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Abstract. We present a row-by-row (RBR) method for solving semidefinite programming (SDP) problem based on solving

a sequence of problems obtained by restricting the n-dimensional positive semidefinite constraint on the matrix X. By fixing

any (n − 1)-dimensional principal submatrix of X and using its (generalized) Schur complement, the positive semidefinite

constraint is reduced to a simple second-order cone constraint. When the RBR method is applied to solve the maxcut SDP

relaxation, the optimal solution of the RBR subproblem only involves a single matrix-vector product which leads to a simple

and very efficient method. To handle linear constraints in generic SDP problems, we use an augmented Lagrangian approach.

Specialized versions are presented for the maxcut SDP relaxation and the minimum nuclear norm matrix completion problem

since closed-form solutions for the RBR subproblems are available. Finally, numerical results on the maxcut SDP relaxation

and matrix completion problems are presented to demonstrate the robustness and efficiency of our algorithm.
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1. Introduction. In this paper we present a new method for solving semidefinite programming (SDP)

problems. These convex optimization problems are solvable in polynomial time by interior point methods

[25, 27, 28]. Unfortunately, however, in practice large scale SDPs are quite difficult to solve because of the

very large amount of work required by each iteration of an interior point method. Most of these methods

form a positive definite m×m matrix M , where m is the number of constraints in the SDP, and then compute

the search direction by finding the Cholesky factorization of M . Since m can be O(n2) when the unknown

positive semidefinite matrix is n × n, it can take O(n6) arithmetic operations to do this. Consequently,

this becomes impractical both in terms of the time and the amount of memory required (O(m2)) when n is

much larger than one hundred and m is much larger than a few thousand. Moreover forming M itself can be

prohibitively expensive unless m is not too large or the constraints in the SDP are very sparse [11]. Although

the computational complexity of the new method presented here is not polynomial, each of its iterations can

be executed much more cheaply than in an interior point algorithm. This enables it to solve very large SDPs

efficiently. Preliminary numerical testing verifies this. For example, variants of our new method produce

highly accurate solutions to maxcut SDP relaxation problems involving matrices of size 4000 × 4000 in less

than 5.25 minutes and nuclear norm matrix completion SDPs involving matrices of size 1000 × 1000 in less

than 1 minute on a 3.4 GHZ workstation. If only moderately accurate solutions are required (i.e., a relative

accuracy of the order of 10−3) then less than 45 and 10 seconds, respectively, is needed.

Our method is based upon the well known relationship between the positive semidefiniteness of a sym-

metric matrix and properties of the Schur complement of a sub-matrix of that matrix [29]. We note that

Schur complements play an important role in semidefinite programming and related optimization problems.

For example, they are often used to formulate problems as SDPs [7, 27]. In [1, 13, 14] they are used to

reformulate certain SDP problems as second-order cone programs (SOCPs). More recently, they have been

used by Banerjee, El Ghaoui and d’Aspremont [2] to develop a method for solving a maximum likelihood
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estimation problem whose objective function involves the log determinant of a positive semidefinite matrix.

That method is closely related to the method proposed here.

As in the method proposed in Banerjee et. al [2], we use Schur complements to develop an overlapping

block coordinate descent method. The coordinates (i.e., variables) in each iteration of our method correspond

to the components of a single row (column) of the unknown semidefinite matrix. Since every row (column) of

a symmetric matrix contains one component of each of the other rows (columns), the blocks in our method

overlap. The convergence properties of block coordinate descent methods [6, 15, 16, 19, 26], which are also

referred to as nonlinear Gauss-Seidel methods and subspace correction methods [24], have been intensively

studied. In the case of (single) coordinate descent, convergence is not guaranteed for nonconvex functions

[22]. Convergence can be proved under fairly mild conditions when the objective function is convex. As we

shall see below, the convergence result in [6] can be extended to the case of overlapping blocks. However,

they do not apply to the case where constraints couple the variables between different blocks.

1.1. Preliminaries. The set of n × n symmetric matrices is denoted by Sn and the set of n × n

symmetric positive semidefinite (positive definite) matrices is denoted by Sn
+ (Sn

++). The notation X � 0

(X ≻ 0) means that X is positive semidefinite (positive definite).

Our row-by-row (RBR) method is motivated by the following fact about the Schur complement of a

positive definite matrix. Assume the matrix X ∈ Sn can be partitioned as

(1.1) X :=

(
ξ y⊤

y B

)
,

where ξ ∈ R, y ∈ R
n−1 and B ∈ Sn−1 is nonsingular. Since X can be factorized as

(1.2) X =

(
1 y⊤B−1

0 I

) (
ξ − y⊤B−1y 0

0 B

)(
1 0

B−1y I

)
,

the positive definite constraint X ≻ 0 is equivalent to

(1.3) X ≻ 0 ⇐⇒ B ≻ 0 and (X/B) := ξ − y⊤B−1y > 0,

where (X/B) is called the Schur complement of X with respect to B. If the matrix B is singular, the

generalized Schur complement of B in X is defined as

(1.4) (X/B) := ξ − y⊤B†y,

where B† is the Moore-Penrose pseudo-inverse of B and the following theorem generalizes (1.3).

Theorem 1.1. ([29], Theorems 1.12 and 1.20) Let X ∈ Sn be a symmetric matrix partitioned as

(1.1) in which ξ is a scalar and B ∈ Sn−1. The generalized Schur complement of B in X is defined as

(X/B) := ξ − y⊤B†y, where B† is the pseudo-inverse of B. Then the following holds.

1) If B is nonsingular, then X ≻ 0 if and only if both B ≻ 0 and (X/B) > 0.

2) If B is nonsingular, then X � 0 if and only if both B ≻ 0 and (X/B) ≥ 0.

3) X � 0 if and only if B � 0, (X/B) ≥ 0 and y ∈ R(B), where R(B) is the range space of B.

We adopt the following notation in this paper. Given a matrix A ∈ R
n×n, we denote the (i, j)-th entry

of A by either Ai,j or A(i, j). Let α and β be given index sets, i.e., subsets of {1, 2, · · · , n}. We denote the

cardinality of α by |α| and its complement by αc := {1, 2, · · · , n}\α. Let Aα,β denote the submatrix of A
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with rows indexed by α and columns indexed by β, i.e.,

Aα,β :=




Aα1, β1
· · · Aα1, β|β|

...
...

Aα|α|, β1
· · · Aα|α|, β|β|


 .

Without introducing any confusion, we write i for the index set {i} and denote the complement of {i} by

ic := {1, 2, · · · , n}\{i}. Hence, Aic,ic is the submatrix of A that remains after removing its i-th row and

column, and Aic,i is the ith column of the matrix A without the element Ai,i. The inner product between two

matrices C and X is defined as 〈C,X〉 :=
∑

jk Cj,kXj,k and the trace of X is defined as Tr(X) =
∑n

i=1Xii.

The vector

(
x

y

)
obtained by stacking the vector x ∈ R

p on the top of the vector y ∈ R
q is also denoted by

[x; y] ∈ R
p+q.

The rest of this paper is organized as follows. In section 2, we present a prototype of the RBR method

for solving a general SDP. In section 3, the RBR method is specialized for solving SDPs with only diagonal

element constraints. We interpret this RBR method in terms of the logarithmic barrier function in section 3.1

and prove convergence to a global minimizer. To handle general linear constraints, we apply the RBR method

in section 4 to a sequence of unconstrained problems using an augmented Lagrangian function approach.

Specialized versions for the maxcut SDP relaxation and the minimum nuclear norm matrix completion

problem are presented in sections 4.2 and 4.3, respectively Finally, numerical results for the maxcut and

matrix completion problems, are presented in section 5 to demonstrate the robustness and efficiency of our

algorithms.

2. A row-by-row method prototype. Consider the semidefinite programming (SDP) problem

(2.1)
min

X∈Sn
〈C,X〉

s.t. A(X) = b, X � 0,

where the linear map A(·) : Sn → R
m and its adjoint operator A∗ : R

m → Sn are defined by

(2.2) A(X) :=




〈
A(1),X

〉

· · ·〈
A(m),X

〉


 , and A∗(y) :=

m∑

i=1

yiA
(i),

the matrices C,A(i) ∈ Sn, and the vector b ≡ (b1, . . . , bm)⊤ ∈ R
m are given, and the unknown matrix

X ∈ Sn
+. Throughout this paper, the following Slater condition for (2.1) is assumed to hold.

Assumption 2.1. Problem (2.1) satisfies the Slater condition:

(2.3)




A : Sn → R

m is onto ,

∃X1 ∈ Sn
++ such that A(X1) = b.

Given a strictly feasible solution Xk ≻ 0, we can construct a second-order cone programming (SOCP)

restriction for the SDP problem (2.1) as follows. Fix the n(n − 1)/2 variables in the (n − 1) × (n − 1)

submatrix B := Xk
1c,1c of Xk and let ξ and y denote the remaining unknown variables X1,1 and X1c,1 (i.e.,
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row 1/column 1), respectively, that is X :=

(
ξ y⊤

y B

)
:=

(
ξ y⊤

y Xk
1c,1c

)
. It then follows from Theorem 1.1

that X � 0 is equivalent to ξ − y⊤B−1y ≥ 0, and hence, the SDP problem (2.1) becomes

(2.4)

min
[ξ;y]∈Rn

c̃⊤[ξ; y]

s.t. Ã [ξ; y] = b̃,

ξ − y⊤B−1y ≥ 0,

where ν > 0, c̃, Ã and b̃ are defined as follows using the subscript i = 1:

(2.5) c̃ :=

(
Ci,i

2Cic,i

)
, Ã :=



A

(1)
i,i 2A

(1)
i,ic

· · · · · ·
A

(m)
i,i 2A

(m)
i,ic


 and b̃ :=




b1 −
〈
A

(1)
ic,ic , B

〉

· · ·
bm −

〈
A

(m)
ic,ic , B

〉


 .

If we let LL⊤ = B be the Cholesky factorization of B and introduce a new variable z = L−1y, the Schur

complement constraint ξ−y⊤B−1y ≥ 0 is equivalent to the linear constraint Lz = y and the rotated second-

order cone constraint ‖z‖2
2 ≤ ξ. Furthermore, positive definiteness of the solution X can be maintained if

we replace the 0 on the right hand side of the Schur complement constraint in subproblem (2.4) by ν > 0,

i.e., if we replace subproblem (2.4) by

(2.6)

min
[ξ;y]∈Rn

c̃⊤[ξ; y]

s.t. Ã [ξ; y] = b̃,

ξ − y⊤B−1y ≥ ν,

Clearly, similar problems can be constructed if for any i, i = 1, · · · , n, all elements of Xk other than those

in the i-th row/column are fixed and only the elements in the i-th row/column are treated as unknowns.

Remark 2.2. For any i ∈ {1, · · · , n}, the Schur complement of Xic,ic in X is (X/Xic,ic) := Xi,i −
X⊤

ic,iX
†
ic,icXic,i. There exists a permutation matrix P of the rows and columns of X that put Xic,ic into the

lower right corner of X, leaving the rows and columns of Xi,ic and Xic,i in the same increasing order in X,

that is P⊤XP =

(
Xi,i X⊤

ic,i

Xic,i Xic,ic

)
. Therefore, the Schur complement of Xic,ic in X is ((P⊤XP )/Xic,ic).

We now present our row-by-row (RBR) method for solving (2.1). Starting from a positive definite

feasible solution X1, we update one row/column of the solution X at each of n inner steps by solving

subproblems of the form (2.6). This procedure from the first row to the n-th row is called a cycle. At the

first step of the k-th cycle, we fix B := Xk
1c,1c , and solve subproblem (2.6), whose solution is denoted by

[ξ; y]. Then the first row/column of Xk is replaced by Xk
1,1 := ξ and Xk

1c,1 := y. Similarly, we set B := Xk
ic,ic

in the i-th inner iteration and assign the parameters c̃, Ã and b̃ according to (2.5). Then the solution [ξ; y] of

(2.6) is used to set Xk
i,i := ξ and Xk

ic,i := y. The k-th cycle is finished after the n-th row/column is updated.

Then we set Xk+1 := Xk and repeat this procedure until the relative decrease in the objective function on

a cycle becomes smaller than some tolerance ǫ. Our RBR method prototype is outlined in Algorithm 1.

We also denote by Xk,j the solution Xk at the end of the j-th inner iteration in the k-th cycle and use

the convention that Xk,0 := Xk and Xk+1 := Xk,n. Our RBR method is similar to a block Gauss-Seidel

method for solving a system of linear equations and a block coordinate descent method (sometimes referred
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Algorithm 1: A row-by-row (RBR) method prototype

Set X1 ≻ 0, ν ≥ 0, k := 1 and ǫ ≥ 0. Compute F 0 :=
〈
C,X1

〉
and set F 1 := +∞.

while F k−1−F k

max{|F k−1|,1} ≥ ǫ do

for i = 1, · · · , n do

Set B := Xk
ic,ic and the parameters c̃, Ã and b̃ according to (2.5).

Solve the SOCP subproblem (2.6) whose solution is denoted by ξ and y.
Update Xk

i,i := ξ, Xk
ic,i := y and Xk

i,ic := y⊤.

Compute F k :=
〈
C,Xk

〉
. Set Xk+1 := Xk and k := k + 1.

to as a nonlinear Gauss-Seidel method) for nonlinear programming, except that because of the symmetry of

X, the blocks in our method overlap. Specifically, exactly one of the variables in any two inner iterations of

the RBR method overlap. For example, X1,2 is a variable in the three dimensional problem in both the first

and second inner iterations:

Xk,1 :=



Xk,1

1,1 Xk,1
1,2 Xk,1

1,3

Xk,1
1,2 Xk,0

2,2 Xk,0
2,3

Xk,1
1,3 Xk,0

2,3 Xk,0
3,3


 , Xk,2 :=




Xk,1
1,1 Xk,2

1,2 Xk,1
1,3

Xk,2
1,2 Xk,2

2,2 Xk,2
2,3

Xk,1
1,3 Xk,2

2,3 Xk,0
3,3


 .

3. The RBR method for SDP with only diagonal element constraints. In this section, we

consider an SDP whose constraints A(X) = b are of the form Xi,i = bi, where bi > 0, i = 1, · · · , n. Without

loss of generality, we assume that bi = 1, for i = 1, · · · , n, and study the problem

(3.1)

min
X∈Sn

〈C,X〉

s.t. Xii = 1, i = 1, · · · , n,
X � 0.

Note that (3.1) is the well known SDP relaxation [18, 12, 8, 17, 3] for the maxcut problem, which seeks to

partition the vertices of a graph into two sets so that the sum of the weighted edges connecting vertices in

one set with vertices in the other set is maximized.

We now present the RBR subproblem for solving (3.1). Throughout the algorithm the diagonal elements

of X are kept fixed at 1. At the ith step of the k-th cycle, we fix B = Xk
ic,ic , where Xk is the iterate at the

(i− 1)-st step of the k-th cycle. Here, we do not assume that B is positive definite and use the generalized

Schur complement to construct the second-order cone constraint. Hence, the subproblem (2.6) for generic

SDP is reduced to

(3.2)
min

y∈Rn−1
ĉ⊤y

s.t. 1 − y⊤B†y ≥ ν, y ∈ R(B),

where ĉ := 2Cic,i. Fortuitously, the optimal solution of (3.2) is determined by a single matrix-vector product

as we can see from the following lemma.
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Lemma 3.1. If γ := ĉ⊤Bĉ > 0, the solution of problem (3.2) is given by

(3.3) y = −
√

1 − ν

γ
Bĉ.

Otherwise, the solution is y = 0.

Proof. Since the matrix B ∈ Sn
+ is real symmetric and the rank of B is r > 0, B has the spectral

decomposition

(3.4) B = QΛQ⊤ =
(
Qr Ql

)(Λr 0

0 0

)(
Q⊤

r

Q⊤
l

)
= QrΛrQ

⊤
r .

where Q is an orthogonal matrix, Λ = diag(λ1, · · · , λr, 0, · · · 0), and λ1 ≥ λ2 ≥ · · · ≥ λr > 0.

Hence, the Moore-Penrose pseudo-inverse of B is

B† =
(
Qr Ql

)(Λ−1
r 0

0 0

)(
Q⊤

r

Q⊤
l

)
= QrΛ

−1
r Q⊤

r .

Let z = Q⊤y =: [zr; zl]. Since y ∈ R(B) and R(B) = R(Qr), zl = 0; hence, problem (3.2) is equivalent to

(3.5)
min

zr∈Rr
(Q⊤

r ĉ)
⊤zr

s.t. 1 − z⊤r Λ−1
r zr ≥ ν,

whose Lagrangian function is ℓ(zr, λ) = (Q⊤
r ĉ)

⊤zr − λ
2 (1 − ν − z⊤r Λ−1zr), where λ ≥ 0. At an optimal

solution z∗r to (3.5),

∇zr
ℓ(z∗r , λ

∗) = Q⊤
r ĉ+ λ∗Λ−1

r z∗r = 0,

which implies z∗r = −ΛrQ
⊤
r c̄/λ

∗. Since z∗r is on the boundary of the constraint, i.e., 1− (z∗r )⊤Λ−1z∗r = ν, we

obtain

1 − ĉ⊤QrΛrΛ
−1
r ΛrQ

⊤
r ĉ

(λ∗)2
= 1 − γ

(λ∗)2
= ν.

Hence, if γ > 0, we obtain λ∗ =
√
γ/(1 − ν) and

y∗ = Qrz
∗
r = −

√
1 − ν

γ
QrΛrQ

⊤
r ĉ = −

√
1 − ν

γ
Bĉ.

Otherwise, λ∗ = 0 and y∗ = 0.

We present the RBR method for (3.1) in Algorithm 2.

Algorithm 2 is extremely simple since only a single matrix-vector product is involved at each inner step.

Numerical experiments show Algorithm 2 works fine if the initial solution X is taken as the identity matrix

even if we take ν = 0. However, the following is a 3 × 3 example which shows that if started at a rank one

point that is not optimal, the RBR method using ν = 0 either does not move away from the initial solution
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Algorithm 2: A RBR method (PURE-RBR-M) for problem (3.1)

Set X1 ≻ 0, ν > 0, k := 1 and ǫ ≥ 0. Compute F 0 :=
〈
C,X1

〉
and set F 1 := +∞.

while F k−1−F k

max{|F k−1|,1} ≥ ǫ do

for i = 1, · · · , n do

Compute x := Xk
ic,icCic,i and γ := x⊤Cic,i. Set Xk

i,i := 1.

if γ > 0 then compute Xk
ic,i := −

√
1−ν

γ
x, else set Xk

ic,i := 0.

Compute F k :=
〈
C,Xk

〉
. Set Xk+1 := Xk and k := k + 1.

Table 3.1

feasible rank-one and optimal solutions of (3.6)

solution (x, y, z) 1
2
〈C, X〉 = 3

4
x − y − z

X(1) (1,1,1) -5/4

X(2) (-1,1,-1) -3/4

X(3) (-1,-1,1) -3/4

X(4) (1,-1,-1) 11/4

X(5) (-1/9,2/3,2/3) -17/12

or it moves to a non-optimal rank-one solution and stays there. Let

(3.6) X =




1 x y

x 1 z

y z 1


 and C =




0 3/4 −1

3/4 0 −1

−1 −1 0


 .

The rank-one feasible solutions X(1), X(2), X(3) and X(4) and the rank-two optimal solution X(5) for this

example are given in Table 3.1. Starting at X(1), each row-by-row minimization step leaves the matrix

unchanged. Starting at X(2), X(3) or X(4), the row-by-row method moves to the point X(1) and then

remains there. Interestingly, Algorithm 2 is able to find the optimal solution if the off-diagonal elements x, y

and z of the rank-one solutions in Table 3.1 are scaled by 0.999 (or even by a number much closer to 1).

3.1. Interpretation of Algorithm 2 in terms of the logarithmic barrier function. In this

subsection, we interpret Algorithm 2 as a variant of the row-by-row method applied to a logarithmic barrier

function approximation to (3.1).

Lemma 3.2 below relates that the optimal solution (3.3) of the RBR subproblem (3.2) to the solution of

the following logarithmic barrier function minimization

(3.7) min
y∈Rn−1

ĉ⊤y − σ log(1 − y⊤B†y), s.t. y ∈ R(B).

Lemma 3.2. If γ := ĉ⊤Bĉ > 0, the solution of problem (3.7) is

(3.8) y = −
√
σ2 + γ − σ

γ
Bĉ.

Hence, the subproblem (3.2) has the same solution as (3.7) if ν = 2σ

√
σ2+γ−σ

γ
.

Proof. Similar to Lemma 3.1, we have the spectral decomposition (3.4) of B. Let z = Q⊤y =: [zr; zl].

Since y ∈ R(B) and R(B) = R(Qr), we obtain zl = 0 and hence y = Qrzr. Therefore, problem (3.7) is

7



equivalent to

(3.9) min
zr

(Q⊤
r ĉ)

⊤zr − σ log(1 − z⊤r Λ−1
r zr),

whose first-order optimality conditions are

(3.10) Q⊤
r ĉ+

2σΛ−1
r z∗r

1 − (z∗r )⊤Λ−1
r z∗r

= 0, and 1 − (z∗r )⊤Λ−1
r z∗r > 0.

Let θ = 1 − (z∗r )⊤Λ−1
r z∗r . Then equation (3.10) implies that z∗r = − θΛrQ⊤

r bc

2σ
. Substituting this expression for

z∗r into the definition of θ, we obtain θ2 γ
4σ2 + θ− 1 = 0, which has a positive root θ =

2σ
√

σ2+γ−2σ2

γ
. Hence,

y∗ = −
√

σ2+γ−σ

γ
Bĉ. Since

1 − (z∗r )⊤Λ−1
r z∗r = 1 − (y∗)⊤B†y∗ = 1 −

(√
σ2 + γ − σ

)2

γ
=

2σ
√
σ2 + γ − 2σ2

γ
> 0,

and ∇2φσ(y) � 0, y∗ is an optimal solution of (3.7). Furthermore, problems (3.2) and (3.7) are equivalent if

√
σ2 + γ − σ

γ
=

√
1 − ν

γ
,

that is ν = 2σ

√
σ2+γ−σ

γ
.

Remark 3.3. Note from (3.8) that limσ→0 y = − Bbc√
γ
.

We now consider the logarithmic barrier problem for (3.1), i.e.,

(3.11)
min

X∈Sn
φσ(X) := 〈C,X〉 − σ log detX

s.t. Xii = 1,∀i = 1, · · · , n, X � 0,

where we define log det(X) to be negative infinity for X not positive definite. Given a row i and fixing the

block B = Xic,ic , we have from (1.2) that

det(X) = det(B)(1 −X⊤
ic,iB

−1Xic,i),

which implies that

φσ(X) := ĉ⊤Xic,i − σ log(1 −X⊤
ic,iB

−1Xic,i) + w(B),

where ĉ = 2Cic,i and w(B) is a function of B (i.e., a constant). Hence, problem (3.11) becomes the

unconstrained minimization problem

(3.12) min
y∈Rn−1

ĉ⊤y − σ log(1 − y⊤B−1y),

which is a special version of problem (3.7). Therefore, it follows from Lemma 3.2 that Algorithm 2 is

essentially a row-by-row method for solving problem (3.11), if in that algorithm ν is replaced by 2σ

√
σ2+γ−σ

γ
.
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Our RBR method can be extended to solve

(3.13)
min

X∈Sn
ψσ(X) := f(X) − σ log detX

s.t. X ∈ X := {X ∈ Sn | L ≤ X ≤ U,X � 0}.

where f(X) is a convex function of X, the constant matrices L,U ∈ Sn satisfy L ≤ U and L ≤ X means

that Li,j ≤ Xi,j for all i, j = 1, · · · , n. Note that problem (3.13) includes problem (3.11) as a special case if

Li,i = Ui,i = 1 for i = 1, · · · , n and Li,j = −∞ and Ui,j = ∞, otherwise. Starting from the point Xk ≻ 0

at the k-th cycle, we fix the n(n− 1)/2 variables in the (n− 1) × (n− 1) submatrix B := Xk
ic,ic of Xk and

let ξ and y denote the remaining unknown variables Xi,i and Xic,i (i.e., row i/column i), respectively; i.e.,

Xk :≈
(
ξ y⊤

y B

)
. Hence, the RBR subproblem of (3.13) becomes

(3.14)

min
X∈Sn

f̃(ξ, y) − σ log(ξ − y⊤B−1y)

s.t.

(
Li,i

Lic,i

)
≤
(
ξ

y

)
≤
(
Ui,i

Uic,i

)
,

where f̃(ξ, y) := f(Xk). Inspired by Proposition 2.7.1 in [6], we now prove a basic convergence result for the

RBR method applied to problem (3.13).

Theorem 3.4. Let {Xk} be a sequence generated by the row-by-row method for solving (3.14). Then

every limit point of {Xk} is a global minimizer of (3.14).

Proof. Clearly, our RBR method produces a sequence of nondecreasing objective function values

(3.15) ψσ(Xk) ≥ ψσ(Xk,1) ≥ ψσ(Xk,2) ≥ · · · ≥ ψσ(Xk,n−1) ≥ ψσ(Xk+1).

Let X̃ be a limit point of the sequence {Xk}. It follows from equation (3.15) that the sequences {ψσ(Xk)},
{ψσ(Xk,1)}, · · · , {ψσ(Xk,n−1)} all converge to ψσ(X̃). Hence, X̃ must be postitive definite because X̃ is

the limit point of a sequence of matrices that all lie in the compact level set {X ∈ X |ψσ(X) ≤ ψσ(X1)}, all

of whose members are positive definite. We now show that X̃ minimizes ψσ(X).

Let {Xkj} be a subsequence of {Xk} that converges to X̃. We first show that {Xkj ,1 −Xkj} converges

to zero as j → ∞. Assume on the contrary, that {Xkj ,1 − Xkj} does not converges to zero. Then there

exists a subsequence {k̄j} of {kj} and some γ̄ > 0 such that γk̄j := ‖X k̄j ,1 − X k̄j‖F ≥ γ̄ for all j. Let

Sk̄j ,1 := (X k̄j ,1 − X k̄j )/γk̄j . Thus X k̄j ,1 = X k̄j + γk̄jSk̄j ,1, ‖Sk̄j ,1‖F = 1 and Sk̄j ,1 differs from zero only

along the first row/column. Since Sk̄j ,1 belongs to a compact set, it has a limit point S̄1. Hence, there

exists a subsequence of {k̂j} of {k̄j} such that Sk̂j ,1 converges to S̄1. Consider an arbitrary t ∈ [0, 1]. Since

0 ≤ tγ̄ ≤ γk̂j , X k̂j + tSk̂j ,1 lies on the segment joining X k̂j and X k̂j + γk̂jSk̂j ,1 = X k̂j ,1, and belongs to X
since X is a convex set. Moreover, since X k̂j ,1 uniquely minimizes ψσ(X) over all X that differ from X k̂j

along the first row/column, it follows from the convexity of ψσ(X) that

(3.16) ψσ(X k̂j ,1) = ψσ(X k̂j + γk̂jSk̂j ,1) ≤ ψσ(X k̂j + tγk̂jSk̂j ,1) ≤ ψσ(X k̂j ).

Since ψσ(X k̂j ,1) converges to ψσ(X̃), it follows (3.16) that ψσ(X̃) ≤ ψσ(X̃ + tγ̄S̄1) ≤ ψσ(X̃), which implies

that ψσ(X̃) = ψσ(X̃ + tγ̄S̄1) for all t ∈ [0, 1]. Since γ̄S̄1 6= 0, this contradicts the fact that ψσ(X) is strictly

convex; hence Xkj ,1 −Xkj converges to zero and Xkj ,1 converges to X̃.
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From the definition (3.13), we have

ψσ(Xkj ,1) ≤ ψσ (X) , ∀X ∈ V kj ,1 :=

{(
ξ y⊤

y X
kj

1c,1c

)∣∣∣∣

(
ξ

y

)
∈ R

n,

(
L1,1

L1c,1

)
≤
(
ξ

y

)
≤
(
U1,1

U1c,1

)}
.

Taking the limit as j tends to infinity, we obtain that

ψσ(X̃) ≤ ψσ (X) , ∀X ∈ V 1 :=

{(
ξ y⊤

y X̃1c,1c

)∣∣∣∣

(
ξ

y

)
∈ R

n,

(
L1,1

L1c,1

)
≤
(
ξ

y

)
≤
(
U1,1

U1c,1

)}
,

which implies that, for any p ∈ {1, · · · , n},

ψσ(X̃) ≤ ψσ (X) , ∀X ∈ V 1 and Xpc,1 = X̃pc,1,

i.e., all components of the first row and column [ξ; y] other than the p-th are fixed. Since X̃ lies in the open

convex set Sn
++, we obtain from the optimality conditions that, for any p ∈ {1, · · · , n},

〈
∇ψσ(X̃),X − X̃

〉
≥ 0, ∀X ∈ V 1 and Xpc,1 = X̃pc,1,

which further gives that, for any p ∈ {1, · · · , n},

(3.17)
(
∇ψσ(X̃)

)

p,1

(
Xp,1 − X̃p,1

)
≥ 0, ∀Xp,1 such that Lp,1 ≤ Xp,1 ≤ Up,1.

Repeating the above argument shows that for i = 2, · · · , n, the points Xkj ,i also converges to X̃ and

(3.18)
(
∇ψσ(X̃)

)

p,i

(
Xp,i − X̃p,i

)
≥ 0, ∀Lp,i ≤ Xp,i ≤ Up,i,

for any p ∈ {1, · · · , n}. Therefore, for any X ∈ X , it follows from (3.17) and (3.18) that

〈
∇ψσ(X̃),X − X̃

〉
=

∑

i,j=1,··· ,n

(
∇ψσ(X̃)

)

i,j

(
Xi,j − X̃i,j

)
≥ 0,

which implies that X̃ is a global minimizer.

4. A RBR method for SDP with general linear constraints. We now consider SDP with general

linear constraints. Unfortunately, in this case, the RBR method may not converge to an optimal solution

of problem (2.1). This is similar to the fact that (block) coordinate descent method may not converge to

an optimal solution for a linearly constrained convex problem [16]. It has long been known in [22] that the

coordinate descent method for general nonlinear programming may not converge. Here is a 2-dimensional

example that shows that for general linear constraints the RBR method may not converge to a global

minimizer. Consider the SDP

(4.1)
min X11 +X22 − log det(X)

s.t. X11 +X22 ≥ 4, X � 0.
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Starting from a point X, where X11 = 1, X12 = 0 and X22 = 3, the RBR subproblems are

min X11 − log(3X11 −X2
12), s.t. X11 ≥ 1,

and

min X22 − log(X22 −X2
12), s.t. X22 ≥ 3,

since log det(X) = log(X11X22 −X2
12). It is readily verified that optimal solutions to these subproblems are,

respectively, X11 = 1, X12 = 0 and X12 = 0, X22 = 3; hence, the row-by-row method remains at the initial

point, while the true optimal solution is X =

(
2 0

0 2

)
.

To overcome this type of failure, the coordinate descent method is usually applied to a sequence of

unconstrained problems obtained by penalizing the constraints in the objective function. We adopt a similar

approach here by embedding the pure RBR method in an augmented Lagrangian function framework. We

then introduce specialized versions of this algorithm for the SDP relaxation of the maxcut problem (3.1) and

the minimum nuclear norm matrix completion problem.

4.1. A RBR augmented Lagrangian method. In this subsection, we first introduce an augmented

Lagrangian method and then combine it with the row-by-row method for solving the standard form SDP

(2.1).

The augmented Lagrangian function for problem (2.1) taking into consideration only the general linear

constraints A(X) = b is defined as:

(4.2) L(X,π, µ) := 〈C,X〉 − π⊤ (A(X) − b) +
1

2µ
‖A(X) − b‖2

2,

where π ∈ R
m and µ > 0. Starting from π1 = 0 and µ1 ∈ (0,+∞), our augmented Lagrangian method

iteratively solves

(4.3) Xk := arg min
X

L(X,πk, µk), s.t. X � 0,

chooses µk+1 ∈ [γµk, µk] and then updates the vector of Lagrange multipliers by

(4.4) πk+1 := πk − A(Xk) − b

µk
,

for the next iteration k + 1. It is important to note that our algorithm does not incorporate the posi-

tive semidefinite constraint into the augmented Lagrangian function, and therefore, it is different from the

methods in [21, 30].

As is well known (see chapter 12.2 in [10]), (4.3) is equivalent to minimizing a quadratic penalty function:

(4.5) Xk := arg min
X

F(X, bk, µk) := 〈C,X〉 +
1

2µk
‖A(X) − bk‖2

2, s.t. X � 0,

where bk = b + µkπk and the difference between L(X,πk, µk) and F(X, bk, µk) is the constant −µk

2 ‖πk‖2
2.

Hence, we consider an alternative version of the augmented Lagrangian method which solves (4.5) and
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updates bk by

(4.6) bk+1 := b+
µk+1

µk

(
bk −A(Xk)

)
,

where b1 := b. We now apply the RBR method to minimize (4.5). Starting from the point Xk ≻ 0 at the

k-th iteration, the RBR subproblem corresponding to the quadratic SDP (4.5) that is obtained by fixing all

elements of Xk other than those in the i-th row and column results in a minimization problem with two conic

constraints. Specifically, we fix the n(n− 1)/2 variables in the (n− 1)× (n− 1) submatrix B := Xk
ic,ic of Xk

and let ξ and y denote the remaining unknown variables Xi,i and Xic,i (i.e., row i/column i), respectively.

Hence, the quadratic SDP problem (4.5) becomes, after, replacing the zero on the right hand side of the

Schur complement constraints by ν > 0 to ensure positive definiteness of Xk,

(4.7)
min

(ξ;y)∈Rn
c̃⊤
(
ξ

y

)
+

1

2µk

∥∥∥∥∥Ã
(
ξ

y

)
− b̃

∥∥∥∥∥

2

2

s.t. ξ − y⊤B−1y ≥ ν,

where c̃, Ã and b̃ are given by (2.5) with bi for i = 1, · · · ,m replaced by bki . If we let LL⊤ = B be the

Cholesky factorization of B and introduce a new variable z = L−1y, problem (4.7) can be written as:

(4.8)

min
(ξ;z;τ)

c̃⊤
(
ξ

Lz

)
+

1

2µ
τ

s.t.

∥∥∥∥∥Ã
(
ξ

Lz

)
− b̃

∥∥∥∥∥

2

2

≤ τ

‖z‖2
2 ≤ ξ − ν.

Therefore, each step of our RBR augmented Lagrangian method involves solving a SOCP with two rotated

second-order cone constraints. We plan to show how advantage can be taken of the particular form of these

SOCPs in a future paper. If B is only positive semidefinite, we can derive a similar SOCP by using the

spectral decomposition of B. For references on solving SOCPs, see [1] for example. Our combined RBR

augmented Lagrangian method for minimizing (2.1) is presented in Algorithm 3.

The RBR method applied to problem (4.5) converges by Theorem 3.4 since solving the RBR subproblem

(4.7) essentially corresponds to minimizing the unconstrained function obtained by subtracting σ log(ξ −
y⊤B−1y) from the objective function in (4.7) using an argument analogous to the one made in section

3.1. Moreover, the convergence of our augmented Lagrangian framework follows from the standard theory

for the augmented Lagrangian method for minimizing a strictly convex function subject to linear equality

constraints [4, 5, 23].

4.2. Application to SDPs with only diagonal element constraints. Since the constraints in

problem (3.1) are Xi,i = 1 for i = 1, · · · , n, the quadratic term in the objective function of the RBR

subproblem simplifies to

∥∥∥∥∥Ã
(
ξ

y

)
− b̃

∥∥∥∥∥

2

= (ξ − bki )2,
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Algorithm 3: Row-by-row augmented Lagrangian method

Set X1 ≻ 0, b1 = b, η ∈ (0, 1), ν > 0, µ1 > 0, ǫ, ǫr, ǫf ≥ 0 and k := 1.
Compute F 0 :=

〈
C,X1

〉
and set F 1 := +∞.

while F k−1−F k

max{|F k−1|,1} ≥ ǫ or ‖A(Xk) − b‖2 ≥ ǫr do

Compute f0 :=
〈
C,Xk

〉
+ 1

2µk ‖A(Xk) − bk‖2
2 and set f1 := +∞.

while fk−1−fk

max{|fk−1|,1} ≥ ǫf do

for i = 1, · · · , n do

S1 Set B := Xk
ic,ic and compute c̃, Ã and b̃ from (2.5) with b replaced by bk.

S2 Solve the SOCP (4.7) and denote its solution by ξ and y.
S3 Set Xk

i,i := ξ, Xk
ic,i := y and Xk

i,ic := y⊤.

Compute F k :=
〈
C,Xk

〉
and fk := F k + 1

2µk ‖A(Xk) − bk‖2
2.

S4 Update bk+1 := b+ µk+1

µk

(
bk −A(Xk)

)
.

Choose µk+1 ∈ [ηµk, µk] and set Xk+1 := Xk and k := k + 1.

and problem (4.7) reduces to

(4.9)
min

(ξ;y)∈Rn
cξ + ĉ⊤y +

1

2µk
(ξ − bki )2

s.t. ξ − y⊤B−1y ≥ ν,

where c := Ci,i, ĉ := 2Cic,i and b1i = 1. The first-order optimality conditions for (4.9) are

ξ = bki + µk(λ− c)

y = − 1

2λ
Bĉ

ξ ≥ y⊤B−1y + ν, λ ≥ 0 and (ξ − y⊤B−1y − ν)λ = 0.

If ĉ = 0, then y = 0 and ξ = max{ν, bki − µkc}. Otherwise, λ is the unique real root of the cubic equation:

(4.10) ϕ(λ) := 4µkλ3 + 4(bki − µkc− ν)λ2 − γ = 0,

which is positive. This follows from the continuity of ϕ(λ) and the facts that ϕ(0) = −ĉ⊤Bĉ < 0,

limλ→+∞ ϕ(λ) = +∞ and

ϕ′(λ) = 12µkλ2 + 8(bki − µkc− ν)λ ≥ 4µkλ2

since ξ = bki − µkc + µkλ ≥ ν, which implies that ϕ′(0) = 0 and ϕ′(λ) > 0 for λ 6= 0. We now present a

specialized version of the RBR augmented Lagrangian method for problem (3.1) as Algorithm 4.

4.3. Matrix Completion. Given a matrix M ∈ R
p×q and an index set

Ω ⊆ {(i, j) | i ∈ {1, · · · , p}, j ∈ {1, · · · , q}},
13



Algorithm 4: Row-by-row augmented Lagrangian method (ALAG-RBR-M) for problem (3.1)

This is a specialized version of Algorithm 3. In Algorithm 3,
1. replace A(Xk) by diag(Xk);
2. replace steps S1-S3 by the following steps:

Set c := Ci,i, ĉ := 2Cic,i and B := Xk
ic,ic .

If ĉ = 0, set Xk
ii = max{ν, bki − µkc}, Xk

ic,i = (Xk
i,ic)⊤ = 0.

Otherwise, compute the positive solution λ of (4.10), and set Xk
i,i = bki + µk(λ− c), Xk

ic,i = − 1
2λ
Bĉ

and Xk
i,ic = (Xk

ic,i)
⊤.

the nuclear norm matrix completion problem is

minW∈Rp×q ‖W‖∗
s.t. Wij = Mij , ∀ (i, j) ∈ Ω.

(4.11)

An equivalent SDP formulation of (4.11) is

minX∈Sn Tr(X)

s.t. X :=

[
X(1) W

W⊤ X(2)

]
� 0

Wij = Mij , ∀ (i, j) ∈ Ω,

(4.12)

where n = p+ q and the number of linear constraints is m = |Ω|. Let MΩ be the vector whose elements are

the components of {Mi,j | (i, j) ∈ Ω} obtained by stacking the columns of M from column 1 to column q

and then keeping only those elements that are in Ω. Hence, MΩ corresponds to the right hand side b of the

constraints in the general SDP (2.1).

We now present the RBR subproblem (4.7) corresponding to problem (4.12). First, the vector y can be

partitioned into two subvectors whose elements are, respectively, in and not in the set Ω:

y :≈
(
ŷ

ỹ

)
, ŷ := Xα,i, and ỹ := Xβ,i,

where, the index sets α and β are

(4.13) β := ic\α, α :=




{j + p, | j ∈ ᾱ}, where ᾱ := {j | (i, j) ∈ Ω, j = 1, · · · , q}, if i ≤ p,

{j | (j, i) ∈ Ω, j = 1, · · · , p}, if p < i ≤ n.

Hence, it follows from the special constraints Wij = Mij , (i, j) ∈ Ω in (4.11) that the norm of the residual of

each RBR subproblem (4.7) is

∥∥∥∥∥Ã
(
ξ

y

)
− b̃

∥∥∥∥∥ =
∥∥∥Xα,i − b̃

∥∥∥ =: ‖ŷ − b̃‖,

where

(4.14) b̃ :=





(Mk
i,ᾱ)⊤, if i ≤ p,

Mk
α,i−p, if p < i ≤ n,
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and M1 = M . Therefore, the SOCP (4.7) becomes

(4.15)
min

(ξ;y)∈Rn
ξ +

1

2µk

∥∥∥ŷ − b̃
∥∥∥

2

2

s.t. ξ − y⊤B−1y ≥ ν,

where the matrix B =

(
Xk

α,α Xk
α,β

Xk
β,α Xk

β,β

)
.

Lemma 4.1. The optimal solution of the RBR subproblem(4.15) is given by

(4.16)





ξ =
1

2µk
ŷ⊤(̃b− ŷ) + ν,

ŷ =
(
2µkI +Xk

α,α

)−1
Xk

α,αb̃, ỹ =
1

2µk
Xk

β,α(̃b− ŷ).

Proof. Note that the optimal solution [ξ; y] = [ξ; ŷ; ỹ] of (4.15) must satisfy ξ = y⊤B−1y + ν. Hence,

(4.15) is equivalent to an unconstrained quadratic minimization problem

(4.17) min
y
y⊤B−1y +

1

2µk

∥∥∥ŷ − b̃
∥∥∥

2

2
,

whose optimality conditions are

(4.18)

(
Xk

α,α Xk
α,β

Xk
β,α Xk

β,β

)−1(
ŷ

ỹ

)
+

1

2µk

(
ŷ − b̃

0

)
= 0,

which implies that

(
ŷ

ỹ

)
+

1

2µk

(
Xk

α,α

Xk
β,α

)
ŷ =

1

2µk

(
Xk

α,α

Xk
β,α

)
b̃.

Therefore, ỹ = 1
2µkX

k
β,α(̃b− ŷ), where ŷ can be computed from the system of linear equations

(
2µkI +Xk

α,α

)
ŷ = Xk

α,αb̃.

Then, it follows from ξ = y⊤B−1y + ν and (4.18) that

(4.19) ξ =

(
ŷ

ỹ

)⊤(
Xk

α,α Xk
α,β

Xk
β,α Xk

β,β

)−1(
ŷ

ỹ

)
+ ν =

1

2µk

(
ŷ

ỹ

)⊤(
b̃− ŷ

0

)
+ ν =

1

2µk
ŷ⊤(̃b− ŷ) + ν.

Note from (4.16) that we only need to solve a single system of linear equations, whose size is the number of

sample elements in the row and hence expected to be small, to obtain the minimizer of the RBR subproblem

(4.15). The specialized RBR method for minimizing (4.12) is presented in Algorithm 5.

5. Numerical Results. Although the numerical results that we present in this section are limited to

two special classes of SDP problems, they illustrate the effectiveness of our RBR algorithmic framework.

Specifically, they show that large scale SDPs can be solved in a moderate amount of time using only moderate
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Algorithm 5: The RBR method (RBR-MC) for problem (4.12)

Set X1 ≻ 0, b1 = b, η ∈ (0, 1), ν > 0, µ1 > 0, ǫ, ǫr, ǫf ≥ 0 and k := 1.
Compute F 0 := Tr(X1) and set F 1 := +∞.

while F k−1−F k

max{|F k−1|,1} ≥ ǫ or ‖Xk
Ω −MΩ‖2 ≥ ǫr do

Compute f0 := Tr(Xk) + 1
2µk ‖Xk

Ω −Mk
Ω‖2

2 and set f1 := +∞.

while fk−1−fk

max{|fk−1|,1} ≥ ǫf do

for i = 1, · · · , n do

Set α and β by (4.13), and b̃ by (4.14).
if |α| = 0 then Set Xk

i,i = 0, Xk
ic,i = 0 and Xk

i,ic = 0.

else

Compute Xk
α,i :=

(
2µkI +Xk

α,α

)−1
Xα,αb̃; X

k
β,i = 1

2µ
Xβ,α(̃b−Xk

α,i);

Xk
i,i = 1

2µ
(Xk

α,i)
⊤(̃b−Xk

α,i) + ν and set Xk
i,ic = (Xk

ic,i)
⊤.

Compute F k := Tr(Xk) and fk := F k + 1
2µk ‖Xk

Ω −Mk
Ω‖2

2.

Update Mk+1
Ω := MΩ + µk+1

µk

(
Mk

Ω −Xk
Ω

)
.

Choose µk+1 ∈ [ηµk, µk] and set Xk+1 := Xk and k := k + 1.

amount of memory. Moreover, our tests show that the number cycles taken by our algorithm grows very

slowly with the size of the problem.

5.1. The maxcut SDP relaxation. In this subsection, we demonstrate the effectiveness of the RBR

methods Algorithms 2 (PURE-RBR-M) and 4 (ALAG-RBR-M) on a set of maxcut SDP relaxation problems

and compare them with the code DSDP (version 5.8) [3]. The DSDP code implements a dual interior point

method that is designed to take advantage of the structure of such problems. The main parts of our code

were written in C Language MEX-files in MATLAB (Release 7.3.0), and all experiments were performed on

a Dell Precision 670 workstation with an Intel Xeon 3.4GHZ CPU and 6GB of RAM.

The test problems are based on graphs generated by “rudy”, a machine independent graph generator

written by G.Rinaldi. These graphs range in size from n = 1000 to n = 4000 and the arguments of “rudy”

are similar to those used in the G Set of graphs tested in [3, 17]. Specifically, for size n = 1000, we produced

five different graphs “R1000-1”, · · · , “R1000-5” with a density of 1% (4, 995 edges) and with random edge

weights from {−1, 1} by using the command

rudy -rnd_graph n 1 seed -random 0 1 seed -times 2 -plus -1,

where seed = 10n+ i, i = 1, · · · , 5, respectively. The graphs from “R2000-1” to “R4000-5” were generated in

a similar fashion. We also tested “almost” planar graphs having as their edge set the union of the edges of

two (almost maximal) planar graphs with random edge weights from {−1, 1}; that is, the graphs “P1000-1”

to “P4000-5” were generated by the command

rudy -planar n 99 seed1 -planar n 99 seed2 + -random 0 1 seed3 -times 2 -plus -1,

where seed1 = 10n+ i+4, seed2 = 10n+ i+5 and seed3 = 10n+ i, for n = 1000, · · · , 4000 and i = 1, · · · , 5.

In all cases the cost matrix C was the Laplace matrix of the graph divided by 4, i.e., C = − 1
4 (diag(Ae)−A),

where A was the weighted adjacency matrix of the graph.

The parameters of DSDP were set to their default values. The parameter ν in the RBR methods

was set to 10−6. We ran PURE-RBR-M with two different tolerances, i.e., ǫ was set to 10−3 (moderately

accurate) and 10−6 (highly accurate), respectively. Similarly, we ran ALAG-RBR-M with two different

tolerance settings, that is, ǫ, ǫr, ǫf were all set to 10−1 and 10−4, respectively. For practical considerations, we
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Fig. 5.1. Relationship between the computational cost and SDP matrix dimension for the maxcut SDP relaxation

terminated minimizing each augmented Lagrangian function if the number of cycles was greater than 5. The

initial penalty parameter µ1 in ALAG-RBR-M was set to 5 and was updated by µk+1 = max(0.5µk, 10−1).

A summary of the computational results is presented in Table 5.1. In the table, “obj” denotes the

objective function of the dual problem computed by DSDP, “rel-obj” denotes the relative error between the

objective function value computed by the RBR methods and “obj”, “CPU” denotes CPU time measured

in seconds, and “cycle” denotes the total number RBR cycles. From the table, we can see that both RBR

methods are able to solve the maxcut SDP relaxation very efficiently. The number of cycles required was

almost the same for all of the problems, no matter what their size was.

To illustrate the relationship between the computational cost of the RBR methods and the dimension

of the SDP matrices, we plot the average of the CPU time versus the dimension in Figure 5.1 (a) and

the average of the number of cycles versus the dimension in Figure 5.1 (b). Somewhat surprisingly, our

augmented Lagrangian RBR algorithm solved the maxcut SDP problems as efficiently as our pure RBR

algorithm for a given relative error.

5.2. Matrix Completion. In this subsection, we evaluate the RBR method Algorithm 5 (RBR-MC)

on the matrix completion problem (4.12). Note that the pure RBR method can be directly applied to this

problem. However, preliminary numerical testing showed that this approach is much slower (i.e., converges

much more slowly) than using RBR-MC. Random matrices M ∈ R
p×q with rank r were created by the

following procedure [20]: we first generated random matrices ML ∈ R
p×r and MR ∈ R

q×r with i.i.d.

Gaussian entries and then set M = MLM
⊤
R ; then we sampled a subset Ω of m entries uniformly at random.

The ratio m/(pq) between the number of measurements and the number of entries in the matrix is denoted

by “SR” (sampling ratio). The ratio r(p + q − r)/m between the dimension of a rank r matrix to the

number of samples is denoted by “FR”. In our tests, the rank r and the sampling entry m were taken

consistently so that according to the theory in [9] the matrix M is the optimal solution of problem (4.12).

Specifically, FR was set to 0.2 and 0.3 and r was set to 10. We tested five square matrices M with dimensions

p = q ∈ {100, 200, · · · , 500} and set the number m to r(p + q − r)/FR. All parameters p, q, r,m and the

random seeds “seed” used by the random number generators “rand” and “randn” in MATLAB are reported

in Table 5.2.
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Table 5.1

Computational results for the maxcut SDP relaxation.

DSDP PURE-RBR-M ALAG-RBR-M
ǫ = 10−3 ǫ = 10−6 ǫ = ǫr = ǫf = 10−1 ǫ = ǫr = ǫf = 10−4

Name obj CPU rel-obj CPU cycle rel-obj CPU cycle rel-obj CPU cycle rel-obj CPU cycle
random graphs

R1000-1 -1.4e+3 52.6 4.9e-3 0.6 13 3.0e-5 3.9 90 5.4e-3 0.6 13 3.2e-5 3.7 87
R1000-2 -1.4e+3 57.0 5.0e-3 0.6 13 3.6e-5 4.1 96 4.9e-3 0.6 14 4.2e-5 3.7 88
R1000-3 -1.5e+3 50.8 5.0e-3 0.6 13 3.8e-5 4.3 99 4.9e-3 0.6 14 4.0e-5 4.2 99
R1000-4 -1.4e+3 51.3 5.0e-3 0.6 13 3.2e-5 4.0 94 4.8e-3 0.6 14 3.3e-5 3.9 92
R1000-5 -1.5e+3 50.1 4.6e-3 0.6 13 3.5e-5 3.7 87 4.1e-3 0.6 14 3.6e-5 3.4 81
R2000-1 -4.1e+3 607.6 5.0e-3 3.9 14 3.7e-5 26.5 97 5.9e-3 3.8 14 1.9e-5 33.5 121
R2000-2 -4.1e+3 602.3 5.2e-3 3.9 14 3.6e-5 27.5 101 5.5e-3 4.2 15 1.9e-5 35.4 127
R2000-3 -4.2e+3 680.5 5.1e-3 4.3 14 3.4e-5 26.4 97 5.3e-3 4.2 15 1.6e-5 33.7 123
R2000-4 -4.2e+3 646.7 5.2e-3 3.9 14 3.2e-5 26.1 96 5.2e-3 4.2 15 1.4e-5 32.3 118
R2000-5 -4.1e+3 661.5 4.9e-3 3.9 14 3.9e-5 26.1 96 5.9e-3 3.8 14 2.0e-5 34.5 126
R3000-1 -7.7e+3 2576 5.0e-3 12.8 15 4.1e-5 90.0 103 5.1e-3 13.9 16 2.1e-5 110.8 127
R3000-2 -7.7e+3 2606 5.2e-3 13.2 15 3.7e-5 89.4 105 5.2e-3 14.1 16 2.1e-5 111.2 128
R3000-3 -7.9e+3 2530 5.0e-3 13.0 15 4.0e-5 91.4 107 5.1e-3 14.0 16 2.5e-5 109.8 127
R3000-4 -7.9e+3 2518 5.1e-3 13.6 15 4.0e-5 98.0 107 5.2e-3 13.9 16 2.3e-5 110.3 128
R3000-5 -7.7e+3 2514 5.3e-3 12.9 15 3.7e-5 91.8 107 5.4e-3 14.0 16 1.9e-5 109.8 128
R4000-1 -1.2e+4 6274 5.9e-3 36.5 15 4.0e-5 261.1 108 6.2e-3 39.0 16 2.4e-5 316.5 130
R4000-2 -1.2e+4 6310 5.7e-3 36.3 15 3.9e-5 265.7 108 6.0e-3 39.0 16 2.1e-5 313.5 130
R4000-3 -1.2e+4 6529 5.8e-3 36.0 15 4.1e-5 264.1 110 5.9e-3 39.5 16 2.5e-5 313.5 130
R4000-4 -1.2e+4 7018 5.8e-3 36.6 15 3.7e-5 261.3 108 6.1e-3 39.3 16 2.1e-5 315.3 130
R4000-5 -1.2e+4 5994 5.6e-3 36.7 15 3.8e-5 270.1 112 5.1e-3 41.6 17 2.5e-5 309.8 129

random planar graphs
P1000-1 -1.4e+3 45.1 5.0e-3 0.6 13 4.0e-5 4.9 102 4.1e-3 0.7 15 3.8e-5 4.3 96
P1000-2 -1.4e+3 45.5 4.4e-3 0.6 13 2.9e-5 4.2 89 3.3e-3 0.6 14 2.3e-5 3.9 87
P1000-3 -1.5e+3 42.6 4.6e-3 0.6 13 3.5e-5 4.2 88 3.0e-3 0.7 15 2.7e-5 4.2 93
P1000-4 -1.4e+3 44.1 4.7e-3 0.6 13 3.8e-5 4.7 97 3.4e-3 0.7 14 3.8e-5 4.3 96
P1000-5 -1.4e+3 44.6 4.4e-3 0.6 13 3.2e-5 4.7 93 2.8e-3 0.7 15 2.4e-5 4.6 102
P2000-1 -2.9e+3 386.1 5.5e-3 3.0 14 3.7e-5 21.6 102 5.4e-3 3.0 15 2.5e-5 22.5 114
P2000-2 -2.8e+3 362.8 5.8e-3 2.9 14 3.9e-5 22.1 109 5.8e-3 3.2 16 2.9e-5 23.4 119
P2000-3 -2.9e+3 359.0 5.4e-3 2.9 14 3.7e-5 22.2 105 4.9e-3 3.2 16 2.5e-5 23.0 117
P2000-4 -2.9e+3 348.2 5.5e-3 2.9 14 4.0e-5 22.8 111 4.9e-3 3.0 15 2.9e-5 23.7 121
P2000-5 -2.9e+3 377.9 5.6e-3 2.9 14 3.9e-5 21.3 104 4.7e-3 3.2 16 3.2e-5 21.2 108
P3000-1 -4.3e+3 1400 6.0e-3 7.3 15 4.0e-5 56.3 117 6.2e-3 7.0 15 3.0e-5 58.3 127
P3000-2 -4.3e+3 1394 6.5e-3 7.0 14 4.7e-5 57.2 119 5.1e-3 7.5 16 3.3e-5 59.1 129
P3000-3 -4.4e+3 1351 6.3e-3 6.8 14 4.3e-5 57.0 118 5.2e-3 7.4 16 3.5e-5 58.1 128
P3000-4 -4.3e+3 1647 6.7e-3 7.0 14 4.8e-5 60.6 125 6.2e-3 7.4 16 4.0e-5 58.6 129
P3000-5 -4.3e+3 1757 6.7e-3 6.9 14 4.4e-5 57.0 117 5.7e-3 7.5 16 3.3e-5 57.2 125
P4000-1 -5.7e+3 3688 6.5e-3 14.3 15 4.3e-5 114.2 124 6.0e-3 15.5 16 3.0e-5 123.6 130
P4000-2 -5.9e+3 3253 6.5e-3 14.4 15 4.9e-5 116.7 126 6.2e-3 15.9 16 4.1e-5 125.2 130
P4000-3 -5.8e+3 3790 6.3e-3 14.2 15 4.8e-5 115.1 126 5.6e-3 15.3 16 3.8e-5 120.1 128
P4000-4 -5.8e+3 3474 6.8e-3 14.3 15 4.6e-5 118.8 128 6.5e-3 15.5 16 4.1e-5 123.8 131
P4000-5 -5.9e+3 3389 6.1e-3 14.3 15 4.4e-5 111.9 120 5.5e-3 15.4 16 3.6e-5 121.1 129

All parameters of RBR-MC were set to the same values as those used in ALAG-RBR-M. A summary of

the computational results is presented in Table 5.2. In the table, “rel-X” denotes the relative error between

the true and the recovered matrices, which is defined as rel-X := ‖X−M‖F

‖M‖F
, and “rel-obj” denotes the relative

error between the objective function value obtained and ‖M‖∗, which is defined as rel-obj :=
| 1
2
Tr(X)−‖M‖∗|

‖M‖∗
.

DSDP is not included in this comparison because it takes too long to solve all problems. To illustrate the

relationship between the computational cost of the RBR methods and the dimension of the matrices, we

plot the average of the CPU time versus the dimension of the SDP matrix (i.e., p+ q) in Figure 5.2 (a) and

the average of the number of cycles versus this dimension in Figure 5.2 (b).

6. Conclusion. In this paper, we present a new first-order algorithmic framework, the row-by-row

(RBR) method, for solving semidefinite programming problems based on replacing the positive semidefinite
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Table 5.2

Computational results for the matrix completion problem

FR=0.2 FR=0.3
ǫ = 10−1 ǫ = 10−4 ǫ = 10−1 ǫ = 10−4

seed rel-X rel-obj CPU cycle rel-X rel-obj CPU cycle rel-X rel-obj CPU cycle rel-X rel-obj CPU cycle
p=q=100; r=10; m=9500; SR=0.95 p=q=100; r=10; m=6333; SR=0.63

68521 1.7e-6 7.7e-3 0.5 8 3.3e-7 2.5e-4 2.8 42 5.1e-5 1.0e-3 0.3 10 4.3e-7 5.0e-5 1.7 51
56479 8.4e-7 3.7e-3 0.5 8 3.0e-7 2.9e-4 2.4 35 5.4e-5 4.9e-4 0.3 10 3.9e-7 5.0e-5 1.4 44
115727 1.3e-6 4.0e-3 0.5 8 3.4e-7 2.4e-4 2.4 37 3.8e-5 7.4e-4 0.3 10 4.5e-7 4.7e-5 1.4 43
27817 1.2e-6 4.6e-3 0.5 8 3.2e-7 2.4e-4 2.8 42 5.3e-5 1.0e-3 0.3 10 4.1e-7 5.4e-5 1.7 53
9601 1.1e-6 4.1e-3 0.6 8 3.1e-7 2.4e-4 2.7 40 3.1e-5 6.2e-4 0.3 10 4.1e-7 5.2e-5 1.6 49

p=q=200; r=10; m=19500; SR=0.49 p=q=200; r=10; m=13000; SR=0.33
68521 7.5e-5 1.1e-4 1.7 9 2.5e-7 6.4e-5 9.6 50 1.0e-3 4.9e-4 1.0 10 3.6e-7 1.9e-5 6.8 73
56479 6.0e-5 1.1e-4 1.8 9 2.3e-7 6.8e-5 8.1 42 1.5e-3 7.7e-4 0.9 10 3.3e-7 2.3e-5 8.1 87
115727 6.8e-5 2.1e-4 1.7 9 2.4e-7 6.8e-5 11.6 59 2.4e-3 6.0e-4 1.0 10 3.4e-7 2.0e-5 7.5 80
27817 5.3e-5 6.5e-4 1.7 9 2.3e-7 8.5e-5 14.0 74 2.5e-4 5.4e-4 0.9 10 3.2e-7 2.3e-5 7.8 84
9601 6.3e-5 3.3e-4 1.7 9 2.3e-7 8.0e-5 12.1 64 6.6e-4 5.0e-4 1.0 10 3.3e-7 2.1e-5 7.6 81

p=q=300; r=10; m=29500; SR=0.33 p=q=300; r=10; m=19666; SR=0.22
68521 1.0e-4 2.1e-4 3.3 9 2.0e-7 4.0e-5 21.7 59 1.0e-3 4.9e-4 2.0 11 3.0e-7 1.4e-5 17.7 96
56479 1.0e-4 2.8e-4 3.3 9 2.0e-7 3.8e-5 20.8 56 3.3e-4 4.3e-4 2.3 12 3.1e-7 1.3e-5 17.2 93
115727 9.4e-5 1.4e-4 3.3 9 2.0e-7 4.2e-5 24.7 67 1.2e-2 7.5e-4 2.4 13 3.2e-7 1.3e-5 15.5 83
27817 9.7e-5 7.1e-4 3.3 9 2.0e-7 3.7e-5 10.4 28 3.8e-3 5.0e-4 2.1 11 2.9e-7 1.3e-5 18.0 96
9601 1.0e-4 2.3e-3 3.3 9 1.9e-7 3.5e-5 9.5 26 1.8e-3 4.7e-4 2.2 12 2.9e-7 1.3e-5 17.2 93

p=q=400; r=10; m=39500; SR=0.25 p=q=400; r=10; m=26333; SR=0.16
68521 1.0e-4 1.2e-3 5.6 9 1.8e-7 2.6e-5 28.3 43 9.8e-3 6.2e-4 4.8 15 5.4e-6 9.2e-6 29.3 92
56479 9.9e-5 2.1e-4 5.8 9 1.8e-7 3.2e-5 48.1 71 3.0e-3 5.5e-4 4.5 14 2.7e-7 1.0e-5 31.8 101
115727 9.9e-5 1.0e-3 5.6 9 1.8e-7 2.7e-5 31.6 50 2.0e-3 5.0e-4 4.5 14 2.7e-7 1.0e-5 32.3 101
27817 2.2e-4 4.1e-4 5.8 9 1.8e-7 3.0e-5 37.9 57 8.3e-3 6.5e-4 4.5 14 2.8e-7 9.7e-6 32.6 100
9601 1.0e-4 1.3e-3 5.8 9 1.8e-7 2.5e-5 26.7 40 8.0e-3 5.5e-4 4.9 15 2.8e-7 9.6e-6 31.3 98

p=q=500; r=10; m=49500; SR=0.20 p=q=500; r=10; m=33000; SR=0.13
68521 2.4e-4 8.6e-4 9.1 9 1.7e-7 2.1e-5 56.0 56 5.3e-3 6.1e-4 8.2 16 2.6e-7 7.6e-6 54.4 107
56479 1.1e-4 8.5e-4 8.9 9 1.6e-7 2.3e-5 53.7 53 5.4e-3 5.9e-4 8.0 16 2.6e-7 7.2e-6 54.4 109
115727 1.1e-4 9.4e-4 9.4 9 1.6e-7 2.3e-5 49.8 48 8.2e-3 5.8e-4 8.1 16 2.6e-7 7.5e-6 54.4 108
27817 3.3e-4 1.5e-3 9.1 9 1.6e-7 2.1e-5 53.6 53 9.2e-3 6.7e-4 8.2 16 2.6e-7 7.6e-6 53.6 104
9601 1.1e-4 1.5e-3 9.9 9 1.6e-7 2.4e-5 54.9 53 2.1e-3 4.2e-4 8.0 16 2.5e-7 7.6e-6 57.3 111

constraint X � 0 by requiring nonnegativity of the Schur complement of any (n− 1)-dimensional principal

submatrix of X, which is temporally fixed. By doing this, the positive semidefinite constraint is reduced to a

simple second-order cone constraint. The pure RBR method is extremely effective in solving an SDP whose

only constraints are that the diagonal elements of X are constant, since only a single matrix-vector product

is involved at each inner step. To handle more general linear constraints in an SDP, we apply the pure RBR

method to a sequence of unconstrained problems by using an augmented Lagrangian approach. Our method

is especially suitable for solving the maxcut SDP relaxation and nuclear norm matrix completion problems

since closed-form solutions for the RBR subproblems are available.

We intend to report in a follow-up paper on the extension of our RBR method to general conic pro-

grams that involve nonegativity and second-order cone constraints in addition to linear equality and positive

semidefinite constraints.
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