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Abstract. We present a row-by-row (RBR) method for solving semidefinite programming (SDP) problem based on solving
a sequence of problems obtained by restricting the n-dimensional positive semidefinite constraint on the matrix X. By fixing
any (n — 1)-dimensional principal submatrix of X and using its (generalized) Schur complement, the positive semidefinite
constraint is reduced to a simple second-order cone constraint. When the RBR method is applied to solve the maxcut SDP
relaxation, the optimal solution of the RBR subproblem only involves a single matrix-vector product which leads to a simple
and very efficient method. To handle linear constraints in generic SDP problems, we use an augmented Lagrangian approach.
Specialized versions are presented for the maxcut SDP relaxation and the minimum nuclear norm matrix completion problem
since closed-form solutions for the RBR subproblems are available. Finally, numerical results on the maxcut SDP relaxation

and matrix completion problems are presented to demonstrate the robustness and efficiency of our algorithm.
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1. Introduction. In this paper we present a new method for solving semidefinite programming (SDP)
problems. These convex optimization problems are solvable in polynomial time by interior point methods
[25, 27, 28]. Unfortunately, however, in practice large scale SDPs are quite difficult to solve because of the
very large amount of work required by each iteration of an interior point method. Most of these methods
form a positive definite m x m matrix M, where m is the number of constraints in the SDP, and then compute
the search direction by finding the Cholesky factorization of M. Since m can be O(n?) when the unknown
positive semidefinite matrix is n x n, it can take O(n%) arithmetic operations to do this. Consequently,
this becomes impractical both in terms of the time and the amount of memory required (O(m?)) when n is
much larger than one hundred and m is much larger than a few thousand. Moreover forming M itself can be
prohibitively expensive unless m is not too large or the constraints in the SDP are very sparse [11]. Although
the computational complexity of the new method presented here is not polynomial, each of its iterations can
be executed much more cheaply than in an interior point algorithm. This enables it to solve very large SDPs
efficiently. Preliminary numerical testing verifies this. For example, variants of our new method produce
highly accurate solutions to maxcut SDP relaxation problems involving matrices of size 4000 x 4000 in less
than 5.25 minutes and nuclear norm matrix completion SDPs involving matrices of size 1000 x 1000 in less
than 1 minute on a 3.4 GHZ workstation. If only moderately accurate solutions are required (i.e., a relative
accuracy of the order of 1073) then less than 45 and 10 seconds, respectively, is needed.

Our method is based upon the well known relationship between the positive semidefiniteness of a sym-
metric matrix and properties of the Schur complement of a sub-matrix of that matrix [29]. We note that
Schur complements play an important role in semidefinite programming and related optimization problems.
For example, they are often used to formulate problems as SDPs [7, 27]. In [1, 13, 14] they are used to
reformulate certain SDP problems as second-order cone programs (SOCPs). More recently, they have been

used by Banerjee, El Ghaoui and d’Aspremont [2] to develop a method for solving a maximum likelihood
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estimation problem whose objective function involves the log determinant of a positive semidefinite matrix.
That method is closely related to the method proposed here.

As in the method proposed in Banerjee et. al [2], we use Schur complements to develop an overlapping
block coordinate descent method. The coordinates (i.e., variables) in each iteration of our method correspond
to the components of a single row (column) of the unknown semidefinite matrix. Since every row (column) of
a symmetric matrix contains one component of each of the other rows (columns), the blocks in our method
overlap. The convergence properties of block coordinate descent methods [6, 15, 16, 19, 26], which are also
referred to as nonlinear Gauss-Seidel methods and subspace correction methods [24], have been intensively
studied. In the case of (single) coordinate descent, convergence is not guaranteed for nonconvex functions
[22]. Convergence can be proved under fairly mild conditions when the objective function is convex. As we
shall see below, the convergence result in [6] can be extended to the case of overlapping blocks. However,

they do not apply to the case where constraints couple the variables between different blocks.

1.1. Preliminaries. The set of n x n symmetric matrices is denoted by S™ and the set of n x n
symmetric positive semidefinite (positive definite) matrices is denoted by S% (S%,). The notation X = 0
(X > 0) means that X is positive semidefinite (positive definite).

Our row-by-row (RBR) method is motivated by the following fact about the Schur complement of a

positive definite matrix. Assume the matrix X € S™ can be partitioned as

(& T
o ()

where ¢ € R, y € R"! and B € S"~! is nonsingular. Since X can be factorized as

(1.2) ¥ = 1 y'B™! E—y'B Yy 0 1 0
' ~\o T 0 B/ \B 1y 1)’

the positive definite constraint X > 0 is equivalent to
(1.3) X>0<=B~0and (X/B):=¢( -y B 'y >0,

where (X/B) is called the Schur complement of X with respect to B. If the matrix B is singular, the

generalized Schur complement of B in X is defined as
(1.4) (X/B):=¢&—y' By,

where BT is the Moore-Penrose pseudo-inverse of B and the following theorem generalizes (1.3).

THEOREM 1.1. (/29], Theorems 1.12 and 1.20) Let X € S™ be a symmetric matriz partitioned as
(1.1) in which £ is a scalar and B € S"~'. The generalized Schur complement of B in X is defined as
(X/B) := ¢ —y" By, where B is the pseudo-inverse of B. Then the following holds.

1) If B is nonsingular, then X > 0 if and only if both B > 0 and (X/B) > 0.
2) If B is nonsingular, then X > 0 if and only if both B = 0 and (X/B) > 0.
3) X =0 if and only if B> 0, (X/B) >0 and y € R(B), where R(B) is the range space of B.

We adopt the following notation in this paper. Given a matrix A € R"*™, we denote the (i, 7)-th entry
of A by either A; ; or A(4,7). Let o and 3 be given index sets, i.e., subsets of {1,2,--- ,n}. We denote the
cardinality of a by || and its complement by a° := {1,2,--- ,n}\a. Let A, g denote the submatrix of A
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with rows indexed by « and columns indexed by g, i.e.,

A A

at, B a1, Big

Aa,ﬁ =
Aa\awﬁl Aamuﬁ\m

Without introducing any confusion, we write i for the index set {i} and denote the complement of {i} by
i :={1,2,--- ,n}\{i}. Hence, Ajc ;c is the submatrix of A that remains after removing its i-th row and
column, and A;e ; is the ith column of the matrix A without the element A; ;. The inner product between two
matrices C' and X is defined as (C, X) := 3=, Cjx X; 1, and the trace of X is defined as Tr(X) = >71_, Xi;.

x
The vector < ) obtained by stacking the vector z € R? on the top of the vector y € R? is also denoted by
Y

[z;y] € RPTY,

The rest of this paper is organized as follows. In section 2, we present a prototype of the RBR method
for solving a general SDP. In section 3, the RBR method is specialized for solving SDPs with only diagonal
element constraints. We interpret this RBR method in terms of the logarithmic barrier function in section 3.1
and prove convergence to a global minimizer. To handle general linear constraints, we apply the RBR method
in section 4 to a sequence of unconstrained problems using an augmented Lagrangian function approach.
Specialized versions for the maxcut SDP relaxation and the minimum nuclear norm matrix completion
problem are presented in sections 4.2 and 4.3, respectively Finally, numerical results for the maxcut and
matrix completion problems, are presented in section 5 to demonstrate the robustness and efficiency of our

algorithms.
2. A row-by-row method prototype. Consider the semidefinite programming (SDP) problem
min  (C, X)
(21) Xesn
st.  AX)=0b, X >0,

where the linear map A(-) : 5™ — R™ and its adjoint operator A* : R™ — S™ are defined by

(40, x) .
(2.2) A(X) = , and A*(y) = > 5 AD,
<A(m)’X> =1
the matrices C, A®) € S", and the vector b = (by,...,b,)" € R™ are given, and the unknown matrix

X € S%. Throughout this paper, the following Slater condition for (2.1) is assumed to hold.

ASSUMPTION 2.1. Problem (2.1) satisfies the Slater condition:

A 8" — R™ is onto ,

(2.3)
X' € ST, such that A(X') =b.

Given a strictly feasible solution X* = 0, we can construct a second-order cone programming (SOCP)
restriction for the SDP problem (2.1) as follows. Fix the n(n — 1)/2 variables in the (n — 1) x (n — 1)
submatrix B := Xfﬂc of X* and let & and y denote the remaining unknown variables X1 and Xic1 (Le.,
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T T
row 1/column 1), respectively, that is X := &y = ¢ yk
y B Y X10,1c

that X = 0 is equivalent to £ —y " B~y > 0, and hence, the SDP problem (2.1) becomes

). It then follows from Theorem 1.1

. ~Tre.
o ¢ 1357
(2.4) st. A [&y] = b,

g_yTBily Z Oa

where v > 0, ¢, A and b are defined as follows using the subscript i = 1:

AL 240 b= (AL B)
C. . ~ ’ ’ 7
(2.5) C = <20M > , A= and b :=
A 24T b~ (A2 B)

If we let LLT = B be the Cholesky factorization of B and introduce a new variable z = L™y, the Schur
complement constraint £ —y " B~1y > 0 is equivalent to the linear constraint Lz = y and the rotated second-
order cone constraint ||z[|3 < . Furthermore, positive definiteness of the solution X can be maintained if
we replace the 0 on the right hand side of the Schur complement constraint in subproblem (2.4) by v > 0,
i.e., if we replace subproblem (2.4) by
; ~T
min ¢ [
emin e 6]
(2.6) st A&y =D,
f - yTBily Z v,

Clearly, similar problems can be constructed if for any i, i = 1,--- ,n, all elements of X* other than those

in the i-th row/column are fixed and only the elements in the i-th row/column are treated as unknowns.
REMARK 2.2. For any i € {1,---,n}, the Schur complement of X;c ;e in X is (X/Xje ) = X —

X5 X

Cc 5C
i1

Xie ;. There exists a permutation matriz P of the rows and columns of X that put Xje ;c into the
lower right corner of X, leaving the rows and columns of X; ;c and X;e; in the same increasing order in X,
T Xii X,

that is P' XP = ' ’
Xici Xie e
We now present our row-by-row (RBR) method for solving (2.1). Starting from a positive definite

) . Therefore, the Schur complement of Xc ;e in X is (PTXP)/Xje ).

feasible solution X!, we update one row/column of the solution X at each of n inner steps by solving
subproblems of the form (2.6). This procedure from the first row to the n-th row is called a cycle. At the
first step of the k-th cycle, we fix B := X{“ﬂc, and solve subproblem (2.6), whose solution is denoted by
[¢;y]. Then the first row/column of X* is replaced by X{, := ¢ and X}. | := y. Similarly, we set B := X[ ..
in the i-th inner iteration and assign the parameters ¢, Aandb according to (2.5). Then the solution [¢; y] of
(2.6) is used to set Xi’fi = ¢ and szw :=y. The k-th cycle is finished after the n-th row/column is updated.
Then we set X*+1 := X* and repeat this procedure until the relative decrease in the objective function on
a cycle becomes smaller than some tolerance . Our RBR method prototype is outlined in Algorithm 1.
We also denote by X*7 the solution X* at the end of the j-th inner iteration in the k-th cycle and use
the convention that X*9 := X* and X**! := X*”  Our RBR method is similar to a block Gauss-Seidel
method for solving a system of linear equations and a block coordinate descent method (sometimes referred
4



Algorithm 1: A row-by-row (RBR) method prototype
Set X' = 0,v >0, k:=1and e > 0. Compute F* := (C, X') and set F' := +o0.

. Fk=1_pk
while ([ FF 11T >edo

fori=1,--- ,ndo
Set B := X{Z,ic and the parameters ¢, A and b according to (2.5).
Solve the SOCP subproblem (2.6) whose solution is denoted by £ and y.
Update X, :=¢, Xﬁl ==y and Xf;l-c =yl

Compute F* := (C, X*). Set X*+1:= X*¥ and k:=k + 1.

to as a nonlinear Gauss-Seidel method) for nonlinear programming, except that because of the symmetry of
X, the blocks in our method overlap. Specifically, exactly one of the variables in any two inner iterations of
the RBR method overlap. For example, X; s is a variable in the three dimensional problem in both the first

and second inner iterations:

k.1 k,2 k,1
k,1 k,1 k,1 X Xr2 xXr
Xip Xin Xy 11 1,2 1,3
k1 k1 k,0 k,0 k2 . _ .2 5.2 .2
X=Xy Xon Xpm |, XTTi= X5 Xyy o Xy
k.1 k,0 k,0 ’ ’ ’
X1y Xoy Xyj kI xk2 kO
1,3 2,3 3,3

3. The RBR method for SDP with only diagonal element constraints. In this section, we
consider an SDP whose constraints A(X) = b are of the form X;; = b;, where b; >0, i =1,--- ,n. Without

loss of generality, we assume that b; = 1, for ¢ = 1,--- | n, and study the problem
min  (C, X)
Xesn
(3]‘) s.t. X“ = 17 1= 1, ,n,
X = 0.

Note that (3.1) is the well known SDP relaxation [18, 12, 8, 17, 3| for the maxcut problem, which seeks to

partition the vertices of a graph into two sets so that the sum of the weighted edges connecting vertices in

one set with vertices in the other set is maximized.

We now present the RBR subproblem for solving (3.1). Throughout the algorithm the diagonal elements
of X are kept fixed at 1. At the ith step of the k-th cycle, we fix B = Xikc’ic, where X% is the iterate at the
(i — 1)-st step of the k-th cycle. Here, we do not assume that B is positive definite and use the generalized
Schur complement to construct the second-order cone constraint. Hence, the subproblem (2.6) for generic

SDP is reduced to

min ¢y
y€R”71

(3.2)
st. 1—y'Bly>v, yecR(B),

where ¢ := 2C;e ;. Fortuitously, the optimal solution of (3.2) is determined by a single matrix-vector product

as we can see from the following lemma.



LEMMA 3.1. If v:=¢" B¢ > 0, the solution of problem (3.2) is given by

1—v

Y

(3.3) y=— Be.

Otherwise, the solution is y = 0.

Proof. Since the matrix B € S is real symmetric and the rank of B is r > 0, B has the spectral

decomposition
(3.4) B=oaQ"= (0, @) (% ¢ @)~
. r l 0 0 QlT riirigy .
where @ is an orthogonal matrix, A = diag(A1, -+ , A, 0,---0), and Ay > Ay > --- > ). > 0.

Hence, the Moore-Penrose pseudo-inverse of B is

AP0 i
B = (Q, Ql)< ; O) (g» = QrAQ)

Let z = Q"y =: [2,;2)]. Since y € R(B) and R(B) = R(Q,), z, = 0; hence, problem (3.2) is equivalent to

min  (Q,?)" 2,
(3.5) e
st.  1— z:AT_lzT > v,

whose Lagrangian function is £(z,A) = (Q[¢)T2z — (1 — v — 2] A~12,), where A\ > 0. At an optimal

solution z} to (3.5),

Ve bz X)) = Qe+ A AT 2 =0,

which implies 2} = —A,.Q, ¢/\*. Since z; is on the boundary of the constraint, i.e., 1 — () TA712* = v, we
obtain
cTQ AN QT 04
1- =1- =.
(A%)? (A%)?

Hence, if v > 0, we obtain A* = /v/(1 — v) and

/11— 1—
y* = QTZ: = VQTATQ:A: - VB/C\
0 0

Otherwise, A* =0 and y* =0. O

We present the RBR method for (3.1) in Algorithm 2.

Algorithm 2 is extremely simple since only a single matrix-vector product is involved at each inner step.
Numerical experiments show Algorithm 2 works fine if the initial solution X is taken as the identity matrix
even if we take v = 0. However, the following is a 3 x 3 example which shows that if started at a rank one
point that is not optimal, the RBR method using v = 0 either does not move away from the initial solution
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Algorithm 2: A RBR method (PURE-RBR-M) for problem (3.1)
Set X' =0, >0, k:=1and e > 0. Compute F* := (C, X') and set F' := +o0.

k—1_ ok

: F
while m 2 e do
fori=1,--- ,ndo
Compute x := XZ-’Z’Z-CCQCJ and v := 2" Cje ;. Set Xi’fi = 1.
if 7> 0 then compute Xfcz =y /I’T”x, else set Xﬁ,i = 0.

Compute F* := (C, X*). Set X*+1:= X* and k:=k + 1.

TABLE 3.1
feasible rank-one and optimal solutions of (3.6)

solution (z,y,2) % (C,X) = %x —y—z
x@ (1,1,1) -5/4
x@ (-1,1,-1) -3/4
xX®) (-1,-1,1) -3/4
X @ (1,-1,-1) 11/4
X (-1/9,2/3,2/3) -17/12

or it moves to a non-optimal rank-one solution and stays there. Let

0 3/4 -1
and C=[3/4 0 -1

1
(3.6) X=|z
Y -1 -1 0

N =R
— N <

The rank-one feasible solutions X, X@ X3 and X® and the rank-two optimal solution X for this
example are given in Table 3.1. Starting at X, each row-by-row minimization step leaves the matrix
unchanged. Starting at X, X®) or X®) the row-by-row method moves to the point X and then
remains there. Interestingly, Algorithm 2 is able to find the optimal solution if the off-diagonal elements x, y

and z of the rank-one solutions in Table 3.1 are scaled by 0.999 (or even by a number much closer to 1).

3.1. Interpretation of Algorithm 2 in terms of the logarithmic barrier function. In this
subsection, we interpret Algorithm 2 as a variant of the row-by-row method applied to a logarithmic barrier

function approximation to (3.1).

Lemma 3.2 below relates that the optimal solution (3.3) of the RBR subproblem (3.2) to the solution of

the following logarithmic barrier function minimization

(3.7 I%in ) ¢ly—olog(l—y Bly), st. yeR(B).
yeR™=

LEMMA 3.2. If v:=¢" B¢ > 0, the solution of problem (3.7) is

2 _
(3.8) y = _$Ba

Hence, the subproblem (3.2) has the same solution as (3.7) if v = 207“72::7_0.

Proof. Similar to Lemma 3.1, we have the spectral decomposition (3.4) of B. Let z = Q Ty =: [2,; 2].
Since y € R(B) and R(B) = R(Q,), we obtain z; = 0 and hence y = Q,z,. Therefore, problem (3.7) is
7



equivalent to

(3.9 min  (Q )z, — olog(l — 2 A '2,),

Zr
whose first-order optimality conditions are

—1 %
T~ QO-AT Z’I"

_ *\ T A—1_x*
(310) QT0+W—O, and 17(27") AT Z, > 0.

T~
Let § =1 — (27)T A '2z*. Then equation (3.10) implies that z* eAgg" =

/ 5 2
* into the definition of 6, we obtain 62 12z +6 — 1 =0, which has a positive root 6 = 2oy oty —207 Hence,

5
2
\ o+ .
y* = 7¥Bc. Since

Substituting this expression for

2
( ‘72+7_U) _ 20+\/0% 47y — 20"

1— () A2 =1— () By =1- S S

>0,

and V2¢,(y) = 0, y* is an optimal solution of (3.7). Furthermore, problems (3.2) and (3.7) are equivalent if

that is v = 207”021770. O
REMARK 3.3. Note from (3.8) that lim,_oy = —%.

We now consider the logarithmic barrier problem for (3.1), i.e

el

min ¢, (X) := (C, X) — ologdet X
(3.11) xXesn
S.t. Xiizl,VZ-Zl,"',n, )(EO7

where we define log det(X) to be negative infinity for X not positive definite. Given a row i and fixing the
block B = Xje ;e, we have from (1.2) that

det(X) = det(B)(1 — X;. ; B~ X;e 5),
which implies that
¢o(X) =0 Xie; — olog(l — X;t ;B Xje ;) + w(B),

where ¢ = 2C;c; and w(B) is a function of B (i.e., a constant). Hence, problem (3.11) becomes the

unconstrained minimization problem

(3.12) min ¢ y—olog(l—y' Bly),
yeRn—l

which is a special version of problem (3.7). Therefore, it follows from Lemma 3.2 that Algorithm 2 is

\o2+y—0o

essentially a row-by-row method for solving problem (3.11), if in that algorithm v is replaced by 20 >
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Our RBR method can be extended to solve

(3.13) mnin 9o (X) := f(X) — ologdet X
s.t. XEX:{XESTL|L§X§U,XEO}

where f(X) is a convex function of X, the constant matrices L,U € S™ satisfy L < U and L < X means
that L; ; < X, for all 4,5 =1,--- ,n. Note that problem (3.13) includes problem (3.11) as a special case if
Li; =U;;=1fori=1,--- ,nand L; ; = —oc and U; ; = 00, otherwise. Starting from the point Xk =0
at the k-th cycle, we fix the n(n — 1)/2 variables in the (n — 1) x (n — 1) submatrix B := X[ ;. of X* and

let ¢ and y denote the remaining unknown variables X;; and Xjc; (i.e., row i/column i), respectively; i.e.,

-
Xk~ (E yB ) Hence, the RBR subproblem of (3.13) becomes
Y

min - f(&y) —olog€ —y B y)

(3.14) Lii\ _ (€ - (Ui
s.t. ’ S S 7 ’
Lic ; Yy Uie i

where f(€,y) := f(X%). Inspired by Proposition 2.7.1 in [6], we now prove a basic convergence result for the
RBR method applied to problem (3.13).

THEOREM 3.4. Let {X*} be a sequence generated by the row-by-row method for solving (3.14). Then
every limit point of {X*} is a global minimizer of (3.14).

Proof. Clearly, our RBR method produces a sequence of nondecreasing objective function values
(3.15) Do (XF) > g (XP1) 2 00g (XB2) > 0 > 4 (XET1) > g (X,

Let X be a limit point of the sequence {X*}. It follows from equation (3.15) that the sequences {1, (X*)},
{o (X)), - {ho (X1} all converge to 1, (X). Hence, X must be postitive definite because X is
the limit point of a sequence of matrices that all lie in the compact level set {X € X|1),(X) < ¢, (X1)}, all
of whose members are positive definite. We now show that X minimizes Ve (X).

Let {X*i} be a subsequence of {X*} that converges to X. We first show that {Xkit — XFi} converges
to zero as j — oo. Assume on the contrary, that {X%i'1 — X%} does not converges to zero. Then there
exists a subsequence {k;} of {k;} and some 4 > 0 such that AR = || Xkt — XK || p > 5 for all j. Let
Skil .= (Xkit — XKi) /AR Thus Xkl = XFi 4 ki Skt ||SFi1||p = 1 and S%5! differs from zero only
along the first row/column. Since GkilL belongs to a compact set, it has a limit point S'. Hence, there
exists a subsequence of {k;} of {k;} such that Skl converges to 1. Consider an arbitrary ¢ € [0,1]. Since
0<ty < 'yi“i, XFi 4 $SFi1 Ties on the segment joining Xk and XFi + vf’” Skl = X’A“J”l7 and belongs to X
since X is a convex set. Moreover, since X il uniquely minimizes 1, (X) over all X that differ from X ki

along the first row/column, it follows from the convexity of ¥, (X) that

(3.16) Yo (XF51) = (X5 9P 85521y < g (X5 195 SR01) < g (X).

Since Q/JU(X]%f’l) converges to ¥, (X), it follows (3.16) that 1hy(X) < ¥y (X + t75') < b, (X), which implies
that 1, (X) = 1o (X +t75") for all t € [0,1]. Since 51 # 0, this contradicts the fact that 1h,(X) is strictly
convex; hence X*i'1 — X% converges to zero and X*i'! converges to X.

9



From the definition (3.13), we have

,v , &yl ‘ 3 Lia ¢ U1
S(XF) <4y (X)), VX € VRl = | REA =)=y )
(0 ( ) < ( ) € { (y Xf&p) (y) © <L1°,1> <y> <U1611> }

Taking the limit as j tends to infinity, we obtain that

_ &yt ’ 3 Lia ¢ i1
o(X) <o (X), VX eV':= ~ L I N N N e
¢ ( ) < w ( ) € { (y X1c7lc> (y) © <L1C71> = <y> = <U1C71> }

which implies that, for any p € {1,--- ,n},
Vo (X) <o (X), VX eV%'and Xpeq = Xpe 1,

i.e., all components of the first row and column [¢; y] other than the p-th are fixed. Since X lies in the open

convex set ST, we obtain from the optimality conditions that, for any p € {1,--- ,n},
<v¢c,()?),x - 55> >0, VX eV!and Xpeq = Xpe1,

which further gives that, for any p € {1,--- ,n},

(3.17) (w,,()?)) (Xp,1 - )?,,‘1) >0, VX, suchthat L1 < Xp1 < Up,.
p,1 i
Repeating the above argument shows that for i = 2,--- ,n, the points X% also converges to X and
(3.18) (w(,(f{)) ‘ (XW- - )?p) >0, Vi< Xpi<Upi,
pii

for any p € {1,--- ,n}. Therefore, for any X € X, it follows from (3.17) and (3.18) that

(Vi (%), X -X)= 3 (vwa()?))iﬁj (%05 = Xi) =0,

4j=1,,m

which implies that Xisa global minimizer. O

4. A RBR method for SDP with general linear constraints. We now consider SDP with general
linear constraints. Unfortunately, in this case, the RBR method may not converge to an optimal solution
of problem (2.1). This is similar to the fact that (block) coordinate descent method may not converge to
an optimal solution for a linearly constrained convex problem [16]. It has long been known in [22] that the
coordinate descent method for general nonlinear programming may not converge. Here is a 2-dimensional
example that shows that for general linear constraints the RBR method may not converge to a global

minimizer. Consider the SDP

min  X7; + Xo9s — logdet(X)

st. X1+ Xoo >4, X >0.
10
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Starting from a point X, where X1; =1, X172 = 0 and X955 = 3, the RBR subproblems are
min  Xq; — log(3X7; — XfQ), s.t. Xq1 > 1,

and
min  Xogp — log(Xos — X%), s.t. Xog > 3,

since log det(X) = log(X11 X2z — X3). It is readily verified that optimal solutions to these subproblems are,
respectively, X171 = 1, X175 = 0 and X152 = 0, X995 = 3; hence, the row-by-row method remains at the initial

0 2

To overcome this type of failure, the coordinate descent method is usually applied to a sequence of

2 0
point, while the true optimal solution is X = )

unconstrained problems obtained by penalizing the constraints in the objective function. We adopt a similar
approach here by embedding the pure RBR method in an augmented Lagrangian function framework. We
then introduce specialized versions of this algorithm for the SDP relaxation of the maxcut problem (3.1) and

the minimum nuclear norm matrix completion problem.

4.1. A RBR augmented Lagrangian method. In this subsection, we first introduce an augmented
Lagrangian method and then combine it with the row-by-row method for solving the standard form SDP
(2.1).

The augmented Lagrangian function for problem (2.1) taking into consideration only the general linear
constraints A(X) = b is defined as:

(4.2) £(X, 7, 1) = (C, X) — 77 (A(X) — b) + inA(X) bl

where 7 € R™ and p > 0. Starting from 7! = 0 and p' € (0,+00), our augmented Lagrangian method

iteratively solves
(4.3) X* .= arg Ir}}nE(X, o uk), st X =0,

chooses p*+1 € [yu¥, u*] and then updates the vector of Lagrange multipliers by

A(XF) —b
(4.4) okl =gk — 7( k) ,
W
for the next iteration k + 1. It is important to note that our algorithm does not incorporate the posi-
tive semidefinite constraint into the augmented Lagrangian function, and therefore, it is different from the
methods in [21, 30].

As is well known (see chapter 12.2 in [10]), (4.3) is equivalent to minimizing a quadratic penalty function:

1
(4.5) Xk .= argmin (X, v k) = (C, X) + m||,4(X) —b*3, st. X =0,

where b* = b+ pFr* and the difference between £(X, 7%, u*) and F(X,b*, u*) is the constant —%HW’“H%
Hence, we consider an alternative version of the augmented Lagrangian method which solves (4.5) and
11



updates b* by

k+1

7
(4.6) b“%:b+/ﬁ

(bF — A(X™)),

where b! := b. We now apply the RBR method to minimize (4.5). Starting from the point X* = 0 at the
k-th iteration, the RBR subproblem corresponding to the quadratic SDP (4.5) that is obtained by fixing all
elements of X* other than those in the i-th row and column results in a minimization problem with two conic
constraints. Specifically, we fix the n(n —1)/2 variables in the (n —1) x (n — 1) submatrix B := Xikc’ic of X%
and let & and y denote the remaining unknown variables X, ; and Xje; (i.e., row i/column ), respectively.
Hence, the quadratic SDP problem (4.5) becomes, after, replacing the zero on the right hand side of the

Schur complement constraints by v > 0 to ensure positive definiteness of X,

min 'c“Tg—i-ikgg—g
(4.7) (&y)ER y 2p y

st. E—y B ly>u,

2

2

where ¢, A and b are given by (2.5) with b; for ¢ = 1,--- ;m replaced by bf. If we let LLT = B be the

Cholesky factorization of B and introduce a new variable z = L™y, problem (4.7) can be written as:
1
min ¢ ¢ +—7
(&27) Lz 2u

2
Z<€>—Z
Lz

4.8
(4.8) <r
2] < € —v.

s.t.

2

Therefore, each step of our RBR augmented Lagrangian method involves solving a SOCP with two rotated
second-order cone constraints. We plan to show how advantage can be taken of the particular form of these
SOCPs in a future paper. If B is only positive semidefinite, we can derive a similar SOCP by using the
spectral decomposition of B. For references on solving SOCPs, see [1] for example. Our combined RBR

augmented Lagrangian method for minimizing (2.1) is presented in Algorithm 3.

The RBR method applied to problem (4.5) converges by Theorem 3.4 since solving the RBR subproblem
(4.7) essentially corresponds to minimizing the unconstrained function obtained by subtracting o log(§ —
y' B~ly) from the objective function in (4.7) using an argument analogous to the one made in section
3.1. Moreover, the convergence of our augmented Lagrangian framework follows from the standard theory
for the augmented Lagrangian method for minimizing a strictly convex function subject to linear equality
constraints [4, 5, 23].

4.2. Application to SDPs with only diagonal element constraints. Since the constraints in

problem (3.1) are X;; = 1 for ¢ = 1,---,n, the quadratic term in the objective function of the RBR

g@ 3

subproblem simplifies to

2

= (5 - biﬁf)27

12



Algorithm 3: Row-by-row augmented Lagrangian method

Set X! =0, =b,n€e(0,1),v>0, u' >0, €6, >0and k= 1.
Compute F0 <C X1> and set F'' := +o0.

while L > € or |A(XY) = b]ls > ¢, do
Compute [0 := (C, X*) + 5L | A(X*) — b3 and set f! := +o0.
k 1

—f*
while max{\fk 1‘ 7 >¢€r do

fori=1,--- ,ndo
s1 Set B := Xk e and compute ¢, A and b from (2.5) with b replaced by b*.
s2 Solve the SOCP (4.7) and denote its Solutlon by & and y.
s3 Set Xf,z =&, Z7v:_yandX“C =yl

Compute F* := <C Xk> and f* = FF + 20 | A(XY) — b 3.

S4 Update b*+! .= b+ “ (bk A(XHF)).
| Choose p**t e [nu u ] and set X*+1 .= X* and k =k + 1.

and problem (4.7) reduces to

min cE+cTy+ — bf 2
(4.9) (B, ETCUtoE 6=l
st. E—y B ly>u,
where ¢ := C; ;, ¢ := 2C;c ; and b} = 1. The first-order optimality conditions for (4.9) are

é—b"'w’f(A—c)

_ g
Y=\ "¢

¢>y"Bly+v, A>0and (E—y B ly—v)A=0.
If ¢= 0, then y = 0 and & = max{v, b} — p¥c}. Otherwise, A is the unique real root of the cubic equation:
(4.10) O(N) 1= 4pP N3 AbF — pFe —v)N2 — 5 =0,

which is positive. This follows from the continuity of ¢(A\) and the facts that p(0) = —¢'B¢ < 0,
limy_ 400 p(A) = +00 and

©'(A) = 12pF A% 4 8(b — pFe — )X > 4pF A2

since £ = b¥ — pFe + pFX > v, which implies that ¢’(0) = 0 and ¢’(A\) > 0 for A\ # 0. We now present a
specialized version of the RBR augmented Lagrangian method for problem (3.1) as Algorithm 4.

4.3. Matrix Completion. Given a matrix M € RP*? and an index set

QC {(Za.]) ‘Z'E {17"' vp}aj € {17 aq}}a
13



Algorithm 4: Row-by-row augmented Lagrangian method (ALAG-RBR-M) for problem (3.1)

This is a specialized version of Algorithm 3. In Algorithm 3,
1. replace A(XF¥) by diag(X*);
2. replace steps S1-S3 by the following steps:

Set ¢:=Cj;, ¢ :=2Cjc; and B := Xikc)ic.
If ¢ =0, set X}, = max{v,bf — pFc}, X[, = (XF,.)T =o0.
Otherwise, compute the positive solution A of (4.10), and set XF; = b + uF(A —¢), X\, = —5x B¢
and XF,. = (XL )T

1,5¢

the nuclear norm matrix completion problem is

miny egrxa [|W][«

(4.11) .
s.t. Wij = Mij, v (Z,j) e Q.

An equivalent SDP formulation of (4.11) is

minXGSn TT'(X)
XM w
(4.12) s.t. X = lWT o) =0
Wij = M;;, V (i,5) € Q,

where n = p 4 ¢ and the number of linear constraints is m = |}]. Let Mg be the vector whose elements are
the components of {M; ; | (4,7) € 2} obtained by stacking the columns of M from column 1 to column ¢
and then keeping only those elements that are in 2. Hence, Mg corresponds to the right hand side b of the
constraints in the general SDP (2.1).

We now present the RBR subproblem (4.7) corresponding to problem (4.12). First, the vector y can be

partitioned into two subvectors whose elements are, respectively, in and not in the set €2:

Y . _
Y R <~> , Y= Xa, and y = Xg;,
]

where, the index sets o and (3 are

{]+p7 |j€6‘}a whered::{j|(i,j)eQ,j:1,~~~ 7Q}7 1f2§p7

(4.13) Bimif\a, =
{J | (]72) EQaj: 1. ,p}, 1fp<z§n

Hence, it follows from the special constraints W;; = M;;, (¢,7) € Q in (4.11) that the norm of the residual of
each RBR subproblem (4.7) is
i(*) -3
Y

— || X =8| =5 15 -,

where
M(’;,i_p, ifp<i<n,

14



and M! = M. Therefore, the SOCP (4.7) becomes

1 2
min ¢+ 5,777
(4.15) Py SRl e

st. &—y B ly>y,

Xk Xk
where the matrix B = < ’Z’a ‘Zﬂ>
Xsa X5

LEMMA 4.1. The optimal solution of the RBR subproblem(4.15) is given by

1 +~
£= ﬁy—r(b—y) +v,
(4.16) . B 1 _
=2+ X00)  Xaab T=55X5a(b-7).

roof. Note that the optimal solution [§;y| = |&;y;y| O . must satisty & = y' B~y + v. Hence,
Proof. N hat th imal solution [¢ &y f (4.15 isfy & B! H

(4.15) is equivalent to an unconstrained quadratic minimization problem

2
’
2

1 ~
. T p—1 ~
(4.17) mymy B y—i—ﬁHy—b’

whose optimality conditions are

-1 .
k k A~ ~
(4.18) Yoo ag) (V) L v—h) g,
Xsa X5 y) 27\ 0

which implies that
v 1 X§ a | ~ 1 Xi a7
% 5% v YT 5k P2
y) 20 \Xj, 205\ X5 o

Therefore, y = ﬁX gu(b —7), where 3 can be computed from the system of linear equations

(20" + X5.0) § = X5 ob.

Then, it follows from ¢ = y" B~ 'y + v and (4.18) that

7\ Xk Xk (5 1 [y ! b—7 1
Y o, @ Yy Y Y ~T /7 ~
Yy ‘<ﬁ,a B, Y 2M Y 0 2M

Note from (4.16) that we only need to solve a single system of linear equations, whose size is the number of
sample elements in the row and hence expected to be small, to obtain the minimizer of the RBR subproblem
(4.15). The specialized RBR method for minimizing (4.12) is presented in Algorithm 5.

5. Numerical Results. Although the numerical results that we present in this section are limited to
two special classes of SDP problems, they illustrate the effectiveness of our RBR algorithmic framework.
Specifically, they show that large scale SDPs can be solved in a moderate amount of time using only moderate
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Algorithm 5: The RBR method (RBR-MC) for problem (4.12)
Set X' = 0,0 =b,n€(0,1), v >0, p' >0, €,6,6r >0and k:=1.
Compute FY := Tr(X!) and set F! := +oc.
. k—1_ ik
while m Z € or ||XS]% — MQHQ Z €p do

Compute [0 := Tr(XF*) + Q#%HXE — ME||3 and set f!:= +oo0.

. Rl gk
while e (=11} > ¢y do

fori=1,--- ,ndo

Set o and 8 by (4.13), and b by (4.14).
if |a| = 0 then Set X, =0, Xk ; =0 and X}

1,1¢

=0.
else

L Compute Xfm- = (2uk1+ Xg,a)_l

on,(xg; Xéyz = ﬁXﬁ,(X(Z_ Xi,i);
Xk, = (XE)T(b— XE,) +vand set XF. = (XE )T

1,7

| Compute FF:=Tr(X*) and f*:= FkF + QﬁHXg — M§|l3-

Update MAH! = Mg + £3° (Mf — XE).

| Choose pF*t € [nu, p*] and set X*+1 .= X* and k ==k + 1.

amount of memory. Moreover, our tests show that the number cycles taken by our algorithm grows very

slowly with the size of the problem.

5.1. The maxcut SDP relaxation. In this subsection, we demonstrate the effectiveness of the RBR
methods Algorithms 2 (PURE-RBR-M) and 4 (ALAG-RBR-M) on a set of maxcut SDP relaxation problems
and compare them with the code DSDP (version 5.8) [3]. The DSDP code implements a dual interior point
method that is designed to take advantage of the structure of such problems. The main parts of our code
were written in C Language MEX-files in MATLAB (Release 7.3.0), and all experiments were performed on
a Dell Precision 670 workstation with an Intel Xeon 3.4GHZ CPU and 6GB of RAM.

The test problems are based on graphs generated by “rudy”, a machine independent graph generator
written by G.Rinaldi. These graphs range in size from n = 1000 to n = 4000 and the arguments of “rudy”
are similar to those used in the G Set of graphs tested in [3, 17]. Specifically, for size n = 1000, we produced
five different graphs “R1000-1”, ---, “R1000-5” with a density of 1% (4,995 edges) and with random edge
weights from {—1,1} by using the command

rudy -rnd_graph n 1 seed -random O 1 seed -times 2 -plus -1,
where seed = 10n+14, ¢ = 1,--- |5, respectively. The graphs from “R2000-1” to “R4000-5” were generated in
a similar fashion. We also tested “almost” planar graphs having as their edge set the union of the edges of
two (almost maximal) planar graphs with random edge weights from {—1, 1}; that is, the graphs “P1000-1”
to “P4000-5" were generated by the command

rudy -planar n 99 seedl -planar n 99 seed2 + -random O 1 seed3 -times 2 -plus -1,
where seed]l = 10n + i+ 4, seed2 = 10n +1i+ 5 and seed3 = 10n + 4, for n = 1000, --- ,4000 and ¢ = 1,--- , 5.
In all cases the cost matrix C' was the Laplace matrix of the graph divided by 4, i.e., C' = —i(diag(Ae) —A),
where A was the weighted adjacency matrix of the graph.

The parameters of DSDP were set to their default values. The parameter v in the RBR methods
was set to 1075, We ran PURE-RBR-M with two different tolerances, i.e., € was set to 1073 (moderately
accurate) and 1079 (highly accurate), respectively. Similarly, we ran ALAG-RBR-M with two different
tolerance settings, that is, €, €,, €y were all set to 107! and 104, respectively. For practical considerations, we
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Fic. 5.1. Relationship between the computational cost and SDP matrixz dimension for the maxcut SDP relaxation

terminated minimizing each augmented Lagrangian function if the number of cycles was greater than 5. The
initial penalty parameter p! in ALAG-RBR-M was set to 5 and was updated by p*T! = max(0.5u%,1071).

A summary of the computational results is presented in Table 5.1. In the table, “obj” denotes the
objective function of the dual problem computed by DSDP, “rel-obj” denotes the relative error between the
objective function value computed by the RBR methods and “obj”, “CPU” denotes CPU time measured
in seconds, and “cycle” denotes the total number RBR cycles. From the table, we can see that both RBR
methods are able to solve the maxcut SDP relaxation very efficiently. The number of cycles required was
almost the same for all of the problems, no matter what their size was.

To illustrate the relationship between the computational cost of the RBR methods and the dimension
of the SDP matrices, we plot the average of the CPU time versus the dimension in Figure 5.1 (a) and
the average of the number of cycles versus the dimension in Figure 5.1 (b). Somewhat surprisingly, our
augmented Lagrangian RBR algorithm solved the maxcut SDP problems as efficiently as our pure RBR

algorithm for a given relative error.

5.2. Matrix Completion. In this subsection, we evaluate the RBR method Algorithm 5 (RBR-MC)
on the matrix completion problem (4.12). Note that the pure RBR method can be directly applied to this
problem. However, preliminary numerical testing showed that this approach is much slower (i.e., converges
much more slowly) than using RBR-MC. Random matrices M € RP*? with rank r were created by the
following procedure [20]: we first generated random matrices My € RP*" and Mg € R?*" with i.i.d.
Gaussian entries and then set M = M LM;; then we sampled a subset €2 of m entries uniformly at random.
The ratio m/(pq) between the number of measurements and the number of entries in the matrix is denoted
by “SR” (sampling ratio). The ratio r(p + ¢ — r)/m between the dimension of a rank r matrix to the
number of samples is denoted by “FR”. In our tests, the rank r and the sampling entry m were taken
consistently so that according to the theory in [9] the matrix M is the optimal solution of problem (4.12).
Specifically, FR was set to 0.2 and 0.3 and r was set to 10. We tested five square matrices M with dimensions
p = q € {100,200,---,500} and set the number m to r(p + ¢ — r)/FR. All parameters p,q,r,m and the
random seeds “seed” used by the random number generators “rand” and “randn” in MATLAB are reported
in Table 5.2.
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TABLE 5.1
Computational results for the mazcut SDP relazation.

DSDP PURE-RBR-M ALAG-RBR-M

e=10"3 e=10"0 e:er:eJcZIO_l EZET:Ef:10_4
Name obj CPU |rel-obj CPU cycle | rel-obj CPU cycle | rel-obj CPU cycle | rel-obj CPU cycle
random graphs
R1000-1 | -1.4e+3 52.6 | 4.9¢-3 0.6 13 | 3.0e-5 3.9 90 | 5.4e-3 0.6 13 | 3.2e-5 3.7 87
R1000-2 | -1.4e+3 57.0 | 5.0e-3 0.6 13 | 3.6e-5 4.1 96 | 4.9¢-3 0.6 14 | 4.2e-5 3.7 88
R1000-3 | -1.5e+3 50.8 | 5.0e-3 0.6 13 | 3.8e-5 4.3 99 | 4.9e¢-3 0.6 14 | 4.0e-5 4.2 99
R1000-4 | -1.4e+3 51.3 | 5.0e-3 0.6 13 3.2e-5 4.0 94 4.8¢-3 0.6 14 3.3e-5 3.9 92
R1000-5 | -1.5e+3 50.1 | 4.6e-3 0.6 13 3.5e-5 3.7 87 4.1e-3 0.6 14 3.6e-5 3.4 81
R2000-1 | -4.1e+3 607.6 | 5.0e-3 3.9 14 | 3.7e-5 265 97 | 5.9e-3 3.8 14 | 1.9e-5 33.5 121
R2000-2 | -4.1e+3 602.3 | 5.2¢-3 3.9 14 3.6e-5 27.5 101 | 5.5e-3 4.2 15 1.9e-5 354 127
R2000-3 | -4.2e+3 680.5 | 5.1e-3 4.3 14 | 3.4e-5 264 97 | 5.3e-3 4.2 15 | 1.6e-5 33.7 123
R2000-4 | -4.2e+3 646.7 | 5.2e-3 3.9 14 | 3.2e-5 26.1 96 | 5.2e-3 4.2 15 | 1.4e-5 32.3 118
R2000-5 | -4.1e+3 661.5 | 4.9e-3 3.9 14 | 3.9e-5 26.1 96 | 5.9e-3 3.8 14 | 2.0e-5 34.5 126
R3000-1 | -7.7e+3 2576 | 5.0e-3 12.8 15 | 4.1e-5 90.0 103 | 5.1e-3 13.9 16 | 2.1e-5 110.8 127
R3000-2 | -7.7e+3 2606 | 5.2e-3 13.2 15 | 3.7e-5 89.4 105 | 5.2¢-3 14.1 16 | 2.1le-5 111.2 128
R3000-3 | -7.9e+3 2530 | 5.0e-3 13.0 15 | 4.0e-5 91.4 107 | 5.1e-3 14.0 16 | 2.5e-5 109.8 127
R3000-4 | -7.9e+3 2518 | 5.1e-3 13.6 15 4.0e-5 98.0 107 | 5.2¢e-3 13.9 16 2.3e-5 110.3 128
R3000-5 | -7.7e+3 2514 | 5.3e-3 12.9 15 3.7e-5 91.8 107 | 5.4e-3 14.0 16 1.9e-5 109.8 128
R4000-1 | -1.2e+4 6274 | 5.9¢-3 36.5 15 | 4.0e-5 261.1 108 | 6.2¢-3 39.0 16 | 2.4e-5 316.5 130
R4000-2 | -1.2e+4 6310 | 5.7e-3 36.3 15 | 3.9e-5 265.7 108 | 6.0e-3 39.0 16 | 2.1e-5 313.5 130
R4000-3 | -1.2e+4 6529 | 5.8¢-3 36.0 15 | 4.1le-5 264.1 110 | 5.9e¢-3 39.5 16 | 2.5e-5 313.5 130
R4000-4 | -1.2e+4 7018 | 5.8¢-3 36.6 15 | 3.7e-5 261.3 108 | 6.1e-3 39.3 16 | 2.1le-5 315.3 130
R4000-5 | -1.2e+4 5994 | 5.6e-3 36.7 15 | 3.8e-5 270.1 112 | 5.1e-3 41.6 17 | 2.5e-5 309.8 129
random planar graphs
P1000-1 | -1.4e+3 45.1 | 5.0e-3 0.6 13 | 4.0e-5 4.9 102 | 4.1e-3 0.7 15 | 3.8¢e-5 4.3 96
P1000-2 | -1.4e+3 45.5 | 4.4e-3 0.6 13 | 2.9e-5 4.2 89 | 3.3e-3 0.6 14 | 2.3e-5 3.9 87
P1000-3 | -1.5e+3 42.6 | 4.6e-3 0.6 13 | 3.5e-b 4.2 88 | 3.0e-3 0.7 15 | 2.7e-5 4.2 93
P1000-4 | -1.4e4+3 44.1 | 4.7¢-3 0.6 13 3.8¢-5 4.7 97 3.4e-3 0.7 14 3.8¢-5 4.3 96
P1000-5 | -1.4e+3 44.6 | 4.4e-3 0.6 13 3.2e-5 4.7 93 2.8¢-3 0.7 15 2.4e-5 4.6 102
P2000-1 | -2.9e+3 386.1 | 5.5e-3 3.0 14 3.7e-5 21.6 102 | 5.4e-3 3.0 15 2.5e-5 225 114
P2000-2 | -2.8¢e+3 362.8 | 5.8¢-3 2.9 14 3.9e-5 221 109 | 5.8e-3 3.2 16 2.9e-5 234 119
P2000-3 | -2.9e+3 359.0 | 5.4e-3 2.9 14 3.7e-5 222 105 | 4.9e-3 3.2 16 2.5e-5 23.0 117
P2000-4 | -2.9e+3 348.2 | 5.5e-3 2.9 14 | 4.0e-5 22.8 111 | 4.9¢e-3 3.0 15 | 2.9e-5 23.7 121
P2000-5 | -2.9e+3 377.9 | 5.6e-3 2.9 14 | 3.9e-5 21.3 104 | 4.7e-3 3.2 16 | 3.2e-5 21.2 108
P3000-1 | -4.3e+3 1400 | 6.0e-3 7.3 15 | 4.0e-5 56.3 117 | 6.2e-3 7.0 15 | 3.0e-5 58.3 127
P3000-2 | -4.3e+3 1394 | 6.5e-3 7.0 14 | 4.7e-5 57.2 119 | 5.1le-3 7.5 16 | 3.3e-5 59.1 129
P3000-3 | -4.4e+3 1351 | 6.3e-3 6.8 14 | 4.3e-5 57.0 118 | 5.2¢-3 7.4 16 | 3.5e-5 58.1 128
P3000-4 | -4.3e4+3 1647 | 6.7¢-3 7.0 14 4.8¢-5 60.6 125 | 6.2¢-3 7.4 16 4.0e-5 58.6 129
P3000-5 | -4.3e4+3 1757 | 6.7¢-3 6.9 14 4.4e-5 57.0 117 | 5.7¢-3 7.5 16 3.3e-5  57.2 125
P4000-1 | -5.7e4+3 3688 | 6.5e-3 14.3 15 | 4.3e-5 114.2 124 | 6.0e-3 15.5 16 | 3.0e-5 123.6 130
P4000-2 | -5.9e+3 3253 | 6.5e-3 14.4 15 4.9e-5 116.7 126 | 6.2e-3 15.9 16 4.1e-5 125.2 130
P4000-3 | -5.8e4+3 3790 | 6.3e-3 14.2 15 4.8¢-5 115.1 126 | 5.6e-3 15.3 16 3.8e-5 120.1 128
P4000-4 | -5.8e+3 3474 | 6.8e-3 14.3 15 4.6e-5 118.8 128 | 6.5e-3 15.5 16 4.1e-5 123.8 131
P4000-5 | -5.9e+3 3389 | 6.1e-3 14.3 15 4.4e-5 1119 120 | 5.5e-3 154 16 3.6e-5 121.1 129

All parameters of RBR-MC were set to the same values as those used in ALAG-RBR-M. A summary of

the computational results is presented in Table 5.2. In the table, “rel-X” denotes the relative error between

the true and the recovered matrices, which is defined as rel-X := %, and “rel-obj” denotes the relative
1 _
error between the objective function value obtained and || M ||., which is defined as rel-obj := w

DSDP is not included in this comparison because it takes too long to solve all problems. To illustrate the
relationship between the computational cost of the RBR methods and the dimension of the matrices, we
plot the average of the CPU time versus the dimension of the SDP matrix (i.e., p + ¢) in Figure 5.2 (a) and

the average of the number of cycles versus this dimension in Figure 5.2 (b).

6. Conclusion. In this paper, we present a new first-order algorithmic framework, the row-by-row
(RBR) method, for solving semidefinite programming problems based on replacing the positive semidefinite
18



TABLE 5.2
Computational results for the matriz completion problem

FR=0.2 FR=0.3
e=10""1 e=10""1 e=10""1 e=10""1
seed | rel-X rel-obj CPU cycle| rel-X rel-obj CPU cycle| rel-X rel-obj CPU cycle| rel-X rel-obj CPU cycle
p=q=100; r=10; m=9500; SR=0.95 p=q=100; r=10; m=6333; SR=0.63

68521 |1.7e-6 7.7e-3 0.5 8 [3.3e-7 2.5e-4 2.8 42 |[5.1e-5 1.0e-3 0.3 10 |4.3e-7 5.0e-5 1.7 51
56479 |8.4e-7 3.7e-3 0.5 8 [3.0e-7 2.9e-4 24 35 |5.4e-5 4.9e-4 0.3 10 |3.9e-7 5.0e-5 1.4 44
115727 1.3e-6 4.0e-3 0.5 8 |3.4e-7 2.4e-4 24 37 |3.8¢-5 T.de-4 0.3 10 |4.5e-7 4.7e-5 1.4 43
27817 |1.2e-6 4.6e-3 0.5 8 [3.2e-7 2.4e-4 28 42 |5.3e-5 1.0e-3 0.3 10 |4.le-7 5.4e-5 1.7 53
9601 |1.le-6 4.1e-3 0.6 8 |3.1e-7 2.4e-4 2.7 40 |3.1e-5 6.2e-4 0.3 10 |4.le-7 5.2e-5 1.6 49
p=q=200; r=10; m=19500; SR=0.49 p=q=200; r=10; m=13000; SR=0.33

68521 |7.5e-5 1.le-4 1.7 9 |[2.5e-7 6.4e-5 9.6 50 |[1.0e-3 4.9e-4 1.0 10 [3.6e-7 1.9e-5 6.8 73
56479 [6.0e-5 1.le-4 1.8 9 [2.3e-7 6.8e-5 8.1 42 [1.5e-3 T7.7e-4 0.9 10 [3.3e-7 2.3e-5 8.1 87
115727 |6.8e-5 2.1e-4 1.7 9 |2.4e-7 6.8e-5 11.6 59 |[2.4e-3 6.0e-4 1.0 10 |3.4e-7 2.0e-5 7.5 80
27817 |5.3e-5 6.5e-4 1.7 9 |2.3e-7 85e-5 14.0 74 |2.5e-4 5.4e-4 0.9 10 |3.2e-7 2.3e-5 7.8 84
9601 |6.3e-5 3.3e-4 1.7 9 [2.3e-7 8.0e5 121 64 [6.6e-4 5.0e-4 1.0 10 [3.3e-7 2.1e-5 7.6 81
p=q=300; r=10; m=29500; SR=0.33 p=q=300; r=10; m=19666; SR=0.22

68521 |1.0e-4 2.1e-4 3.3 9 [2.0e-7 4.0e-5 21.7 59 |1.0e-3 4.9e-4 2.0 11 |3.0e-7 1.4e-5 17.7 96
56479 |1.0e-4 2.8e-4 3.3 9 [2.0e-7 3.8¢e-5 20.8 56 [3.3e-4 4.3e-4 2.3 12 |3.le-7 1.3e-5 17.2 93
115727 (9.4e-5 1.4e-4 3.3 9 [2.0e-7 4.2e-5 247 67 |1.2e-2 T7.5e-4 2.4 13 |3.2e-7 1.3e-5 155 83
27817 |9.7e-5 7.le-4 3.3 9 [2.0e-7 3.7e-5 10.4 28 [3.8e-3 5.0e-4 2.1 11 |2.9e-7 1.3e-5 18.0 96
9601 [1.0e-4 2.3e-3 3.3 9 [1.9e-7 3.5e-5 9.5 26 [1.8e-3 4.7e-4 2.2 12 |2.9e-7 1.3e-5 172 93
p=q=400; r=10; m=39500; SR=0.25 p=q=400; r=10; m=26333; SR=0.16

68521 |1.0e-4 1.2e-3 5.6 9 |1.8e-7 2.6e-5 28.3 43 |9.8e-3 6.2e-4 4.8 15 |5.4e-6 9.2e-6 29.3 92
56479 [9.9e-5 2.le-4 5.8 9 |1.8e-7 3.2¢-5 48.1 71 |3.0e-3 5.5e-4 4.5 14 |2.7e-7 1.0e-5 31.8 101
115727|9.9¢-5 1.0e-3 5.6 9 |1.8e-7 2.7¢-5 31.6 50 [2.0e-3 5.0e-4 4.5 14 |2.7e-7 1.0e-5 32.3 101
27817 |2.2e-4 4.1e-4 5.8 9 |1.8e-7 3.0e-5 37.9 57 [8.3e-3 6.5e-4 4.5 14 |2.8e-7 9.7e-6 32.6 100
9601 |1.0e-4 1.3e-3 5.8 9 [1.8e-7 2.5e-5 26.7 40 |[8.0e-3 5.5e-4 4.9 15 |2.8e-7 9.6e-6 31.3 98
p=q=500; r=10; m=49500; SR=0.20 p=q=500; r=10; m=33000; SR=0.13

68521 |2.4e-4 8.6e-4 9.1 9 |1.7e-7 2.1e-5 56.0 56 |5.3e-3 6.le-4 8.2 16 |2.6e-7 T.6e-6 54.4 107
56479 |1.1e-4 8.5e-4 8.9 1.6e-7 2.3e-5 53.7 53 [5.4e-3 5.9e-4 8.0 16 |2.6e-7 7.2e-6 54.4 109
115727 |1.1e-4 9.4e-4 9.4 1.6e-7 2.3e-5 49.8 48 |8.2e-3 5.8e-4 8.1 16 [2.6e-7 7.5e-6 54.4 108
27817 [3.3e-4 1.5e-3 9.1 1.6e-7 2.1e-5 53.6 53 |9.2e-3 6.7e-4 8.2 16 |2.6e-7 7.6e-6 53.6 104
9601 |1.le-4 1.5e-3 9.9 1.6e-7 2.4e-5 54.9 53 |2.1e-3 4.2e-4 8.0 16 |2.5e-7 7.6e-6 57.3 111

=] iNe] iNe] iNe]

constraint X > 0 by requiring nonnegativity of the Schur complement of any (n — 1)-dimensional principal
submatrix of X, which is temporally fixed. By doing this, the positive semidefinite constraint is reduced to a
simple second-order cone constraint. The pure RBR method is extremely effective in solving an SDP whose
only constraints are that the diagonal elements of X are constant, since only a single matrix-vector product
is involved at each inner step. To handle more general linear constraints in an SDP, we apply the pure RBR
method to a sequence of unconstrained problems by using an augmented Lagrangian approach. Our method
is especially suitable for solving the maxcut SDP relaxation and nuclear norm matrix completion problems
since closed-form solutions for the RBR subproblems are available.

We intend to report in a follow-up paper on the extension of our RBR method to general conic pro-
grams that involve nonegativity and second-order cone constraints in addition to linear equality and positive

semidefinite constraints.
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