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Abstract

In this chapter we present a primal-dual interior point algorithm
for solving constrained nonlinear programming problems. Switching
rules are implemented that aim at exploiting the merits and avoiding
the drawbacks of three different merit functions. The penalty param-
eter is determined using an adaptive penalty strategy that ensures a
descent property for the merit function. The descent property is as-
sured without requiring positive definiteness of the Hessian used in
the subproblem generating search direction. It is also shown that the
penalty parameter does not increase indefinitely, dispensing thus with
the various numerical problems occurring otherwise. Global conver-
gence of the algorithm is achieved through the monotonic decrease of
a properly chosen merit function. The algorithm is shown to possess
convergent stepsizes, and therefore does not impede superlinear con-
vergence under standard assumptions.

Keywords: Nonlinear programming, PDIP, global convergence, su-
perlinear convergence, steplength convergence, merit functions, switch-
ing merit functions

1 Introduction

We consider the nonlinearly constrained optimization problem

minimize f(x)

subject to
h(x) = 0

x ≥ 0
(NLPIP)

where f : Rn → R, h : Rn → Rm. The Lagrangian function of the problem
is

L(w) = f(x)− 〈y,h(x)〉 − 〈z,x〉,
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where wT = (xT ,yT , zT ) and y,z are the Lagrange multipliers for the
equality and inequality constraints, respectively.

We propose a line search PDIP algorithm that is intended to converge to a
minimum of problem (NLPIP) even when started far from the solution. We
also intend to show that in a neighbourhood of the solution the fast conver-
gence properties of the underlying Newton iteration will not be impeded by
the line search procedure. Our method uses three line search procedures. It
switches primarily between the l∞ and the l2 penalty function, in order to
guide the iterates. If necessary, a switch is made to the squared euclidean
norm of the perturbed KKT conditions merit function so as to exploit its
fast local convergence. Switches are performed in a manner that comple-
ments the advantages of the merit functions and at the same time avoids
their disadvantages. Unlike standard line search PDIP algorithms, we dis-
pense with the assumption of positive definiteness of the approximations to
the Hessian of the Lagrangian, for the purposes of achieving descent in the
merit function.

Remark 1.1 (Notation) The following notation will be used throughout
the chapter. Algorithmic parameters will be typeset using lowercase greek
letters. Vectors will be typeset using boldface lowercase characters, for ex-
ample primal variables will be written as x. Matrices will be typeset using
uppercase boldface characters, for example A. For a vector x, X will be the
diagonal matrix, whose diagonal elements are the elements of vector x. Vec-
tor e denotes the vector of all ones, the length of which will be clear from the
context. ei denotes the i-th column of the unity matrix, and as previously,
its length will depend on the context. Matrix Iq denotes the unity matrix of
order q (q will vary depending). Superscript T will be used to denote the
transpose of a matrix or vector. Superscript (k) denotes sequence elements
and superscript ∗ accumulation points or the sought optimal value. [x]i de-
notes the i-th component of vector x. The gradient of a function with respect
to the primal variables will be denoted by ∇, and ∇2 will denote the Hes-
sian of a function with respect to the primal variables. Explicit subscripts
will be used otherwise. When applied to a function of the form h : Rn → Rm,
∇h(x) denotes the n ×m matrix, each column of which is ∇[h]i(x). ‖ · ‖
will be taken to mean the Euclidean norm of a vector or the induced opera-
tor norm and an explicit subscript will be used for different norms. We also
define the following set

Iba =
{
i
∣∣∣ lim inf

k→∞
[a(k)]i = b

}
which will be useful to as. Subscript a will be a vector (either the primal or
the dual variables), the allowed values of i will depend on the length of a,
and superscript b will be a real value (usually 0 or ∞).
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In order to simplify the presentation we shall suppress iterate superscripts in
the proofs. The current estimates will appear unadorned (for example x(k)

will appear as x) and a bar will adorn next estimates (for example x(k+1)

will appear as x̄).

We note that for demonstration of the general line search framework we
chose to use (α,w) instead of a more specific (αx,x) or (A,w). Also any
dependence of the barrier-penalty function Φ and of φ on either the penalty
parameter σ or the barrier parameter ρ is dropped. The algorithm uses both
primal and primal-dual merit functions, and these details depend on the type
of the merit function. We shall present the Armijo condition in detail when
each merit function is presented in Section 4.

This chapter is organized as follows. In Section 2 we present the basic primal-
dual framework for problem (NLPIP). The formulation of the algorithm is
presented in Section 3. Section 4 contains a description of the merit functions
employed and the switches between the merit functions. We also describe
the update of the penalty parameter in the same section. The line search
procedure details are presented in Section 5. The update of the barrier
parameter is given in Section 6. Global convergence results are displayed in
Section 8. Section 9 contains step size convergence results.

2 Primal-Dual framework

The KKT conditions of problem (NLPIP) can be written in matrix form as

F(w) =

∇x L(w)
h(x)
XZe

 = 0, (KKTIP)

where, as is traditional in primal-dual interior point methods, we use (y,z)
to denote the Lagrange multiplier vectors associated with equalities and
inequalities, respectively and w to denote the triple (x,y, z). X denotes a
diagonal matrix with diagonal x (analogous notation is employed for other
quantities) and e is a vector of all ones whose dimension varies with the
context. In this notation the Lagrangian function of problem (NLPIP) can
be written as

L(w) = f(x) + 〈y,h(x)〉 − 〈z,x〉.

If we use the logarithmic barrier function

B(x) = −
p∑
i=1

log ([g]i(x)) , (1)
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problem (NLPIP) can be written equivalently as

minimize f(x; ρ) , f(x)− ρB(x)

subject to h(x) = 0
(BNLP)

where x > 0. The KKT conditions of this problem are

∇f(x)−∇h(x)y − ρX−1e = 0 (2a)
h(x) = 0. (2b)

Introducing z = ρX−1e, (2) are written as

∇f(x)−∇h(x)y − z = 0 (3a)
h(x) = 0 (3b)

z = ρX−1e (3c)

or using the Lagrangian function, we can write in matrix form

F(w; ρ) =

∇x L(w)
h(x)

XZe− ρe

 = 0, (PRTKKT)

which are called the perturbed KKT conditions. It is obvious from Eqs.
(PRTKKT), (KKTIP) that the perturbed KKT conditions differ from the
KKT conditions of the original problem only in the complementarity condi-
tions.

As ρ → 0, the perturbed KKT conditions approximate the original KKT
conditions more and more accurately and w(ρ) converges to the solution of
the KKT conditions along the central path.

The primal-dual interior point framework involves inner and outer iterations.
Inner iterations are dominated by the generation of a search direction δw(k).
This is done solving the perturbed KKT conditions (PRTLNS)∇2

x L(w(k)) −∇h(x(k)) −I
∇h(x(k))

T
0 0

Z(k) 0 X(k)

 δw(k) = −

∇x L(w)
h(x)

XZe− ρe

 . (PRTLNS)

The next iterate is generated using

w(k+1) = w(k) + A(k)δw(k),
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where A(k) = diag(α(k)
x In, α

(k)
y Im, α

(k)
z Ip) is the line search parameter. The

step-lengths αx, αy, αz ∈ (0, 1] can be equal or different to each other. El-
Bakry et al. [6] discuss this choice. The value of αx is decided by a line
search that uses an Armijo condition of the form

Φ(x(k) + αδx(k))− Φ(x(k)) ≤ −αcφ(δx(k)),

where Φ is an appropriately chosen merit function, φ is a term that quantifies
the decrease in the merit function and c ∈ (0, c̃) is a predetermined constant.
The value of c̃ depends on the choice of φ.

In addition, the values of αx, αz are decided so as to ensure positiveness of
(x(k+1), z(k+1)) for all k. Line search strategies for primal-dual interior point
methods are also discussed in [4, 9, 30, 2].

When an approximation to a point that satisfies the perturbed KKT con-
ditions is found, the value of the barrier parameter is reduced to a strictly
smaller value, and the calculation is repeated until ρ becomes zero.

The first order change of the perturbed KKT conditions (PRTLNS) can be
written analytically as

Bδx−∇h(x)δy − δz = −∇f(x) + ∇h(x)y + z

∇h(x)T δx = −h(x)
Zδx + Xδz = −XZe− ρe.

Solving the last of these for δz and substituting in the first one we obtain

(B + X−1Z)δx−∇h(x)δy = −∇f(x) + ∇h(x)y + ρX−1e (4a)
∇h(x)T δx = −h(x) (4b)

δz = −X−1Zδx− z + ρX−1e. (4c)

If we set N = B+X−1Z and ∇f(x; ρ) = ∇f(x)−ρX−1e, then the following
reduced KKT conditions can be obtained

Nδx−∇h(x)ŷ = −∇f(x; ρ) (5a)
∇h(x)T δx = −h(x), (5b)

where ŷ = y + δy. Using an orthogonal decomposition we can write the
primal search direction as

δx(k) = u(k) + v(k), (6)
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where v(k) is in the column space of the constraint gradients ∇h(x(k)) and
u(k) in the null space of ∇h(x(k))

T
.

The following assumptions are invoked throughout the paper

(A1) Functions f and h are twice continuously differentiable.

(A2) There exists constant β1 > 0 such that

‖B(k)‖ ≤ β1, ∀k.

(A3) There exist constant β2 > 0 such that at each iteration

〈u,B(k)〉u ≥ β2‖u‖,

for all u 6= 0 that satisfy ∇h(x(k))
T
u = 0.

(A4) The constraint normals of the equality constraints are Lipschitz con-
tinuous,

∇[h]i(x) ∈ Lipγ(D), i = 1, . . . ,m.

(A5) The columns of matrix [∇h(x), ei, i ∈ I0
x] are linearly independent.

(A6) If [z∗]i > 0 then [x∗]i = 0 for all i = 1, . . . , n and vice versa.

(A7) For all u 6= 0 that satisfy ∇[h]i(x)Tu = 0, i = 1, . . . ,m and eiTu = 0,
i ∈ I0

x there holds

〈u,∇2
x L(x∗,y∗, z∗)〉u > 0.

Assumptions that pertain to B(k), will also be used for N(k), since their
difference is X−1(k)Z(k) which is positive definite for x(k), z(k) > 0.

3 Algorithm formulation

The algorithm involves outer and inner iterations. Outer iterations check if
the perturbed KKT conditions are approximately satisfied, and if not the
barrier parameter is decreased, with the intention to make it approach zero.

Inner iterations solve the Newton system (PRTLNS), in order to generate
a search direction. Our algorithm contains switches that activate three dif-
ferent line search procedures. The choice of the line search procedure is
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indicated by t1 ∈ {1, 2, 3}. The penalty parameter is updated accordingly
(increased), so as to achieve sufficient decrease in the merit function used in
the line search procedure. The stepsize parameter is subsequently calculated,
and the new iterates are generated. The inner iterations are repeated, until
a convergence criterion is satisfied. In that case, an outer iteration takes
place, and the procedure is repeated.

Algorithm 1 gives the outline of the algorithm. We note that due to space
limitations the details of the update of the penalty parameter, the barrier
parameter and the line search procedure are not presented here, but are
listed separately in the mentioned sections.

Algorithm 1 Merit function switching PDIP algorithm
1: Choose εh, εd, ε0 ∈ (0, 1)
2: Choose δ, q ∈ [0,+∞), ζ, θ, η,∈ (0, 1), c1 ∈ (0, 1), c2, c3 ∈ (0, 1

2 ), m,M,M0 > 0
3: Choose x(0) ∈ Rn, z(0) ∈ Rp, y(0) ∈ Rm, B(0) ∈ Rn×n

4: Choose σ(0) ∈ (0,+∞), ρ(0) ∈ (0,+∞)
5: Set l := 0
6: repeat
7: Set k := 0
8: repeat
9: Solve the Newton system (PRTLNS) to obtain δw(k) = (δx(k), δy(k), δz(k))

10: Choose σ(k+1) and t1 as described in Algorithm 2 (Section 4)
11: Choose A(k) as described in Algorithm 3 (Section 5)
12: Set w(k+1) := w(k) + A(k)δw(k)

13: Update B(k) to B(k+1)

14: Set k := k + 1
15: until Inner-convergence
16: Choose ρ(l+1) as described in Algorithm 4 (Section 6)
17: Set l := l + 1
18: until Outer-convergence

During the inner iterations the barrier parameter is constant. Therefore we
drop the dependence of ρ on l in Sections 4, 5 and write ρ(l) as ρ.

4 Merit functions and penalty parameter

In Sections 4.1–4.3 we introduce the merit functions we are going to use
in the algorithm. In Section 4.4 we give the details for activating a merit
function and the update of the penalty parameter.
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4.1 The l∞ merit function

For this line search procedure we employ the l∞ merit function

Φ1(x;σ, ρ) = f(x; ρ) + σP (x),

where

P1(x) = max {0, |[h]1(x)| , . . . , |[h]m(x)|}

and σ ≥ 0 is a penalty parameter. The right hand side of the Armijo condi-
tion is

φ1(x, ŷ;σ) = σP (x)− ŷTh(x).

The Armijo condition is

Φ(x(k+1);σ(k+1), ρ)− Φ(x(k);σ(k+1), ρ) ≤ −αxc1φ(x(k), ŷ(k);σ(k+1)), (7)

where c1 ∈ (0, 1). This line search procedure corresponds to t1 = 1 in
Algorithm 2.

This merit function was introduced for a line search SQP framework by
Pshenichnyi [25], Pshenichnyi and Danilin [26] and was also used by Polak
and Mayne [21], Mayne and Polak [16]. We note that the right hand-side of
the Armijo condition is different to the one proposed in the aforementioned
papers.

4.2 The l2 merit function

This merit function is the l2 merit function used by Akrotirianakis and
Rustem [2]. It corresponds to t1 = 2 in Algorithm 2. In detail

Φ2(x;σ, ρ) = f(x; ρ) + σP2(x),

where the penalty term is given by

P2(x) = ‖h(x)‖2.

The right hand side of the Armijo line search procedure is the directional
derivative of the merit function (with respect to x), i.e.

φ2(x, δx;σ, ρ) = −〈δx,∇Φ(x;σ, ρ)〉.

The Armijo condition for this merit function is

Φ2(x(k+1);σ(k+1), ρ)−Φ2(x(k);σ(k+1), ρ) ≤ −αxc2φ2(x(k), δx(k);σ(k+1), ρ), (8)
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where c2 ∈ (0, 1
2). The gradient of the merit function is

∇Φ2(x;σ, ρ) = ∇f(x; ρ) + σ∇h(x)h(x). (9)

By considering Eqs. (4b), (9) we can write

φ2(x(k), δx(k);σ(k+1), ρ) = −〈δx(k),∇f(x(k); ρ)〉+σ(k+1)‖h(x(k))‖2. (10)

4.3 The perturbed KKT residual

This merit function is the squared Euclidean of the perturbed KKT condi-
tions (PRTKKT), i.e. for t1 = 3 in Algorithm 2 we use

Φ3(w; ρ) =
1
2
‖F(w; ρ)‖2,

where F(w; ρ) is given by (3). The right hand side of the Armijo condition
is the negative of the directional derivative of this merit function along the
primal search direction. It can be shown using (PRTLNS) that

φ3(w(k); ρ) = −〈δw(k),∇Φ3(w(k); ρ)〉 = ‖F(w(k); ρ)‖2.

The Armijo condition is

Φ3(w(k) + αδw(k); ρ)− Φ3(w(k); ρ) ≤ −αc3φ3(w(k); ρ), (11)

where c3 ∈ (0, 1
2). The local and global convergence properties of this line

search procedure have been analyzed thoroughly by El-Bakry et al. [6], and
we shall not analyze it further in our convergence proofs.

4.4 Merit function switches

The choice of the merit functions is motivated by the following remarks:

• The squared norm of the KKT conditions (Φ3) is forceful in dispatch-
ing the sequence {w(k)} to its optimal solution when used in a close
neighbourhood of the latter. However it may, on occasion, allow the al-
gorithm to converge to a saddle point or a maximum. It can be shown
to converge to unity stepsizes and consequently to allow superlinear
convergence.

• Φ2 converges to a minimum and stepsizes converge to unity, but the
penalty parameter may go to infinity.
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t1 τ (k) + 〈δx(k),∇f(x(k); ρ)〉 > 0 ‖δx(k)‖ > εd ‖h(x(k))‖2 ≤ εh
1 T T T
1 T T F
3 T F T
2 T F F
2 F T T
2 F T F
2 F F T
2 F F F

Table 1: PDIP Switch motivation

• Φ1 also converges to a minimum and is less problematic unless the
multipliers tend to infinity, but it cannot be shown to attain unity
stepsizes.

We use several switches to exploit the advantages and avoid the disadvan-
tages of these merit functions. Table (1) shows the truth-values of the three
conditions on which our switches depend on. Our motivation is to activate
a line search procedure that will

1. guarantee descent of the activated merit function

2. allow admission of unity stepsizes in a neighbourhood of the solution

3. not result in large values of the penalty parameter.

In Table (1) the first column, labelled t1, shows which line search procedure,
if activated, guarantees these three targets. The other three columns are
conditions based on which these targets are satisfied. These conditions have
been identified as necessary for achieving our goals. In Table (1)

τ (k) = r(k)‖δx(k)‖2, r(k) > 0. (12)

Based on these remarks, we formulate Algorithm 2. The algorithm imple-
ments switches that combine three line search procedures so as to comple-
ment their merits and avoid their drawbacks. Depending on the generated
direction, and the feasibility of the current point, the algorithm will acti-
vate a line search procedure by choosing an appropriate merit function. The
choice of the merit function is signified using switch t1 ∈ {1, 2, 3}. The up-
date of the penalty parameter has two targets. We seek on the one hand to
guarantee that the search direction is a descent one for the activated merit
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function and on the other hand to avoid updating the penalty parameter
indefinitely.

For the computation of τ (k) from (12) we choose r(k) chosen to lie in

r(k) ∈ (0, r̃(k)] (13)

where

r̃(k) =
1
2
〈u(k),N(k)〉u(k)

‖u(k)‖2
· ‖δx

(k)‖2

‖u(k)‖2
. (14)

Remark 4.1 We note that r̃(k) > 0 under Assumption (A3), as long as
δx(k) 6= 0.

Remark 4.2 The introduction of r(k) is used in order to achieve descent
in the activated merit function without assuming positive definiteness of the
Hessian of the Lagrangian.

For the computation of ϑ at iteration k in Step 1 we use

ϑ =


0, if ‖h(x)‖ ≤ √

εh
0, if ‖h(x)‖ > √

εh and 〈δx,N〉δx ≥ 0
τ−〈δx,N〉δx√

εhP1(x) , if ‖h(x)‖ > √
εh and 〈δx,N〉δx < 0.

(15)

Remark 4.3 From Eq. (15) we can see that ϑ(k) ≥ 0. The addition of ϑ(k)

in the update of the penalty parameter guarantees that

〈δx(k),∇Φ1(x(k);σ(k+1), ρ)〉 ≤ −τ (k)

instead of the traditional

〈δx(k),∇Φ1(x(k);σ(k+1), ρ)〉 ≤ −〈δx(k),N(k)〉δx(k)

which is associated with positive definite Hessian approximations N(k). The
latter case corresponds to ϑ(k) = 0, which occurs if 〈δx(k),N(k)〉δx(k) ≥ 0, or
if we are feasible, which by Assumption (A3) means that 〈δx(k),N(k)〉δx(k) ≥
0.

Remark 4.4 The term
√
εh in the denominator of ϑ(k) will be useful in the

proof of Lemma (9).

Finally for the computation of β we set

β = max
{

1,
√
p

√
εh

}
. (16)
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Algorithm 2 Merit function switch and penalty adaptive update (PDIP)

1: Compute r(k) from (14), τ (k) from (12), ϑ(k) from (15), β(k) from (16)
2: if (τ (k) + 〈δx(k),∇f(x(k); ρ)〉 > 0) then
3: if (‖δx(k)‖ > εd) then
4: t1 := 1
5: σ(k+1) := max

{
β‖ŷ(k)‖1 + ϑ(k) + δ, σ(k)

}
6: else
7: if (‖h(x(k))‖2 ≤ εh) then
8: t1 := 3
9: σ(k+1) := σ(k)

10: else
11: t1 := 2
12: if (τ (k) + 〈δx(k),∇f(x(k); ρ)〉 ≤ σ(k)‖h(x(k))‖2) then
13: σ(k+1) := σ(k)

14: else

15: σ(k+1) := max

{
τ (k) + 〈δx(k),∇f(x(k); ρ)〉

‖h(x(k))‖2
, σ(k) + δ

}
16: end if
17: end if
18: end if
19: else
20: t1 := 2
21: σ(k+1) := σ(k)

22: end if
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5 Line search procedure

In order to obtain a globally convergent algorithm, the Newton iteration
generating the search direction has to be stabilized. The new iterates are
updated using the formula

w(k+1) = w(k) + A(k)δw(k) (17)

where A(k) = (α(k)
x In, α

(k)
y Im, α

(k)
z Ip). The main goal is to decrease the value

of the merit function, and in our algorithm we use variants of Armijo’s rule
to achieve this.

Our algorithm uses three different merit functions.

• Φ3, introduced in Section 4.3, is a primal-dual merit function. For this
merit function we use a common step length for both the primal and
the dual variables (αx = αy = αz). This merit function was used in a
line search procedure by El-Bakry et al. [6]. Steps 4–11 of Algorithm
3 give details of the procedure that corresponds to this merit function.
We will not analyze this strategy. The interested reader may consult
[6] for more details.

• Φ1,Φ2 are barrier-penalty functions of the primal category. For these
merit functions Armijo’s rule is used to determine the primal step size
α

(k)
x , and box constraints for the dual step size α(k)

z that corresponds
to the z variables. The step size α(k)

y for the y variables can be set
either to unity, or to be equal to α(k)

z . Steps 13–25 give details of the
procedure that corresponds to these merit functions.

The step acceptance criterion SA(α,w(k), δw(k), t1) is discussed in Section
5.1. In what follows we present the line search procedure that corresponds
to the primal merit functions (Φ1 and Φ2).

The line search procedure starts by computing the maximum allowable step
size towards the feasible region of the primal variables using the formula

ᾱ(k)
x = min

i=1,...,n

{
−[x(k)]i
[δx(k)]i

: [δx(k)]i < 0

}
.

The barrier term of the logarithmic barrier function is well behaved if all
primal iterates are strictly positive. In order to obtain x(k+1) > 0 from (17),
we confine the primal step size within [0, ᾱ(k)

x ). This is achieved using

α̂(k)
x = min

{
1, ζᾱ(k)

x

}
13



Algorithm 3 Line search procedure (PDIP)

1: ᾱ
(k)
x := mini=1,...,n

{
−[x(k)]i
[δx(k)]i

: [δx(k)]i < 0
}

2: j(k) := 0
3: if ( t1 == 3 ) then

4: ᾱ
(k)
z := mini=1,...,p

{
−[z(k)]i
[δz(k)]i

: [δz(k)]i < 0
}

5: α̂(k) := min
{

1, ζᾱ(k)
x , ζᾱ

(k)
z

}
6: α(k) := θj

(k)
α̂(k)

7: while SA(α(k),w(k), δw(k), t1) do
8: j(k) := j(k) + 1
9: α(k) := θj

(k)
α̂(k)

10: end while
11: α(k) := (α(k)e, α(k)e, α(k)e)
12: else
13: α̂

(k)
x := min

{
1, ζᾱ(k)

x

}
14: α

(k)
x := θj

(k)
α̂

(k)
x

15: while SA(α(k)
x ,x(k), δx(k), t1) do

16: j(k) := j(k) + 1
17: α

(k)
x := θj

(k)
α̂

(k)
x

18: end while
19: [LB(k)]i := min

{
1
2mρ, [x

(k+1)]i[z(k)]i
}

20: [UB(k)]i := min
{
2Mρ, [x(k+1)]i[z(k)]i

}
21: for (i = 1 . . . n) do
22: [α(k)

z ]i := max[α]i

{
[LB(k)]i ≤ [x(k+1)]i[z(k) + αδz(k)]i ≤ [UB(k)]i

}
23: end for
24: α

(k)
z := min

{
1,mini=1,...,p

{
[α(k)
z ]i

}}
25: α(k) := (α(k)

x e, α(k)
y e, α(k)

z e)
26: end if
27: A(k) := diag(α(k))
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as the initial step size, where ζ ∈ (0, 1) is a predetermined constant. This
rule also guarantees that the unity step size is never exceeded. The step size
is given by

α(k)
x = θj

(k)
α̂(k)
x ,

where θ ∈ (0, 1) and j(k) is the smallest nonnegative integer such that

SA(α(k)
x ,x(k), δx(k), t1)

is satisfied.

The rule for the dual variables uses information provided by the primal
variables x(k+1). This rule was used by Akrotirianakis and Rustem [2]. A
step [α(k)

z ]i is calculated along the dual direction [δz(k)]i so that the following
box constraints are satisfied

[α(k)
z ]i = max

α>0

{
[LB(k)]i ≤ [x(k+1)]i[z(k) + αδz(k)]i ≤ [UB(k)]i

}
. (18)

The box lower and upper bounds are defined as

[LB(k)]i = min
{

1
2
mρ, [x(k+1)]i[z(k)]i

}
(19a)

[UB(k)]i = max
{

2Mρ, [x(k+1)]i[z(k)]i
}

(19b)

for i = 1, . . . , n. The parameters m, M are chosen such that

0 < m ≤ min

{
1,

(1− ζ)(1− ζ
(M0)ρ ) mini

{
[x(k)]i[z(k)]i

}
ρ

}
, (20)

and

M ≥ max

{
1,

maxi
{
[x(k)]i[z(k)]i

}
ρ

}
> 0, (21)

whereM0 is a large positive number. These parameters are fixed to constants
which satisfy (20), (21).

Remark 5.1 Note that we could replace the terms [x(k)]i[z(k)]i in (20), (21)
by [x(l)]i[z(l)]i and fix the two parameters to constants for the duration of in-
ner iterations, i.e. have them changed when the barrier parameter ρ changes.

The dual step length [α(k)
z ]i is the minimum of all step lengths [α(k)

z ]i, that
are not greater than one, i.e.

α(k)
z := min

{
1, min
i=1,...,p

{
[α(k)
z ]i

}}
.

Finally, we chose to set the step α(k)
y for the y variables equal to α(k)

z .
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5.1 Step acceptance

In Algorithm 3 the algorithm decides a value for t1 ∈ {1, 2, 3}, which signifies
the line search procedure that will be activated. As presented in Sections
4.1–4.3 the step acceptance rule requires that the merit function that corre-
sponds to t1 decreases sufficiently at each iteration (inequalities (7), (8) and
(11) respectively). In order to prove convergence, we need to keep the iter-
ates in a compact region. We achieve that through the monotonic decrease
of one of the merit functions used by the algorithm.

There are two cases to consider in terms of the value the algorithm assigns
to t1 in Algorithm 3, at each iteration:

1. If the algorithm, after a certain iteration, chooses the same value for
t1, then Φt1 is monotonically decreasing. The iterates lie an a compact
region and under appropriate assumptions the sequence converges.

2. If the algorithm chooses different values for t1 from iteration to itera-
tion, then we cannot deduce the monotonic decrease of one of the merit
functions, and the iterates may not lie in a compact region. Conver-
gence is not easy to establish in this case. In the next paragraph we
discuss how to overcome this difficulty.

The general form of the Armijo condition mandates that α ∈ (0, 1] satisfies

Φt1(w
(k) +αδw(k);σ(k+1), ρ)−Φt1(w

(k);σ(k+1), ρ) ≤ −αct1φt1(δw
(k); ρ), (22a)

which requires sufficient decrease of the activated merit function. As stated,
(22a) is a generalization and takes the form of (7), (8), (11) for t1 ∈ {1, 2, 3}
respectively. Since condition (22a) may not, on its own, guarantee mono-
tonic decrease of Φ1,Φ2 or Φ3 as discussed, we also require that Φ2 decreases
from iteration to iteration. That is we require that, along with the previous
condition, α ∈ (0, 1] satisfies

Φ2(x(k) + αδx(k);σ(k+1), ρ) ≤ Φ2(x(k);σ(k+1), ρ). (22b)

If t1 = 2, then (22a) implies (22b), as long as δx(k) 6= 0. In Section 8.2 we
show that the update of the penalty parameter in Algorithm 3 is sufficient
to guarantee that the search direction is a direction of descent for Φ2. In this
sense, condition (22b) is milder than a condition of the form (22a), because
it requires decrease, not sufficient decrease. Hence condition (22b) is not
too hard to achieve. The step acceptance criterion for our algorithm is

SA(α,w(k), δw(k), t1) =
{

true, if α ∈ (0, 1] satisfies both (22a), (22b)
false, otherwise
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6 Barrier parameter

The barrier parameter should be reduced to zero gradually, so that the
perturbed KKT conditions (PRTKKT) resemble more and more the original
KKT conditions (KKTIP). Then the points generated by the inner iteration
satisfy, in the limit, the original KKT conditions. Interior point methods
are very sensitive on the convergence properties of the barrier parameter. If
convergence to zero is fast, the algorithm may fail as observed by Wright
[27].

Bearing this in mind we adopt the barrier reduction strategy that was used
by Akrotirianakis and Rustem [2]. It is a hybrid of the strategies of Lasdon
et al. [14] and Gay et al. [9]. The new value of the barrier parameter ρ is
determined by taking into consideration the distance of the current point
w(k) from the central path and the optimal solution of the initial problem.
The details can be found in Algorithm 4.

Algorithm 4 Barrier parameter choice (PDIP)

1: Set ρ(l+1) := min
{
0.95ρ(l), 0.01(0.95)k‖F(w(k))‖

}
.

2: if (‖F(w(k); ρ(l))‖ ≤ 0.1ηρ(l)) then
3: if (ρ(l) < 10−4) then
4: Set ρ(l+1) := min

{
0.85ρ(l+1), 0.01(0.85)k+2q‖F(w(k))‖

}
5: else
6: Set ρ(l+1) := min

{
0.85ρ(l+1), 0.01(0.85)k+q‖F(w(k))‖

}
7: end if
8: end if

In Algorithm 4, F(w(k), ρ(l)) and F(w(k)) represent the perturbed and un-
perturbed KKT conditions of problem (NLPIP), as given by (3) and (KKTIP),
respectively. The condition of Step 2 checks closeness of the current iterate
to the central path. The condition of Step 3 checks closeness of the current
iterate to the solution. If the current iterate is close to the central path and
to the optimal solution, then the barrier parameter is reduced at a fast rate,
signified by factor (0.85)2q, where q > 0. If on the other hand, it is close
to the central path, the barrier parameter is decreased at a lower rate than
before, as factor 0.85q shows.

7 Convergence criteria

In this section we present convergence criteria for the outer iterations as well
as for the inner iterations. The convergence criterion for the outer iterations
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is

‖F(x(l),y(l), z(l))‖
1 + ‖x(l),y(l), z(l)‖

≤ ε0, (23)

where ε0 is a predetermined constant. If this criterion is satisfied, then the
algorithm will terminate. Such a rule has also been used by El-Bakry et al.
[6] and Akrotirianakis and Rustem [2] for example.

The convergence criterion for the inner iterations is

‖F(x(k),y(k), z(k); ρ(l))‖ ≤ ηρ(l). (24)

This is a termination criterion that has been used in primal-dual frameworks
by Akrotirianakis and Rustem [2] and Yamashita [28] for example, in order
to find points that are close to the central path defined by ρ(l).

8 Global convergence

In this section we prove convergence of the proposed algorithm from remote
points. We use a monotonic decrease argument in order to achieve our main
result which is Theorem (19).

In Section 8.1 we are concerned with properties of the l∞ merit function,
that will help us establish global convergence. We also display the behaviour
of inner iterations, if the algorithm always chooses t1 = 1 after a certain
iteration. In Section 8.2 we present properties associated with the l2 merit
function, and also display the behaviour of the inner iterations, for problems
for which the algorithm always chooses t1 = 2 after a certain iteration. In
Section 8.3 we are concerned with properties of the algorithm on general
problems, i.e. problems for which the algorithm may not activate a single
merit function.

For convenience we shall use the following notation

GF =
∫ 1

0
(1− t)〈δx(k),∇2

x F (x(k) + tαδx(k))〉δx(k)dt,

where F is either the objective function f = f(x), the barrier term B = B(x)
or the logarithmic barrier function fρ = f(x; ρ) = f(x)− ρB(x).

8.1 Properties of the l∞ merit function

The next lemma is a result about the sign of φ1. It will be used subsequently
to establish further results and global convergence of the algorithm.
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Lemma 1 (The sign of the descent function)
Assume that A1 holds. If σ(k+1) is sufficiently large, i.e.

σ(k+1) ≥ ‖ŷ(k)‖1, (25)

then

φ1(x(k), ŷ(k);σ(k+1)) ≥ 0.

Proof : We have that

−〈ŷ(k),h(x(k))〉 ≥ −P1(x(k))
m∑
i=1

∣∣∣[ŷ(k)]i
∣∣∣

= −P1(x(k))‖ŷ(k)‖1

≥ −σ(k+1)P1(x(k)),

where the first inequality follows from the definition of the penalty term.
This completes the proof of the lemma. �

Whenever in this section we say that σ(k+1) is sufficiently large we mean that
it satisfies inequality (25). The following bound is necessary for establishing
global and local convergence of the algorithm, when the current line search
strategy is activated by the algorithm.

Lemma 2
Assume that Assumptions (A1), (A3) hold and that σ(k+1) is sufficiently
large. For the iterations k for which there holds

τ (k) + 〈δx(k),∇f(x(k); ρ)〉 > 0 (26)

there exists β5 > 0 bounded from above such that

‖δx(k)‖ ≤ β5P1(x(k)).

Proof : As in Powell and Yuan [24] let β8 > 0 satisfy the condition

2β8‖N(k)‖+ β2
8‖N(k)‖ ≤ 1

2
β2 (27)

for all k. From the orthogonal decomposition of the primal search direction
into two orthogonal components v,u and since v is the shortest vector δx
that can satisfy (4b) we have the relation

‖v(k)‖ ≤ β4‖h(x(k))‖, (28)
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for a positive constant β4. When ‖v(k)‖ ≥ β8‖u(k)‖, the bound

‖h(x(k))‖2 ≥ β−2
4 ‖u(k)‖ ≥ 1

β2
4(1 + β−1

8 )2
(‖v(k)‖+ ‖u(k)‖)2

=
1

β2
4(1 + β−1

8 )2
‖δx(k)‖2 (29)

is satisfied. Therefore from norm equivalence we obtain

‖δx(k)‖ ≤ β5P1(x(k)).

for

β5 ≥ β4(1 + β−1
8 ). (30)

Since β4 is a positive constant and β8 > 0, we can deduce that the right
hand side of (30) is not infinite and therefore β5 is bounded from above.

Alternatively, when ‖v(k)‖ < β8‖u(k)‖, the Cauchy-Schwarz inequality, (28)
and Assumption (A3) imply

〈δx(k),N(k)〉δx(k) = 〈(v(k) + u(k)),N(k)〉(v(k) + u(k)) ≥ ‖u(k)‖2(β2 − 2β8‖N‖ − β2
8‖N‖)

≥ 1
2
β2‖u(k)‖2 >

β2

2(1 + β8)2
(‖v(k)‖+ ‖u(k)‖)2

=
β2

2(1 + β8)2
‖δx(k)‖2. (31)

Using (5a), (5b) we can write

σ(k+1)P1(x) ≥
m∑
i=1

[ŷ(k)]iP1(x(k))

≥ −〈ŷ(k),h(x(k))〉
= 〈δx(k),∇h(x(k))ŷ(k)〉
= (〈δx(k),N(k)〉δx(k) + 〈δx(k),∇f(x(k); ρ)〉)

≥ β2

2(1 + β8)2
‖δx(k)‖2 + 〈δx(k),∇f(x(k); ρ)〉,

which gives

‖δx(k)‖ ≤ β5P1(x(k)) (32)
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for r(k) computed by (14) and

β5 ≥ σ(k+1) ‖δx(k)‖
β2

2(1+β8)2
‖δx(k)‖2 + 〈δx(k),∇f(x(k); ρ)〉

. (33)

If (26) is satisfied, then δx(k) 6= 0 for all such k. In such cases the fractional
part on the right hand side of (33) is bounded from above. If σ(k+1) does
not tend to infinity, then β5 satisfying (33) is not infinite. �

Lemma 3
Assume that A1 holds. If σ(k+1) is sufficiently large, then there exists
β6 > 0, such that

P1(x(k)) ≤ β6φ1(x(k), ŷ(k);σ(k+1)).

Proof : From the definition of φ1 we have that

φ1(x(k), ŷ(k);σ(k+1)) = σ(k+1)P1(x(k))− 〈ŷ(k),h(x(k))〉

≥ σ(k+1)P1(x(k))−
m∑
i=1

∣∣∣[ŷ(k)]i
∣∣∣P1(x(k))

≥
(
σ(k+1) − ‖ŷ(k)‖1

)
P1(x(k)).

Therefore if

σ(k+1) > ‖ŷ(k)‖1,

then if we set

β6 =
1

σ(k+1) − ‖ŷ(k)‖1

the lemma holds. �

Lemma 4
If the assumptions of Lemma (3) hold, then there exists β7 > 0 bounded
from above such that

‖δx(k)‖ ≤ β7φ1(x(k), ŷ(k);σ(k+1)).

Proof : A direct consequence of Lemmas (2), (3) for β7 = β5β6. �

Remark 8.1 Quantity ψ has been introduced to cope with the fact that we
do not assume that N(k) is positived definite.
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In order to simplify notation, the primal step size α(k)
x will be denoted as

α(k).

Theorem 1 (Decrease of Φ(x(k);σ(k+1), ρ))
Let Assumptions (A1), (A2), (A4) hold and also let condition (26) be
satisfied. If σ(k+1) is sufficiently large, then for ψ sufficiently large, there
exists α(k)

x ∈ ( 1
ψ+0.5 , 1] such that the Armijo condition (7) is satisfied for

c1 ∈ (0, 1).

Proof : We first find suitable bounds on the components of Φ1, and then
use them in conjunction with the previous lemmas to show that the Armijo
condition (7) is well defined.

A first order Taylor series expansion on [h]i(x) around x̄ = x + αδx yields

[h]i(x̄) = [h]i(x) + α〈δx,∇[h]i(x + ξiαδx)〉, 0 ≤ ξi ≤ 1
= [h]i(x)+α〈δx,∇[h]i(x)〉+α〈δx, (∇[h]i(x + ξiαδx)−∇[h]i(x))〉
≤ [h]i(x)+α〈δx,∇[h]i(x)〉+α‖δx‖‖∇[h]i(x + ξiαδx)−∇[h]i(x)‖
≤ [h]i(x) + α〈δx,∇[h]i(x)〉+ α2γ‖δx‖2

= [h]i(x)− α[h]i(x) + α2γ‖δx‖2,

where in the last inequality we have used Assumption (A4) and the last
equality (4b). Maximizing both sides for all i = 1, . . . ,m we obtain

P1(x̄) ≤ P1(x)− αP1(x) + α2γ‖δx‖2. (34)

From a second order Taylor series expansion for terms of the logarithmic
barrier function

log[x̄]i = log[x]i + α[δx]i([x]i)
−1 +

− α2

∫ 1

0
(1− t)[δx]i[x + tαδx]−2

i [δx]idt.

Summing the above over i we obtain

n∑
i=1

log[x̄]i =
n∑
i=1

log[x]i + α〈δx,X−1e〉+

− α2

∫ 1

0
(1− t)〈δx, (X + tαδX)−2〉δxdt,

or

B(x̄) = B(x) + α〈δx,X−1e〉+ α2GB. (35)
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In a similar manner for the objective function

f(x̄) = f(x) + α〈δx,∇f(x)〉+ α2Gf , (36)

If we combine (35), (36) using f(x; ρ) = f(x)− ρB(x) we can write

f(x̄; ρ) = f(x̄)− ρB(x̄)
= f(x) + α〈δx,∇f(x)〉+ α2Gf

− ρB(x)− ρα〈δx,X−1e〉 − ρα2GB

= f(x; ρ) + α〈δx,∇f(x; ρ)〉+ α2Gfρ

≤ f(x; ρ)+α〈δx,∇f(x; ρ)〉+α2

2
〈δx,N〉δx+ηα2‖δx‖2 (37)

where

η =
∫ 1

0
(1− t)‖∇2 f(x + tαδx; ρ)−N‖dt.

Using (5a) we can write

α〈δx,∇f(x; ρ)〉 = −α〈δx,∇h(x)ŷ〉 − α〈δx,N〉δx

and substituting in (37) we obtain

f(x̄; ρ) ≤ f(x; ρ)− α〈δx,∇h(x)ŷ〉+
(
α2

2
− α

)
〈δx,N〉δx + ηα2‖δx‖2

≤ f(x; ρ)− α〈δx,∇h(x)ŷ〉+
(
α− α2

2

)
‖N‖‖δx‖2 + ηα2‖δx‖2

≤ f(x; ρ)− α〈δx,∇h(x)ŷ〉+
(
α− α2

2

)
β1‖δx‖2 +

+ ηα2‖δx‖2. (38)

The inequality before last follows from the Cauchy-Schwarz inequality since
α2

2 −α < 0. The last inequality follows from Assumption (A2). If we choose
ψ ≥ 1

2 , then for

α ≥ 1
ψ + 1

2

(39)

we can write α− α2

2 ≤ ψα2 and (38) becomes

f(x̄; ρ) ≤ f(x; ρ)− α〈δx,∇h(x)ŷ〉+ ψβ1α
2‖δx‖2 + ηα2‖δx‖2

= f(x; ρ)− α〈δx,∇h(x)ŷ〉+ (ψβ1 + η)α2‖δx‖2. (40)
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Using the definition of Φ1, φ1 and combining (34), (40) we obtain

Φ1(x̄; σ̄, ρ) = f(x̄; ρ) + σ̄P1(x̄)
≤ f(x; ρ)− α〈δx,∇h(x)ŷ〉+ (ψβ1 + η)α2‖δx‖2

+ σ̄P1(x)− σ̄αP1(x) + σ̄α2γ‖δx‖2

= f(x; ρ) + σ̄P1(x)− α (σ̄P1(x) + 〈δx,∇h(x)ŷ〉)
+ (ψβ1 + η + σ̄γ)α2‖δx‖2

= Φ1(x; σ̄, ρ)− αφ1(x, ŷ; σ̄) + (ψβ1 + η + σ̄γ)α2‖δx‖2.

For convenience we introduce ∆Φ1 = Φ1(x̄; σ̄, ρ) − Φ1(x; σ̄, ρ). The condi-
tions of Lemmas 2, 4 are satisfied, therefore

∆Φ1 ≤ −αφ1(x, ŷ; σ̄) + (ψβ1 + η + σ̄γ)α2‖δx‖2

≤ −αφ1(x, ŷ; σ̄) + (ψβ1 + η + σ̄γ)α2β5P1(x)‖δx‖
≤ −αφ1(x, ŷ; σ̄) + (ψβ1 + η + σ̄γ)α2β5P1(x)β7φ1(x, ŷ; σ̄)
= −αφ1(x, ŷ; σ̄) (1− αβ5β7P1(x)(ψβ1 + η + σ̄γ)) . (41)

From inequality (41), and since 0 < c1 < 1, there is α ∈ (0, 1] satisfying (39)
such that

c ≤ 1− αβ5β7P1(x)(ψβ1 + η + σ̄γ) ≤ 1. (42)

By Lemma (1), we have that φ1(x, ŷ; σ̄) ≥ 0, therefore inequality (7) must
be satisfied for this α. Assume that α̃ is the largest step in the interval
( 1
ψ+0.5 , 1] satisfying inequality (7). Then for every α ≤ α̃ Armijo’s condition

is satisfied and the selected α ∈ [θα̃, α̃]. �

The rest of the properties of this section concern problems for which there
exists k1 ≥ 0 such that the algorithm sets t1 = 1 for all k ≥ k1. In such
situations Φ1 is monotonically decreasing, using the previous theorem. We
can then prove the following lemma1.

1We do not suppress iterate scripts in this proof

24



Lemma 5
Let Assumptions (A1), (A2), (A4) hold, and let for k0 ≥ 0 and k ≥ k0,
the set

F1 =
{
x > 0

∣∣∣Φ1(x;σ, ρ) ≤ Φ1(x(k0);σ, ρ)
}

(43)

be compact. In addition, if there exists an integer k1, such that for k ≥ k1

the algorithm chooses t1 = 1, then for all k ≥ max {k0, k1} we have that

lim
k→∞

φ1(x(k), ŷ(k);σ(k+1)) = 0. (44)

Proof : The scalar c1 ∈ (0, 1) in the Armijo condition (7) corresponding to
t1 = 1 (Step 15), determines a stepsize α(k) such that

c1 ≤ 1− α(k)β5β7P1(x(k))(ψβ1 + η(k) + σ(k+1)γ) ≤ 1.

Solving for α(k) we obtain

α(k) ≤ 1− c1

β5β7P1(x(k))
(
ψβ1 + η(k) + γσ(k+1)

) . (45)

Therefore, in order to satisfy the Armijo condition, the largest value the
stepsize parameter α(k) can take is

α̃(k) = min

{
1,

1− c1

β5β7P1(x(k))
(
ψβ1 + η(k) + γσ(k+1)

)} .
As f is twice continuously differentiable and the level set F1 is bounded, it
follows that there exists a scalar η̃ such that

η ≤ η̃ <∞.

Also from continuity of P1 we always have that

α(k) ≥ α̃(k) > 0.

As shown in Lemmas 3, 4, quantities β5, β7 are bounded from above. We
also show in Lemma (16) that σ(k) does not go to infinity. Taking also into
account the continuity of P1, we always have that

α(k) ≥ α̃(k) > 0.

Furthermore, from the Armijo rule (7) and the sign of φ1 we have that

Φ1(x(k+1);σ, ρ)− Φ1(x(k);σ, ρ) ≤ c1α
(k)φ1(x(k), ŷ(k);σ(k+1)) ≤ 0. (46)

By the boundedness assumption on F1, we deduce that

lim
k→∞

∣∣∣{Φ1(x(k+1);σ, ρ)− Φ1(x(k);σ, ρ)}
∣∣∣ = 0
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and since c1, α(k) > 0, the lemma follows from (46). �

Lemma 6
Let the assumptions of the previous lemma hold. Then

lim
k→∞

‖δx(k)‖ = 0. (47)

for all k ≥ max {k0, k1}.

Proof : The result follows directly from Lemmas (4), (5). �

8.2 Properties of the l2 merit function

Lemmas (7)–(11) show that if the penalty parameter is chosen according to
Algorithm 2, then δx(k) is a direction of descent for Φ2. This result means
that imposing (22b) in (22a) in order to establish monotonic decrease of Φ2

is not so hard to achieve.

Lemma 7
Let Assumption (A1) hold. If δw(k) is calculated by (PRTLNS) and σ(k+1)

is chosen as in Step 13 of Algorithm 2, then Φ2 decreases along δx(k).

Proof : Using the fact that in Step 13 of Algorithm 2

r‖δx‖2 + 〈δx,∇f(x; ρ)〉 ≤ σ‖h(x)‖2,

we have that

−φ2(x, ŷ; σ̄, ρ) = 〈δx,∇f(x; ρ)〉 − σ̄‖h(x)‖2 ≤ −r‖δx‖2,

which is the required result. �

Lemma 8
Let Assumption (A1) hold. If δw(k) is calculated by (PRTLNS) and σ(k+1)

is chosen as in Step 15 of Algorithm 2, then Φ2 decreases along δx(k).

Proof : In Step 15 of Algorithm 2 there holds

r‖δx‖2 + 〈δx,∇f(x; ρ)〉 ≤ σ‖h(x)‖2.

If the penalty parameter is updated as in Step 15, then from (10)

−φ2(x, ŷ; σ̄, ρ) = 〈δx,∇f(x; ρ)〉 − σ̄‖h(x)‖2 ≤ −r‖δx‖2,

which is the required result. �
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Lemma 9
Let Assumption (A1) hold. If δw(k) is calculated by (PRTLNS) and σ(k+1)

is chosen as in Step 5 of Algorithm 2, then Φ2 decreases along δx(k).

Proof : If x is feasible then any descent property associated with Φ1 will
also hold for Φ2. Therefore we assume that x is not feasible and in fact that
‖h(x)‖ > √

εh.

From the update of the penalty parameter in Step 5 of Algorithm 2 and the
non-feasibility assumption we obtain

σ̄ ≥
√
m

√
εh
‖ŷ‖1 + ϑ

>

√
m‖ŷ‖1

‖h(x)‖
+

ϑ
√
εh

‖h(x)‖

=
‖ŷ‖1

√
m‖h(x)‖

‖h(x)‖2
+

ϑ
√
εhP1(x)

‖h(x)‖∞‖h(x)‖

≥ ‖ŷ‖1‖h(x)‖1

‖h(x)‖2
+
ϑ
√
εhP1(x)

‖h(x)‖2
(48a)

=
∑m

i=1 |[ŷ]i|
∑m

i=1 |[h]i(x)|
‖h(x)‖2

+
ϑ
√
εhP1(x)

‖h(x)‖2
, (48b)

where (48a) holds from norm equivalence theorems [see 20, for example],
and (48b) by the definition of the l1 norm.

If we continue further we obtain

σ̄ ≥
∑m

i=1 |[ŷ]i[h]i(x)|
‖h(x)‖2

+
ϑ
√
εhP1(x)

‖h(x)‖2

=
∑m

i=1[ŷ]i[h]i(x)
‖h(x)‖2

+
ϑ
√
εhP1(x)

‖h(x)‖2
(49a)

=
〈δx,∇f(x; ρ)〉+ 〈δx,N〉δx + ϑ

√
εhP1(x)

‖h(x)‖2
, (49b)

where equality (49a) follows from (5a) and (26) and equality (49b) from
(5a).

If 〈δx,N〉δx < 0, then using the definition (15) of ϑ we can write (49b) as

σ̄ ≥ 〈δx,∇f(x; ρ)〉+ r‖δx‖2

‖h(x)‖2
.
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Therefore σ̄ is large enough to guarantee descent of Φ2 along δx, and in fact

−φ2(x, ŷ; σ̄, ρ) ≤ −r‖δx‖2 ≤ 0.

If 〈δx,N〉δx ≥ 0, using again the definition of ϑ we can write (49b) as

σ̄ ≥ 〈δx,∇f(x; ρ)〉+ 〈δx,N〉δx
‖h(x)‖2

.

Therefore σ̄ is large enough to guarantee descent of Φ2 along δx, and in fact
if, for the iterations for which there holds 〈δx,N〉δx ≥ 0, there exists β3 > 0
such that

〈δx,N〉δx ≥ β3‖δx‖2 (50)

then

−φ2(x, ŷ; σ̄, ρ) ≤ −〈δx,N〉δx ≤ −β3‖δx‖2 ≤ 0.

�

Lemma 10
Let Assumption (A1) hold. If δw(k) is calculated by (PRTLNS) and σ(k+1)

is chosen as in Step 21 of Algorithm 2, then Φ2 decreases along δx(k).

Proof : In Step 21 of Algorithm 2 there holds

r‖δx‖2 + 〈δx,∇f(x; ρ)〉 ≤ 0,

then

−φ2(x, ŷ; σ̄, ρ) = 〈δx,∇f(x; ρ)〉 − σ̄‖h(x)‖2

≤ −r‖δx‖2 − σ̄‖h(x)‖2

≤ −r‖δx‖2,

which is the required result. �

In the next lemma we show that Φ2 decreases even when the constraints are
satisfied and the penalty parameter is not updated (Step 9).

Lemma 11
Let Assumptions (A1), (A3) be satisfied. If h(x(k)) = 0, δw(k) is calcu-
lated by (PRTLNS) and σ(k+1) is chosen as in Step 9 of Algorithm 2, then
Φ2 decreases along δx(k).
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Proof : Since we are feasible the range space component of the search
direction will vanish, and δx = u. If we premultiply (5a) by u and use (10)
and Assumption (A3) we obtain

−φ2(x, ŷ; σ̄, ρ) = 〈u,∇f(x; ρ)〉 = −〈u,N〉u
≤ −β2‖u‖2 = −β2‖δx‖2

which proves the lemma. �

The next corollary summarizes the above results.

Corollary 8.1
Let Assumptions (A1), (A3) be satisfied. If δw(k) is calculated by
(PRTLNS) and σ(k+1) is chosen as in Algorithm 2, then Φ2 decreases
along δx(k) and moreover

−φ2(x(k);σ(k+1), ρ) ≤ −β9‖δx(k)‖2,

where β9 = min
{
r(k), β2, β3

}
, β3 is defined in (50).

The monotonic decrease of the l2 merit function has been established in [2],
and we shall not replicate it here. We only mention the next result from
this paper, without proof, because it will be used in Theorem (2).

Lemma 12 Let Assumptions (A1)–(A3) hold. Let σ(k+1) be sufficiently
large and assume that there exists k0 ≥ 0, such that for k ≥ k0 the set

F2 =
{
x > 0

∣∣∣Φ2(x;σ∗, ρ) ≤ Φ2(x(k0);σ∗, ρ)
}

(51)

be compact. In addition, if there exists an integer k2 ≥ 0, such that for
k ≥ k2 the algorithm chooses t1 = 2, then for all k ≥ max {k0, k2} we
have that

lim
k→∞

‖δx(k)‖ = 0.

8.3 Properties of the switches

The algorithm can guarantee the monotonic decrease of a merit function, for
problems for which after a certain iteration, the value of t1 does not change.
For problems for which this behaviour does not occur, the addition of (22b)
to (22a) guarantees that Φ2 is monotonically decreasing.

29



The following result states that the primal variables are bounded away from
zero2.

Corollary 8.2 The sequence {x(k)} of primal variables generated by
Algorithm 1, with ρ fixed, is bounded away from zero.

Proof : Assume to the contrary that {x(k)} → ∞. Then {B(x(k))} →
∞ and sequence {Φ2(x(k);σ∗, ρ)} → ∞, which contradicts the monotonic
decrease of Φ2. �

In the next lemma we show that the lower bounds of the box constraints
(Algorithm 3) are bounded above and away from zero.

Lemma 13 Assume that ρ is fixed and that the primal variables are
bounded above and away from zero. Then the lower bounds [LB(k)]i and
upper bounds [UB(k)]i, i = 1, . . . , n of the box constraints are bounded
away from zero and bounded from above, respectively.

Proof : The proof can be found in [28]. �

The following lemma is necessary to establish boundedness of the sequence
{δx(k),y(k) + δy(k), δz(k)}.

Lemma 14
Let {w(k)} be a sequence of vectors generated by Algorithm 1 for a fixed
value of ρ. Then the matrix sequence {R(k)−1} is bounded, where R is the
matrix of the reduced system (5)

R =
(

0 ∇h(x)T

−∇h(x) N

)
.

Proof : The proof is taken from [2]. The inverse of the partitioned matrix,
suppressing iterates, is

R−1 =

(
Q −Q∇h(x)TN−1

N−1∇h(x)Q N−1 −N−1∇h(x)Q∇h(x)TN−1

)

where Q(k) =
(
∇h(x(k))

T
N(k)−1∇h(x(k))

)−1
. From Assumption (A7),

Corollary (8.2) and Lemma (13) we have that matrices N(k)−1
and Q(k)

exist and are bounded. Hence matrix R(k)−1
is bounded, since all the in-

volved matrices are bounded. �
2We do not suppress iterate subscripts in most of the proofs of this section
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Lemma 15 Let {w(k)} be a sequence of vectors generated by Algorithm
1 for ρ fixed. Then the sequence of vectors {δx(k),y(k) + δy(k), δz(k)} is
bounded.

Proof : The reduced system (5) can be written in matrix form as(
0 ∇h(x)T

−∇h(x) N

)(
ŷ
δx

)
= −

(
h(x)

∇f(x; ρ)

)
. (52)

From Lemma (14) we have that the inverse of the reduced KKT conditions
exists and is bounded. Therefore the sequences {δx(k)} and {ŷ(k)} are also
bounded. By considering Eq. (4c) we may deduce that sequence {δz(k)} is
also bounded, as a sum of bounded sequences. �

We are now in position to show finiteness of the penalty parameter.

Lemma 16 (Finiteness of the penalty parameter)
Let Assumption (A1) hold. Also assume that {x(k)} is bounded. Then the
penalty parameter is increased finitely often, that is there exists an integer
k∗ ≥ 0 such that for all k ≥ k∗ we have that σ(k) ∈ [0,+∞).

Proof : We shall proceed by contradiction. Assume that σ(k) → ∞ as
k →∞. By the boundedness of sequence {y(k)+δy(k)}, this can only happen
in Step 15. The penalty parameter in that step becomes unbounded, only if
‖h(x(k))‖ → 0, that is if there exists an integer kh such that, for all k ≥ kh
there holds

0 < ‖h(x(k))‖ ≤ εh.

But if this is the case, then the penalty parameter is not updated (Step 9).
Therefore the maximum value σ(k) can take is

σ∗ = max

{
D̃
εh
, ỹ

}

where

ỹ ≥ ‖y(k) + δy(k)‖

and D̃ is a finite value3. Thence σ∗ <∞, which contradicts our assumption
that σ(k) →∞ as k →∞. Therefore the conclusion of the lemma holds. �

In order to prove the next lemma, we need to assume that the level sets
F1,F2 introduced by (43), (51) are compact for sufficiently large k (for all

3the bound of ϑ(k) has been factored in ỹ
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k ≥ k0, as introduced in Lemmas (6), (12)). For the case t1 = 3 the reader
is referred to El-Bakry et al. [6].

Lemma 17
Let Assumptions (A1)–(A3) hold and let the barrier parameter be fixed.
Also assume that for sufficiently large k, the level sets of the activated
merit functions F1,F2,F3 are compact and that {x(k)} is bounded. Then

lim
k→∞

‖δx(k)‖ = 0.

Proof : At each iteration, the algorithm generates (δx(k), δy(k), δz(k)) which
is a KKT point of (PRTLNS). If

δx(k) = 0,

then the lemma is proven.

Assume that there exists kt1 ≥ 0, such that for all k ≥ kt1 the algorithm
chooses the same value for t1 ∈ {1, 2, 3}. In such a case, Lemmas (6), (12)
prove the required result for t1 ∈ {1, 2}. For t1 = 3, a similar a similar result
can be deduced.

Assume now that no such kt exists. That is the algorithm activates different
merit functions from iteration to iteration. Also assume, for contradiction,
that δx(k) 6= 0. That there exists an accumulation point, say x∗, of sequence
{x(k)} is guaranteed by the fact that Φ2 is monotonically decreasing which
ensures that x(k) ∈ F2, F2 compact. Also by Assumption (A2), Corollary
(8.2) and Lemmas 13, 15 we have that N∗ is a point of accumulation of
{N(k)}. Without loss of generality, we may assume that

x(k) → x∗ and N(k) → N∗.

Assume that (δx∗, δy∗, δz∗) is a KKT point of (PRTLNS). If δx∗ = 0 then
the lemma is proven. Suppose to the contrary, that δx∗ 6= 0. Let α∗x be
chosen so that SA(α∗x,x

∗, δx∗, t1) is satisfied. From (22b) we have that α∗x
satisfies

Φ2(x∗ + α∗xδx
∗;σ∗, ρ) < Φ2(x∗;σ∗, ρ).

Since

x(k) + α∗δx(k) → x∗ + α∗δx∗,

it follows that for sufficiently large k, we have

Φ2(x(k) + α∗δx(k);σ∗, ρ) < Φ2(x∗;σ∗, ρ). (53)
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But then, from the monotonic decrease of Φ2, we have that

Φ2(x∗;σ∗, ρ) < Φ2(x(k+1);σ∗, ρ)
≤ Φ2(x(k) + α∗δx(k);σ∗, ρ)

which contradicts (53). Hence δx(k) → 0 for sufficiently large k. �

Theorem 2
Let the assumptions of the previous lemma hold. Then for ρ fixed, the al-
gorithm converges asymptotically to a point satisfying the KKT conditions
(3) of problem (BNLP).

Proof : The proof is divided into three parts. In the first part we show
that the dual step sizes converge to unity. In the second part we show that
the complementarity condition (4c) is satisfied and finally in the third and
last part we show that (4a) is satisfied.

Let x∗(ρ),y∗(ρ), z∗(ρ) be such that

lim
k→∞

x(k) = x∗(ρ), lim
k→∞

y(k) = y∗(ρ), lim
k→∞

z(k) = z∗(ρ)

for all k∗ ≤ k ∈ K ⊆ {1, 2, . . .}. The existence of such points is ensured since
by Lemmas 13, 15 the sequence {x(k)(ρ),y(k)(ρ), z(k)(ρ)} is bounded for ρ
fixed and Φ2 decreases at each iteration, thereby ensuring that x(k) ∈ F2,
with F2 compact.

In this first part of this proof we show that the dual step size α(k)
z → 1, by

showing that

lim
k→∞

‖z(k) + δz(k) − ρX(k+1)−1
e‖ = 0. (54)

We begin by adding −ρX(k+1)−1
e to both sides of (4c), therefore obtaining

‖z(k) + δz(k) − ρX(k+1)−1
e‖ ≤ ‖ −X(k)−1

Z(k)‖‖δx(k)‖+

+ ρ‖X(k)−1 −X(k+1)−1‖‖e‖. (55)

We also have that

‖X(k)−1 −X(k+1)−1‖2 ≤ n max
1≤i≤n

{(
1

[x(k)]i
− 1

[x(k+1)]i

)2
}

= n max
1≤i≤n

{
(α(k)

x )2([δx(k)]i)2

([x(k)]i)2([x(k+1)]i)2

}
.
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Since the sequence {x(k)} is bounded away from zero, α(k)
x ∈ (0, 1] and

([δx(k)]i)2 ≤ ‖δx(k)‖2 the last inequality can be written as

lim
k→∞

‖X(k)−1−X(k+1)−1‖2 ≤ n lim
k→∞

max
1≤i≤n

{
‖δx(k)‖2

([x(k)]i)2([x(k+1)]i)2

}
. (56)

Therefore for k sufficiently large, from Lemma (17) and the above, we have
from (55) that (54) holds, which proves that z(k+1) = z(k) + δz(k) for k
sufficiently large.

In the second part of the proof we show that the complementarity condition
(3c) is satisfied asymptotically. For sufficiently large k, the complementarity
condition becomes using (4c)

X(k+1)z(k+1) = X(k+1)(z(k)+δz(k)) = X(k+1)X(k)−1
(−Z(k)δx(k)+ρe). (57)

If we write the elements of the diagonal matrix X(k+1)X(k)−1
as

[x(k+1)]i
[x(k)]i

= 1 + α(k)
x

[δx(k)]i
[x(k)]i

, i = 1, . . . , n

and use Lemma (17) we deduce that

lim
k→∞

X(k+1)X(k)−1
= In. (58)

Therefore for sufficiently large k, Eq. (57) yields using Lemma (17), Eq. (58)

X(k+1)z(k+1) = X∗(ρ)z∗(ρ) = ρe, (59)

which shows satisfaction of the complementarity condition (3c).

Again, for k sufficiently large, using Lemma (17) we have from Eq. (5b) that

lim
k→∞

∇h(x(k))
T
δx(k) = h(x∗(ρ)) = 0, (60)

which proves satisfaction of the equality constraints Eq. (3b).

In the last part of this proof, we show satisfaction of Eq. (3a), to finish the
proof. From the first equation (5a) of the reduced system we have that

∇f(x(k); ρ)−∇h(x(k))ŷ(k) = −N(k)δx(k).

For sufficiently large k the above becomes using Lemma (17)

lim
k→∞

‖∇f(x(k); ρ)−∇h(x(k))y(k+1)‖ = 0. (61)
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From Assumptions (A1), (A5) the last equation yields, using again Lemma
(17)

lim
k→∞

‖∇f(x(k+1); ρ)−∇h(x(k+1))y(k+1)‖ = 0, (62)

or equivalently that

∇f(x∗(ρ); ρ)−∇h(x∗(ρ))y∗(ρ) = 0.

Therefore (x∗(ρ),y∗(ρ), z∗(ρ)) is a solution of the perturbed KKT conditions
(3). �

The proofs so far have showed convergence of the iterates to approximate
central points, i.e. to points that satisfy the KKT conditions of problem
(BNLP). In the remaining part we show that the sequence of approximate
central points converges indeed to a KKT point (x∗,y∗, z∗) of the original
problem (NLPIP).

For a given ε > 0 sufficiently small, consider the set of all approximate
central points generated by the algorithm

Fε =
{
w
∣∣∣ ε ≤ ‖F(w; ρ)‖ ≤ ‖F(w(0); ρ(0))‖, ρ < ρ(0)

}
,

where F(w; ρ) are the KKT conditions of the logarithmic barrier problem
(BNLP) given by (PRTKKT). The line search rules described in Section 5
guarantee that x(k), z(k) ∈ Fε are bounded away from zero for k ≥ 0, ε > 0.
This in turn means that 〈x(k), z(k)〉 is bounded away from zero in Fε. In the
following lemma we prove boundedness of y(k).

Lemma 18
If Assumptions (A1), (A5) hold and the primal iterates x(k) are in a com-
pact set for k ≥ 0, then there exists a constant c4 > 0 such that

‖y(k)‖ ≤ c4(1 + ‖z(k)‖).

Proof : The proof is patterned after [2]. By defining b(k) = ∇f(x(k)) −
z(k) −∇h(x(k))y(k) and solving for ∇h(x(k))y(k) we obtain

∇h(x(k))y(k) = ∇f(x(k))− z(k) − b(k).

From our assumption the above equations can be written as

y(k) =
(
∇h(x(k))

T∇h(x(k))
)−1

∇h(x(k))
T
(
∇f(x(k))− z(k) − b(k)

)
−
(
∇h(x(k))

T∇h(x(k))
)−1

∇h(x(k))
T
z(k).
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If we set

b1 = ‖
(
∇h(x(k))

T∇h(x(k))
)−1

∇h(x(k))‖ (63a)

b2 = b1‖∇f(x(k))− z(k) − b(k)‖ (63b)

and take norms in both sides of the last equation we obtain

‖y(k)‖ ≤ b2‖∇f(x(k))− z(k) − b(k)‖+ b1‖z(k)‖
≤ c4(1 + ‖z(k)‖), (64)

where the constant c4 is defined as

c4 ≥ max {b2, b1} ,

which is finite, according to our assumptions. �

Lemma 19
Let Assumptions (A1), (A5) hold. Also assume that {x(k)} is bounded. If
(x(k),y(k), z(k)) ∈ Fε for all k ≥ 0, then the sequence {(x(k),y(k), z(k))} is
bounded above.

Proof : The proof is taken from [2]. From Lemma (18), it suffices to prove
that the sequence {z(k)} is bounded from above. Assume that there exists a
non-empty set I∞z . From the boundedness of the sequences {[x(k)]i[z(k)]i},
i = 1, . . . , n, we obtain

lim inf
k→∞

[x(k)]i = 0, i ∈ I∞z .

Furthermore from the definition of I0
x, it is evident that I∞z ⊆ I0

x.

From (24) and the fact that the barrier parameter goes to zero, we have that
the sequence

{‖∇f(x(k))− z(k) −∇h(x(k))y(k)‖}

is bounded. Using this and the fact that {‖∇f(x(k))‖} is bounded, we
conclude that {‖ − z(k) − ∇h(x(k))y(k)‖} is also bounded. Hence we have
that

‖z(k) + ∇h(x(k))y(k)‖
‖(y(k), z(k))‖

→ 0. (65)

If we set u(k) = (y(k),z(k))

‖(y(k),z(k))‖ , we have that {u(k)} is bounded and that

{u(k)} → u∗. It is clear that ‖u∗‖ = 1 and that [u∗]i, i /∈ I∞z , i.e. {[z(k)]i},
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are zero. If û∗ is the vector consisting of the components of [u∗]i, i ∈ I∞z ,
then ‖û∗‖ = ‖u∗‖ = 1. Furthermore, from (65) we have

z(k) + ∇h(x(k))y(k)

‖(y(k), z(k))‖
=

[∇h(x(k)), Im](y(k), z(k))
‖(y(k), z(k))‖

= [∇h(x(k)), ei : i ∈ I0
x]û

∗ → 0.

However, this result contradicts Assumption (A5). Hence I∞z is empty, that
is to say, for all indices i = 1, . . . , p, elements of {[z(k)]i} are bounded.
Consequently, {z(k)} is also bounded. �

The following theorem shows that the sequence of approximate central path
points converge to a KKT point of problem (NLPIP).

Theorem 3 Let {ρ(l)} be a monotonically decreasing sequence converging
to zero. Also let (x(k),y(k), z(k)) be a sequence of approximate central
points satisfying

‖F(x(k),y(k), z(k); ρ(l))‖ ≤ ηρ(l). (66)

If {(x(k),y(k), z(k))} → (x∗,y∗, z∗), then the limit point satisfies

F(x∗,y∗, z∗; 0) =

∇f(x∗)− z∗ −∇h(x∗)y∗

h(x∗)
X∗Z∗e

 =

0
0
0

 .

Proof : From Lemma (18) the sequence {(x(k),y(k), z(k))} is bounded and
remains in the compact set Fε. Therefore the existence of its limit point
{(x∗,y∗, z∗)} is guaranteed. Since ρ(l) → 0 and from (66) we have that

lim
k→∞

‖F(x(k),y(k), z(k))‖ = 0.

Therefore

∇f(x∗)− z∗ −∇h(x∗)y∗ = 0

h(x∗) = 0

X∗Z∗e = 0

which is the required result. �
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9 Local convergence

Local convergence results for primal-dual interior point methods have been
given by Zhang and Tapia [31], Zhang et al. [32] and Zhang et al. [33]
for linear and quadratic programs. Mizuno et al. [19] have given similar
results for a predictor-corrector algorithm. Local convergence results for
general nonlinear programming problems have been given by McCormick
[17, 18], El-Bakry et al. [6] and Yamashita and Yabe [29].

In this section we present local convergence properties of the proposed algo-
rithm. According to Powell [23], Han [12] and Bertsekas [3] it is necessary to
show that the Newton direction is accepted untruncated by the line search
procedure, in order to ensure superlinear convergence. Establishing such a
property is in general difficult for non-differentiable merit functions.

We have isolated the use of the line search procedure activated when t1 = 1
in order to demonstrate the overall convergence of the primal stepsizes to
unity. Local convergence properties of the l2 merit function have been given
by Akrotirianakis and Rustem [1]; similarly for the euclidean norm of the
perturbed KKT constraints, local convergence properties are displayed by
El-Bakry et al. [6]. In the following result we show the attainment of unity
stepsizes by the l∞ merit function.

Theorem 4 (Steplength convergence)
Suppose that the sequence {x(k)} converges to a KKT point. Then for the
line search procedure employing the l∞ merit function (t1 = 1), we have
that for sufficiently large k ≥ k0

{α(k)} → 1.

Proof : Following the argument of Lemma (5) we have that the largest
value the line search parameter can take is

α̃(k) = min
{

1,
1− c1

β5β7P1(x(k))(ψβ1 + η(k) + σ(k+1)γ)

}
.

The terms in parentheses multiplied by P1(x(k)) are bounded. Also for
sufficiently large k we have that P1(x(k)) → 0 and therefore for sufficiently
large k we obtain α̃(k) = 1.

Since α(k) is obtained by reducing the maximum allowable step length α̃(k)

until Armijo’s condition is satisfied, it follows that Armijo’s condition will
be satisfied immediately without truncations. �
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10 Numerical results for PDIP

For the numerical testing of the PDIP method we implemented the algorithm
using ANSI C. The problems solved are the ones found in the collection of
Hock and Schittkowski [13]. The majority of the problems were coded using
ANSI C and interfaced with the solver. The algorithm was also interfaced
with the powerful mathematical programming language AMPL [8, 7]. Prob-
lems of the Hock and Schittkowski collection that were hard to code were
solved using AMPL.

There are two options to calculate the Hessian of the Lagrangian. The first
option involves the use of the damped BFGS formula introduced by Powell
[22]. In the second option the exact Hessian is calculated, with second
derivatives calculated either programmatically or from AMPL. In the first
case the Hessian matrix N(k) is always positive definite. In the second case
though such property is not ensured, and the primal search direction δx(k)

is not guaranteed to decrease the merit function. In order to prevent this
behaviour we modify the Hessian of the Lagrangian by replacing it with a
positive definite matrix G(k). This matrix is generated using the indefinite
Cholesky factorization (LDLT ) described in Gill et al. [10] and also discussed
in Dennis, Jr. and Schnabel [5] for the unconstrained minimization case.

The algorithmic parameters are as follows. The initial value for the barrier
parameter is ρ(0) = 1.0. For the penalty parameter we set σ(0) = 0.0. In
the switches we set εh = 10−6, εd = 10−4 and δ = 10.0. In the line search
procedure θ = 0.5, c = 10−4 and ζ = 0.9. In the barrier parameter choice
η = 104 and q = 3.0. Finally, in the stopping criterion of the outer iterations
we used ε0 = 10−8.

Table (2) summarizes the numerical results for the test problems found in
the Hock and Schittkowski collection. Table (3) summarizes results obtained
without imposing the monotonic decrease condition (22b) for Φ2. We only
impose the sufficient decrease criterion of the activated merit function (22a)
(Section 5.1).

In these tables the following abbreviations are used:

• No is the name of the problem.

• k is the number of iterations to find the optimum solution.

• σ∗ is the final value of the penalty parameter.

• k∗ is the iteration after which the search direction decreases the merit
function without truncations.
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• Φ1 shows the number of times the l∞ merit function was used in the
problem.

• Φ2 shows the number of times the l2 merit function was used in the
problem.

• Φ3 shows the number of times the Euclidean norm of the perturbed
KKT conditions was used in the problem.

Table 2: Hock & Schittkowski results for monotonic PDIP

No k σ∗ k∗ Φ1 Φ2 Φ3

1 19 0 4 0 19 0
2 14 0 0 0 14 0
3 10 0 0 0 10 0
4 10 0 0 0 10 0
5 11 0 0 0 5 6
6 4 10 0 3 1 0
7 90 10.2887 82 89 1 0
8 3 10 0 3 0 0
9 4 0 0 0 3 1
10 16 10.5 15 15 1 0
11 13 42.9593 0 3 10 0
12 15 10.5 14 14 1 0
14 11 13.4412 10 8 3 0
15 20 86,026.8 9 10 10 0
16 16 11.8813 0 2 14 0
17 15 16.9823 0 1 14 0
18 10 10.1972 0 2 8 0
19 18 111,632 0 8 8 2
20 15 268.736 0 4 11 0
21 10 0 0 0 10 0
22 11 11.3389 0 5 6 0
23 13 0 0 0 13 0

Continued on next page
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Table 2 – continued from previous page
No k σ∗ k∗ Φ1 Φ2 Φ3

24 15 0 0 0 15 0
25 35 1 27 0 10 25
26 26 10.8882 5 9 17 0
27 23 18.571 20 20 1 2
28 2 0 0 0 1 1
29 38 10.8485 0 9 29 0
30 12 0 0 0 12 0
31 12 0 0 0 12 0
32 50 0 0 0 50 0
33 15 0 0 0 15 0
34 33 10.4788 0 18 15 0
35 11 0 0 0 11 0
36 14 0 0 0 14 0
37 53 0 0 0 53 0
38 18 0 0 0 5 13
39 15 18.1385 12 14 0 1
41 65 14.2846 0 1 64 0
42 8 14.5356 7 7 1 0
43 15 13 14 14 1 0
44 19 0 10 0 19 0
45 18 0 0 0 17 1
46 20 0 0 0 19 1
47 19 13.5829 0 5 14 0
48 2 0 0 0 1 1
49 16 0 0 0 14 2
50 10 0 0 0 8 2
51 2 0 0 0 1 1
52 2 23.9312 0 1 1 0
53 9 20.4432 8 8 1 0
54 8 11.1705 6 3 2 3
55 19 0 0 0 19 0
56 68 11.7848 0 5 59 4

Continued on next page
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Table 2 – continued from previous page
No k σ∗ k∗ Φ1 Φ2 Φ3

57 17 10.8513 0 1 16 0
59 90 10.0055 85 3 87 0
60 11 0 0 0 11 0
61 10 13.943 9 9 1 0
62 10 0 0 0 1 9
63 13 11.5264 0 10 1 2
64 36 373,382 31 34 1 1
65 12 10.0818 0 4 8 0
66 33 10.8686 4 18 15 0
70 12 10.0503 5 3 6 3
71 58 10.7122 0 10 43 5
73 13 0 0 0 13 0
74 9 51.5832 8 8 1 0
75 12 2,809.09 0 9 2 1
76 11 0 0 0 11 0
77 7 0 0 0 7 0
78 73 12.4074 0 3 5 65
79 6 0 0 0 6 0
80 7 10.0833 0 4 2 1
83 15 1,634.36 0 6 9 0
84 32 10.0002 22 4 28 0
86 15 35.0904 0 4 11 0
87 25 69.9099 14 6 19 0
93 372 39,887 139 7 7 358
95 20 10.0322 3 4 16 0
96 20 10.0305 3 3 17 0
100 13 11.5091 12 11 2 0
101 55 8,344.63 46 47 8 0
102 313 3,921.79 303 310 3 0
103 18 2,275.56 3 10 8 0
104 46 22.0406 8 9 37 0
105 16 0 4 0 13 3

Continued on next page
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Table 2 – continued from previous page
No k σ∗ k∗ Φ1 Φ2 Φ3

107 14 44,272.8 0 9 2 3
108 27 51.5038 0 11 16 0
109 37 63.2423 33 26 11 0
110 10 0 0 0 10 0
111 90 49.6809 0 24 1 65
112 27 0 25 0 25 2
113 14 14.2271 0 1 13 0
114 372 15,969.2 0 98 64 210
117 31 1 23 0 31 0
118 15 0 0 0 15 0
119 16 5,370.34 0 1 15 0

Table 3: Hock & Schittkowski results for non-monotonic PDIP

No k σ∗ k∗ Φ1 Φ2 Φ3

1 27 0 15 0 27 0
2 14 0 1 0 14 0
3 10 0 0 0 10 0
4 10 0 0 0 10 0
5 11 0 0 0 5 6
6 4 10 0 1 3 0
7 9 10.2887 2 8 0 1
8 3 10 0 1 2 0
9 1 0 0 0 0 1
10 16 10.5 0 12 1 3
11 13 13.0494 0 8 1 4
12 12 10.5 0 10 1 1
14 12 13.4412 1 6 3 3
15 20 86,026.8 9 10 10 0
16 16 11.8813 0 2 14 0
17 15 16.9823 0 1 14 0
18 10 10.1972 0 2 8 0

Continued on next page
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Table 3 – continued from previous page
No k σ∗ k∗ Φ1 Φ2 Φ3

19 18 111,632 0 8 8 2
20 15 268.736 0 4 11 0
21 10 0 0 0 10 0
22 11 11.3389 0 5 6 0
23 13 0 0 0 13 0
24 15 0 0 0 15 0
25 35 1 27 0 10 25
26 23 10.1082 0 8 15 0
27 39 10.7088 31 34 2 3
28 2 0 0 0 1 1
29 39 10.7278 0 12 27 0
30 12 0 0 0 12 0
31 12 0 0 0 12 0
32 50 0 0 0 50 0
33 15 0 0 0 15 0
34 33 10.4788 0 18 15 0
35 11 0 0 0 11 0
36 14 0 0 0 14 0
37 53 0 0 0 53 0
38 18 0 0 0 5 13
39 20 17.5716 3 13 0 7
40 19 13.8682 0 5 0 14
41 65 14.2846 0 1 64 0
42 10 14.5356 0 5 1 4
43 14 13 1 9 1 4
44 19 0 10 0 19 0
45 18 0 0 0 17 1
46 21 10.0681 1 2 19 0
47 18 16.7967 1 4 14 0
48 2 0 0 0 0 2
49 18 0 0 0 17 1
50 9 0 0 0 5 4

Continued on next page
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Table 3 – continued from previous page
No k σ∗ k∗ Φ1 Φ2 Φ3

51 2 0 0 0 1 1
52 2 80.0769 0 2 0 0
53 10 20.4432 0 5 1 4
55 19 1 0 0 19 0
56 1 0 0 0 0 1
57 15 0 13 0 15 0
59 8 0 0 0 0 8
60 11 0 0 0 11 0
61 6 13.2042 0 4 1 1
62 10 0 0 0 1 9
63 30 11.5264 0 10 1 19
64 37 373,382 31 34 1 2
65 12 10.0818 0 4 8 0
66 33 10.8686 4 18 15 0
71 58 10.7122 0 10 43 5
72 16 49,167.5 0 15 1 0
73 13 0 0 0 13 0
74 10 51.5832 0 5 1 4
75 12 2,809.09 0 9 2 1
76 11 0 0 0 11 0
77 8 0 0 0 6 2
78 73 12.4074 0 3 5 65
79 6 0 0 0 6 0
80 11 10.0833 0 4 2 5
81 17 62.312 13 8 8 1
83 15 1,634.36 0 6 9 0
84 32 10.0002 22 4 28 0
86 15 35.0904 0 4 11 0
87 25 69.9099 14 6 19 0
93 371 48,721.5 13 24 30 317
95 20 10.0322 3 4 16 0
96 20 10.0305 3 3 17 0

Continued on next page
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Table 3 – continued from previous page
No k σ∗ k∗ Φ1 Φ2 Φ3

97 31 11.3978 29 14 14 3
98 23 11.1843 0 5 17 1
100 11 11.5099 0 7 2 2
103 18 2,275.56 3 10 8 0
104 45 23.2979 0 8 37 0
105 16 1 4 0 13 3
107 9 13,644.9 0 7 1 1
108 88 13.3575 0 5 80 3
110 10 0 0 0 10 0
111 12 51.4597 0 7 1 4
112 23 1 0 0 21 2
113 14 1 0 0 14 0
114 372 15,969.4 0 98 64 210
116 48 12,780.7 22 14 33 1
117 31 1 23 0 31 0
118 15 1 0 0 15 0
119 16 5,370.34 0 1 15 0

All the numerical results were obtained by using the exact Hessian. The
problems that do not appear in this table were not solved to the desired
accuracy. We observe from Table (3) that in all cases the value of the
penalty parameter is well behaved in all cases, with a maximum value of
373,382 (problem 064). We also observe that during the latter stages of the
calculations unity stepsizes are employed for all problems.

For problem 093 in Table (2) (Table (3)), convergence is attained after 371
(372) iterations, which is quite large. What is particularly interesting with
this problem, is that the generated search direction is last truncated at iter-
ation 139 (13). The reason for such slow convergence was mainly the length
of the Newton direction. The value of the maximum element of the diagonal
perturbation added to the Hessian of the Lagrangian using the indefinite
Cholesky factorization [10] is on average 360. A similar comment goes for
problem 114 (Tables (2), (3)). For this problem our algorithm converges
after 372 iterations. The search direction is never truncated and as previ-
ously the average value of the maximum element of the perturbation matrix
is 200. In a relevant discussion, Gould and Leyffer [11] (also [15]) state that
modifications of the Hessian of (PRTLNS) might, in the worst case, have
the effect of over emphasizing one large negative eigenvalue at the expense
of the remaining small, positive ones, and in producing a direction which is
essentially steepest descent. We believe that the behaviour of the algorithm
for these problems can be interpreted under this remark. The average value
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of the perturbation matrix, as decided by the modified Cholesky factoriza-
tion, is relatively large which might force (PRTLNS) to generate the steepest
descent direction. If the steepest descent direction is short in length then,
although it is accepted from the stepsize strategy without truncation, the
iterates do not escape the region in which the Hessian is indefinite, and this
effect is repeated.

For problems 78, 81, 103 and 116 the initial value of the barrier parameter
was set to ρ(0) = 102 in order to avoid exceeding the maximum number of
iterations.

We also introduced a trap in order to cater for cases in which Assumption
(A5) cannot be met. Namely, if the value of the penalty parameter as
obtained in Step 5 of Algorithm 2 was above εz, then the penalty parameter
is updated as in Step 15 of the same algorithm. We set εz = 106 in our
numerical testing.

From Tables (2) and (3) it is observed that the two line search procedures,
the monotonic and the non-monotonic, performed equally well, in terms of
the number of problems solved. The non-monotonic version though per-
formed slightly better in terms of the number of iterations needed for con-
vergence.

11 Conclusions

A primal-dual interior point algorithm has been presented for general nonlin-
ear programming problems. The algorithm is shown to achieve convergence
from arbitrary starting points. It is also shown that in the neighbourhood
of the solution unity stepsizes will be accepted, giving thus rise to fast local
convergence. The adaptive penalty strategy is also such that the penalty
parameter does not grow indefinitely. The innovation of the algorithm lies in
the fact that it uses three different line search procedures. Each line search
procedure, when used individually, has its own advantages and disadvan-
tages. Switching rules are implemented so as to complement the merits
of the line search procedures, avoiding at the same time their drawbacks.
Numerical experimentation shows that the sought targets are fulfilled. In
addition the value of the penalty parameter is kept very low at all times
dispensing thus with the associated numerical problems. The algorithm can
therefore be part of the arsenal of optimizers for solving general nonlinear
programming problems. We hope that further experimentation will allow to
formulate new algorithms which in the same sense achieve the same goals.
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