshold rpb = 0.

(c) There exists ρid > 0 such that, for any ρ ≥ ρid and given any y ∈ L0,

the function f +
ρ

2
| · −y|2 is convex on L0 .

(d) The function f is Lipschitz continuous on L0.

Proof: Let F be the lower-C2 function defined in by assumption (1) to agree with f on O. Being
lower-C2, the function F is continuous and finite valued on the open set O, which contains the level
set L0. Thus L0 is closed. By assumption (1) the level set L0 is bounded, and therefore compact. As
x0 ∈ L0, we see L0 is nonempty, as claimed in item (a).
Since the remaining results are only concerned with the behaviour of f on L0, we may assume without
loss of generality that f and F are the same function.
Since f is finite and continuous on the compact level set L0, f is bounded below on this set. By the
definition of L0 this implies f is bounded below. Any function which is bounded below is prox-bounded
with threshold rpb = 0.
By [35, Prop. 10.54], there exists an open set O′ satisfying L0 ⊂ O′ ⊆ O and ρid > 0 such that for any
point y ∈ O′, the function f + ρ 1

2
| · −y|2 is convex on O′ (and therefore on L0) for any ρ ≥ ρid.

All lower-C2 functions are locally Lipschitz continuous [35, Thm. 10.31]. The compactness of L0 allows
one to find a Lipschitz constant that holds for all of L0. ut

Another important consequence of our assumption (1)(x0,M0) is that the proximal point mapping pR,
defined as

pRf(x) := arg min
y
{f(y) + R

1

2
|x− y|2},

is single-valued and Lipschitz continuous on L0, provided the prox-parameter R is sufficiently large.
Furthermore, stationary points of f are characterized as fixed points of the proximal point mapping:

x̄ ∈ L0 is a stationary point of f if and only if x̄ = pRf(x̄),

again provided R is sufficiently large. Examining [35, Thm 2.26] it is clear that, in this case, R sufficiently
large means that

R > ρid, (2)

where ρid is the value in item (c) in Proposition 1. To see this note that, by the definition of L0, for any
x ∈ L0 one must have arg miny{f(y) + R 1

2
|x− y|2} = arg miny{f(y) + R 1

2
|x− y|2 + ιL0} (if y /∈ L0 then

f(x) < f(y) + R 1
2
|x− y|2, so y /∈ arg miny{f(y) + R 1

2
|x− y|2}).

The characterization of stationary points above, together with the local convexity property in item
(c) in Proposition 1, plays a fundamental role in our development. Suppose for the moment we are in
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an ideal situation, where the convexity and proximal threshold ρid is known. Then, given any R > ρid,
we could apply a convex bundle algorithm for iteratively computing a fixed point of f , by exploiting the
relation

pRf(x) = pR−ρid

“
f +

ρid

2
| · −x|2

”
(x).

The redistributed proximal bundle algorithm given in Section 4 below is nothing but an implementable
form of such ideal algorithm. More precisely, the minimum ideal threshold ρid is estimated along itera-
tions, using data generated by the algorithm, accumulated in a bundle of information.

3 Bundling in a nonconvex setting

At any iteration n, bundle methods keep memory of the iterative process in a bundle of information,
essentially collecting past function and subgradient values:[

i∈In

“
xi, fi = f(xi) , gi ∈ ∂f(xi)

”ff
where In denotes an index set of previous iterations, i.e., In ⊆ {0, 1, . . . , n}. These methods also keep
track of f(x̂k(n)), the “best” function value obtained until iteration n, evaluated at the “serious” step k,
corresponding to some past iterate ik. When it is clear from the context, we drop the explicit dependence
of k on the current iteration index n, to alleviate notation.

The subsequence of serious points has decreasing objective values and, under reasonable assumptions,
its cluster points (locally) minimize the function. Therefore, it is sometimes convenient to write the
bundle information by referring it to the current serious step. For a convex function f , the rewriting
involves determining the linearization errors for f (at x̂k), defined by,

ek
i = f(x̂k)−

“
fi + 〈gi, x̂k − xi〉

”
. (3)

The reformulated bundle data now consists of the current serious step

{x̂k, fk = f(x̂k), gk ∈ ∂f(x̂k)}

and the approximate subgradients, [
i∈In

“
ek

i , gi ∈ ∂ek
i
f(xk)

”ff
,

where ∂ef is the e-subdifferential in Convex Analysis. An additional advantage of using this reformulated
bundle is that it opens the way of the mechanism known as bundle compression, that allows to keep
bounded the cardinality of the index set In as n →∞, without impairing convergence of the method.

For a convex function f , linearization errors are always nonnegative. A nonconvex function f may,
by contrast, yield negative linearization errors that have to be dealt with adequately along the iterative
process. The approach introduced in [13], and extended here, works with augmented functions

f x̂k

ηn
:= f + ηn| · −x̂k|2/2. (4)

For this reason, we consider an augmented bundle of information:

[
i∈In

“
ek

i , dk
i , ∆k

i , gi
”ff

where

8>><>>:
ek

i was defined in (3)

dk
i = |xi − x̂k|2/2

gi ∈ ∂f(xi)

∆k
i = xi − x̂k.

(5)

Note that, since the linearization errors and the difference norms and vectors above depend on x̂k, they
need to be updated every time the serious step changes. Although at first glance keeping in the bundle
the difference norms dk

i in addition to the difference vectors ∆k
i may seem superfluous, this is not the
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case when introducing the mechanism of compression. We explain below how to handle compression of
bundle elements in the nonconvex setting.

As usual with proximal variants of bundle methods, the serious point x̂k represents the prox-center
for the current iteration. The algorithm proceeds by defining “candidate” points xn+1 as the solution
to a certain quadratic programming (QP) problem. The next serious point x̂k+1 will be a candidate
point satisfying the serious-step condition given in Step 7 below. We shall always assume an initial point
x0(= x̂0) is given.

For convenience, we drop for the moment iteration indices in our notation. To define the QP problem,
the current prox-parameter R is split into two nonnegative terms η and µ satisfying R = η + µ. These
terms play two distinct roles, derived from the relation

pRf(x̂) = pµ(f x̂
η )(x̂), (6)

(where f x̂
η = f +η| ·−x̂k|2/2 as in (4)). In this expression, η defines the augmented “convexified” function

f x̂
η , to be modeled by a simple function ϕ. The remaining parameter, µ, is used as a prox-parameter

for the model function. We refer to η and µ as the convexification parameter and model prox-parameter,
respectively. Along the iterative process, R, η, µ and ϕ have to be suitably modified. The bundle of past
information is used to define a cutting-planes model of the function f x̂

η :

ϕ(y) := max
i

“
fi + η

1

2
|xi − x̂|2

”
+

D“
gi + η(xi − x̂)

”
, y − xi

Eff
.

An equivalent expression, based on (3) and (5), and written with all the iteration indices, is the
following:

ϕn(y) = f(x̂k) + max
i∈In

n
−

“
ek

i + ηndk
i

”
+

D“
gi + ηn∆k

i

”
, y − x̂k

Eo
. (7)

The candidate point is xn+1 := pµnϕn(x̂k), i.e., the unique solution to a quadratic programming problem.
The corresponding optimality condition is

there exists αn ∈ Sn such that8><>:
xn+1 = x̂k − 1

µn
g−n

ηn
, with

g−n
ηn

:=
X
i∈In

αn
i (gi + ηn∆k

i ) ∈ ∂ϕn(xn+1),

(8)

where Sn denotes the unit simplex in IR|In|. In the sequel, we shall use Jact
n to denote the set of all active

subgradients. That is,
Jact

n := {i ∈ In : αi > 0 in equation (8)}.
In view of conditions (8), we call the augmented subgradient g−n

ηn
above the aggregate subgradient. The

corresponding aggregate bundle element is the quadruplet“
ek
−n, dk

−n, ∆k
−n, g−n

”
:=

X
i∈In

αn
i

“
ek

i , dk
i , ∆k

i , gi
”

=
X

`∈Jact
n

αn
`

“
ek

` , dk
` , ∆k

` , g`
”
, (9)

(we follow the notation in [21], reserving negative indices in In for aggregate bundle elements, so in
general In ⊆ {−n,−n + 1, . . . , 0, 1, . . . , n− 1, n}).

Note that,

for all ` ∈ Jact

and ` = −n

ff
ϕn(xn+1) = f(x̂k)− ek

` − ηndk
` +

D
g` + ηn∆k

` , xn+1 − x̂k
E

, (10)

where the equality for ` ∈ Jact follows by complementarity, while for ` = −n it follows from the result
for ` ∈ Jact, making the convex sum and recalling (9).

Using the aggregate bundle element, from (8) we have

g−n
ηn

= g−n + ηn∆k
−n = µn(x̂k − xn+1), (11)

and the cutting plane −ek
−n − ηndk

−n + 〈g−n
ηn

, y− xk〉 is included in the generation of the model function.
In general, bundle elements defining the model ϕn may have the form (5) or (9). For the quadruplets
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from (5), gi is a genuine subgradient for the function f : gi ∈ ∂f(xi), a relation that fails to hold for the
aggregate gradient from (9). Accordingly, we sometimes distinguish between oracle and aggregate bundle
elements. Note that in both cases the difference norm vectors are nonnegative: dk

i ≥ 0 for all i ∈ In.
Also, for both oracle and aggregate quadruplets, every time there is a new serious point and the index k
changes to k + 1, the first three elements in the quadruplet are updated according to the formulæ:

ek+1
i = ek

i + f(x̂k+1)− f(x̂k)− 〈gi, x̂k+1 − x̂k〉
dk+1

i = dk
i + |x̂k+1 − x̂k|2/2− 〈∆k

i , x̂k+1 − x̂k〉
∆k+1

i = ∆k
i + x̂k − x̂k+1

(12)

for all i ∈ In.
Recall that, in classical bundle methods for convex functions, the bundle consists of the pair (ek

i , gi)
for which the relation

gi ∈ ∂ek
i
f(x̂k)

holds. In our method, this pair is replaced with a quadruplet
“
ek

i , dk
i , ∆k

i , gi
”

for which the relation

gi + ηn∆k
i ∈ ∂ek

i +ηndk
i
ϕn(x̂k) whenever ek

i + ηndk
i ≥ 0 for all i ∈ In (13)

holds. The challenge is therefore to select ηn sufficiently large that ek
i + ηndk

i ≥ 0 for all i ∈ In,
but sufficiently small to remain manageable. The basis of our method is to make the parameter ηn

asymptotically estimate the ideal convexity threshold ρid. As a result, the model ϕn eventually becomes
a lower approximation to a locally convex function f x̄

ρid , with nonnegative augmented linearization errors

(where the stationary point x̄ is a cluster point for the serious step sequence {xk}).
One method to do this would be to set the convexification parameter ηn to be the minimal value that

keeps the augmented linearization errors nonnegative:

ηmin
n := max

i ∈ In

d
k(n)
i > 0

− e
k(n)
i

d
k(n)
i

. (14)

(Clearly, ek
i + ηdk

i ≥ 0 for all i ∈ In whenever η ≥ ηmin
n .)

The results in [13] show that by using the lower bound

η̃n := max
i, j ∈ In

i 6= j

ek
j − ek

i − 〈gj − gi, ∆k
j 〉

dk
j + dk

i − 〈∆k
i , ∆k

j 〉
,

one can ensure that the proximal points of ϕn converge to the proximal point of f . Let ik be the (past)
iterate giving the current serious point: x̂k = xik . The following holds:

ik ∈ In ⇔ (ek
ik

, dk
ik

, ∆k
ik

, gik ) = (0, 0, 0, gik ) is in the bundle. (15)

In this case, since setting j = ik in the right hand side term defining η̃n yields (14), we see that the lower
bound η̃n is at least as large as ηmin

n .
Relation (14) guides the choice of the convexification parameter in our algorithm. In addition, to

help finding the ideal proximal threshold R > ρid as in (2), the parameter Rn(= ηn + µn) is increased
when needed along iterations.

4 Algorithmic development

As discussed in Section 1, previous methods for extending bundle methods to a nonconvex setting gen-
erally hinge around redefining the linearization errors in order to force them to be positive. Along these
lines, various possibilities were considered, for example, using either the absolute value of (negative)
linearization errors, or a “subgradient locality measure” depending on a fixed penalty coefficient. In all
cases, primal information, corresponding to function values, is not taken into account for determining
the penalty term. Instead, our coefficient ηn will be calculated dynamically during each iteration in a
manner which forces the linearization errors of a penalization of the objective function to be positive.

In the next subsection we provide pseudo-code for the Redistributed Bundle Algorithm.
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4.1 Redistributed Bundle Algorithm

An oracle computing the function value f(x) and one subgradient in ∂f(x) for any x ∈ IRN is assumed
to be given.

Algorithm 1 (Redistributed Bundle)

Step 0 (Input and Initialization)
Select initial starting point x̂0 and an unacceptable increase parameter M0 > 0, a parameter R0 > 0, a
stopping tolerance tolstop ≥ 0, an Armijo-like parameter m ∈ (0, 1), a convexification growth param-
eter Γ > 1. Initialize the iteration counter n = 0, the serious step counter k = k(n) = 0 with i0 = 0,
the bundle index set I0 := {0}, and the first candidate point x0 := x̂0.
Compute the oracle values f0 = f(x̂0) and g0 ∈ ∂f(x̂0), and the additional bundle information
(e0

0, d
0
0, ∆

0
0) := (0, 0, 0) ∈ IR× IR× IRN .

Choose the starting prox-parameter distribution (µ0, η0) := (R0, 0).

Step 1 (Model Generation and QP Subproblem) Having the current serious step prox-center x̂k,
the bundle

˘`
ek

i , dk
i , ∆k

i , gi
´¯

i∈In
, and the prox-parameter distribution (µn, ηn), with ηn ≤ Rn and

µn = Rn − ηn, define the convex piecewise linear model function ϕn from (7).
Compute

xn+1 := pµnϕn(x̂k),

with optimal simplicial multipliers αn from (8), so that the aggregate quadruplet from (9) is available.
Define the predicted decrease

δn+1 := f(x̂k) +
ηn

2
|xn+1 − x̂k|2 −ϕn(xn+1).

Step 2 (New Bundle Information)
Call the oracle to obtain f(xn+1) and gn+1 ∈ ∂f(xn+1).
Compute the additional elements defining the new bundle quadruplet:

∆k
n+1 := xn+1 − x̂k, dk

n+1 := |∆k
n+1|2/2, and

ek
n+1 := f(x̂k)−

`
f(xn+1) +

˙
gn+1, ∆k

n+1

¸´
.

Select a new index set satisfying

In+1 ⊇ {n + 1, ik} and


either In+1 ⊇ Jact

n := {i ∈ In : αn
i > 0}

or In+1 ⊇ {−n}.

Step 3 (Serious step test)
Check the descent condition f(xn+1) ≤ f(x̂k)−mδn+1.
If this condition is true, declare a serious step:

set k(n + 1) = k + 1, ik+1 = n + 1, x̂k+1 = xn+1,
update bundle elements according to formulæ (12).

Otherwise, declare a null step:
set k(n + 1) = k(n).

Step 4 (Update η)
Apply rule 

ηn+1 := ηn, if ηmin
n+1 ≤ ηn

ηn+1 := Γηmin
n+1, and Rn := µn + ηn+1 if ηmin

n+1 > ηn,
(16)

where ηmin
n+1 is given by (14), written with n replaced by n + 1.

Step 5 (Update µ)
If f(xn+1) > f(x̂k) + M0, then the objective increase is unacceptable,

restart the algorithm by setting:

η0 := ηn, µ0 := Γµn, R0 := η0 + µ0,

x0 := x̂k, (e0
0, d

0
0, ∆

0
0) := (0, 0, 0),

k(0) := 0, i0 = 0, I0 := {0},
n := 0.

and loop to Step 1.
Otherwise continue to Step 6.
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Step 6 (Stopping test and loop)
If δn+1 ≤ tolstop then stop with the message

“Algorithm successfully terminated at xn+1.”
Otherwise, in case of serious step increase k by 1.
In all cases increase n by 1 and loop to Step 1. ut

In Step 1, the dual problem of the quadratic program defining xn+1 consists in minimizing a quadratic
function over a simplicial set. For this type of structured QP, active set methods such as [19], [8] are
recommended. The update for the model-convexification parameters in Step 4 is done to ensure ηn ≥ ηmin

n

for all iterations, so that ek
−n +ηndk

−n ≥ 0. Therefore, the predicted decrease defined in Step 1, rewritten
in the form

δn+1 =
Rn + µn

2
|xn+1 − x̂k|2 + ek

−n + ηndk
−n (17)

by combining (10) for ` = −n and (11), is also nonnegative.

The potential reset in Step 5 ensures that eventually all bundle points will be in the set L0. In
Lemma 1 below we show that there is only a finite number of such restarts.

Lemma 1 (Algorithm 1 is well defined) Consider the sequence of iterates {xn} generated by Algo-
rithm 1. If the function f satisfies assumption (1)(x0,M0) and In ⊃ {ik}, there can only be a finite
number of restarts in Step 5. Hence, eventually the sequence {xn} lies entirely in L0 and the model
prox-parameter sequence {µn} becomes constant.

Proof: Iterates xn+1 are always well defined, because the model functions ϕn are convex.
To see there is a finite number of restarts in Step 5, we first note that by assumption (1)(x0,M0), the
function f is Lipschitz continuous on L0 (Prop. 1, (d)). Let the Lipschitz constant of f on L0 be L. By
the Lipschitz continuity of f , there exists ε > 0 such that for any x̄ ∈ {x : f(x) ≤ f(x0)}, the open ball
Bε(x̄) is contained within L0. (Indeed ε = M0/L suffices.)
Next note that

pµnϕn(x̂k) = argminy{ϕn(y) + µn
2
|y − x̂k|2}

∈ {y : ϕn(y) + µn
2
|y − x̂k|2 ≤ ϕn(x̂k) + µn

2
|x̂k − x̂k|2}.

Since ik ∈ In, the inclusion in (13) written for i = ik is gik ∈ ∂ϕn(x̂k), by (15). Since it also holds that
gik ∈ ∂f(x̂k), we have that |gik | ≤ L and, hence,

pµnϕn(x̂k) ∈ {y : ϕn(x̂k) + 〈gik , y − x̂k〉+ µn
2
|y − x̂k|2 ≤ ϕn(x̂k)}

∈ {y : −|gik ||y − x̂k|+ µn
2
|y − x̂k|2 ≤ 0}

∈ {y : µn
2
|y − x̂k|2 ≤ L|y − x̂k|}

∈ {y : |y − x̂k| ≤ 2L
µn
}.

As µn increases during each Step 5 restart, eventually µn will become large enough that 2L/µn < ε.
Noting that f(x̂k) < f(x0) for any new x̂k generated in the algorithm (see Step 3), completes the proof.

ut

5 Convergence Theory

We now examine the convergence properties of the algorithm. We begin by showing the model functions
employed within the algorithm satisfy the conditions used to show the convergence of the null step in
[13].
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5.1 Model properties

The family of model functions {ϕn} differs from the one employed in [13] in two important points. First,
the rule applied in (16) uses the value ηmin as a switch (instead of using the bigger value η̃). Second, it
is possible to replace active bundle elements by the aggregate information (9) (the former variant [13]
does not allow to erase active bundle elements).

We now show that conditions (3) and (6) from [13], crucial for convergence, remain valid for the
modified model functions.

Lemma 2 (Conditions (3a-3d) in [13]) Consider the family of model functions given by (7), and
defined by Algorithm 1. Given the properties

ϕn is a convex function (18a)

ϕn(x̂k) ≤ f(x̂k) (18b)

for all w ∈ IRN ,

ϕn+1(w) ≥ ϕn(xn+1) + µn

D
x̂k − xn+1, w − xn+1

E
if xn+1 is a null step (18c)

ϕn(w) ≥ f(xn) + ηndk
n + 〈gn + ηn∆k

n, w − xn〉 for some gn ∈ ∂f(xn), (18d)

the following holds.

(a) Condition (18a) is always satisfied.

(b) If ηn ≥ ηmin
n , for ηmin

n defined in (14), then condition (18b) is satisfied.

(c) If ηn+1 = ηn and either In+1 ⊃ Jact
n or In+1 ⊃ {−n}, then condition (18c) is satisfied.

(d) If In ⊃ {n}, then condition (18d) is satisfied.

Proof: The first assertion is clear, since model functions generated as the maximum of affine functions.
Item (b) follows from the inequality for ηn, recalling that ϕn(x̂k) = f(x̂k)+maxi∈In{−(ek

i + ηndk
i )} and

that (14) ensures ek
i + ηndk

i ≥ 0.
To see item (c), suppose that xn+1 is a null step and ηn+1 = ηn. Since xn+1 is a null step we have
k(n + 1) = k(n) = k. By definition (7) of ϕn+1, using ηn+1 = ηn, for all w ∈ IRN and all ` ∈ In+1 we
know

ϕn+1(w) ≥ f(x̂k)− ek
` − ηndk

` + 〈g` + ηn∆k
` , w − x̂k〉. (19)

In particular, equation (19) holds for all ` ∈ Jact
n or ` = −n, in the index set In+1, by assumption. For

such indices, (10) implies that

f(x̂k)− ek
` − ηndk

` = ϕn+1(x
n+1)− 〈g` + ηn∆k

` , xn+1 − x̂k〉.

With this relation, we obtain in (19), for all ` ∈ Jact
n or ` = −n,

ϕn+1(w) ≥ ϕn+1(x
n+1) + 〈g` + ηn∆k

` , w − x̂k + x̂k − xn+1〉
= ϕn+1(x

n+1) + 〈g` + ηn∆k
` , w − xn+1〉.

For the case when In+1 ⊃ {−n}, since g−n + ηn∆k
−n = x̂k − xn+1 by equation (11), the relation above

for ` = −n is just item (c). As for the case of In+1 ⊃ Jact
n , we can sum the above inequality by using the

convex multipliers αn
` , and recall (9) and (11) to obtain the desired result.

Item (d) is straightforward from the definition of ϕn, recalling that the bundle quadruplet of index n is
an oracle one, given by (5). ut

5.2 Asymptotic Behaviour of Algorithm 1

We have seen from Lemma 2 that in Algorithm 1 the choice of index sets In+1 in Step 2 and the update
(16) in Step 4 ensure satisfaction of conditions (18a), (18b), (18d) at every iteration. By contrast,
condition (18c) is satisfied only eventually, once the convexification parameters stabilize. We next show
that the convexification parameter must eventually stabilize.
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Lemma 3 (Eventual stabilization of parameters)
Consider the family of model functions given by (7), and defined by Algorithm 1. If the function f
satisfies assumption (1)(x0,M0), there exists an iteration n′ > 0 such that all the parameters sequences
stabilize:

ηn = η̄ , µn = µ̄ , and Rn = R̄ := µ̄ + η̄ for all n ≥ n′.

As a result, condition (3) in [13] is eventually satisfied.
If, in addition, η̄ ≥ ρid, then

ϕn(w) ≤ f(w) + η̄|w − x̂k(n)|2/2 for all w ∈ L0 and for all n ≥ n′,

i.e., condition (6) in [13] holds.

Proof: By Lemma 1, there is a finite number of restarts in Step 5 of Algorithm 1. Once there are no
more restarts, µn = µ̄ and the update of the convexification parameter in Step 4 is nondecreasing: in
(16), either ηn+1 = ηn, or ηn+1 = Γηmin

n+1 > Γηn with Γ > 1. For the sequence {ηn} not to stabilize at
some value η̄, there must be an infinite subsequence of iterations at which the convexification parameter
is increased by a factor of at least Γ. But this leads to a contradiction, since in this case (Prop. 1, (c))
for some iteration nc the function f + ηnc | · −x̂k(nc)|2/2 is convex on L0. For this particular iteration,
one will have ek

i +ηncdk
i ≥ 0 for all i ∈ Inc (the linearization error for a cutting-planes model of a convex

function is always nonnegative). Hence,

ηnc ≥ max
i∈Inc

− ek
i

dk
i

= ηmin
nc+1,

and therefore, from that iteration on, the update (16) will leave unchanged the convexification parameter:
ηnc+j = ηnc for all j ≥ 0. Since condition (3) in [13] is nothing but (18), the desired result follows from
Lemma 2.
The final assertion follows from noting that when η̄ ≥ ρid the augmented function f x̂k(n)

η̄ = f + η̄| ·
−xk(n)|2/2 is convex on the level set L0 (Prop. 1, (c)) and, hence, the model ϕn remains below the
augmented function. ut

In order to examine the convergence properties of Algorithm 1 we set tolstop = 0. Note that if the
algorithm stops at some iteration n with δn+1 = 0, by (17) this means that

f(x̂k) + ηn
1

2
|xn+1 − x̂k|2 = ϕn(xn+1)

Applying that f(x̂k) = ϕn(x̂k) and ϕn(xn+1) = pµnϕn(x̂k) we see

ϕn(xn+1) + µn
1
2
|xn+1 − x̂k|2 ≤ ϕn(x̂k)

f(x̂k) + (µn + ηn) 1
2
|xn+1 − x̂k|2 ≤ ϕn(x̂k)

f(x̂k) + Rn
1
2
|xn+1 − x̂k|2 ≤ f(x̂k),

which shows that xn+1 = x̂k.
This implies that x̂k = pµnϕn(x̂k). Supposing ηn is sufficiently large for f + ηn| · −x̂k|2 to be convex on
L0, this would imply

f(x̂k) = ϕn(x̂k) ≤ ϕn(w) + µn
1
2
|w − x̂k|2 for all w ∈ IRn

≤ f(w) + ηn
1
2
|w − x̂k|2 + µn

1
2
|w − x̂k|2 for all w ∈ L0

≤ f(w) + Rn
1
2
|w − x̂k|2 for all w ∈ IRn.

In other words, x̂k = pRnf(x̂k). (In the final line we can return to w ∈ IRn by the definition of L0:

f(x̂k) ≤ f(x0) < f(x0) + M0 < f(w) < f(w) + Rn
1

2
|w − x̂k|2

for w /∈ L0.)

As usual in bundle methods, the convergence analysis considers two different asymptotic cases, de-
pending on whether a finite or an infinite number of serious steps is done.
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Theorem 1 (Asymptotic convergence of Algorithm 1) Consider Algorithm 1 applied to a func-
tion f satisfying assumption (1)(x0,M0), with stopping parameter tolstop = 0 and suppose there is no
termination. Let η̄ be the stabilized value for the convexification parameter sequence, as in Lemma 3.
The following mutually exclusive situations hold.

(a) Either η̄ > ρid and:

(a1) There is a last serious step x̂, followed by infinitely many null steps. Then xn+1 → x̂ and x̂ is a
stationary point for f .

(a2) There is an infinite number of serious steps. Then any accumulation point of the sequence {x̂k}
is a stationary point for f .

(b) Or η̄ ≤ ρid.

Proof: To see item (a1), consider iterations n after the last serious step x̂ was generated, so there are
only null steps. We apply [13, Thm 6] written x0, V, R, and ρ therein replaced by x̂,L0, R̄, and ρid,
respectively. We obtain that, as n →∞:

the whole sequence {xn+1} → p := pR̄f(x̂) with ϕn(xn+1) → f(p) +
η̄

2
|p− x̂|2.

Thus,
δn+1 = f(x̂) + η̄ 1

2
|xn+1 − x̂|2 −ϕn(xn+1)

→ f(x̂) + η̄ 1
2
|p− x̂|2 − f(p)− η̄

2
|p− x̂|2

= f(x̂)− f(p)

Since the serious step test in Step 3 of the algorithm is not satisfied we have f(xn+1) > f(x̂) −mδn+1.
Taking the limit as n → ∞ gives the relation f(p) ≥ f(x̂) − m(f(x̂) − f(p)), so f(x̂) ≤ f(p), because
m ∈ (0, 1). But p = pR̄f(x̂) implies

f(p) + R
1

2
|p− x̂|2 ≤ f(x̂),

which shows that x̂ = p. That is, x̂ = pR̄f(x̂), so x̂ is a stationary point of f .
To see item (a2), first notice that the sequence {x̂k} ⊂ L0, a compact set, so it has an accumulation
point, say for some infinite set K, x̂k → xinf ∈ L0 as K 3 k → ∞. Since x̂k+1 = xik+1 , to alleviate
notation we set jk = ik+1 − 1, so that x̂k+1 = pµ̄ϕjk

(x̂k). The telescopic sum of the descent test for the
subsequence of serious steps

f(x̂k+1) ≤ f(x̂k)−mδik+1 ,

implies that, as k →∞, either f(x̂k) ↘ −∞, or δik+1 → 0. By Prop. 1 ii, f is bounded below, therefore

δik+1 → 0. From (17), this means that both |x̂k+1− x̂k|2 and e−jk + η̄dk
−jk

must converge to 0. Therefore,

by (7), ϕjk
(x̂k+1) − f(x̂k) → 0 as k → ∞. Consider now k ∈ K. Since |x̂k+1 − x̂k|2 → 0, both x̂k+1

and x̂k converge to xinf as K 3 k →∞, with ϕjk
(x̂k+1) → f(xinf). But x̂k+1 = pµ̄ϕjk

(x̂k) and η̄ > ρid

implies that for all w ∈ L0

ϕjk
(x̂k+1) +

µ̄

2
|x̂k+1 − x̂k|2 ≤ f(w) +

R̄

2
|w − x̂k|2,

by condition (6) in [13] (Lemma 3). Therefore, in the limit we have that

f(xinf) ≤ f(w) +
R̄

2
|w − xinf |2 for all w ∈ L0.

As xinf ∈ L0, we also have that for any w /∈ L0

f(xinf) ≤ f(x0) + M0 ≤ f(w) ≤ f(w) +
R̄

2
|w − xinf |2.

Hence,

f(xinf) ≤ f(w) +
R̄

2
|w − xinf |2 for all w ∈ IRn.

In other words, xinf = pR̄f(xinf) with R̄ > ρid. Since f is lower-C2 at xinf (as xinf ∈ L0) and R̄ > ρid

this implies that 0 ∈ ∂f(xinf) [15, Prop 2.1 (g)]. ut
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At this stage, the assumption that the stabilized convexification parameter is greater than the ideal
proximal threshold ρid cannot be ruled out. Indeed, it is conceivable to generate an example where all
generated iterates lie on a convex quadratic augmented function, yet the function itself is non-convex.
Details of such an example would be complicated to generate, but would loosely look like the function
drawn in Figure 5.2. Possible modifications to Algorithm 1 to address such problem are discussed in the
concluding section 7.
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Figure 1: Example of how the stabilized convexification parameter might remain less than the ideal proximal
threshold ρid.

(
f(x) = sin( 1

x3 ) + 10x2, xi = (1/(π
2 + 2iπi))1/3

)

6 Numerical Testing

6.1 Test Problems

Our numerical tests are performed on a series of polynomial functions from [6]; see also [7]. For each
i = 1, 2, ...n let the function hi be defined via

hi : IRn 7→ IR
x 7→ (ix2

i − 2xi −K1) +
Pn

j=1 xj
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where K1 is a fixed constant. Using the functions hi we define the 5 varieties of test functions via

f1(x) :=

nX
i=1

|hi(x)| (20)

f2(x) :=

nX
i=1

(hi(x))2 (21)

f3(x) := max
i∈{1,2,...n}

|hi(x)| (22)

f4(x) :=

nX
i=1

|hi(x)|+ 1

2
|x|2 (23)

f5(x) :=

nX
i=1

|hi(x)|+ 1

2
|x|. (24)

Figure 2 shows that these test functions are nonconvex in IR2, they are all nonsmooth, except for f2.
These properties carry on to higher dimensions as well.
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Figure 2: Test Functions f1 (top-left), f2 (top-middle), f3 (top-right), f4 (bottom-left), and f5 (bottom-right) near 0 in IR2. (K1 = 0)

In Lemma 4 we show that these test functions satisfy condition (1)(0,M) for any M > 0.

Lemma 4 (Properties of Test Functions) Let f1, f2, f3, f4, and f5 be defined as in equations (20) to
(24). Then each fk (k=1, 2, 3, 4, 5) is globally lower-C2, bounded below, and level coercive, and therefore
the results of Example 3 apply. Moreover if K1 = 0 then

0 = min
x

fk and {0} ∈ argminxfk for k = 1, 2, 3, 4, 5.

Finally, {0} = argminfk(x) for k = 4, 5.

Remark 1 Note that in general {0} 6= argminfk, as f1(1) = 0 = minx f1 when n = 1.

Proof: We begin by noting that the functions hi are C2, therefore lower-C2. Functions defined by sums,
absolute values, maximums, and squares of lower-C2 functions are lower-C2 [35, Ex. 10.35, p. 452], and
therefore each fk is lower-C2 (the functions |x|2 and |x| are lower-C2 by the same principles).
Each fk is clearly bounded below by 0. When K1 = 0 we have fk(0) = 0, so 0 = min fk(x) and
{0} ∈ argminfk. For k = 4, 5 the penalty term ( 1

2
|x|2 or 1

2
|x|) ensures {0} = argminfk(x).

To see fk is level coercive consider that each hi grows quadratically in xi, and each fk is made via sums,
absolute values, maximums, and squares for the hi functions. ut

Our test problems now consist of
min

x∈IRn
{fk(x)}

where n takes any value from {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} and k takes any value from {1, 2, 3, 4, 5}, thus
providing a total test set of 50 problems. In all cases the constant K1 is taken to be 0.
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6.2 Test Results

Algorithm 1 was implemented in Matlab v 7.5.0.338 (R2007b). Two options were used to solve the
quadratic program in Step 1. First we solved Step 1 using QuadProg.m (Revision: 1.1.6.3), which is
available in the Optimization Toolbox. Second we solved Step 1 using a mex-interface for qpdf2, a
Fortran code developed by K. C. Kiwiel for the method in [19].

At the Initialization step we set:

– the initial starting point to x̂0 = [1, 1, ...1],

– the unacceptable increase parameter to M0 = 10,

– the initial R value to R0 = 10,

– the stopping tolerance to tolstop = 10−6,

– the Armijo-like parameter to m = 0.05, and

– the convexification growth parameter to γ = 2.

In order to ensure eventually stoppage of the algorithm, a maximum number of Step 5 restarts was
imposed (set at 100), and a maximum number of function evaluations was imposed (set at 300). We
attempted each test problem 6 times, using the two quadratic program solvers discussed above and three
different manners of maintaining the bundle. This provided 6 variants of Algorithm 1. In Variants 1 and
2, we kept all bundle elements regardless of bundle size (In+1 = {0, 1, 2, ...n + 1}). In Variants 3 and 4,
we kept only the active bundle elements (In+1 = Jact

n ∪ {n + 1, ik}). In Variants 5 and 6, we kept only
the aggregate bundle element (In+1 = {n + 1, ik,−n}). Odd numbered variants used qpdf2 to solve the
quadratic program, while even numbered variants used QuadProg.m.

Complete results appear in Tables 1 to 6 in Appendix A. Letting x∗ represent the point the algorithm
returns as the most likely location of the minimum, Tables 1 to 6 report the minimal function value found
(f∗ = f(x∗)), the value of δn at the final iteration (δ∗), and the number of black box function evaluations
used (fevals). Note that each time the black box is called, both a function and gradient evaluation are
made (i.e. gevals would equal fevals, so we do not report it). To provide a more intuitive and visual
representation of the results we use performance profiles [5].

6.3 Performance Profiles

In [5], Dolan and Moré address the problem of how to accurately, concisely, and fairly report bench-
marking results. Their proposed technique, called performance profiles, has become the standard in
optimization algorithm benchmarking literature. By means of summary, we begin by running each opti-
mization algorithm on a set of test problems. We let tp,s represent the number of function evaluations
required by solver s to solve problem p (Dolan and Moré write in terms of time, but the ideas are clearly
transmutable). If the solver fails to solve the problem then tp,s is set to infinity. From the values tp,s we
generate the performance ratio value

rp,s =
tp,s

mins{tp,s}
for each solver and each problem. Performance profiles now report for each solver the function ρs(τ)
defined by

ρs(τ) =
1

P

˛̨
{p : rp,s ≤ τ}

˛̨
,

where P is the number of test problem and |{·}| is the number of elements in the set {·}. Thus ρs(τ)
“is the probability for solver s that a performance ratio rp,s is within a factor τ ∈ IR of the best possible
ratio” [5].

The functions ρs are then plotted together in order to provide a quick visual comparison between
solvers. At the far left of the graphs (τ = 1) each solver begins at the value equal to the portion of test
problems that it solved with the least number of function evaluations. At the far right (τ → ∞) each
solver converges to the portion of test problems that it successfully solved. In between (and at the end
points) solver s1 is performing better than s2 if its graph is higher (i.e. ρs1(τ) > ρs2(τ)).

Performance profiles for the 6 variants of the algorithm appear in Figure 3. As performance profiles
are dependent on the definition of “solved”, we provide four profiles defining solved as finding a minimal
function value of less than 0.05, 0.01, 10−3, and 10−6 respectively.

Examining Figure 3 we see that solving the quadratic program using qpdf2, outperformed solving the
quadratic program using QuadProg.m. For medium to low accuracy Variant 5 (In+1 = {n + 1, ik,−n})
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Figure 3: Performance Profiles. Top Left: Finding a minimal function value < 0.05,

Top Right: Finding a minimal function value < 0.01, Bottom Left: Finding a minimal function value < 10−3,
Bottom Right: Finding a minimal function value < 10−6. Variants 1 and 2, In+1 = {0, 1, 2, ...n + 1}.
Variants 3 and 4, In+1 = Jact

n ∪ {n + 1, ik}. Variants 5 and 6, In+1 = {n + 1, ik,−n}.
Variants 1, 3, and 5 use qpdf2, Variants 2, 4, 6 use QuadProg.m.

dominated the results, but when seeking high accuracy Variant 1 (In+1 = {0, 1, 2, ...n+1}) showed better
promise. Not surprisingly, as desired accuracy increases, the number of test problems successfully solved
decreased. Recall that we enforced a maximum of 300 function evaluations. It is likely that increasing
this maximum would increase accuracy (in Tables 1 to 6 we see many tests used the maximum number
of function evaluations).

7 Conclusion

We have presented a novel proximal bundle algorithm that is designed to work on nonconvex functions.
Algorithmic convergence is studied for the class of function defined in equation (1), which includes all
lower-C2 functions with at least one bounded level set.

The algorithm provides several improvements over previous bundle methods for nonconvex functions.
First and foremost, the algorithm is designed from both a primal and dual perspective. This provides a
stronger theoretical foundation to the algorithm, which will thereby allow for significant improvements
in future algorithms of the proximal type. A second advantage to the algorithm, that is not explored in
this paper, is that the algorithm provides feedback on the level of convexification required to make the
proximal point of the model function unique. It is likely that this value also provides feedback on the
level of convexification required to make the objective function locally convex. This is open to future
research.

Analysis of the convergence of the algorithm proceeded by first showing that the convexification
parameter eventually stabilized. Once stabilized, convergence was proven under the assumption that
the stabilized convexification parameter is greater than the ideal proximal threshold ρid. The example
in Figure 5.2 shows a situation where such assumption may not be true. Generating a precise example
like that shown in Figure 5.2 would likely be more complicated that it appears, and is seems unlikely to
arise in actual practice. It would be interesting to know if a simple example could be generated where
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situation (b) of Theorem 1 arises. A simple adaptation of the algorithm which would aid in avoiding
situation (b) of Theorem 1 would be to add a small random element to the solution of the QP Subproblem
(Algorithm 1, Step 1). In particular, if xn+1 = pµnφn(x̂k), then the next iterate point could be selected
as xn+1+εn+1, where εn+1 is a random vector of diminishing norm. Although convergence results will not
trivially carry over for such an algorithm, by the classical robustness of the proximal point method (see
[15]) and of lower-C2 functions (which are locally Lipschitz), convergence results should remain stable.
Such an algorithm should eventually either find a point which forces the convexification parameter to be
greater than ρid, or converge to a local minimum where the convexification parameter is larger than the
local ideal proximal threshold. Further research will explore this idea.

Preliminary numerical results are very promising, in the best case solving 48 of 50 test problems
to a function value of less than 0.05 (Variant 5, Table 5). In the preliminary testing provided in this
work we report only one set of values for the initialization parameters (M0, R0, m, and γ). Theoretically,
parameter R0 should have little impact on algorithmic performance, as the algorithm recalculates R based
on function information, so R0 = 2 seems as reasonable as any value. Values M0, m, and γ are more
likely to impact algorithmic performance. A few options were attempted for each parameter: in particular
M0 = {10, 103, 108}, m = {0.05, 0.1, 0.25}, and γ = {1.5, 2, 4}. The parameters used herein represent
those that provided the best results. Detailed work on determining good initialization parameters will
likely further increase algorithmic performance.
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A Tables

k n f∗ δ∗ fevals k n f∗ δ∗ fevals
1 1 0.000000 0.000000 2 1 6 0.000000 0.000000 49
2 1 0.000000 0.000000 2 2 6 0.000000 0.000133 36
3 1 0.000000 0.000000 2 3 6 0.093031 0.218325 26
4 1 0.000000 0.000534 28 4 6 0.022327 0.129176 55
5 1 0.000000 0.000007 13 5 6 0.113834 0.217826 37
1 2 0.086533 0.196793 12 1 7 0.167794 0.175417 36
2 2 0.000001 0.001090 22 2 7 0.000000 0.000166 48
3 2 0.000000 0.000043 15 3 7 0.018131 0.299913 30
4 2 0.036623 0.080019 10 4 7 0.239281 0.257493 34
5 2 0.000000 0.000000 16 5 7 0.099638 0.161789 84
1 3 0.000000 0.000052 19 1 8 0.172942 0.000594 301
2 3 0.000000 0.000371 31 2 8 0.030530 0.000110 124
3 3 0.000320 0.007858 16 3 8 0.067895 0.073139 34
4 3 0.056012 0.249029 14 4 8 0.809388 0.206697 38
5 3 0.000000 0.000003 16 5 8 1.084600 0.086655 40
1 4 0.074170 0.149659 17 1 9 0.000001 0.000035 67
2 4 0.000000 0.000146 33 2 9 0.000000 0.000000 37
3 4 0.007471 0.417435 16 3 9 0.000591 0.032509 48
4 4 0.025722 0.123606 19 4 9 0.038801 0.109996 301
5 4 0.019105 0.128998 23 5 9 0.769331 0.265637 40
1 5 0.213263 0.247224 23 1 10 0.043488 0.457050 301
2 5 0.000000 0.000122 56 2 10 0.000000 0.000088 36
3 5 0.013662 0.680244 21 3 10 0.021357 0.032731 43
4 5 0.051166 0.304311 26 4 10 0.141920 0.227919 94
5 5 0.351331 0.374701 32 5 10 0.164544 0.212437 69

[

Table 1: Results of Variant 1: In+1 = {0, 1, 2, ...n + 1}, qpsolver = qpdf2.
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k n f∗ δ∗ fevals k n f∗ δ∗ fevals
1 1 0.000000 0.000000 2 1 6 0.000000 0.000000 49
2 1 0.000000 0.000000 2 2 6 58.250090 1.132209 301
3 1 0.000000 0.000000 2 3 6 0.093031 0.218325 26
4 1 0.500000 0.000010 5 4 6 0.000000 0.000020 60
5 1 0.000000 0.000007 13 5 6 0.113835 0.217732 35
1 2 0.086533 0.196793 12 1 7 0.146978 0.186392 34
2 2 0.000005 0.002908 16 2 7 0.000000 0.000055 162
3 2 0.000000 0.000655 14 3 7 0.000051 0.018630 33
4 2 0.036623 0.080019 10 4 7 0.239281 0.257493 34
5 2 0.000000 0.000000 16 5 7 0.120009 0.182087 41
1 3 0.001243 0.029610 13 1 8 0.335781 0.280330 45
2 3 0.000000 0.000158 26 2 8 0.000000 0.000002 168
3 3 0.000320 0.007858 16 3 8 0.067895 0.073139 34
4 3 0.052922 0.252121 12 4 8 0.069823 0.154684 56
5 3 0.000000 0.000002 17 5 8 1.084600 0.086662 41
1 4 0.000000 0.000003 26 1 9 0.000565 0.027483 74
2 4 11.986650 0.942896 301 2 9 146.779005 1.663763 301
3 4 0.001048 0.432945 17 3 9 0.070714 0.263645 42
4 4 0.025722 0.123599 18 4 9 0.000000 0.000014 150
5 4 0.019105 0.128998 23 5 9 0.782526 0.238298 42
1 5 0.213263 0.247224 23 1 10 0.913725 0.107716 301
2 5 26.972796 1.077798 301 2 10 303.451708 1.529603 301
3 5 0.013663 0.680228 20 3 10 0.028954 0.317898 46
4 5 0.051166 0.304311 26 4 10 0.217352 0.171962 61
5 5 0.351332 0.374674 31 5 10 0.036327 0.087404 66

Table 2: Results of Variant 2: In+1 = {0, 1, 2, ...n + 1}, qpsolver = QuadProg.m.
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k n f∗ δ∗ fevals k n f∗ δ∗ fevals
1 1 0.000000 0.000000 2 1 6 0.000000 0.000007 41
2 1 0.000000 0.000000 2 2 6 0.000000 0.000174 35
3 1 0.000000 0.000000 2 3 6 0.093031 0.218345 25
4 1 0.000000 0.000534 28 4 6 0.022756 0.130716 41
5 1 0.000000 0.000007 13 5 6 0.113377 0.225677 39
1 2 0.086533 0.196793 12 1 7 0.364917 0.345851 36
2 2 0.000001 0.001090 22 2 7 0.000000 0.000143 51
3 2 0.000000 0.000270 15 3 7 0.018131 0.299913 30
4 2 0.036623 0.080019 10 4 7 0.102991 0.000004 55
5 2 0.000000 0.000001 17 5 7 0.088420 0.143231 50
1 3 0.000726 0.013312 13 1 8 0.379768 0.336665 39
2 3 0.000000 0.000289 31 2 8 0.074621 0.147004 59
3 3 0.000467 0.032766 14 3 8 0.067895 0.073184 35
4 3 0.056012 0.249029 14 4 8 0.797753 0.234319 32
5 3 0.000000 0.000003 16 5 8 1.077575 0.142200 38
1 4 0.074170 0.149659 17 1 9 0.082569 0.247277 301
2 4 0.000000 0.000146 33 2 9 0.000000 0.000115 45
3 4 0.001048 0.432945 17 3 9 0.000591 0.032312 301
4 4 0.025722 0.123606 19 4 9 0.000584 0.016981 61
5 4 0.019105 0.128998 23 5 9 0.807309 0.204687 53
1 5 0.213263 0.247224 23 1 10 0.106221 0.160658 52
2 5 0.000000 0.000329 85 2 10 0.000000 0.000088 36
3 5 0.013662 0.680244 21 3 10 0.016641 0.785673 39
4 5 0.051231 0.294591 28 4 10 0.002794 0.046028 67
5 5 0.352803 0.356526 26 5 10 0.167013 0.197659 70

Table 3: Results of Variant 3: In+1 = Jact
n ∪ {n + 1, ik}, qpsolver = qpdf2.
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k n f∗ δ∗ fevals k n f∗ δ∗ fevals
1 1 0.000000 0.000000 2 1 6 0.000436 0.001865 33
2 1 0.000000 0.000000 2 2 6 0.000000 0.000262 188
3 1 0.000000 0.000000 2 3 6 0.093031 0.218345 25
4 1 0.500000 0.000010 5 4 6 0.000141 0.001911 48
5 1 0.000000 0.000007 13 5 6 0.113377 0.225676 301
1 2 0.086533 0.196793 12 1 7 0.348785 0.333532 36
2 2 0.000005 0.002908 16 2 7 0.000017 0.000099 204
3 2 0.000000 0.000322 14 3 7 0.000017 0.002823 38
4 2 0.036623 0.080019 10 4 7 0.102991 0.000184 301
5 2 0.000000 0.000001 17 5 7 0.021601 0.055467 301
1 3 0.001243 0.029610 13 1 8 0.379767 0.337170 301
2 3 0.000000 0.000158 26 2 8 0.000024 0.000179 301
3 3 0.000467 0.032766 14 3 8 0.067895 0.073184 35
4 3 0.052922 0.252121 12 4 8 0.005559 0.134004 301
5 3 0.000000 0.000002 17 5 8 1.077575 0.142200 38
1 4 0.000019 0.000399 22 1 9 0.082567 0.247492 301
2 4 0.000000 0.000232 68 2 9 0.000917 0.002066 301
3 4 0.001048 0.432945 17 3 9 0.070714 0.263612 40
4 4 0.025722 0.123599 18 4 9 0.010826 0.011645 123
5 4 0.019105 0.128998 23 5 9 0.807309 0.204719 301
1 5 0.213263 0.247224 23 1 10 0.000010 0.000118 85
2 5 0.000000 0.000174 135 2 10 0.003601 0.001106 301
3 5 0.013663 0.680228 20 3 10 0.028953 0.317898 43
4 5 0.051231 0.294591 28 4 10 0.165442 0.204766 46
5 5 0.352803 0.356517 29 5 10 0.036327 0.087441 301

Table 4: Results of Variant 4: In+1 = Jact
n ∪ {n + 1, ik}, qpsolver = QuadProg.m.
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k n f∗ δ∗ fevals k n f∗ δ∗ fevals
1 1 0.000000 0.000000 2 1 6 0.122881 0.007125 301
2 1 0.000000 0.000000 2 2 6 0.000000 0.000143 45
3 1 0.000000 0.000000 2 3 6 0.001095 0.041370 97
4 1 0.000000 0.000284 29 4 6 0.000003 0.044297 301
5 1 0.000000 0.000007 13 5 6 0.015945 0.007109 301
1 2 0.000031 0.001141 301 1 7 0.004317 0.009077 301
2 2 0.000001 0.001090 22 2 7 0.000000 0.000165 69
3 2 0.000001 0.000094 27 3 7 0.001862 0.000892 301
4 2 0.000188 0.002720 301 4 7 0.008193 0.043110 100
5 2 0.009355 0.035699 29 5 7 0.037477 0.066359 121
1 3 0.000813 0.011525 30 1 8 0.000008 0.000132 301
2 3 0.000000 0.000075 74 2 8 0.030530 0.000110 190
3 3 0.000001 0.000003 83 3 8 0.000030 0.000010 301
4 3 0.000001 0.000084 67 4 8 0.000021 0.000107 301
5 3 0.009583 0.109821 27 5 8 0.000534 0.003287 301
1 4 0.004490 0.004226 301 1 9 0.000671 0.000762 301
2 4 0.000000 0.000182 18 2 9 0.000000 0.000223 78
3 4 0.000002 0.000991 34 3 9 0.034807 0.033207 301
4 4 0.000005 0.000682 301 4 9 0.001084 0.007102 301
5 4 0.010121 0.011652 301 5 9 0.002150 0.012331 117
1 5 0.000001 0.000003 152 1 10 0.001967 0.000479 301
2 5 0.000000 0.000175 49 2 10 0.000000 0.000115 38
3 5 0.000001 0.000001 261 3 10 0.069996 0.037043 301
4 5 0.000036 0.003798 186 4 10 0.003564 0.023635 160
5 5 0.002217 0.025979 91 5 10 0.013286 0.032663 155

Table 5: Results of Variant 5: In+1 = {n + 1, ik,−n}, qpsolver = qpdf2.
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k n f∗ δ∗ fevals k n f∗ δ∗ fevals
1 1 0.000000 0.000000 2 1 6 0.007279 0.028079 301
2 1 0.000000 0.000000 2 2 6 58.250093 1.132209 301
3 1 0.000000 0.000000 2 3 6 0.001095 0.041370 97
4 1 0.500000 0.000010 5 4 6 0.000002 0.000001 289
5 1 0.000943 0.023876 10 5 6 0.053403 0.013682 301
1 2 0.000031 0.001141 301 1 7 0.000941 0.014519 301
2 2 0.000010 0.000000 18 2 7 32.247554 0.625927 301
3 2 0.000001 0.000420 25 3 7 0.002286 0.001549 301
4 2 0.000188 0.002720 301 4 7 0.008876 0.037044 103
5 2 0.000039 0.001036 301 5 7 0.018334 0.130957 67
1 3 0.002374 0.045005 28 1 8 0.000065 0.001373 187
2 3 0.000001 0.000339 33 2 8 7.055962 0.412997 301
3 3 0.000000 0.000001 86 3 8 0.000024 0.000015 301
4 3 0.000006 0.002360 90 4 8 0.000043 0.000240 301
5 3 0.009583 0.109821 27 5 8 0.001695 0.016130 301
1 4 0.000002 0.000760 268 1 9 0.000376 0.000264 301
2 4 0.000001 0.000445 108 2 9 146.779007 1.663763 301
3 4 0.000002 0.000991 34 3 9 0.000010 0.006468 193
4 4 0.000005 0.000682 301 4 9 0.281491 0.020101 301
5 4 0.010516 0.012299 301 5 9 0.005104 0.001976 301
1 5 0.000001 0.000003 149 1 10 0.040198 0.113631 301
2 5 26.972797 1.077798 301 2 10 303.451704 1.529603 301
3 5 0.000001 0.000001 261 3 10 0.002658 0.073758 154
4 5 7.948708 1.179115 3 4 10 0.426285 0.056585 301
5 5 0.002217 0.025979 91 5 10 0.215707 0.203468 186

Table 6: Results of Variant 6: In+1 = {n + 1, ik,−n}, qpsolver = QuadProg.m.
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