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Abstract. The convergence rate of stochastic gradient search is analyzed in this paper. Using
arguments based on differential geometry and Lojasiewicz inequalities, tight bounds on the conver-
gence rate of general stochastic gradient algorithms are derived. As opposed to the existing results,
the results presented in this paper allow the objective function to have multiple, non-isolated minima,
impose no restriction on the values of the Hessian (of the objective function) and do not require the
algorithm estimates to have a single limit point. Applying these new results, the convergence rate
of recursive prediction error identification algorithms is studied. The convergence rate of supervised
and temporal-difference learning algorithms is also analyzed using the results derived in the paper.
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1. Introduction. Stochastic gradient algorithms are a recursive optimization
method of the stochastic approximation type. This method is commonly used to
compute minima (or maxima) of a function whose values are available only through
noise-corrupted observations. It has found a wide range of applications in the areas
such as automatic control, system identification, signal processing, machine learning,
operations research, statistical inference, economics and management (to name a few).
For further details, see [8], [18], [19], [24], [26], [27], [28] and the references cited
therein.

Due to their practical importance, the asymptotic behavior of stochastic gradi-
ent algorithms has been thoroughly studied in a large number of papers and books.
A significant attention has been given to the rate of convergence, as this property
directly characterizes the efficiency and enables a construction of reliable stopping
rules (see [2], [16], [18], [26], [28] and the references given therein). Although the
existing results on the convergence rate provide a good insight into the efficiency and
asymptotic behavior of stochastic gradient algorithms, they hold under very restric-
tive conditions. More specifically, the existing results require the algorithm estimates
to converge to an isolated minimum of the objective function at which the Hessian
(of the objective function) is strictly positive definite. Unfortunately, such conditions
are practically impossible to verify for complex, high-dimensional and high-nonlinear
stochastic gradient algorithms.

In this paper, the rate of convergence of stochastic gradient algorithms is ana-
lyzed for the case when the objective function has multiple, non-isolated minima (note
that the Hessian can be only semi-definite at a non-isolated minimum) and when the
algorithm estimates do not necessarily converge to a single limit point. Using ar-
guments based on differential geometry and Lojasiewicz inequalities, relatively tight
upper bounds on the convergence rate are derived. The obtained results cover a broad
class of complex stochastic gradient algorithms. We show how they can be used to
evaluate the convergence rate of recursive prediction error algorithms for identifica-
tion of linear stochastic dynamical systems. We also show how the convergence rate
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of supervised and temporal-difference learning algorithms can be assessed using the
results derived in the paper.

The paper is organized as follows. The main results are presented in Section 2,
where stochastic gradient algorithms with additive noise are considered. In Section
3, the convergence rare of stochastic gradient algorithms with Markovian dynamics
is analyzed. Sections 4 and 6 are devoted to examples of the results presented in
Sections 2 and 3. In Section 4, supervised learning algorithms for feedforward neural
networks and their convergence rate are studied, while the rate of convergence of
temporal-difference learning algorithms is considered in Section 5. The convergence
rate of recursive prediction error algorithms for the identification of linear stochastic
systems is analyzed in Section 6. Sections 7 — 11 contain the proofs of the results
presented in Sections 2 — 6.

2. Main Results. In this section, the rate of convergence of the following algo-
rithm is analyzed:

Ons1 =0p —an(Vf(6n) +wy), n>0. (2.1)

In this recursion, f : R% — R is a differentiable function, while {a, },>0 is a sequence
of positive real numbers. while 6y is an R%-valued random variable defined on a
probability space (€2, F, P), while {w,, },>0 is an R%-valued stochastic process defined
on the same probability space. To allow more generality, we assume that for each
n > 0, w, is a random function of fg,...,0,. In the area of stochastic optimization,
recursion (2.1) is known as a stochastic gradient algorithm (or stochastic gradient
search), while function f(-) is referred to as an objective function. For further details
see [24], [28] and references given therein.

Throughout the paper, unless otherwise stated, the following notation is used.
The Euclidean norm is denoted by || - ||, while d(-,-) stands for the distance induced
by the Euclidean norm. S and C are the sets of stationary and critical points of f(-),
ie.,

S={0cR¥ .VfO) =0}, C={f0):0cS}

Sequence {7y, }n>o0 is defined by 79 = 0 and

n—1
=D
i=0
for n > 1. For t € (0,00) and n > 0, a(n,t) is an integer defined as
a(n,t) =max{k >n:y, — v, < t}.

Algorithm (2.1) is analyzed under the following assumptions:
ASSUMPTION 2.1. lim, o o, =0 and Y, ot = 00.
ASSUMPTION 2.2. There exists a real number r € (0,00) such that

k

r
E ;7Y Wy

=n

w = limsup max < o0

n—oo n<k<a(n,1)

w.p.1 on {sup,,>q |0 < oo}



ASSUMPTION 2.3. For any compact set Q C R% and any a € f(Q), there exist
real numbers 0¢g.q € (0,1), pg.a € (1,2], Mg, € [1,00) such that

1£(0) —al < Mg.a

IVF@O)]F e (2.2)

for all 0 € Q satisfying | f(0) —a| < 6g.q.
ASSUMPTION 2.4. For any compact set Q C R, there exist real numbers vg €
(0,1], Ng € [1,00) such that

(0, 5) < N[V f(O)]" (2.3)

forall 8 € Q.

REMARK. In order to show that Assumption 2.3 holds, it is sufficient to demon-
strate its ‘local version,’ i.e., that there exists an open vicinity U of S with the follow-
ing property: For any compact set Q C U and any a € f(Q), there exit real numbers
30,0 € (0,1], ng,a € (1,2], Mgq € [1,00) such that (2.2) holds for all 6 € Q satisfy-
ing |f(0) —a| < 0¢g,a (for details see the appendiz at the end of the paper). Similar
conclusions apply to Assumption 2.4.

Assumption 2.1 correspond to the sequence {o,}n>0 and is widely used in the
asymptotic analysis of stochastic gradient and stochastic approximation algorithms.
Assumption 2.2 is a noise condition. In this or a similar form, it is involved in most of
the results on the convergence rate of stochastic gradient search and stochastic approx-
imation. It holds for algorithms with Markovian dynamics (see the next section). It is
also satisfied when when {w,, },>0 is a a martingale-difference sequence. Assumptions
2.3 and 2.4 are related to the stability of the gradient flow df/dt = —V f(0), or more
specifically, to the geometry of the set of stationary points S. In the area of differential
geometry, relations (2.2) and (2.3) are known as the Lojasiewicz inequalities (see [20]
and [21] for details). They hold if f(-) is analytic or subanalytic in an open vicinity
of S (see [6], [21] for the proof; for the form of Lojasiewicz inequality appeared in As-
sumption 2.3 see [15, Theorem LI, p. 775]; for the definition and properties of analytic
and subanalytic functions, consult [6], [14]). Although analyticity and subanalyticity
are fairly strong conditions, they hold for the objective functions of many stochastic
gradient algorithms commonly used in the areas of system identification, signal pro-
cessing, machine learning, operations research and statistical inference. E.g., in this
paper, we show that the objective functions associated with supervised and temporal-
difference learning are analytical (Sections 4 and 5). We also demonstrate the same
property for recursive prediction error identification (Section 6). Furthermore, in [31],
we show analyticity for the objective functions associated with recursive identification
methods for hidden Markov models. It is also worth mentioning that the objective
functions associated with recursive algorithms for principal and independent compo-
nent analysis (as well as with many other adaptive signal processing algorithms) are
usually polynomial or rational, and hence, analytic, too (see e.g., [10] and references
cited therein).

In order to state the main results of this section, we need further notation. For a
compact set Q C R, Cp € [1,00) stands for an upper bound of ||V f(-)|| on @ and
for a Lipschitz constant of V f(-) on the same set. A denotes the set of accumulation
points of {6, },>0 (notice that A is a random set), while

f =liminf f(6,).

n—oo
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Q is a random set defined as

0=

o J{0:d(6,4) < p},  if sup, g 16| < 00
A, otherwise

where p is an arbitrary positive (deterministic or random) quantity. 5, o, v, C, M
and N are random quantities defined by

(52(5@’15, ﬂ:MQ’f7 QZMQ’J;VQ/Z, CZCQ, M = MQf’ ]VZZV(2 (2.4)
when sup,,> [|0n]| < co and by
b=1, p=2, v=1, C=1, M=1, N=1 (2.5)

otherwise (symbol "is used to emphasize the dependence on f and Q) Moreover, let

. {1/(2 TR A2 min{rd),  G=pmin{rF).  (26)

00, if =2

Furthermore, let

w, ifr<v
pw)y=<14+w, ifr=r
1, ifr>r

REMARK. Since f € f(Q) when sup,,>q |0n|| < oo, it is obvious that random
quantities 5 Qv D, 4, 7T, C M N are well- defined. Moreover, it is easy to conclude
thatmequalztzes()<5<1 1<in<2,p>min{l,r},§>1,7>1, 1<C,M,N <
hold everywhere (i.e., on entire Q). It can also be demonstrated that (Loyaszewzcz coef-
ficients) 0Q.a; 1Q.a> VQ, MQ.a, Ng have ‘measurable versions’ such that 5, i, U, D, q,
7, M, N are random variables in probability space (Q, F, P) (i.e., measurable with re-
spect to F; details are provided in the appendiz at the end of the paper). Furthermore,
as a consequence of Assumption 2.3, we have

11(8) = fl < M|V F(O)|1* (2.7)

on {sup,,~o |0n]| < 0o} for all 0 € Q satisfying | f(0) — f| < 4.

Our main results on the convergence and convergence rate of the recursion (2.1)
are contained in the next two theorems.

THEOREM 2.1. Let Assumptions 2.1 — 2.3 hold. Then, lim, o Vf(0,) =0 and
limy, oo f(O0n) = f w.p.1 on {sup, ¢ [|0n]] < o0}

THEOREM 2.2. Let Assumptions 2.1 — 2.8 hold. Then, there exists a random
quantity K (which is a deterministic function of C, M) such that 1 < K < oo every-
where and such that

tim sup? [V (6,) 2 < K (9(w))", (28)
lim sup 2| £(6) = f| < K (¢(w))" (29)

n—oo



w.p.1 on {sup,,>q [|0n|| < oo}. If additionally, Assumption 2.4 is satisfied, then, there

exists another random quantity L (which is a deterministic function of C, M, N) such
that 1 < L < oo everywhere and such that

lim supy2d(6,,, S) < L(¢(w))” (2.10)

n—oo

w.p.1 on {sup, > [|0n < oo}

The proofs are provided in Section 7. As an immediate consequence of the previ-
ous theorems, we get the following corollaries:

COROLLARY 2.3. Let Assumptions 2.1 — 2.4 hold. Then, the following is true:

IVF(0:))17 = 0(7,?), d(f(6n),C) =0(7,"), d(0n,S) =o0(v,7)

w.p.1 on {sup, o [|0n|| < 00} N {w = 0,7 >r}, and

IVF@u)I? = O(1?), d(f(02),C) = O(3,7), d(bn,S) = O (7, 7)

w.p.1 on {sup,>q |0 < oo} N{w = 0,7 >r}°.
COROLLARY 2.4. Let Assumptions 2.1 — 2.3 hold. Then,

IV£0)IIP = oy 7),  d(f(6n),C) = 0(1;,")

w.p.1 on {sup,~¢ ||0n] < oo}, where p = min{l,r}.

In the literature on stochastic and deterministic optimization, the asymptotic
behavior of gradient search is usually characterized by the gradient, objective and
estimate convergence, i.e., by the convergence of sequences {V f(6,,) }n>0, {f(0n) }n>0
and {6, }n>0 (see e.g., [4], [5], [25], [26] are references quoted therein). Similarly, the
convergence rate can be described by the rates at which {Vf(6,)}n>0, {f(0n)}n>0
and {0, }n>0 tend to the sets of their limit points. Theorem 2.2 and Corollary 2.3
provide relatively tight upper bounds on these rates in the terms of the asymptotic
properties of noise {wy,},>0 and the gradient flow df/dt = —V f(#). Basically, the
theorem and its corollary claim that the convergence rate of {||Vf(6,)[*}n>0 and
{f(0,)}n>0 is the slower of the rates O(v,, ") (the rate of the gradient flow df/dt =
—V£(6) sampled at instants {7, },>0) and O(v;, ") (the rate of the noise averages
maxg>n || Zf:n a;w;||*). Apparently, the rates provided in Theorem 2.1 and Corollary
2.3 are of a local nature: They hold only on the event where algorithm (2.1) is stable
(i.e., where sequence {0, },>0 is bounded). Stating results on the convergence rate
in such a local form is quite reasonable due to the following reasons. The stability
of stochastic gradient search is based on well-understood arguments which are rather
different from the arguments used in the analysis of the convergence rate. Moreover
and more importantly, it is straightforward to get a global version of the rates provided
in Theorem 2.1 and Corollary 2.3 by combining the theorem with the methods used
to verify or ensure the stability (e.g., with the results of [7] and [9]).

Due to its practical and theoretical importance, the rate of convergence of stochas-
tic gradient search (and stochastic approximation) has been the subject of a large
number of papers and books (see see [2], [16], [18], [26], [28] and references cited
therein). Although the existing results provide a good insight into the asymptotic
behavior and efficiency of stochastic gradient algorithms, they are based on fairly re-
strictive assumptions: Literally, they all require the objective function f(-) to have
an isolated minimum 6 (sometimes even to be strongly unimodal) such that Hessian
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V2f(0) is strictly positive definite and lim, . 0, = 6 w.p.1. Unfortunately, in the
case of high-dimensional and high-nonlinear stochastic gradient algorithms (such as
online machine learning and recursive identification), it is hard (if not impossible at
all) to show even the existence of an isolated minimum, let alone the definiteness of
V2f(-) and the point-convergence of {6, },>0. Relying on the Lojasiewicz inequali-
ties, Theorem 2.1 and Corollary 2.3 overcome these difficulties: Both the theorem and
its corollary allow the objective function f(-) to have multiple, non-isolated minima,
impose no restriction on the values of V2f(-) (notice that V2f(-) cannot be strictly
definite at a non-isolated minimum or maximum) and permit {6,,},>0 to have mul-
tiple limit points. Moreover, they cover a broad class of complex stochastic gradient
algorithms (see Sections 4 and 6; see also [31]). To the best or our knowledge, these
are the only results on the convergence rate with such features.

Regarding the results of Theorem 2.1 and Corollary 2.3, it is worth mentioning
that they are not just a combination of the Lojasiewicz inequalities and the existing
techniques for the asymptotic analysis of stochastic gradient search and stochastic
approximation. On the contrary, the existing techniques seem to be inapplicable to
the case of multiple non-isolated minima. The reason comes out of the fact that these
techniques crucially rely on the Lyapunov function u(0) = (0 — 0)TV2f(6)(0 — 0),
where 6 is an isolated minimum such that lim,_. 6,, = 6 w.p.1 and V2£(-) is strictly
positive definite. Unfortunately, in the case of multiple, non-isolated minima, neither
does {0, },>0 necessarily have a single limit point (limit cycles can occur), nor V2 f(-)
can be a strictly positive definite matrix. In order to overcome this problem, we use
a ‘singular’ Lyapunov function v(6) = 1/(f(0) — f)'/?, where p € (0, /i/(2 — ji)] and
0 € {0 € R% : f(¥) > f}. Although subtle techmques are needed to handle such a
Lyapunov function (see Section 7), v(-) provides intuitively clear explanation of the
results of Theorem 2.2 and Corollary 2.3. The explanation is based on the heuristic
analysis of the following two cases. R

Case 1: sup,,s¢ ||0n|| < 0o and liminf,, o Y24 (f(6,) — f) = —oc.

In this case, there exists an increasing integer sequence {ny }x>o such that f(6,,) < f
for each k > 0 and limy, —.c Y32 (f (0, ) —f) = —o0. Therefore, Assumption 2.3 implies

Zf:n a;w; || = O0(v, ") (see Lemma 7.1),

there exists a large integer m >> 1 such that f(6,,) < f and max, >, |30, aswi|| <
IV f(0:m)]|/2. Then, for n > a(m, 1), Taylor formula yields

limy, oo Y5, |V f (O, )|| = 00. Since maxy>p,

n—1

F(0n) =f(Om) = (VFOn)T D s VF(0:) + wi)

i=m

n—1
2f (0m) = IV f(0m)|* (v = ¥m) = (Vf(0))" Z Qw;

2
<7(0m) - LEIE 956, (”Vf Z o

<f(Om)

(notice that 4, — v, > 1). Hence, f(6,) < f(0m) < f for n > a(m,1), which is
impossible as lim, . f(0n) = f.
Case 2: sup,,5 [|0n]| < 0o and limsup,, ., vi(f(0n) — f) = .
Similarly as in the previous case, there exists an increasing integer sequence {ng}r>o0
6



such that f(6,,) > f for each k > 0 and lim,, Yol (f (Ony) — f) = co. Consequently,
Assumption 2.3 yields limy oo v, [V f(0y,)|] = 00 and

IVF@II2 1
(f(On,) — f)1 412 = N2/(f(On,) — f)1H1/=2/

for k > 0. Since 14+ 1/p > 2/f1, lim, o0 f(0r) = f and maxy>y, HZf:n aiwiH
O(v,"), there exists a large integer m > 1 such that max,>m ||> i, ciw;|

va(em)”/za f(om) > f and

N

195671
(F(0m) — )12/ = T2/

Then, for any n > a(m, 1) satisfying f(6,,) > f, Taylor formula implies

0(0n) 20 (0) — (Vo (8))" z_: ai(Vf(0:) +w;)

IV £ (6)|> (Vi0a)"

~v(0,, / = Y ) i,
)+ 0m) — e = F Sy — i 2

1 IV £ (O) | 1 |I&=
Z’U(am) + W(ryn - 'Ym) + p( ( ) )1+1/p <2 Z ;w; )
> (1 — )
72p]\>[2/ﬂ " m

Thus, f(6,) — f < (2pM)* (v, — ym) P for n > a(m, 1) (notice that i > 1).

Following the reasoning outlined in the above cases, it can easily be concluded
that the slower of O(y;7) and O(v;; ") is the rate at which f(0,,) tends to f. Since
p can be any number from (0,7j] (in the proof of Theorem 2.1, Section 7, value
p = p = amin{r,7} is used), it is also straightforward to deduce that O(y,?) is the
convergence rate of { f(6,,) }n>0. In addition to this, the previously described heuristics
indicate that in the terms of 7 and 1, O(y,,?) is probably the tightest estimate of the
convergence rate of {f(6,)}n>0. The same conclusion is suggested by the following
two special cases:

Case (a): wy, =0 for each n > 0.
Due to Assumption 2.3, we have

d(f(6(1)) — N2/ o
OOV ZI) oo < - (1/ar)" (reo) - 2/

for a solution A(-) of df/dt = —V f(6) satisfying 6(t) € Q for all ¢ € [0,00) and
limy oo f(0(t)) = f. Consequently, f(0(t)) — f = Ot~ #/2-M) = O(t~"F). As
{0n}n>0 is asymptotically equivalent to 6(-) sampled at time instances {7y, }n>0, we
get f(0,) — f= O(v;, ™). The same result is implied by Theorem 2.1 and Corollary
2.3.

Case (b): f(0) =0T A0 and A is a strictly positive definite matriz.
Recursion (2.1) reduces to a linear stochastic approximation algorithm in this case.
For such an algorithm, it is known that the tightest estimate of the convergence rate
is f(0,) = O(7;,?") if w > 0, and f(6,,) = o(v,,%") for w = 0 (see [30]). The same rate
is provided by Theorem 2.2 and Corollary 2.3.
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3. Stochastic Gradient Algorithms with Markovian Dynamics. In or-
der to illustrate the results of Section 2 and to set up a framework for the analysis
carried out in Sections 4 and 6, we apply Theorems 2.1, 2.2 and Corollaries 2.3, 2.4
to stochastic gradient algorithms with Markovian dynamics. These algorithms are
defined by the following difference equation:

0n+1 =0, — anF(0n7£n+1)7 n > 0. (31)

In this recursion, F : R x R4 — R% is a Borel-measurable function, while {an}n>0
is a sequence of positive real numbers. 6 is an R%-valued random variable defined
on a probability space (Q,F, P), while {£,},>0 is an R%-valued stochastic process
defined on the same probability space. {&,}n>0 is a Markov process controlled by
{01 }n>0, i.e., there exists a family of transition probability kernels {Ilg(-,-)}gcpds
defined on R% such that

P(gn—i-l S B|907€07 .. 70na§7l) = Han(gan)

w.p.1 for any Borel-measurable set B C R% and n > 0. In the context of stochastic
gradient search, F'(6,,&,+1) is regarded to as an estimator of V f(6,,).

The algorithm (3.1) is analyzed under the following assumptions.

ASSUMPTION 3.1. lim, oo o, = 0, limsup,,_ o |a;, 11 —ant| < 00 and 300 o i, =
o0o. There exists a real number r € (0,00) such that Y o, a2~2" < co.

ASSUMPTION 3.2. There exist a differentiable function f : R% — R and a
Borel-measurable function F : R% x R% — R such that Vf(-) is locally Lipschitz
continuous and such that

F(6.€) = V() = F(6,€) — (ILF)(4.€)

for each § € R% ¢ € R% where (ILF)(6,&) = [ F(0,&)Ty(&,d¢").
ASSUMPTION 3.3. For any compact set Q C R% and s € (0,1), there exists a
Borel-measurable function ¢gq s : R% — [1,00) such that

max{[[F(6, )], IF(6, &)1, TF)(0, )1} < ¢q.s(€),
I(TLF)(8",€) — (ILE)(8", €)|| < pqus(E)II6" —6"||°

for all 0,0",0" € Q, ¢ € R%.
ASSUMPTION 3.4. Given a compact set Q C R% and s € (0,1),

sup £ (03.s (&) (rg>nylb0 = 0,8 =€) < o0

for all @ € R%, ¢ € R%, where 7 = inf{n >0:0,, ¢ Q}.

The main results on the convergence rate of recursion (3.1) are in the next theo-
rem.
THEOREM 3.1. Let Assumptions 3.1 — 3.4 hold, and suppose that f(-) (introduced
in Assumption 3.2) satisfies Assumptions 2.3 and 2.4. Then,

IV£0)IP = oy 7),  d(f(6n),C) = 0(1;,")
w.p.1 on {sup,,>q [|0n| < oo}. Moreover, the following is true:

IVFO)? =0(1,7), d(f(0n),C) =0(,"), d(0n,S)=o0(v,9)
8



w.p.1 on {sup, > [|0n] < oo} N{# >r}, and

IVF0)I* = O(17), d(f(6n),C) = O(3,7), d(0n,5) =0 (7,7

w.p.1 on {sup,>¢ [|0n < oo} N{F <r}.

The proof is provided in Section 8. C, .S, p,p, ¢ and 7 are defined in Section 2.

Assumption 3.1 is related to the sequence {ay,}n>0. It holds if o, = 1/n* for
n > 1, where a € (1/2,1] is a constant. On the other side, Assumptions 3.2 — 3.4 cor-
respond to the stochastic process {&,}n>0 and are quite standard for the asymptotic
analysis of stochastic approximation algorithms with Markovian dynamics. Assump-
tions 3.2 — 3.4 have been introduced by Metivier and Priouret in [22] (see also [2,
Part II]), and later generalized by Kushner and his co-workers (see [16] and references
cited therein). However, neither the results of Metivier and Priouret, nor the results
of Kushner and his co-workers provide any information on the convergence rate of
stochastic gradient search in the case of multiple, non-isolated minima.

Regarding Theorem 3.1, the following note is also in order. As already mentioned
in the beginning of the section, the purpose of the theorem is illustrating the results
of Theorem 2.1 and providing a framework for studying the examples presented in
the next sections. Since these examples perfectly fit into the framework developed by
Metivier and Priouret, more general assumptions and settings of [16] are not consid-
ered here in order just to keep the exposition as concise as possible.

4. Example 1: Supervised Learning. In this section, online algorithms for
supervised learning in feedforward neural networks are analyzed using the results of
Theorems 2.2 and 3.1.

To state the problem of supervised learning and to define the corresponding algo-
rithms, we need the following notation. N; and Ny are positive integers, while dg =
Ni(Ny +1). ¢1,¢2 : R — R are differentiable functions, while vy, ...,¢y, : R%= — R
are Borel-measurable functions. For ay,...,aly € R, afy,...,a%, y, €ER, x € R,
let

Ny No
Go(z) = ¢ <Z a;, ¢a <Z RN (@)) :

i1=1 ip=1

where 6 = [a} ---aly, af | ---afy, y,]". Moreover, m(-, -) denotes a probability measure
on R% x R, while

10) = 5 [(= Golo)*ntdr,a)

for # € R%. Then, the mean-square error based supervised learning in feedforward
neural networks can be described as the minimization of f(-) in a situation when only
samples from 7 (-,-) are available. In this context, Gy(-) represents the input-output
function (i.e., the architecture) of the feedforward neural network to be trained. ¢1(-)
and ¢2(-) are the network activation functions, while # is the vector of the network
parameters to be tuned through the process of supervised learning. For more details
on neural networks and supervised learning, see e.g., [11], [12] and references cited
therein.

Function f(+) is usually minimized by the following stochastic gradient algorithm:

Ont1 = 0n + an(yn — Go, (zn))Hy, (z,), n>0. (4.1)
9



In this recursion, {a,},>0 is a sequence of positive real numbers, while Hy(-) =
VoGo(-). 8o is an R%-valued random variable defined on a probability space (2, F, P),
while {(2n, yn) }n>0 is an R% x R-valued stochastic process defined on the same prob-
ability space. In the context of supervised learning, {x,, yn}n>0 is regarded to as a
training sequence.

The asymptotic behavior of algorithm (4.1) is analyzed under the following as-
sumptions:

ASSUMPTION 4.1. ¢1(:) and ¢2(-) are real-analytic. Moreover, ¢1(-) and ¢o(-)
have (complex-valued) continuations ¢1(-) and ¢o(-) (respectively) with the following
properties:

(1) ¢1(z) and ¢2(z) map z € C into C (C denotes the set of complex numbers).
(ii) ¢1(2) = ¢1(2) and g2(z) = ¢2(z) for all z € R.

(iii) There exist real numbers e € (0,1), K € [1,00) such that ¢1(-) and ¢o(-) are

analytic on V. = {z € C: d(z,R) < &}, and such that

61(2)] < K(1+|2]),
max{|} (2)], 192(2)], 195(2)]} < K

for all z € V. (¢1(-), d2(-) are the derivatives of ¢1(-), ¢a(-)).

ASSUMPTION 4.2. {(zp,Yn)}n>0 are i.i.d. random variables distributed accord-
ing the probability measure w(-,-). There exists a real number L € [1,00) such that
maxi<k<n, |¥x(zo)| < L and |yo| < L w.p.1.

Our main results on the properties of objective function f(-) and algorithm (4.1)
are contained in the next two theorems.

THEOREM 4.1. Let Assumptions 4.1 and 4.2 hold. Then, f(-) is analytic on
entire R% | i.e., it satisfies Assumptions 2.3 and 2.4.

THEOREM 4.2. Let Assumptions 3.1, 4.1 and 4.2 hold. Then,

IV£0)IIP = oy, 7),  d(f(6n),C) = 0(1,")

w.p.1 on {sup, ¢ [|0n|| < oo}. Moreover, the following is true:

V@) = 0(v,7), d(f(8n), C) = 0(1.7), (B, S) = 0(77)
w.p.1 on {sup,>q ||| < oo} N {7 >r}, and

IVF0)I* = O(1:7), d(f(6n),C) = O(%7), d(On,5) =0 (7,7

w.p.1 on {sup,>q |0 < oo} N{F <r}.
The proofs are provided in Section 9. C, S, p,p, ¢ and 7 are defined in Section 2.
Assumption 4.1 is related to the neural network being trained. It covers some of
the most popular feedforward architectures such as backpropagation networks with
logistic activations! and radial basis function networks with Gaussian activations?.
ISince
[1+ exp(—2)|? = 1 4 exp(—2Re(z)) + 2 exp(—Re(2)) cos(Im(z)) > 1 4 exp(—2Re(z))
when |Im(z)| < m/2, complex-valued logistic function h(z) = (1 + exp(—2))~! is analytical on
{z € C:d(z,R) < w/2}. Due to the same reason, max{|h(z)|, |h/(2)|} < 1lon {z € C:d(z,R) < m/2}.
2Complex-valued Gaussian activation h(z) = (27)~1/2 exp(—22/2) is analytical on entire C. As
(1+ |z]) exp(=2%/2) < (1 + [Re(2)| + [Im(2)]) exp(—Re*(2)/2 + Im*(2) /2) < 3e
when |Im(z)| < 1, we have max{|h(z)|, |h/(z)|} <3eon {z € C:d(z,R) < 1}.
10



On the other side, Assumption 4.2 corresponds to the training sequence {z,, Yn n>0,
and is quite common for the analysis of supervised learning.

The asymptotic properties of supervised learning algorithms have been studied in
a large number of papers (see [11], [12] and references cited therein). Unfortunately,
the available literature does not provide any information on the rate of convergence
which can be verified for the feedforward networks with nonlinear activation functions.
The main difficulty comes out of the fact that the existing results on the convergence
rate of stochastic gradient search require the objective function to have an isolated
minimum at which the Hessian is strictly positive definite. Since the objective function
is highly nonlinear in the case of supervised learning algorithms, it is hard (if not
impossible) to show even the existence of isolated minima, let alone the definiteness
of the Hessian. As opposed to the existing results, Theorem 4.2 does not invoke any
of these requirements and covers some of the most widely used feedforward neural
networks.

5. Example 2: Temporal Difference Learning. In this section, the results
of Theorems 2.2 and 3.1 are illustrated by applying them to the analysis of temporal-
difference learning algorithms.

In order to explain temporal-difference learning and to define the corresponding
algorithms, we use the following notation. N > 1 is an integer, while X = {1,...,N}.
{Zn}n>0 is an X-valued Markov chain defined on a probability space (€2, F, P), while
{c(%) }iex are real numbers. § € (0,1) is a constant, while

g(i) = E <Zﬂ”c(xn) o = z)
n=0

for i € X. For each i € X, Gy(i) is a real-valued differentiable function of § € R,
while

7(6) = 5 T Bg(ra) ~ Golan))?
n—oo
for € R%. With this notation, the problem of temporal-difference learning can be
posed as the minimization of f(-) in a situation when only a realization of {z,},>0
is available. In this context, ¢(¢) is considered as a cost of visiting state i, while g(i)
is regarded to as a total discounted cost incurred by {x,},>0 when {z,},>0 starts
from state i. Gp(-) is a parameterized approximation of g(-), while # is the parameter
to be tuned through the process of temporal-difference learning. For more details on
temporal-difference learning, see e.g., [3], [27], [29] and references cited therein.
Function f(-) can be minimized by the following algorithm:

Ony1=0p + an(c(xn) + BG, (xn-i-l) - Gy, (xn))yna (5.1)
Yn+1 = Byn + Hp, (n41), n>0. (5.2)

In this recursion, {au,}n>0 is a sequence of positive reals, while Hg() = VpGo(-).
0o is an R%-valued random variable, which is defined on probability space (€2, F, P)
and independent of {x,},>0. In the literature on reinforcement learning, recursion
(5.1), (5.2) is known as TD(1) temporal-difference learning algorithm with a nonlinear
function approximation, while Gy(-) is referred to as a function approximation, or just
as an ‘approximator.’

We analyze algorithm (5.1), (5.2) under the following assumptions:

11



ASSUMPTION 5.1. {zy,}n>0 is geometrically ergodic.

ASSUMPTION 5.2. For each i, Gy(i) is analytic in 6 on entire R%.

Our main results on the properties of f(-) and asymptotic behavior of the algo-
rithm (5.1), (5.2) are presented in the next two theorems.

THEOREM 5.1. Let Assumptions 5.1 and 5.2 hold. Then, f(-) is analytic on
entire R% | i.e., it satisfies Assumptions 2.3 and 2.4.

THEOREM 5.2. Let Assumptions 3.1, 5.1 and 5.2 hold. Then,

IVF0)I* = o(y:?),  d(f(6n),C) = o(1;,")

w.p.1 on {sup, ¢ [|0n|| < oo}. Moreover, the following is true:

IVfOa)? = 0(7:7), d(f(02),C) = o(7;F), d(n,S) = 0(r,7)

w.p.1 on {sup,,>q [|0n] < oo} N {7 >r}, and

IVF@)I? = O0(17), d(f(02),C) = O(3,7), d(bn,S) = O(7,7)

w.p.1 on {sup, ¢ [|0n] < oo} N{F <r}.
The proofs are provided in Section 10. C, S, p,p, ¢ and 7 are defined in Section 2.
Assumption 5.1 corresponds to the stability of Markov chain {z,},>0. In this
or similar form, it is involved in any result on the asymptotic behavior of temporal-
difference learning. On the other side, Assumption 5.2 is related to the properties of
Gy(+). It covers some of the most popular function approximations used in the area
of reinforcement learning (e.g., polynomial approximations and feedforward neural
networks with analytic activation functions; for details see [3], [27], [29]).
Asymptotic properties of temporal-difference learning have been the subject of a
number of papers (see [3], [27] and references cited therein). However, the available
literature on reinforcement learning does not offer any information on the rate of
convergence of the algorithm (5.1), (5.2) in the case when Gy(-) is nonlinear in 6.
Similarly as in the case of supervised learning, the main difficulty is caused by the
fact that the existing results on the convergence rate of stochastic gradient search
require f(-) to have an isolated minimum at which V2 f(-) is strictly positive definite.
Unless Gp(+) is linear in 6, f(-) is so complex that these requirements are practically
impossible to show. On the other side, Theorem 5.2 does not impose any restriction on
the topological properties of the minima of f(-), or on the values of V2 f(-). Moreover,
it can be applied to many temporal-difference learning algorithms met in practice.
Regarding the results of this section, the following note is also in order. Using the
arguments Theorems 4.1 and 5.2 are based on, it is possible (at the cost of increasing
significantly the amount of technical details) to generalize Theorems 5.1 and 5.2 to
the case when {z, },>0 is a continuous state Markov chain, as well as to actor-critic
learning algorithms proposed in [13].

6. Example 2: Identification of Linear Stochastic Dynamical Systems.
In this section, the general results presented in Sections 2 and 3 are applied to the
asymptotic analysis of recursive prediction error algorithms for identification of linear
stochastic dynamical systems. To avoid unnecessary technical details and complicated
notation, only the identification of one dimensional ARMA models is considered here.
However, it is straightforward to generalize the obtained results to any linear stochas-
tic dynamical system.

12



In order to state the problem of recursive prediction error identification in ARMA
models, we use the following notation. M and N are positive integers, while dy =
M+ N. For ay,...,ap € Rand by,...,by € R, let

M N
Ag(z)=1- Z arz" % Bp(z) =1+ Z brz "k,
k=1 k=1

where 6 = [a1 ---ap by ---by]T and 2z € C (C denotes the set of complex numbers).
Moreover, let

O ={0cR¥:By(z)=0= |z > 1}.

On the other side, {yn}n>0 is a real-valued signal generated by the actual system
(i.e., by the system being identified). For § € ©, {y¥},,>¢ is the output of the ARMA
model

Ag(q)yh = Bo(@)en, n >0, (6.1)

where {e,, } >0 is a real-valued white noise and g~ ! is the backward time-shift operator.

{€%},,>0 is the process generated by the recursion
By(q)ey, = Ao(q)yn, 1 >0, (6.2)

while 9¢ = y,, — &% and

Then, ¢ is a mean-square optimal estimate of y,, given 4o, ..., yn_1 (which the model
(6.1) can provide; see e.g., [18], [19]). Consequently, €/ can be interpreted as the
estimation error.

The parametric identification in ARMA models can be defined as the following
estimation problem: Given a realization of {y,}n>0, estimate the values of 6 for
which the model (6.1) provides the best approximation to the signal {yn}n>0. If
the identification is based on the prediction error principle, the estimation problem
reduces to the minimization of f(-) over ©. As the asymptotic value of the second
moment of €/ is rarely available analytically, f(-) is minimized by a stochastic gradient
(or stochastic Newton) algorithm. Such an algorithm is defined by the following
difference equations:

T
¢n = [yn o Yn—M+1En EanJrl] 5
T
En+1 = Yn+1 — ¢7L9n7
T
1pn+1 - (bn - [wn T "/}an+1] A09n7
0n+1 = 971 + an¢n+15n+1, n > 0.
In this recursion, {ay,}n>0 denotes a sequence of positive reals, while Ay is a com-

posite matrix defined as Ay = [Onxm INxN]- {Un}n>—m iIs a real-valued stochastic
process defined on a probability space (Q,F, P), while 8y € O, £g,...,e1-ny € R

and 1y, ..., _n € R% are random variables defined on the same probability space.
00,€0,---,81-N,Y0, .-, Y1_N E Rde represent the initial conditions of the algorithm
(6.3) — (6.6).

13



In the literature on system identification, recursion (6.3) — (6.6) is known as the
recursive prediction error algorithm for ARMA models (for more details [18], [19] and
references cited therein). It usually involves a projection (or truncation) device which
ensures that estimates {6, },>0 remain in ©. However, in order to avoid unnecessary
technical details and to keep the exposition as concise as possible, this aspect of
algorithm (6.3) — (6.6) is not discussed here. Instead, similarly as in [17] — [19], we
state our asymptotic results (Theorem 6.2) in a local form.

Algorithm (6.3) — (6.6) is analyzed under the following assumptions:

ASSUMPTION 6.1. There exist a positive integer L, a matriz A € REXE | a vec-
tor b € RY and R¥-valued stochastic processes {Tn}ns>—ar, {Wntns_nr (defined on
(Q, F, P)) such that the following holds:

(i) Tpi1 = Az, +w, and y, = b x,, forn>—M.
(ii) The eigenvalues of A lie in {z € C: |z| < 1}.

(iil) {wn}n>—nm areii.d. and independent of 6y, x1-a, €0, - -y E1=N; Y05 - - P1-N -

(iv) El|lwo|* < .
ASSUMPTION 6.2. For any compact set Q C O,

sup (e + 1l Irg>ny) < oo, (6.7)

where 7o = inf{n > 0:6,, ¢ Q}.
Our main result on the analyticity of f(-) is contained in the next theorem.
THEOREM 6.1. Suppose that {yn}n>0 is a weakly stationary process such that

oo

3 [Cov(yo, yn)| < oo.

n=0

Then, f(-) is analytic on entire O, i.e., the following is true: For any compact set
Q C © and any a € f(Q), there exist real numbers 0Q.q, pg.a € (1,2], vo € (0,1],
Mg.q € [1,00), Ng such that (2.3) holds for all € Q and such that (2.2) is satisfied
for each 0 € Q fulfilling |f(8) — a|] < 0¢g.q.

In order to state our main result of the convergence rate of algorithm (6.3) — (6.6),
we use the following notation. A is the event defined by

A= {sup 16| < oo, inf d(8,,00) > O} .
n>0 n>0

A is the set of accumulation points of {6, },>0, while

p=2"1d(A,00) 1, f=Iliminf f(6,).

n—oo

Q is the random set defined as

R 9 R :d,A)pr, onA
o { )

otherwise

)

0, fi, ¥ are random quantities defined by (2.4) on A and by (2.5) otherwise. Random
quantities p, ¢, 7 are defined by (2.6). With this notation, our main result on the
convergence rate of algorithm (6.3) — (6.6) reads as follows.
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THEOREM 6.2. Let Assumptions 3.1, 6.1 and 6.2 hold. Then,
IVF(On)]1? = 0(3P)s  d(f(82),C) = o(7,7)

w.p.1 on A. Moreover, the following is true:
||vf(6n)||2 = 0('77:13)’ d(f(en)a C) = O(’yr:ﬁ)v d(eru S) = 0(’7';@>
w.p.l on AN{F>r}, and
IVFO)1? = O0(1,7), d(f(6n),C) =O(1,"), d(6n,S) =0(7,7)

w.p.1 on AN{F <r}.
The proofs are provided in Section 11. C' and S are defined in Section 2.
Assumption 6.1 corresponds to the signal {y,}n>0. It is quite common for the
asymptotic analysis of recursive identification algorithm (see e.g., [2, Part I]) and
cover all stable linear Markov models. Assumption 6.2 is related to the stability of
subrecursion (6.3) — (6.5) and its output {e,}>0, {¥n}n>0. In this or a similar form,
Assumption 6.2 is involved in most of the asymptotic results on the recursive predic-
tion error identification algorithms. E.g., [18, Theorems 4.1 — 4.3] (which are probably
the most general and famous results of this kind) require sequence {(&n,%n)}n>0 to
visit a fixed compact set infinitely often w.p.1 on event A. When {y,, }»>0 is generated
by a stable linear Markov system, such a requirement is practically equivalent to (6.7).
Various aspects of recursive prediction error identification in linear stochastic
dynamical systems have been the subject of numerous papers and books (see [18], [19]
and references cited therein). Despite providing a deep insight into the asymptotic
behavior of recursive prediction error identification algorithms, the available results
do not offer information about the convergence rate which can be verified for models
of a moderate or high order (e.g., M and N are three or above). The main difficulty
is the same as in the case of supervised learning. The existing results on convergence
rate of stochastic gradient search require f(-) to have an isolated minimum which is
the limit of {6, },>0 and at which V2 f(-) is strictly positive definite. Unfortunately,
f(+) is so complex (even for relatively small M and N) that these requirements are
practically impossible to verify. Apparently, Theorem 6.2 relies on none of them.
Regarding Theorems 6.1 and 6.2, it should be mentioned that these results can be
generalized in several ways. E.g., it is straightforward to extend them to practically
any stable multiple-input, multiple-output linear system. Moreover, it is possible to
show that the results also hold for signals {y,, },>0 satisfying mixing conditions of the
type [18, Condition S1, p. 169].

7. Proof of Theorems 2.1 and 2.2. In this section, the following notation is
used. Let A be the event

A= {sup 16,]] < oo} .
n>0

For ¢ € (0,00), let

For 6 € R let

if £(0) > f

0, otherwise

<
—
S
S~—
|
~
—~
S
S~—
I
\'&'w
<
—
S
=
Il
—N—
—
g
—
5
SN~—
|
~~»
N~—
~
~
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(p is introduced in Section 2). On the other side, for 0 < n < k, let w,, = 0,
Unn = Uy = Uy ,, = 0 and

k—1
Un,k = E Wi,

i=n

k—1
v, =—(V ()" Z ai(Vf(0;) — V().

1
ol = / (VB + 50 — 0)) — VF(0))" (0 — 0,)ds
0
Un,k = U;’L,k + Ug,k'

Then, it is straightforward to show

F0r) = f(0n) = = (v = )V FO)P = (VF(00)) i ge + Vi (7.1)

for 0 <n <k.

Regarding the notation, the following note is also in order: ~ symbol is used for
locally defined quantities, i.e., for a quantity whose definition holds only in the proof
where such a quantity appears.

LEMMA 7.1. Let Assumptions 2.1 and 2.2 hold. Then, there exists an event
No € F such that P(Ng) =0 and

limsupy, ma U <w< oo 7.2
msupyl, _max ] < (72)
on A\ No.
Proof. 1t is straightforward to verify
k-1
Un,k = Z( %+1 Z O‘J'Y] wji | 47 Z Qi W
1=n

for 0 < n < k. Consequently,

k-1
[un.ie]l < (%ZT + Z(%‘T ~ Vi1 ) Jpax,
=N

for 0 < n < k. Thus,

Z Y] Wi

-7
= max
= Tn n<j<k

J
T
g Q;7Y; Wy
i=n

T
<
Yoot k| S mex

J
T
E Q7Y Wi
i=n

for0 <n <k < a(n,1). Then, the lemma’s assertion directly follows from Assumption
2.2. 0

LEMMA 7.2. Suppose that Assumptions 2.1 — 2.3 hold. Moreover, let ¢ € (0, 00)
be an arbitrary positive real number. Then, there exist random quantities Cl, t (which
are deterministic functions of C; C' is defined in Section 2) and a non-negative integer-
valued random variable o, such that 1 < C < 00, 0 < i< 1, 0 < 0. < 00 everywhere
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and such that

e (f(0) = F(0n) <9IV On)9e(w) + Crp (9 (w)), (73)
FBagniy) = F(On) < = UV FOIIP/2 + 3P IV F(0) ][0 (w) + Cry 2P/ (e (w))?

(7.4)

on A\ Ny forn > o, (iv is introduced in Section 3).
Proof. Let C} = 12C3 exp(2C), i = 1/(4C}), while

51:max({n20:9n¢Q}U{0}),
Gy =max ({n >0:a, >{/3} U{0}),

03, = max ({n>0 :  max |

n<k<a(n,1l)

o) U 0))

and 0. = max{G1, 72,03} Ix\n,- Then, it is obvious that o is well-defined. On the
other side, Lemma 7.1 yields

limsup~2/#  ma u = limsupy, ma U =w< w
msupyy " _max (| msupy, _max [ P (w)

on (A\ No)N{# > r} (notice that if r < 7, then p/f = r and ¢.(w) > w+¢e > w) and

limsupy2/®  max ||| = limsupy2/ATw = 0 < ¢ (w)
n—oo "Skﬁa( 1 n—oo

on (A\ No) N {7 < r} (notice that if » > 7, then p/1 = 7 < r and ¢-(w) > € > 0).
Thus, 0 < 0. < 0o everywhere. Moreover, we have

< ~B/1 )
L funall S, 75)
£ > A/a(n,tA) —Tn = ’ya(n,f)Jrl —In — a(n i) > 2t/3 (76)

on A\ Ny for n > o.. On the other side, (7.5) yields

IVFOR) IV @)+ IV £(0r) — V(0]
<[V £l + éuek — 0,

<[V f(0n)ll + Czaz\lvf )+ Cllu il

k—1
<V FO) + Cr P e (w) + C Z ai||[V(6:)|

on A for 0. < n < k. Then, Bellman-Gronwall inequality implies

IV£@ < (IVFO)] + Cr " 6e(w) ) exp (CCragn) =)
<Cexp(©) (IVF(O)ll + 776 (w))
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on A\ Ny for 0. <n <k < a(n,1) (notice that yg(n,1) — 7 < 1). Consequently, (7.5)
gives

105 — Onl <Zaz||Vf

<Cexp(C) (IV£(6a)] +v;ﬁ/ﬂ¢e<w>) (= ) + 7P e ()

<20 exp(C) (o = 1) IV F(0) | + 77 e (w)

on A\ Ny for 0. <n <k <a(n,1). Therefore,

[0l CIIVF(6)l] Z%IW

<20% exp(C) ((wk =~ IV @I + 127 (= 3) IV @)l 6 ()
<40 exp(C) (s = 1 IVF O + 722/ (6:(w))?)
ol ] <C105 — 00
<4C* exp(20) (= IV T )] + 7776 (w))
<807 exp(20) (e = 1) IV (B + 75 (02(w))?)

on A\ Ny for oo <n <k <a(n,1). Thus,

[onk] < C1 (o = )21V FOn) |2 + 727/ (6 (w))?) (7.7)
on A\ Ny for 0. <n <k <a(n,1). Since
CAYl(“Yk — ) < él(%(n,i) — M) < <Gyt < 1/4

for 0 <n <k < a(n,t) (due to (7.6)), (7.1), (7.5) and (7.7) yield

FO) = F6n) <= (i =) (1= Calon = 3) ) V£ 0)?
+ 2 PNV (06 (w) + Crvy P (e (w))?
< =30 =WV ()7 /4
P F O l6e(w) + Crr PR (pe(w))P (78)

on A\ Ny for 0. < n <k <a(n,t). As an immediate consequence of (7.6), (7.8), we
get that (7.3), (7.4) hold on A\ Ny for n > o.. O

LEMMA 7.3. Suppose that Assumptions 2.1 — 2.8 hold. Then, lim,_,, Vf(6,) =
0 on A\ Ny.

Proof. The lemma’s assertion is proved by contradiction. We assume that
limsup,, .. [|Vf(6,)]] > 0 for some sample w € A\ Ny (notice that all formulas
which follow in the proof correspond to this w). Then, there exists a € (0,00)
and an increasing sequence {l;}r>o such that liminfy .o [V f(6;,)]] > a. Since
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liminfx—oo f(0,0,,4) = f, Lemma 7.2 (inequality (7.4)) gives

7 = liminf £(6,,) <limsup(f(0,,) ~ £(61,)

k—oo

— (£/2) on inf [V 7 (00|

< —dad*t/2.

Therefore, liminfy oo f 01,) > f + af? /2 Consequently, there exist b,c € R such
that f < b < ¢ < f+af?/2, b < f+ 4§ and limsup,_. f(f,) > ¢. Thus, there
exist sequences {my}r>0, {nk}r>0 with the following properties: my < ng < mp41,

f(Omy) <b, f(bn,) > cand

max  f(6,) > b (7.9)

mr<n<ng

for k > 0. Then, Lemma 7.2 (inequality (7.3)) implies

hlrcrlsup(f(akarl) - f(amk)) <0, (710)
lim sup max  (f(0n) — f(Om,)) <O0. (7.11)

k—oo mp<n<a(mpg,t)

Since

b> f(emk = f(emk-i-l) - (f(amk-l-l) - f(emk)) >b— (f(emk-‘rl) - f(emk))

)
for k > 0, (7.10) yields limy—.cc f(0m,) = b. As f(On,)—f(0m,) > c=bfork >0, (7.11)
implies a( ,1) < ny for all, but infinitely many & (otherw1se liminfy oo (f(On,) —
f(lm,)) < 0 would follow from (7.11)). Consequently, liminfx_.cc f(0,(, 7)) = b
(due to (7.9)), while Lemma 7.2 (inequality (7.4)) gives

0 < limsup f(ﬁa(mk’g)) —b=1lim sup(f(@a(mkﬁg)) — f(Om,))

k—oo k—o0

= (¢/2) im inf ||V £ (0, *-

Therefore, limg—.oc [|Vf(0, )| = 0. Thus, there exists ko > 0 such that 0,,; € Q
and f(0m,) > (f + b)/2 for k > ko (notice that limg—oc f(0m,) = b > (f 4 )/2).
Consequently, 6,,, € Q and 0 < (b— /2 < f(o ) — f <6 for k > ko (notice that

f(Om,) < b < f+6for k> 0). Then, owing to (2.7) (i.e., to Assumption 3.3), w
have

<(b=F)/2< fOm) — F < MIVF (O )"

for k > ko. However, this directly contradicts the fact limg— oo ||V f(0m, )| = 0.
Hence, lim,, o Vf(0,) =00on A\ Ny. O

LEMMA 7.4. Suppose that Assumptions 2.1 — 2.8 hold. Then, lim,,_,o f(0r) = f
on A\ Np.

Proof. We use contradiction to prove the lemma’s assertion: Suppose that f <
lim sup,, ., f(0n) for some sample w € A\ Ny (notice that all formulas which follow in
the proof correspond to this w). Then, there exists a € R such that f <a< f—f—g and
limsup,, o, f(6,) > a. Thus, there exists an increasing sequence {ny}r>o such that
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f(0,,) < aand f(0,,4+1) > a for k > 0. On the other side, Lemma 7.2 (inequality
(7.3)) implies

lim up(f (6, +1) — (6n,)) < 0. (7.12)

k—oo

Since

a > f(e’ﬂk) = f(enk+1) - (f(enkJrl) - f(ank)) >a— (f(enkJrl) - f(enk))

for k > 0, (7.12) yields limg—,o f(0n,) = a. Consequently, there exists ko > 0 such
that 0, € Q and f(0,,) > (f +a)/2 for k > ko (notice that limy_ o f(0p,) = a >
(f+a)/2). Thus, 6, € Qand 0 < (a— f)/2 < f(n,) — f < 6 for k > ko (notice that
f(0,,) <a< f+6for k>0). Then, due to (2.7) (i.e., to Assumption 2.3), we have

0<(a—£)/2< f(On,)— f < M|V (0"

for k > ko. However, this directly contradicts the fact lim, ., Vf(#,) = 0. Hence,
limy, oo f(6y) = f on A\ No. O

LEMMA 7.5. Suppose that Assumptions 2.1 — 2.3 hold. Moreover, let ¢ € (0, 00)
be an arbitrary positive real number. Then, there exist random quantities ég, C'g
(which are deterministic functions of r, C, M) and a non-negative integer-valued
random variable 1. such that 1 < C’g, C’g < 00, 0 < 7. < o0 everywhere and such that
the following is true:

(4Ouniy) = () + AV £ (O0)I2/4) La,. <0, (7.13)
(40u(aiy) = ul0n) + (E/C3) (b)) I, <0, (7.14)
(006uny) = 0(0n) = (E/C5)(6e(w) 7 I, . 2 0 (7.15)

on A\ Ny for n > 7., where
Ane = {AB1(0)] = Ca(o- ()} U {2V FOIP 2 Calo- (w))"
By = {78u(6,) > Cofo-(w))"} 0 {3 = 2},
Cue = {Hhu8) 2 Calée(w)) | 0 {ulB.0) > 0} {2 < 2}

Y

REMARK. Inequalities (7.13) — (7.15) can be represented in the following equiv-
alent form: Relations

(v21u(62)] > Ca(ée())? v AEIVFO)I? = Cal6(w)*) A >

= u(lun,5) < ulln) = EIVF(0a)]/4, (7.16)
Yhu(n) > Co(de(w) A =2 A n>m

= w(0,,5)) < (1 - £/é3> u(0n), (7.17)
Vou(bn) > Ca(de (W) A ul@ypy) >0 AL <2 A n>r

= 0(0y(n,7)) = 0(0n) + (t/C3) (e (w)) /P (7.18)
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are true on A\ Np.
Proof. Let C' = 86’11/2/f, Cy = C?M and C3 = 8M? max{1,r}, while

7 :maX({nZO:@n€Q}U{O})7
Ty = max ({n >0 |u(f,)] > S} U {0}) ’
Fo.e = max ({n 2 057,720 ()2 < 7,77, (w) } U {0}) (749

and 7. = max{o., 71,72, T3,c }Ia\n,- Obviously, 7. is well-defined. On the other side,
Lemmas 7.3, 7.5 imply 0 < 7. < oo everywhere (in order to conclude that 75 is finite,
notice that lim,_,o u(6,) = 0 on A\ Ny; in order to deduce that 73 . is finite, notice
that p/2 < p/fi when i < 2, and that the left and right hand sides of the inequality
in (7.19) are equal when fi = 2). Moreover, we have

Y2 (9e ()2 2 7P e (w) (7.20)
on A\ Ny for n > 7.. Since 7. > 0. on A\ Ny, Lemma 7.2 (inequality (7.4)) yields

WBa(niy) = wl0n) <=V F(00)12/2 47 P/ PIV F(0n) |6 (w) + Cryy 2 (e (w))?
(7.21)

on A\ Ny for n > 7.. As 6, € Q and |u(f,)| < 6 on A\ Ny for n > 7., (2.7) (i.e.,
Assumption 2.3) implies

[u(8n)] < MV £(60)]" (7.22)

on A\ Ny for n > ..

Let w be an arbitrary sample from A\ Ny (notice that all formulas which follow in
the proof correspond to this w). First, we show (7.13). We proceed by contradiction:
Suppose that (7.13) is violated for some n > 7.. Therefore,

W (ny) = wlln) > —EIV f ()] /4 (7.23)
and at least one of the following two inequalities is true:
[w(0n)] > Co My P (e (w))", (7.24)
IV ()P = Coyp P (¢ (w))P. (7.25)
If (7.24) holds, then (7.22) implies
IV £ @)l = (u(@u)l/M)YE > (Cof M) i PR (w) > Crp e (w)

(notice that (Co/M)Y/A > (Cy/M)Y? = C owing to fi < 2). On the other side, if
(7.25) is satisfied, then (7.20) yields

IV @] 2 G152 (0c (w)) /2 > Oy P (w).
Thus, as a result of one of (7.24), (7.25), we get

IV£(0,)] > Cyi? g (w).
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Consequently,

IV F(0,)117/8 = (CE/8)7, P |V f(0,) | <>>vnp/“||Vf(en>||¢s<w>7
IV F(0n)12/8 = (C*/8)7, 2/ (e (w))? > Chuyyy 2P/ (e (w))?

(notice that C7/8 = 01/2 > 1, C?1/8 = 8C, /i > C}). Combining this with (7.21), we
get

U(a(n,5)) — ulOn) < —EIVF(00)]7/4, (7.26)

which directly contradicts (7.23). Hence, (7.13) is true for n > 7.. Then, as a result
of (7.22) and the fact that B,, . C A, . for n > 0, we get

(40uiy) = w(6n) + (/Cs) u(00)) I,
< (@(Bugnyty) — ul6n) + (VE/Cs) [V 1 (0)]) I, .
< (@(Bugn ) — w(0a) +EIV FOIP/4) 5, . <0

for n > 7. (notice that u(6,) > 0 on B, . for each n > 0; also notice that Csy > 4M)
Thus, (7.14) is true for n > 7..

Now, let us prove (7.15). To do so, we again use contradiction: Suppose that
(7.14) does not hold for some n > 7.. Consequently, we have i < 2, u(f,, ) > 0
and

V8 w(n) > Co(:(w))" >0, (7.27)
V(Oa(n,iy) = v(On) < (/C)(¢=(w))~H/7. (7.28)
Combining (7.27) with (already proved) (7.13), we get (7.26), while 4 < 2 implies
2/fi=1+1/(if) <1+1/p (7.29)
(notice that # = 1/(2 — /i) owing to /i < 2; also notice that p = pmin{r, 7} < if). As
0 < u(f,) <0 <1 (due to (7.27) and the definition of 7.), inequalities (7.22), (7.29)
yield

19012 = (u@/01) " = (0,07 par? (7.30)

(notice that M2/# < M? due to i < 2, M > 1). Since |Vf(6,)| > 0 and 0 <
u(Oyn,)) < u(fn) (due to (7.22), (7.26), (7.27)), inequalities (7.26), (7.30) give

EA < u(@n) - u(ga(n,f)) ~ 2U(9n) - u(aa(n,f))
4= [IVFOL)? (w(6,))"?

e [
- 9 1+p
(ea(n p) (u ( n))

<P /
w(Oq(n, 1)

=pNL (00, 07) — v(00)) -
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Therefore,
V(Oan,iy) — v(0n) > E/(4pM?) > (£/Cs)

(notice that p < r, Cy > 4rM?), which directly contradicts (7.28). Thus, (7.15) is
satisfied for n > 7.. O

LEMMA 7.6. Suppose that Assumptions 2.1 — 2.8 hold. Moreover, let e € (0, 00)
be an arbitrary positive real number. Then,

u(en) > _C’QWJﬁ(qse(w))ﬂ (731)

on A\ Ny forn > .. Furthermore, there exists a random quantity Cye [1,00) (which
is a deterministic function of r, C', M) such that 1 < Cy4 < oo everywhere and such
that

IV£(0)1? < Ca (9((8n)) + 757 (e (w))") (7.32)

on A\ No for n > 1., where function o(-) is defined by o(z) = x 1,00\ (2), v € R.

Proof. Let Cy = 4Cy/#, while w is an arbitrary sample from A\ Ny (notice that
all formulas which follow in the proof correspond to this w).

First, we prove (7.31). To do so, we use contradiction: Assume that (7.31) is not
satisfied for some n > 7.. Define {ny}r>o recursively by no = n and ny = a(ng_1,1)
for k > 1. Let us show by induction that {u(6,,)}r>0 is non-increasing: Suppose that
w(ln,) < u(fn,_,) for 0 <1 < k. Consequently,

() < w0n) < —Compf (9(w)* < =CoypiP (e (w))
(notice that {v, }n>0 is increasing). Then, Lemma 7.5 (relations (7.13), (7.16)) yields
w(0nysy) = u(n,) < ~EVf(0,)]?/4 <0,
ie., u(bn, ) <u(ly,). Thus, {u(fn,)}r>0 is non-increasing. Therefore,

lim sup u(6,,,) < u(fn,) < 0.

n—oo

However, this is not possible, as lim,,_,o, u(6,,) = 0 (due to Lemma 7.4). Hence, (7.31)
indeed holds for n > ..

Now, (7.32) is demonstrated. Again, we proceed by contradiction: Suppose that
(7.32) is violated for some n > 7.. Consequently,

IV F(0u)IP = Car P (0 (w)* = Coyy? (e (w))*

(notice that Cy > Cb), which, together with Lemma 7.5 (relations (7.13), (7.16)),
yields

W0 (0iy) = w0n) < —E[VF(0)]2/4.
Then, (7.31) implies
IV£ @I <(4/D) (u(60) = u(00(00) )
<(@/) (pu(B)) + Corf 5 (9o(w))")

<Ci (p(02)) + 7" (6 (w))") .
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However, this directly contradicts our assumption that n violates (7.32). Thus, (7.32)
is indeed satisfied for n > 7.. O
LEMMA 7.7. Suppose thal Assumptions 2.1 — 2.3 hold. Then, there exists a

random quantity Cs (which is a deterministic function of r, C M) such that 1 <
Cs < 00 everywhere and such that

lim inf 2 u(6,,) < Cs(d(w))" (7.33)
on A\ Np.

Proof. Let Cs = Cy+C2". We prove (7.33) by contradiction: Assume that (7.33)
is violated for some sample w from A\ Ny (notice that the formulas which follow in
the proof correspond to this w). Consequently, there exist € € (0,00) and ng > 7
such that

w(0n) > Cs7,, P (e ()" (7.34)

for n > ng. Let {ng}r>0 be defined recursively by ny = a(ng_1, t) for k > 1. In what
follows in the proof, we consider separately the cases i < 2 and i = 2.
Case i < 2: Due to (7.34), we have

U(enk) Ségl/ﬁ’Ynk (¢6(w))_ﬂ/ﬁ < égl/(2r)7nk (q[)s(w))_ﬂ/ﬁ

(notice that p < 2r). On the other side, Lemma 7.5 (relations (7.15), (7.18)) and
(7.34) yield

U(Q"kﬂ) = v(0n,) = (5/63)(¢6(w))7ﬂ/ﬁ > (1 /Cv )('7nk+1 - 7n,k)(¢s(w))7ﬂ/ﬁ
for k > 0 (notice that Cs > Cb; also notice that £ >, mis1 — Yng)- Therefore,

(1/C3) (s, = Yo (e (w)) 47

IN

k—1
Z(U(QHHJ) - 'U(in))
=0

0(00y) — v(00)
<C3 M, (¢e(w))~R/P

for £ > 1. Thus,
(1= Yo /my) < C3C5 M/ T

for k > 1. However, this is impossible, since the limit process k — oo (applied to the

previous relation) yields C > Cl/( ) (notice that C5 > C27). Hence, (7.33) holds on
A\ Ny when i < 2.

Case i = 2: As a result of Lemma 7.5 (relations (7.14), (7.17)) and (7.34), we
get

W(Bhy) < (1= £/Co)ulBny) < (1= s = )/ C5) ul0n,)
for k£ > 0. Consequently,

u(6 ﬁ ( (Yni = Vnica )/03>

=1

k
Su(ano)exp ( 1/03 Z Tn; — Vni_y )
=1

=u(0n,) exp (—(%k - Wno)/cs)

24



for k > 0. Then, (7.34) yields

Co(6e ()" < w0y} ¥h, 5D (= (u,, = )/ Cs)

for k > 0. However, this is not possible, as the limit process & — oo (applied to the
previous relation) implies Cs(¢.(w))? < 0. Thus, (7.33) holds on A \ Ny also when
p=2.0

LEMMA 7.8. Suppose that Assumptions 2.1 — 2.8 hold. Then, there exists a
random quantity Ce (which is a deterministic function of v, C, M) such that 1 <
Cs < o0 everywhere and such that

timsup 24 u(6,) < Co(6(w)* (7.35)
on A\ Np. . R R o o R X ) )

P?"OOf. Let Cl = C1 + C4 + 057 CQ = 60102 + Cgr and CG = 2(01 + 02)2. We
use contradiction to show (7.35): Suppose that (7.35) is violated for some sample
w from A\ Ny (notice that the formulas which appear in the proof correspond to
this w). Then, it can be deduced from Lemma 7.7 that there exist ¢ € (0,00) and
ng > mg > T such that

Y t(Omy) < Ca(de(w))P, (7.36)
VE u(0n,) > Cole(w))™, (7.37)
i V2 u(0) > Cao(de(w))*, (7.38)
pmax AR () < Co (e (w))" (7.39)

(notice that Cy>Ch > 6‘5) and such that

(’Ya(mo,f)/’Ymo)ﬁ < min{2a (1 - 5/03)71}7 (740)
Vo P02 (w))? < b (e (w)) (7.41)

(to see that (7.40) holds for all, but finitely many mo, notice that limy,—oc Y,(n,7)/¥n =
1; to conclude that (7.41) is true for all, but finitely many mg, notice that 2p/4 > p
if i < 2 and that the left and right-hand sides of (7.41) are equal when i = 2).

Let lg = a(mo,t). Asa direct consequence of Lemmas 7.2, 7.6 (relations (7.3),(7.32))
and (7.41), we get

W) = w(Omy) <Yl PV f (O |6 (w) + Crrpp2P P (e (w))?
<V f (Omo)[17/2+ (C1 + 1/2)7,,20 7§ (w))?
<Cs p(u(Om,)) + (C1 4 Ca 4 1)y, E (¢ (w))*
<Ch (9(u(Omo)) + Yol (P (w))") (7.42)
for mg < n <y (notice that Cy + Cy + 1 < Cy). Then, (7.38), (7.40), (7.42) yield
() + C10(u(Omy)) >t(Omgi1) — 017;1?(%(“’))‘1
>(Covpl 1y = Civn?) (e (w))*
> (Colhmot1/7me) 7 = C1) b (62 (w))?
>(Ca/2 = C1)vl (de(w))* > 0 (7.43)
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(notice that (Yimg+1/Ymoe)? < (Ve/Vme)? < 2; also notice that Co/2 > 3Cy), while
(7.36), (7.40), (7.42) imply

w(0n) <(1+ C1)u(Omy) + Cry;? (6 (w))P
(Cl + 02 + 0102)’}/7”0 (¢ (w ))#

<(Cs/2) (Y /Yo" (e (w))
<Cov (¢ (w))" (7.44)

IN

for mg < n <y (notice that (Yn/Yme)? < (Vg /Ym,)? < 2 for mg < n < lo; also notice
that Cs/2 = (Cy + Cs)? > Cy + Cy + C1Cs). Due to (7.37), (7. 39), (7.44), we have
lp < ng. On the other side, as z+C1@(x) > 0 only if z > 0 and 2+Cp(x) = (14+C1)z
for z > 0, inequality (7.43) implies

W(Omy) =(1+C1)7H(Ca/2 = i)yl (9 (W) = Corpil (6 (w))* (7.45)

(notice that 02/2 — él > 01(302 — 1) > 20102 > (1 + Cl)ég)
In what follows in the proof, we consider separately the cases i < 2 and f = 2.
Case i < 2: Owing to Lemma 7.5 (relations (7.15), (7.18)) and (7.36), (7.45), we
have
V(01) Z0(Omo) + (£/C3) (de(w)) /P
> (G5 g + €50y = ma) ) (8=(w)) ™7
>min{C; 7, G5y, (6 (w) /7
=Cy P, (e (w)) /7

notice that ¢ > v, — Yim,; also notice cy P < CyVe ey, Consequently,
Vo Tmo 2 2 3

u(Bi,) = ((01,)) 7" < Coy P (= (w))™.

However, this directly contradicts (7.38) and the fact that iy < ng. Thus, (7.35) holds
when i < 2.
Case [i = 2: Using Lemma 7.5 (relations (7.14), (7.17)) and (7.45), we get

u(fy,) < (1 - 5/03) WOy )-
Then, (7.36), (7.40) yield

(1) <Ca(1 = /C3) (g /Yo )15 (e (w)) < Coyy P (e ()P

However, this is impossible due to (7.38) and the fact that Iy < ng. Hence, (7.35) also
in the case o =2. 0

PROOF OF THEOREMS 2.1 AND 2.2. Theorem 2.1 is an immediate consequence
of Lemmas 7.2, 7.3. To show Theorem 2.2, we use the following notations: K =
(Cy + Cy 4 Cs)?, L = KN. Then, Lemmas 7.5 and 7.7 imply

limsup 5% |u(8)| < (Cz + Co) (d(w))* (7.46)

n—oo
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on A\ Ny. On the other side, Lemma 7.5 and (7.46) yield

limsup 7} [V £(0) 1> <Ca(d(w))" + Cylimsuprhp(u(6n))

n—oo n—oo

<(Co + Cu + Co)*(g(w))* (7.47)

on A\ Ny. Combining (7.46), (7.47) with Assumption 2.4, we get

limsup~2d(0,,, §) <N limsup (v2]|V £ (6,)]|2)"">

n—0o0 n—oo

<N(Cy 4 Cy + Co)(p(w))” (7.48)

on A\ Ny. As a direct consequence of (7.46) — (7.48), we have that (2.8) — (2.10) are
satisfied on A\ Ny. Hence, Theorem 2.2 holds, too. 0O

8. Proof of Theorem 3.1. The following notation is used in this section. For
0 € R%, ¢ e R¥%, Eye(-) denotes E(-|0p = 0,& = &). Moreover, let
Wy, = F(0n; §nv1) = Vf(0n),
Wi = F(0n, Ene1) = (ILF) (0, &),
= (ILF)(0n, ) — (ILF) (Bn—1, &0),
w3 = _(HF)(9n7§n+1)

for n > 1. Then, it is obvious that algorithm (3.1) admits the form (2.1), while
Assumption 3.2 yields

k k k k
d aifwi =Y aivfwii+ Y ifwa — > (0] — i) wss
=n 1=n =n =n
— QU 1V W3k T O VW3 1 (8.1)

forl1<n<k.

LEMMA 8.1. Let Assumptz'on 3.1 hold. Then, there exists a real number s € (0, 1)
such that Y o alTsyr <

Proof. Let p=(2+ 27‘)/(2 +7r),q=(2+2r)/r,s=(24+7)/(2+2r). Then, using
the Holder inequality, we get

00 1/q 0o 1/p 0o 1/q
ST r r Qo
o=ty ()< (Sat) (5%
n=1 n n=1 n=1 "1

Since Yn41/Yn = 1+ an/vn = O(1) for n — oo and

2
Z Z %+1 n Z Ynt1 Tt di <L pax (2t 7
n=1 n= t2 T n=0

n ’Yn

’Yn

it is obvious that Y-, T*+" converges. O
PROOF OF THEOREM 3.1. Let Q C R% be an arbitrary compact set, while
s € (0,1) is a real number such that Y~ (a5 t%y" < co. Obviously, it is sufficient to
show that > °  a,yhw, converges w.p.1 on (), {0, € Q}.
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Due to Assumption 3.1, we have

as yomvh = (L+an—1(o, ! —ayty)) abtyn = O(ah™qn),

(an—1— )7 = (0t —apty) (T+ an—1(e ! — aply)) azvy, = O(a2y),
O‘n(’Y:wl - ’Y:;) = anY,, (T+an/mw)" —1) = Yy, (ran /yn + o(an/vn)) = O(O‘i’%)

as n — oo. Consequently,

[o ]

Zaiamwﬁ“ < 00, (8:2)
n=0

o0 oo o0

Z ‘an’ﬂ; - anJrl’V:LJrl' S Z anllﬁ; - /YIL+1| + Z |an - an+1"y;,+1 < 0. (83)
n=0 n=0 n=0

On the other side, as a result of Assumption 3.3, we get

Epe (lwinl*Iirgsny) <20 (00,5(Ent1) iroony) + 2E0. (90,s(En) {rg>n-1}) »
EH,E (||w27nH2I{TQ>n}) SEG,g (@Q,s(fn)”‘gn - 9n71||SI{TQ>TL—1})

<a,_1Ep¢ (@2Q,s(§n)I{TQ>n—1}) )
?Lirgsny) <EBoe (90,5 (Ent1) {ro>n})

Ey¢ (Jlwsn

for all § € R, ¢ € R% n > 1. Then, Assumption 3.1 and (8.2) yield

o0 o0
Ep¢ (Z aiﬁrllwl,nIIQI{rQ>n}> <4 (Z aivff) sup Ey ¢ (08,5 (En) I {ro=ny) < oo,
n=1 nz

n=1

n=1

Eo ¢ (Z a717;||w2,n|j{m>n}> < <Z afl—lan’-)/’:;> Slipo Eye (‘PZQ,s(gn)I{TQZn}) <0
n=1 nz
(8.3)

for any 6 € R%, ¢ € R%, while implies

o0
Eo ¢ (Z lon Y — nt1¥ng1|lws,n |I{TQ>n}>
n=1

< (Z |Oén'777; - Oén+1'777;+1|> Slipo (Ee»f (wé,s(€n>l{fr@2n}))l/2 < 0,

n=1 n

0o
2 2r
E‘97€ (E :an+17n+1”w377’b

n=1

i {m>n}>

oo
- (Z O‘vzz+1%2:+1> sgpo Eo.¢ (‘sz,s(fn)I{TQZ”}) <

n=1

for each § € R%, ¢ € R%. Since
Eo¢ (w0l (rgom ) = (e (FOns€us)lFa) = (TF) 0ns60) ) Irgny = 0

w.p.1 for every € R% ¢ € R% n > 1, it can be deduced easily that series

[ [eS) [eS)

E r E r E r r
AnYpWi,n, a'ﬂ’YnU}Q,n? (O‘n’Yn - an+17n+1)w3,n

n=1 n=1 n=1
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converge w.p.1 on (7_ {6, € Q}, as well as that lim,, .o apY,w3n—1 = 0 w.p.1 on
the same event. Owing to this and (8.1), we have that Y, c,vhw, converges w.p.1

on ({6, €Q}. O

9. Proof of Theorems 4.1 and 4.2. In this section, we use the following
notation. For § € R% x € R%= y € R, ¢ = (z,y), let

F(0,8) = (y — Go(x))Ho(),

while &, = (2,y,) for n > 0. With this notation, it is obvious that algorithm (4.1)
admits the form (3.1).
PROOF OF THEOREM 4.1. Let 6 = [a} ---aly, af - af y,]7 € R%, while

€
2K LN No(1+ ||9]])

dp =

and Uy = {n € C% : ||n — 6] < dg} (e is specified in Assumption 4.1). Moreover, for
=BV By Ve )T € C%, @ € R et

Ny R N,
1 <Z bgld)z (Z b;,1,12¢12(x)>> ;

i1=1 i2=1

A 1
fo = 5 [(w=Gyfa)Pn(as.ay)
Then, we have
Na
Z 21,12w12 Z azl,zzdjlz < Z ‘b11712 - 7,1 12| W)lz( )‘ S 69LN2 <e
i2=1 i2=1 i2=1

for all n = [bf - by, b7 1 - 0%, )" € Uy, 1 < iy < Ny and each 2 € R% satisfying
maxi<k<n, |k ()] < L. Consequently, Assumption 4.1 implies

N1 Ny
Zb;éz(}jb;’mwm ) Za“%(zj ;’1,1-21/)2-2@))‘

i1=1 io=1 11=1 12=1
N1
<D b, | |6 (Z b, iy in (@ )’
i1:1 12 1
Ny
3 (3 et -5 <z¢ )
i1=1 io=1 io=1
Ny No
S OENy + K Y ap, ||y b, 5,0 (@) Zawz%
i1:1 i2:1 12 1

< 09K N7 + 69KLN1N2||9H <e

1 b, n, )T € Ug and each z € R% satisfying maxi <p<, [Vr(2)] <

for any n = [b} - - by, b7
L. Then, it can be deduced that for all x € R% satisfying max;<p<n, [¢¥x(7)| < L,
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G, (x) is analytical in 7 on Up. Moreover, Assumption 4.1 yields

N1 No
|Gy(@)] < K (1 + ) [b e (Z bﬁ,zz%‘z(x)) D < K*(1+ |nl)),

=1 =1
b N A
g ()| = | (Z b (Z b iyt (2 >>> b2 (2 R )) < K2,
1 i1=1 io=1 i2=1
o L&
‘8 7 = ¢,1 (Zb ¢2 (Z bzl 121/}12 ))
F1,k2 i1=1 ia=1
~ N2
QSIQ <z k1, zme( )) [ Zl kﬁ/sz( )
=1
<KL|n|)?

for all n = [bf - by, by, %, n,]T € Up, 1 < ky < N1, 1 < ky < Ny and each
r € R% satisfying maxj<p<n, [¢x(z)| < L. Therefore,

IV Gy (@) < K2LNiNa(1+ [ln])?
for any 7 € Uy and each z € R% satisfying max;<z<n, ||¢r(2)] < L. Thus,
1V, (y = Gy(@))? ] = 2|y — Cy(@)|[[VyGy(@)]| < AK*LENINa(1 + [|n]])°

for all n € Uy and each z € R%, y € R satisfying maxi<p<n, |[¢¥r(z)| < L, |y| < L.
Then, the dominated convergence theorem and Assumption 4.2 imply that f (+) is
differentiable on Uy. Consequently, f(-) is analytical on Uy. Since f(#) = f(6) for all
6 € R% we conclude that f(-) is real-analytic on entire R%. 0O

PROOF OF THEOREM 4.2. As {{,},>0 can be interpreted as a Markov chain
whose transition kernel does not depend on {6,}, >0, it is straightforward to show
that Assumptions 3.2 and 3.3 hold. The theorem’s assertion then follows directly
from Theorem 3.1. 0O

10. Proof of Theorems 5.1 and 5.2. In this section, we rely on the following
notation. For n > 0, let {,+1 = (zn, Tnt1, Yn), while

F(0,8) = —(c(i) + BGo(j) — Go(i))y
for 6,y € R% i, j € X and & = (i,4,y). Moreover, let

H@((ivjay)v (il,j/) X B) :P(El € (il,j/) X B|£0 = (i7j7 y))
=I5By + Ho(j))P(z1 = j'lxo = 5)1;(i’)

for 0,y € R%, B € B%, i,i' j j/ € X. Then, it is straightforward to verify that
recursion (5.1), (5.2) admits the form of the algorithm studied in Section 3.

The following notation is also used in this section. e is an N-dimensional column
vector whose all components are one. For 1 < ¢ < N, ¢; = [ei71-~~ei,N]T is an
N-dimensional column vector such that e;; = 1 and e;, = 0 for k¥ # i. P and
7 denote (respectively) the transition probability matrix and the invariant column
probability vector of {x,},>0 (notice that j,¢ entry of P is P(x1 = jlzg = 1)).
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Furthermore ¢ = [¢(1)---¢(N)] and g = ¢~ , 8" P™, while Gg = [Gy(1) - - - Gg(N)],
Gg =c+ pGyP — Gy and Hy = [Hy(1)--- Hy(N)] for 6 € R% (notice that ¢, g, Go,
Gy are row vectors).

LEMMA 10.1. Let Assumption 5.1 and 5.2 hold. Then, there exists a real number
e € (0,1) and for any compact set Q C R% there exists another real number Co €
[1,00) such that

[(ITF)(0,€) = VF(0)] < Cone™(1 + lyl)),
(AT F)(O",§) = Vf(6") — (AT"F)(0",€) = V(0")) || < Cone™[|6" — 0" [|(1 + [ly]),
E (Iynl* Iz, 501100 = 0,60 = €) < Cq(1 +|ly])? (10.1)

for all 0,0',0" € Q, y € R%, i, j € X and £ = (4,7,y).

Proof. Let Q C R% be an arbitrary compact set, while € € (0,1), Ce [1,00) are
real numbers such that € > max{1/2, 5}, | P"|| < C and

| P — meT|| < Cem
for n > 0 (the existence of ¢,C is ensured by Assumption 5.1). Moreover, C; o €
[1,00) denotes an upper bound of ||Ggl|,||Gell, || He|| on @, while Co g € [1,00) is a
Lipschitz constant of Gy, Gg, Hg on the same set. Furthermore, Cg = 6C2(C'17Q +

Cq)*/(1—e)*.
It is straightforward to show V f(0) = Hy diag(Gy — g)m and

(I"F)(0,8) =—F <(C($n) + BGo(znt1) — Golzn))

: (ﬁny + z_: ﬂkHG(xn—k)> L1 = J)

k=0
=— B"yGeP" te; — Z B¥ Hy diag(GoP*) P~ 1e;
k=0

=V f(0) — "yGeP" 'e; + Hydiag (é:g Z [3’“P’“> T

k=n
n—1 ~
— Z (" Hy diag(GoP®)(P"F=1 — meT)e;
k=0

for 0,y € R 4,5 € X and & = (i, 4,y). Therefore,
(" F')(6,€) = Vf(O)l
o] n—1
< COLB" Iyl +CCF g Y B* +C3CT g Y Brem
k=n k=0

< Cone™(1+ lyl)
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forall 0 € Q, y € R%, i,j € X, n>0and ¢ = (i,j,y). Moreover,

| (T F)@.&) — V£(8') — (T F)(8",€) ~ V(@) |
<CH" Iyl Gor — Ganll + CC1o (| Gor — Gior

[e%s) n—1
+|[Hy — Hor])) > 8%+ C2C1(|Gor — Gon || + || Ho — Hon|]) Y Bre~F1
k=n k=0

<Cqne"[|6" = 6"[|(1 + llyl)

for any 6/,0" € Q, y € R% i, j € X, n >0 and £ = (i,4,5). On the other side, we
have

lynr1llrgzni1y < Bllynll Irg>ny + Cro

for n > 0. Consequently,

n—1
= 1/2
BllyallIirgzny < lyoll +Cro > 8% < 0521 + llyoll)
k=0

for n > 0, wherefrom (10.1) immediately follows. O
PRrROOF OF THEOREM b5.1. Since

1

F0) =5 > (9(i) = Go(0))*n(0)

i=1

for each § € R% (7 (i) is the i-th component of 7), Assumption 5.2 implies that f(-)
is analytic on entire R%. [

PROOF OF THEOREM b5.2. Using Lemma 10.1, it can be concluded easily that
Assumption 3.2 and 3.3 hold. Then, the theorem’s assertion directly follows from
Theorem 3.1. 0O

11. Proof of Theorems 6.1 and 6.2. In this section, we use the following
notation. For n > 0, let

T T T T T T
Zn = [xn Yn - 'ynfl\/IJrl] ) gn = [Zn En 1/)71 € —N+1 wn7N+1] ;

while de = L+ M + N(dg+1). For § € O, let e = -+ =c_n11 =0, 9§ = - =
Y_n41 =0, while {9 },,50, {¥%},,>0 are defined by the following recursion:

fL—l =[Yn-1"""Yn-m 5%—1 T 5Z—N]T
st =Yn — ( fol)Tga

1/12 = 271 - 271 T sz]AOG,

fﬁ = [z;‘f 52 (¢2)T o .EflfNJrl (wszH)T]T, n>1

)

Then, it is straightforward to verify that {9 },,>¢ satisfies the recursion (6.2), as well
as that ¢ = Vpe! for n > 0. Moreover, it can be deduced easily that there exist a
matrix valued function Gy : © — R%>4¢ and a matrix H € R%*% with the following
properties:

(i) Gy is linear in 6 and its eigenvalues lie outside {z € C : |z| < 1} for each
0 €o.
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(ii) Equations
€1 =Goll + Huy,  &nyr = Go, & + Hu,
hold for all # € ©, n > 0.

The following notation is also used in this section. For § € O, z € RL+M,

Upy .. uy €ER vp,. .oy € RY and € = [27 uy of - un oL, let

F(G,f) = V1Uy, ¢(£) = u%a
while
Hg(&, B) = E(Ip(Ge& + Huwy))

for a Borel-measurable set B from R%. Then, it can be deduced easily that recursion
(6.3) — (6.6) admits the form of the algorithm considered in Section 3. Furthermore,
it can be shown that

(IT")(6,0) = E(()?), (11.1)
(II"F)(6,0) = BE(¢5e8) = Vo(II"¢)(6,0) (11.2)

for each # € ©, n > 0.

PROOF OF THEOREM 6.1. Let m = E(yo) and r, = r— = Cov(yo,yx) for
k > 0, while

plw)= Y me ™

k=—o0

for w € [—m, m]. Moreover, for € O, z € C, let Cy(z) = Ay(z)/By(z), while

) . . 60
—1 Ag(e® - By(e™)|, by = .
ao + wErI[l—aﬂ)'(ﬂ'] | 9(6 )l’ ﬁ@ wer[n—lfrl,ﬂ] | 0(6 )|7 0 4dgag

Obviously, 1 < ag < oo, 0 < (g,09 < oo (notice that the zeros of By(-) are outside
{zeC:|z| <1}).

As Y72 o1 < 00, |¢(+)] is uniformly bounded. Consequently, the spectral theory
for stationary processes (see e.g. [8, Chapter 2]) yields

lim E(%) = Cy(1)m,

1 g . )
Jim Covlelchi) = oo [ ICh(e )Pt

for all § € ©, k > 0 (notice that €% = Cy(q)y,, and the poles of Cy(-) are in {z € C :
|z| > 1}). Therefore,

T 2

£6) = 3= | 1Cu(E )Pt + [Co (VT

3 5 (11.3)
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for any 0 € ©. On the other side, it is straightforward to verify

0

wy _ _ ,—iwk

3ak A9 (6 ) € )
82 tw

6ak1 8ak2 Ao(e ) n 0’

8l1+"'+lN 1 .
(B ) — (ll byt lN)! e—w(l1+2l2+~-‘+NlN)
0

ol - vl (e)
1 litlat+iv+1
. <_ Ba(ew))

forevery 6 = [ay ---ap by - by]T €O, w € [, 7], 1 <k, ki, ke < M, 1y, ..., Ix >0.
Thus,

oF1tthm+li+-In )
C e'LLL)
a9k obh - aply (™)
Gk1+etkar 4 glitIn 1
T Foar Ag(e™) L In (B i )
dar' - Bk abl - avly \ Bo(e)
< (4 In) ag(1/Bg)l Tttt

for all = [ag---apy by---by]T € O, w € [-m,7], k1,....,kar >0, l1,...,Ix > 0.
Then, it can be deduced easily

forall 0 € ©,w € [~m, 7], ki, ..., ka, = 0 (Dy""™ demotes 951 Has /99ks ... gghe,

where 9; is the i-th component of #). Since

k1 Kag

ki,...,k iw k k T1ye-es] iw
Dy Cye >|2=Z~-~Z(ji)-~-(,de)pg 0.y (e)

1=0  jag=0 Ide

for each 0 € ©, w € [—m, 7|, k1,...,kq, > 0, we have

(D5 Gy

kit tkay+2 ki ka, (’“1) (kde)

J1 Jdg

=0 Jag=0 \ji+-ja,

()
et b <%>kl+...+kd9+2 i % (kl) <kd9>
(

< (k1 +- -+ kap)!

=0 jag=0 M1 Jdo

< (k1 + -+ kay)!



for any 0 € ©, w € [-m, 7|, k1,...,kd, > 0. Consequently, the multinomial formula
(see [14, Theorem 1.3.1]) implies

= & Dy Gy ()]

Z Z il kg,

k1=0  kq,=0

< (2&9)2 i i (ky 4 -+ + kg, )! <204050>k1+m+kd9
I v S kal-- - ka,! Bo
_ (2%>2 i 3 (k1 + - + kay)! <2a050>k1+m+kd"
Bo ) = Okt oay < kil kg, Bo
ki +ekay =n

- @200 2d9a959 "
_<5«9>Z< Bo >

n=0

() Z6) =

n=0

ki+-tka,
69

for every 6 € ©, w € [—m, w]. Then, the analyticity of f(-) directly follows from (11.3)
and the fact that |p(+)| is uniformly bounded (also notice that Cp(1) is analytic in 8).
0

PRrROOF OF THEOREM 6.2. It is straightforward to show

max{[|F(0, &), #(&)} < [l
max{||F'(0,&") — F(0,&")||,16(¢) — o(&")[} < 2[16" = "IN+ 1€"1])
for all @ € ©, £,¢',¢" € R%. Moreover, it can be deduced easily that for any compact

set Q C R%, there exist real numbers 1 o € (0,1), C1 ¢ € [1,00) such that ||GE|| <
C1,Q07 g and

1Gor = Gor || < Crll6” — 60"

for each 0,6,0” € Q, n > 0. Then, the results of [2, Section I1.2.3] imply that there
exist a locally Lipschitz continuous function g : © — R% and a Borel-measurable
function F': © x R% — R% such that

F(8,€) = 9(8) = F(6,€) — (ILF)(6,€)

for every 0 € O, € € R%. Due to the same results, there exists a locally Lipschitz
continuous function h : © — R and for any compact set Q C R there exist real
numbers s g € (0,1), Cs ¢ € [1, 00) such that

max{||(IT"F)(6,€) — g(0)[|, |(TI"¢) (6, ) — h(0)|} < Ca5 o(1+ [I€])%,  (11.4)
max{||F'(6,&)||, ||[(TLF)(6, )|} < Cao(1 +[I€])?,
IF(0,€) = F(0",€)|| < Caqll0” —0"[I(1 + [I€])?

for each 0,0',0" € Q, &,&,¢” € R%. Combining (11.1), (11.2), (11.4) with the

dominated convergence theorem, we get h(-) = f(-), g(-) = Vf(-). On the other side,
owing to the fact that {x,},>0 is a geometrically ergodic Markov chain, we have
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that {y,}n>0 admits a stationary regime for n — oco. Consequently, Theorem 6.1
implies that f(-) is analytic on ©. Then, the theorem’s assertion directly follows from
Theorem 3.1. 0O

Appendix. In this section, we study certain aspects of Assumption 2.3. More
specifically, we show that Assumption 2.3 is true if its ‘local version’, Assumption
2.3’ (below) holds. We also demonstrate that (Lojasiewicz coefficients) 6g. ¢, £Q.a
and Mg , have ‘measurable versions’ for which 6, f and M (defined in Section 2) are
random variables in probability space (2, F, P) (i.e., measurable with respect to F).
We study these aspects of Assumption 2.3 under the following condition:

AsSUMPTION 2.3'. There exists an open vicinity U of S with the following
property: For any compact set  C U and any real number a € f(Q), there exist real
numbers dg, , € (0,1), pg , € (1,2], Mg, € [1,00) such that

£(0) — al < M, |V f(B)]"a

for all 0 € @ satistying |f(0) — a| < g -
Throughout this section, we rely on the following notation. € € (0,1) is a fixed
constant. For a compact set Q C R% a € f(Q) and 6 € (0, 1), let

log ||V f(6
¢Q,a(5):sup{;,m:9€Q\S,0<f(9)—a|§6},

while
5Q,a = sup{e(s 10 € (0,1)7¢Q,a(5) < 1}

and HQ,a = 1/¢Q,a(5Q,a)7 MQ,a =1.

LEMMA A.1. Let Assumption 2.8 hold. Moreover, let Q C R% be an arbitrary
compact set, while a € f(Q) is an arbitrary real number. Then, 6Q.q, 1Q.a; Mo
specified in this section satisfy all requirements of Assumption 2.3.

Proof. First, we show dg ., > 0. To do so, we consider separately the following
cases:

Case QNS =0: Let
0q.a = inf {exp(=2[log [V f(O)]||) : 6 € Q} .
Obviously, 0 < dg., < 1 (notice that infgeq |V £(8)] > 0). We also have

2| log |V ()]l | < log(1/6q,q) (A1)
for all 8 € Q. Consequently,

log [V (O)] [ log [Vf(0)]|
log [f(0) — a = 10g(1/80.0) <1/2 (A.2)

for any 0 € Q satisfying 0 < [f(0) — a| < 00.a- Thus, ¢g.q(8) < 1/2 for each
§ € (0,60,q4], and hence, dg,, > €dg,q > 0.
Case QNS #D,a g f(QNS): Let
1

5’Q_’a:§inf{17\f(0)—a\:OQQHS},

56,0 = inf {exp(=2/1og [VAO)]1): 0 € Q,1F(6) —al <5}
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while 0., = min{dy, ,, 07 ,}. Obviously, 0 < dg,q < 1/2 (notice that 0 < dy, , < 1/2
and that 6 ¢ QNS if | f(0)—al < 6Q .; also notice that 0 < inf{||Vf(8)]| : 0 € Q,|f(6)—
al < 05 ,1). Moreover, (A.1) holds for all 6 € Q satisfying 0 < [f(0) — a| < dq.a-
Then, (A 2) is true for any ¢ € Q fulfilling 0 < | f(#) —a| < 00.a- Hence, . (8) < 1/2
for all § € (0,00.4], and consequently, 6g o > £0g.q > 0.

Case QNS # 0, a € f(QNS): Let pg = d(Q N S,U°)/2 and Q={0ecRb :
d9,QNS) < pg}, while 5&2@ =0, [iQa = MQ , MQG Mé’a (0% Mlé,a

/
Q,a Q,a’ /’LQ’a7
are introduced in Assumption 2.3"). Moreover, let

S0 = int { 5. cxp(-2l1og | V70)] )6 < Q\ Q)

and 0g o = mln{&Qa,(SQ s QZ/(”Q“ )}. Obviously, Q C U and 0 < dg.q < 1/2.
Moreover, (A.1) is true for all § € @ \ Q. Therefore, (A.2) holds for all § € Q \ Q
satisfying 0 < |f(0) — a] < dg,e. On the other side, Assumption 2.3" implies

log | £(0) — a| <log Mg,q + jig..log ||V £(0)]

for all # € Q\ S satisfying 0 < |f(0) — a| < dg.o (notice that 4, < 55@). Conse-
quently,

log VA0 _ 1 [, loa g,
HQ,a

log [f(0) —al ~ f log | f(0) — al
SRR PO log Mg,
HQ,a IOg(l/éQ,a)
o 1
<HQatl (A.3)
2Q,a

for all € Q\ S satisfying 0 < [f(d) — a| < dg.a (notice that log(1/0g.a) >
2log Mg, a/(fg.a —1)). Thus, as a result of (A.2), (A.3), we have ¢q,q(0) < 1 for
all 0 € (0, 5Q o), and consequently, 0¢.q > 56@ o> 0.

Now, we prove that 09 q, 11Q,q, Mq,q fulfill all other requirements of Assumption
2.3. By the definition of ¢¢ o (+) and 6¢,q, we have 0 < §g 4 < 1,1/2 < ¢.a(dg,0) < 1
and

log [V (O)
log |f(0) —al —

for all @ € Q\ S satisfying 0 < |f(0)—a| < 0¢,q- Therefore, 1 < pg.q = 1/00,a(00,a) <
2 and

< 0Q,a(0Q,a)

log ||V f(0)]l
$Q,a(0Q,a)

for each 6 € @\ S fulfilling 0 < |f(9) —a| < dg,.- Hence, (2.2) holds for all § € @
satisfying 0 < |f(6) — a| <00.q-
LEMMA A.2. Let 4, f, M be deﬁned using (2.4), (2.5) and 6g.a, PQ.a; Mg,

specified in this section. Then, (5, i, M are random variables in probability space
(Q,F,P).

1Q.alog [V (0)] = > log|f(0) — a
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Proof. For 6 € R%_ § ¢ (0,1), let

bo.6)— 2IVIO
Y loalfo) - 1

(p is specified in the definition of Q, Section 2), while

5¢(0) Tio.) (17(0) = 1) T,y (timint 10— 0,]])

3(6) = sup {1/2,&(9,5) 0 e Rde} In

(A is defined in Section 7). Obviously, ®(0,8) and ¢(5) are measurable random func-

tions of (#,6) and § (i.e., ®(6,8) and ¢(§) are measurable with respect to o-algebras
B(R%) x B((0,1)) x F and B((0,1)) x F). On the other side, it is straightforward to
verify that

6 =sup{ed:d € (0,1),¢(5) <1}

and =1/ (;AS(S) on A. Then, it is clear that §, fi, M are random variables in probability
space (Q,F,P). 0
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