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Abstract

This paper considers a special class of convex programming (CP) problems whose feasible
regions consist of a simple compact convex set intersected with an affine manifold. We present
first-order methods for this class of problems based on an inexact version of the classical aug-
mented Lagrangian (AL) approach, where the subproblems are approximately solved by means of
Nesterov’s optimal method. We then establish a bound on the total number of Nesterov’s optimal
iterations, i.e., the inner iterations, performed throughout the entire inexact AL method to obtain
a near primal-dual optimal solution. We also present variants with better iteration-complexity
bounds than the original inexact AL method, which consist of applying the original approach
directly to a perturbed problem obtained by adding a strongly convex component to the objective
function of the CP problem.

Keywords: penalty, first-order, augmented Lagrangian method, convex programming, Lagrange
multiplier

1 Introduction
The basic problem of interest in this paper is the convex programming (CP) problem
f* = inf{f(w) : A() = 0, 3 € X}, M)

where f : X — R is a convex function with Lipschitz continuous gradient, X C R" is a sufficiently
simple compact convex set and A : R — R™ is an affine function.

For the case where the feasible region consists only of the set X, or equivalently A = 0, Nesterov
([12, 14]) developed a method which finds a point x € X such that f(z) — f* < € in at most
O(e~1/2) iterations. Moreover, each iteration of his method requires one gradient evaluation of f
and computation of two projections onto X. It is shown that his method achieves, uniformly in
the dimension, the lower bound on the number of iterations for minimizing convex functions with
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Lipschitz continuous gradient over a closed convex set. When A is not identically 0, Nesterov’s
optimal method can still be applied directly to problem (1) but this approach would require the
computation of projections onto the feasible region X N {z : A(xz) = 0}, which for most practical
problems is as expensive as solving the original problem itself. An alternative approach for solving (1)
when A is not identically 0 is to use first-order methods whose iterations require only computation
of projections onto the simple set X.

Following this line of investigation, we studied in [9] two first-order methods for solving (1)
based on two well-known penalization approaches, namely: the quadratic and the exact penalization
approaches. Iteration-complexity bounds for these methods are then derived to obtain two types of
near optimal solutions of (1), namely: near primal and near primal-dual optimal solutions. Variants
with possibly better iteration-complexity bounds than the aforementioned methods are also discussed.
In this paper, we still consider another first-order approach for solving (1) based on the classical
augmented Lagrangian approach, where the subproblems are approximately solved by means of
Nesterov’s optimal method. As a by-product, alternative first-order methods for solving (1) involving
only computation of projections onto the simple set X are obtained.

The augmented Lagrangian method, initially proposed by Hestenes [6] and Powell [16] in 1969, is
currently regarded as an effective optimization method for solving large-scale nonlinear programming
problems (see textbooks or monographs: [1], [2], [5], [15], [17]). More recently, it has been used by
the convex programming (CP) community to develop specialized first-order methods for solving
large-scale semidefinite programming problems (see, for example, Burer and Monteiro [3, 4], Jarre
and Rendl [8], Zhao et al. [18]), due to its lower iteration-cost compared to that of Newton-based
interior-point methods. The augmented Lagrangian method applied to problem (1) consists of solving
a sequence of subproblems of the form

dp(n) = min { £,(, M) i= f(0) + (s Ala)) + S IA@)I1 @

where p > 0 is a given penalty parameter and || - || is the norm associated with a given inner product
(+,+) in ™. The multiplier sequence {\;} is generated according to the iterations

Ait1 = A + pA(zy), (3)

where z7 is a solution of problem (2). Since in most cases (2) can only be solved approximately, =} in
(3) is replaced by an 7,-approximate solution of (2), i.e., a point x;, € X such that £,(z, A\p)—d,(Ax) <
nk. The inexact augmented Lagrangian method obtained in this manner, where the subproblems
(2) are solved by Nesterov’s method, is the main focus of our investigation in this paper. More
specifically, we are interested in establishing a bound on the total number of Nesterov’s optimal
iterations, i.e., the inner iterations, performed throughout the entire inexact AL method.

Several technical issues are addressed in the aforementioned iteration-complexity analysis of the
inexact AL method. First, the notion of a near primal-dual optimal solution is introduced and used
as a termination criterion by the methods proposed in this paper. Second, it is well-known that A(x})
is exactly the gradient of the function d, defined in (2) at Ay, and hence that (3) can be viewed as a
steepest ascent iteration with stepsize p applied to the function d,. Since, in the inexact AL method,
we approximate d,(\;) = A(z}) by A(xy), where z, is an approximate solution of (2), we bound
the error of the gradient approximation A(xy), namely || A(xy) — A(x})||, in terms of the accuracy
1 of the approximate solution x, and use this result to derive sufficient conditions on the sequence
{nr} which guarantee that the corresponding inexact steepest ascent method A11 = A\p + pA(xg)



has the same rate of convergence as the exact one. Third, as p increases, it is well-known that the
iteration-complexity of approximately solving each subproblem (2) increases, while the number of
dual iterations (3), i.e., the outer iterations, decreases. Ways of choosing the parameter p so as
to balance these two opposing criterions are then proposed. More specifically, p is chosen so as to
minimize the overall number of inner iterations performed by the inexact AL method.

It turns out that proper selection of the tolerances 1, and the optimal penalty parameter p
requires knowledge of an upper bound ¢ on Dy := infycp+ ||Ag — A*||, where A* is the set of Lagrange
multipliers associated with the constraint A(z) = 0. Theoretically, choosing the upper bound ¢ so
that ¢t = O(Dp) yields the lowest provably iteration-complexity bounds obtained by our analysis.
However, since Dj is not known a priori, we present a “guess-and-check” procedure which consists
of guessing a sequence of estimates for Dy and applying the corresponding sequence of inexact AL
methods (with pre-specified number of outer-iterations) to (1) until a near primal-dual solution is
eventually obtained. It is shown that the above guess-and-check procedure has the same iteration-
complexity as the (ideal) inexact AL method for which the exact value of Dy is known in advance.
Finally, we present variants with better iteration-complexity bounds than the original inexact AL
method and guess-and-check procedure, which consist of directly applying the original approaches
to a perturbed problem obtained by adding a strongly convex component to the objective function
of (1).

Our paper is organized as follows. In Section 2, we review Nesterov’s smooth first-order method
for solving a certain class of smooth CP problems. In Section 3, we describe two inexact AL meth-
ods and corresponding guess-and-check procedures for solving (1) and state without proof their
iteration-complexity results. More specifically, we discuss the primal-dual termination criterion used
in the complexity analysis of the aforementioned methods in Subsection 3.1. Results about the aug-
mented dual function, including a key result about how to approximate its gradient, are discussed
in Subsection 3.2. In Subsection 3.3, we describe the first inexact AL method and its corresponding
guess-and-check procedure, and present their iteration-complexity results. The second inexact AL
method and its corresponding guess-and-check procedure based on applying the above methods to
a perturbed problem, obtained by adding a strongly convex component to the objective function
of the CP problem (1), are discussed in Subsection 3.4. All technical results of this paper, which
can be skipped by readers interested in the main results only, are presented in Sections 4 and 5.
More specifically, we present some technical results about the projected gradient in Subsection 4.1
and about the convergence behavior of the sequence {\;} in Subsection 4.2. Subsections 5.1 and
5.2 give the proofs of the main results in Subsection 3.3 and 3.4, respectively. Finally, we give some
concluding remarks in Section 6.

1.1 Notation and terminology

We denote the set of real numbers by R. Also, Ry and Ri; denote the set of nonnegative and
positive real numbers, respectively. In this paper, we use the notation ? to denote a p-dimensional
vector space inherited with a inner product space (-,-) and use || - || to denote the inner product
norm in R?, ie., || || = (-,- y1/2. Moreover, we define the projection map onto a given closed convex
set C € RP by

I (u) := argmin{||u — ¢|| : c € C}, Vu € RP.

A function f:C C RP — R is said to have L-Lipschitz-continuous gradient with respect to || - ||



if it is differentiable and
IVf(@) - Vi) < Lla—ul, Vuiec. (4)

It is well-known (see Theorem 2.1.5 of [13]) that, for every u, @ € C, we have:
V) - VAW < FE) - f) — (VF), - ) < 2 ul? )
%va(ﬂ) = Vi@ < (Vf(@) - Vf(u),a—u) < Llla—ul” (6)

2 Nesterov’s Optimal Method

In this section, we review Nesterov’s smooth first-order method for solving a certain class of smooth
CP problems. Since the variant of the AL method we consider in this paper uses Nesterov’s method
to solve the augmented Lagrangian subproblems (2), the results of this section will play an important
role in the derivation of iteration-complexity bounds for the above AL variant.

The problem of interest in this section is

¢" = min ¢(), (7)
zeX
where X C R" is a closed convex set and ¢ : X — R is a convex function that has Lg-Lipschitz-
continuous gradient over X with respect to a given arbitrary norm || - || in R™. Moreover, we assume
that the optimal value ¢* of problem (7) is finite and that its set of optimal solutions is nonempty.
Let h: X — R be a differentiable strongly convex function with modulus ¢ > 0 with respect to
” ’ H? Le.,

%Hx —#|%, Va,i€ X, (8)

The Bregman distance dj, : X x X — R associated with A is defined as

h(z) > h(Z) + (Vh(Z),z — T) +

where I, : " x X — R is the “linear approximation” of h defined as
In(z;%) = h(z) + (VR(Z),z — Z), Y(z,Z) e R" x X.

We are now ready to state Nesterov’s smooth first-order method for solving (7). We use the
superscript ‘sd’ in the sequence obtained by taking a steepest descent step and the superscript ‘ag’



(which stands for ‘aggregated gradient’) in the sequence obtained by using all past gradients.
Nesterov’s Algorithm:

0) Let 3¢ = 257 € X be given and set k =0

1) Set zp = %szg + k—%mzd and compute ¢(zy) and ¢'(zg).

2) Compute (aci‘il,w%il) € X x X as
zid, € Argmin < ly(x; Lo e —apl? e e x 10
M€ Avgmin{ly(man) + oL e - ol e e X} (10)
L Lt
i, = argmin{jdﬂx;x@%—% 5 [l¢(:n;:):z-)]:x6X}. (11)

3) Set k< k+ 1 and go to step 1.

end
The main convergence result established by Nesterov [14] regarding the above algorithm is sum-

marized in the following theorem.

Theorem 1 The sequence {xzd} generated by Nesterov’s optimal method satisfies

4L¢ dp, ((E; :L’Sd)

sd *
p(xp") — " < ki) VEk > 1,

where T is an optimal solution of (7). As a consequence, given any € > 0, an iterate wzd e X
satisfying (;S(:L“zd) — ¢* < € can be found in no more than

dp(Z; 25%) Ly

2 12
— (12)
iterations.
The following result is as an immediate special case of Theorem 1.
Corollary 2 Suppose that || - || is a inner product norm and h : X — R is chosen as h(:) = || - ||?/2

in Nesterov’s optimal method. Then, for any ¢ > 0, an iterate xzd € X satisfying qﬁ(:czd) —¢* <e

can be found in no more than
2L
{ g — 2 E‘ﬂ (13)

iterations, where T is an optimal solution of (7).

Proof. 1f h(z) = ||z||?/2, then (9) implies that dj(7;25?) = ||x§¢ — #||?/2. The corollary clearly
follows from this fact and Theorem 1. [

Now assume that the objective function ¢ is strongly convex over X, i.e., for some p > 0,

(Vé(z) — V(@) 5 — 7) > pllw — 7l]%, Vo, € X. (14)



Nesterov shows in Theorem 2.2.2 of [13] that, under the assumptions of Corollary 2, a variant of his
optimal method finds a solution zj € X satisfying ¢(zx) — ¢* < € in no more than

L L sd _ =12
\/ I €

iterations. The following result gives a slightly sharper iteration-complexity bound for Nesterov’s
optimal method that replaces the term log(Ly||zi¢ — ||?/€) in (15) with log(ullz§? — Z||?/€). The
proof of this result is given in Theorem 8 of [9].

Theorem 3 Let € > 0 be given and suppose that the assumptions of Corollary 2 hold and that the
function ¢ is strongly convex with modulus . Then, the variant where we restart Nesterov’s optimal
method, with prozimal function h(-) = || - ||*/2, every

|, [
K._{ A (16)

iterations finds a solution T € X satisfying ¢(Z) — ¢* < € in no more than K max{l, [logQ]}
iterations, where
et — @

Q= (1)

and Z := argmin, . x¢(x).

3 The algorithms and main results

In this section, we present the augmented Lagrangian method applied to (1) and discuss its compu-
tational complexity. Specifically, we discuss the termination criterion for this method in Subsection
3.1. We review the augmented dual function and discuss some of its properties in Subsection 3.2.
In Subsection 3.3, we describe a version of the augmented Lagrangian method and discuss its com-
putational complexity. A variant of this method, for which a perturbation term is added into the
objective function of (1), is discussed and analyzed in Subsection 3.4.

3.1 Termination criterion

The problem of interest in this paper is the CP problem (1) where f : X — R is a convex function
with L ¢-Lipschitz-continuous gradient. The Lagrangian dual function and value function associated
with (1) are defined as

d(A) = inf{f(z)+ N\ Ax)) :x € X}, VAeR™, (18)
v(u) = inf{f(z): A(z) =u, x € X}, Yuec R™. (19)

It is well-known that d is always a concave function. Moreover, the assumption we made earlier that
f is convex, A is affine, and X is convex, implies that the function v is convex.
The Lagrangian dual of (1) is the problem

d* :=supd(A). (20)
A

6



In addition to the convexity assumptions we made about the data of (1), we also assume the
following conditions throughout the paper:

A.1 The function v(+) is closed and f* = v(0) is finite.
A.2 The set A* of optimal solutions of the dual problem (20) is nonempty.

It is well-known that d* = ¢6v(0), where ¢ov is the closed convex hull of v. Hence, Assumption
A.1 implies that f* = v(0) =cov(0) = d*, i.e., there is no duality gap for the pair of dual problems
(1) and (20). Clearly, this implies that A* := {\* : d(A\*) = f*}, i.e., A" is the set of Lagrange
multipliers. Moreover, it is well-known that latter set is also equal to —dv(0). It then follows from
Assumption A.2 that v is subdifferentiable at 0 and hence that v is proper.

The following result gives a sufficient condition for Assumption A.1 and its proof can be found
in the Appendix.

Proposition 4 If the set of optimal solutions for problem (1) is nonempty and bounded then As-
sumption A.1 holds.

As a consequence of Proposition 4, if X is nonempty and compact, then Assumption A.1 holds.

In this paper, we are interested in obtaining the near-optimal solutions of (1) defined as follows.
Note that 2* € X is an optimal solution of (1) and A* € R™ is a Lagrange multiplier for (1) if, and
only if, (#,\) = (z*, \*) satisfies

A(@) =0,
V(@) + (Ao)* X € —Nx (%),

where Nx(z) :== {s € " : (s,x — &) < 0, Vz € X} denotes the normal cone of X at Z, and Ay
denotes the linear part of A defined by Ay := A — A(0). Based on this observation, we introduce
the following notion.

(21)

Definition 1 For a given pair (ep, eq) € Ryy xRy t, (#,)) € X xR™ is called an (e, €4)-primal-dual
solution of (1) if

@)l < e, (22)
V(&) + (Ao)* A € =Nx () + B(ea), (23)

where B(n) = {x € R" : ||z|| < n} for everyn > 0.

The main goal of this paper is to study the iteration-complexity of the augmented Lagrangian
method for computing an (e, €4)-primal-dual solution of (1) defined above.

3.2 The augmented dual function

In this subsection, we review the definition of the augmented dual function associated with (1) and
discuss some of its properties.

Given a penalty parameter p > 0, the augmented dual function d, : 8™ — R associated with (1)
is given by

ay(N) = inf {£,(2.3) = f(2) + (0 A@) + £ |A@IP (24)

zeX

7



and the augmented dual with parameter p is defined as

sup dpy(N). (25)
AeRm

An alternative characterization for the augmented dual function is given by
dp(N) = inf {vp(u, A) = v(u) + (A u) + & [lul? (26)
where v(-) is the value function given by (19).
Lemma 5 The following statements hold:
a) problem (26) has an unique optimal solution uy;
b) the (possibly empty) set of optimal solutions of (24) X is given by
X5 = {o € X : A(w) = u} and f(z) = o(u})}; (27)
c) for any X € R™ and p > 0, we have

vo(u, ) — dy(A) > gﬂu — w2, YueRm, (28)

d) problem (25) has the same optimal value and set of optimal solutions as those of (20).

Proof. We first show a). Observe that convexity of v and Assumption A.l imply that the
function wv,(-,A) in (26) is a proper lower-semicontinuous convex function for every A € R™ and
p > 0. Moreover, v,(+, A) is strongly convex with modulus p, that is,

vp(aur + (1 — a)ug, A) < avy(ur, A) + (1 — a)vy(uz, A) — ga(l — a)|jug — us?, (29)

for all (u1,ug) € R™ x ™ and « € (0,1). The above two observations clearly imply a). Statement
b) follows directly from a), definition (19), and the equivalence of problems (24) and (26). To show
c), we let u; = w and ug = u} in (29) to obtain

0p(1 A) = v+ (1= a)u, ) | w3 A) = vplau + (1 = a)u,

1Y * 12
Bl — <
e Tt -
< vp(u, N) — fup(fzu + (1 — a)uj, A)’ Ya e (0.1)
— o

where the last inequality follows from the fact that w3 is the optimal solution for problem (26).
Letting o go to zero in the above inequality, and using the lower-semicontinuity of v, and the fact
that d,(\) = v,(u3, ), we obtain (28). Statement d) is a well-known. ]

The following proposition summarizes some important properties of d,,.
Proposition 6 For any p > 0, the function d, is concave, differentiable, and
Vd,(\) =u), VAeR™, (30)

where u} is the unique optimal solution of problem (26). Moreover, d, has 1/p-Lipschitz-continuous
gradient with respect to the inner product norm on R™.



Proof. Under Assumption A.1, the claim follows immediately from Theorem 1 of [14] applied to
the maximization version of (26), i.e., the problem max{—wv,(u, \)}. ]
u

In view of Proposition 6 and Lemma 5(b), the exact version of the augmented Lagrangian method
stated in Section 1 can be viewed as a version of the steepest ascent method applied to (25). Note
that one possible drawback of the exact augmented Lagrangian method is that each iteration of
this method requires the solution of problem (2) for computing the gradient Vd,(\;). Since in
most applications, problem (2) can only be solved approximately, in this paper we are interested in
analyzing the inexact version of the augmented Lagrangian method where the gradient Vd,(\x) is
approximated by A(zy), where zj an approximate solution of problem (2).

The following simple but crucial result gives a bound on the error between Vd,(\;) and its
aforementioned approximation.

Proposition 7 Assume that (x,\) € X x R™ is such that L,(x,\) — d,(\) < n. Then, we have

[A(z) = Vd,(M|| = [ A(Z) — u;] < 2;7, (31)

where v} is the unique optimal solution of (26).

Proof. Letting u := A(x) and observing that f(z) > v(u) due to definition (19), we conclude
that

p p
Lo, A) = @)+ Nu) + Sllull* = vlu) + A w) + S llull® = vp(u, A). (32)
This inequality, relation (28), and the assumption that £,(x,A) — d,(\) < n then imply that
p ;
Lo(@,A) = dp(N) Z vp(u, A) = dp(N) = Sllu = 3], (33)
and hence that (31) holds. ]

3.3 The augmented Lagrangian method

In this subsection, we present the augmented Lagrangian method applied to problem (1) and discuss
its convergence behavior.



We start by stating the first inexact AL method that will be studied in this paper.
The I-AL method:

Input: Initial points Ay € R™ and x_; € X, penalty parameter p €
R4, outer tolerances (ep,€q) € Riq x Ry, iteration limit N € NU

{400}, and inner tolerances ny,...,ny satisfying
pe% _
0) Set k = 0;

1) Using zx_1 as starting point, apply Nesterov’s optimal method to find
an ng-approximate solution of problem (2), i.e., a point z € X such
that

Lo(@p, Ak) = dp(Ak) < 1i; (35)

2) If || A(xk)|| < 3ep/4, then call subroutine Postprocessing with input
(x,\) = (zk, A\i), report success, and terminate the algorithm;

3) Otherwise, if || A(zk)| > 3€p/4, set Agr1 = A\, + pA(xy) and increment
k by 1;

4) If k = N, report failure, and terminate the algorithm; otherwise, go
to step 1.

end
We now describe subroutine Postprocessing.
Postprocessing(z, \):

Set
pey €

2
¢=((p) = min{m, 8MP}. (36)

P.1) Using x € X as starting point, apply Nesterov’s optimal method to
find a (-approximate solution Z of problem (2);

P.2) Output a pair (Z+, AT) given by
it = (& — VL(E,\)/M,) (37)
AT o= X pA@ET). (38)
end

We will say that an outer iteration of the I-AL method occurs whenever k is incremented by 1
in Step 3. We will refer to an iteration of Nesterov’s optimal method to compute zj in step 1 or &

10



inside subroutine Postprocessing as an inner iteration of the I-AL method.

We now make a few comments about the I-AL method. First, note that the I-AL method is a
generic algorithm in the sense that the parameters p and {n;} have not been specified. Concrete
choices of these parameters will be discussed within the context of the convergence results which
will be presented in the remaining part of this subsection. Second, in view of Proposition 7, an
outer iteration of the I-AL method can be viewed as an iteration of a version of the steepest ascent
method with inexact gradient with respect to problem (25). Third, Step 4 ensures that the method
terminates in at most N outer iterations possibly reporting failure. Fourth, at the beginning of
Step 2, the pair (xy, \x) satisfies the primal termination condition (22), but not necessarily the dual
termination criterion (23). By calling subroutine Postprocessing, the next result, whose proof will
be given in Section 5.1, guarantees that the output pair (1, 5\+) of this subroutine satisfies both
(22) and (23).

Proposition 8 Let p > 0, (ep,€q) € R4+ x R, and A e R™ be given and assume that there exists
an x € X satisfying

3e ~ - pe2
<=2 — < F

If £ € X is a point satisfying L,(Z, A) — dp(S\) < ¢, where C is given by (36), then the pair (it, A1)
defined by (37) and (38) is an (ep, €q)-primal-dual solution of (1).

The following result follows as an immediate consequence of Proposition 8.

Corollary 9 If the I-AL method successfully terminates (i.e., at Step 2), then the output pair of
subroutine Postprocessing is an (ep, €q)-primal-dual solution of (1).

Proof. The result follows from Proposition 8, (34), and the fact that at Step 4, conditions (35)
and || A(zg)|| < 3€p/4 hold. ]

Our next result below describes conditions on the parameters p and {n;} which guarantee the
successful termination of the I-AL method.

Theorem 10 Let p € Ryt and (ep,€q) € Ryt X Ryy be given. Assume that the iteration limit N
of the I-AL method satisfies

(39)

2
NN Pwﬂ |

2.2
re;

where Dp = infy«cp= ||Ag — A*||, and the sequence {nk};j:_ol C Ry satisfies

2,

€
12

=)
=N
—
iy
()
~—

M <
0

B
I
0]

Then, the I-AL method successfully terminates in at most N outer iterations.

We now make a few observations about Theorem 10. First, we observe that Theorem 10 holds
regardless of the method used to find the approximate solution zj in step 1 or Z in subroutine

11



Postprocessing. Second, although the number of outer iterations of the I-AL method does not
depend on ¢4, the number of inner iterations will depend on it, since the number of inner iteration
inside subroutine Postprocessing clearly depends on €4 in view of (36). Third, observe that equation
(39) implies that the larger p is, the smaller the bound N on the number of outer iterations will be.
On the other hand, since the Lipschitz constant of the objective function of subproblem (2) is given
by

M, = Ly + ol A, (41)

increasing p will increase M, and as a consequence, will increase the iteration-complexity bound of
Nesterov’s optimal method for finding an approximate solution of (2).

The following result provides a bound on the total number of inner iterations, i.e., the iterations
performed by Nesterov’s optimal method, in the I-AL algorithm.

Proposition 11 Let (ep,eq) € Ry x Ry4, p > 0, N € NU {+o00} and {nk}fgv:})l C Ry be given
such that conditions (39) and (40) are satisfied. Then, the I-AL method applied to (1) successfully
terminates in N outer iterations, and computes an (€p, €q)-primal-dual solution of (1) in at most
T, + 1, inner iterations, where N is defined in Theorem 10,

1
i 1y )

1
T, = {\/ipo; > +NJ , Ty := |4Dx max
k=0

and
Dx := max_||z1 — x2|. (43)
x1,r2€

Proof. Clearly, in view of Corollary 2 and Theorem 10, the number of inner iterations performed
at step 1 of the I-AL method is bounded by

N-1 oM 1N—l 1
Dy | =L | <V2DxM; L2+ N,
> | b2 | < et} 3

k=0 k=0

and hence by Z,. Moreover, by Corollary 2, the number of inner iterations performed at step 2
(inside subroutine PostProcessing) is bounded by [Dx+/2M,/¢|. Using the definition of ¢ in (36),
it follows that the number of inner iterations performed at step 3 is bounded by Z;. The claim then
easily follows by combining the previous two observations. [

We now present a few consequences of the results obtained in Proposition 11. The first one stated
below bounds the total number of inner iterations of the I-AL method when a summable sequence
{ni} satisfying condition (40) is chosen.

Theorem 12 Let p > 0 be an arbitrary penalty parameter and (ep,€q) € Ry X Ry4 be given. If,

for some & > 0, the I-AL method is applied to problem (1) with input N = +oc0 and

_ $pcy
T 1281+ &) (k + 1)IFE

Yk >0, (44)

12



then the I-AL method successfully terminates in N outer iterations and computes an (ep, €q)-primal-
dual solution of (1) in at most

1

Dy M2 | /Dy\>T¢ DxM, D2

o2 [(Z2) w1+ 22+ 24 (45)
p2ep Pép €d :022

inner iterations, where N is given by (39). In particular, if

1
4 (DA)3+€ed>4+s Ly
_ + 46
¢ < 1A A (46)

then the I-AL method successfully terminates in

= 4
min <DA"A’> e ’ 16D2”"4” (47)
€4 Lf 12)

outer iterations and computes an (e, €4)-primal-dual solution of (1) in at most

7426 34¢ 2
Al e Dy Al L AlDy )\ 7€
o ( Dy [JALZDE AL, Ly +<|| [ A> us)
ate €p €d €d

Epﬁd

inner iterations.

We now make a few observations about Theorem 12. First, in contrast to the quadratic penalty
method where the penalty parameter should be chosen larger than a certain threshold value in order
to derive provable iteration-complexity results (see Lan and Monteiro [9]), the I-AL method has an
iteration-complexity bound, namely (45), which holds regardless of the value of the penalty parameter
p. Second, it is not difficult to see that the choice of p in (46) gives the best iteration-complexity
bound based on (45) up to a constant factor. Third, a drawback of the above result is that the
formula for p in (46) depends on the unknown value Dj. This drawback will be remedied by the
next two results of this subsection.

Instead of choosing a summable sequence {n;}, the next result assumes N is finite and chooses
Mo, - - ., Ny_puniformly, and instead of assuming the exact knowledge of D, it assumes that an upper
bound ¢ > Dy is given. The motivation for choosing 7o, ...,ny_; uniformly is that the minimum
of the summation term in the definition of Z, in (42) subject to a condition like (40) occurs exactly
when 19, ...,nny_1 is uniformly chosen.

Theorem 13 Let (e, €q) € Ryt X Ry be given. If, for somet > Dy, the I-AL is applied to problem
(1) with input

T N 16¢2
=p(t) = —4 4 f,N:Nt::[w 49
== T AR 0= e (49)
o UE%

13



then the method successfully terminates in

1 L 1
DRIAIE 16034t || _ | [ DRIAIE 16D3)4)"

min
3 1 2 9 = 1 ) 2 2
t2e] Lfep €] LfEP

(51)

outer iterations and computes an (ep, €4)-primal-dual solution in at most O(Z,q(t)) inner iterations,

where
7 3 1
All4ta A L tl| Al 2
it = | px (AR AL L) (A1) 52)
1 €p €d €d
€p€q

and Dx and Dy are defined in Theorem 10 and Proposition 11, respectively.

Observe that the choice of p, N, and {n;} given by (49) and (50) requires t > Dy so as to
guarantee conditions (39) and (40), and hence that the conclusions of Theorem (10) hold. We now
develop a guess-and-check procedure that attempts to find such a constant ¢ while at the same time
checks for potentially early termination of the procedure.

I-AL guess-and-check procedure:

Input: Initial points \g € R and z_; € X, and tolerances (ep, €4) € R4 x Ry4.

0) Set to = min{(fo/S1)

4
3

,(Bo/B2)?} and j = 0, where

7
32Dx||.A 32Dx||All4
xlAl g 32DxAR

9

1
_ 1Al
T 1

Bo:=1+ ; (53)

€ 3 1
D 1 2
€p€y €

1) Run the I-AL method with the above input and with p = p(t;), N = N(¢t;) and

2) If the I-AL method successfully terminates, stop; Otherwise, if the I-AL method reports failure,
set tj41 = 2t;, j = j + 1, and go to step 1.

end

The following result gives the iteration-complexity of the above procedure for obtaining an (e, €q)-
primal-dual solution of (1).

Theorem 14 Let (€,,¢4) € Ryt X Ryy be given. The I-AL guess-and-check procedure finds an
(€ps €q)-primal-dual solution of (1) in at most O(Z,q(Dyp)) inner iterations, where Lyq(t) is defined

by (52).

It is interesting to compare the iteration-complexity bound obtained in Theorem 14 with the
corresponding one obtained for the quadratic penalty method in [9] to compute an (e, €4)-primal-

dual solution of (1), namely,
A|I’D Al L
O(DX<H "D | ”+f>+1>.
€p€d €p €d

14



Clearly, the latter one is worse than O(Z,4(Dx)) by a factor of (’)((||A||DA/ed)i).

Finally, we make some observations about the possibility of exploiting the warm-start strategy
for solving the augmented Lagrangian subproblems (2). Even though we already stated the I-AL
method with the warm-start strategy included, i.e., the one in which the approximate solution of
the previous subproblem is used as a starting point for the solution of next subproblem, the proofs
of the results stated in this subsection make no use of this feature. The difficulty in exploiting this
feature here is due to the fact that the objective functions of the augmented Lagrangian subproblems
are convex, but not necessarily strongly convex. But in next subsection, by adding a small strongly
convex perturbation to the objective function of problem (1), we will be able to guarantee that the
objective functions of the corresponding augmented Lagrangian subproblems will be strongly convex,
and thereby exploit the warm start strategy for solving the augmented Lagrangian subproblems, and
consequently, the original problem (1).

3.4 The I-AL method applied to a perturbation problem

In this subsection, we will exploit the possibility of solving problem (1) by applying a slightly modified
version of the I-AL algorithm to a perturbed problem obtained by adding a small strongly convex
perturbation to the objective function of (1).

We start by introducing the perturbed problem, namely:

f; = min{f,(2) == f(2) + S|l — w0 : A() = 0,2 € X}, (54)

where xg is a fixed point in X and v > 0 is a prespecified perturbation parameter. It is well-known
that if v is sufficiently small, then an approximate solution of (54) will also be an approximate
solution of (1).

The following simple lemma relates the optimal values of the perturbation problem (54) and the
original problem (1).

Lemma 15 Let f* and f3 be the optimal values defined in (1) and (54), respectively. Then,
0< fr— f*<+D%/2, (55)
where Dx is defined in Proposition 11.

Proof. The first inequality in (55) follows immediately from the fact that f, > f. Now, let z*
and 27 be optimal solutions of (1) and (54), respectively. Then,

. v v D3
£y = @)+ 5llas — zol* < f(2*) + Sllz* - zol® < 4 7)(

from which the second inequality in (55) follows. L]

In this section, we will derive an iteration-complexity bound for obtaining an (e, €4)-primal-dual
solution of (1) by applying the I-AL method directly to the perturbed problem (54) for a conveniently
chosen perturbation parameter v > 0.

The augmented dual function associated with (54) is given by

Qe (V) 1= min { £, (2, 3) 1= £, (@) + AT AG) + £ | A@) 12} (56)
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or alternatively, by

Aoy (N) = inf {050, 3) = 0y () + ) + 2 Jul} (57)

where v,(-) is the value function associated with the perturbed problem (54) (see definition (19)).
We denote the optimal solution of (57) by uj ..
It can be easily seen that the function £, (-, ) has M, ,-Lipschitz continuous gradient where

Mp,'y = Lf+pHAH2+77 <58)
and that it is strongly convex with modulus v with respect to || - ||.

We now describe a modification of the I-AL method.

The Modified I-AL method: This method is the same as I-AL method applied to the per-
turbed problem (54) (and hence with M,, £,, and d, replaced by M, ., £, ~, and d, ., ) except that
instead of Nesterov’s method, its variant described in Theorem 3 is used to compute the approximate
solutions xy, in step 1 and Z in subroutine Postprocessing, and the tolerance ¢ in (36) is replaced by

2

F_ 7 R 59
¢ =((p,7) == min 198’ 32M,., [ (59)

The next results is a corresponding version of Proposition 8, which guarantees that the output
pair (Z7,A\T) of subroutine Postprocessing is an (e, €4)-primal-dual solution of (1).

Proposition 16 Let p > 0, (ep,€4) € Ry x Ry, and X € R™ be given, and define

_ €
2Dy’

v (60)

Assume that there exists an © € X satisfying

2
36 and Ly (2, \) — dp\(N) < P

[A(z)|| < = 198"

If 2 € X is a point satisfying L, (Z, A) —dp,y(j\) < C, where C is given by (59), then the pair (T, \T)
defined by (37) and (38) with L, replaced by L, is an (e, €q)-primal-dual solution of (1).

The following result follows as an immediate consequence Proposition 8.

Corollary 17 If the modified I-AL method successfully terminates (i.e., at Step 2), then the output
pair of subroutine Postprocessing is an (ep, €q)-primal-dual solution of (1).

Proof. The result follows from Proposition 16, (34), and the fact that at Step 4, conditions (35)
and || A(zy)|| < 3€,/4 hold. =

We now state the corresponding versions of Theorems 13 and 14 with respect to the modified
I-AL method.
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Theorem 18 Let (€,,¢4) € Ry x Ry be given, and let v be given by (60). For some t > 0,
consider the modified I-AL method applied to the perturbed problem (54) with input

4t Ly+~

p=py(t) = + , 61
)= e @) M (61)

o 16t2 pry (€2
N=N,() := =n(t)=—LL VEk>0 62
7( ) ’Vp’y(t)gel%-‘ ) Mk 77v( ) 128N’y(t)7 = Y, ( )

where

—Sth + Sy + 83, (63)

Dx||A|? DxL Dx||A
N H’ / DxLy s [DxlAlL ”
€p€d €p

Then the following statements hold:

a) the total number of inner iterations performed by the above method is bounded by
D} log T (t
O { (Slt% + 8o [log T(t)]i) [log T(t)]% max <1, log Aotg()> } ; (65)

b) ift > D}, where D} := infy enx [Ao —A*|| and A% denotes the set of Lagrange multipliers asso-
ciated with (54), then the above method successfully terminates in O(log 7T (t)) outer iterations
with an (€p, €q)-primal-dual solution of (1).

Observe that the choice of p, N, and {7} given by (61) and (62) requires t > D, to guarantee the
successful termination of the modified I-AL method. We now develop a guess-and-check procedure
that attempts to find such a constant ¢ while at the same time checks for potentially early termination
of the procedure.

The modified I-AL guess-and-check procedure:
Input: Initial points Ao € R and z_; € X, and tolerances (ep, €4) € R4+ X R4

0) Let scalar ¢ and function 1 : R+ — R be defined as

2
~ 2 2 4 1
;o 82 +82\/S;S+ (82 +S3) 7 lb(t) — Slt% _82 [log(slt% +82 +S3) 4 ’ (66)
1

where Sy, Sy and Sy are given by (64). Find a point ¢y € [0,] such that 0 < (t) < 1.

1) Run the modified I-AL method with the above input and with p = p,(t;), N = N,(t;),
nk = 1y(t;) for k > 0, where 7 is given by (60), and p,(-), Ny(-) and 1,(-) are defined in (61)
and (62).

2) If the modified I-AL method successfully terminates, stop; otherwise, set t;11 = 2t;, j = j+1,
and go to step 1.
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end

We now discuss the issue about the existence of #y satisfying 0 < 1(tp) < 1. It will be shown
in Lemma 31 that ¢(0) < 0, ¢(#) > 0, and function 1 is non-decreasing. This clearly implies the
existence of the required ty. Moreover, ty can be computed as follows. If 1/J(f) < 1, we can take
to = t. Otherwise, a binary search procedure starting with the interval [0, ﬂ, which must contain the
desired scalar tg, determines such a scalar in logt iterations.

The following result gives the iteration-complexity of the above procedure for obtaining an (e, €4)-
primal-dual solution of (1).

Theorem 19 Let (ep,e4) € Ry X Ryy be given. The modified I-AL guess-and-check procedure
described above finds an (€p, €q) -primal-dual solution of (1) in at most

O {51 [D}]2[log T(DY)] loglog T(D}) + S log T(0) loglog 7(0)} , (67)
inner iterations, where S1,Sa2, 7(+) and DX are defined in Theorem 18.

It is interesting to compare the iteration-complexity bound obtained in Theorem 19 with the
corresponding one obtained for the quadratic penalty method in [9] to compute an (e, €g)-primal-
dual solution of (1), namely, O (7 (IIA5 1) log T(||/\TYH)), where A} is the minimum-norm Lagrange
multiplier for the perturbed problem (54). Clearly, if the initial multiplier Ao = 0, then [|A}|| = D]
and the latter complexity bound reduces to O (7 (D})log 7 (D})). Note that for the situation where

S5 1og 7(0) loglog 7 (0) = O {81 [DX]%[log ’Z'(DX)]% log log T(DX)} , (68)

bound (67) is majorized by O (T(DX)[log T(DX)]% loglog T(DX)) Clearly, inequality (68) holds if
Ly =0. Hence, when Ao = 0 and (68) holds, the first complexity bound is worse than the latter one
in Theorem 19 by a factor of (log ’T(D;{))i/log log 7(D}). It should be mentioned that if a good

warm-start Ao for problem (54) is known, i.e., the ratio D} /[|A% ]| is small, then the complexity bound
in Theorem 19 is substantially smaller than the above one.

4 Basic Tools

This section discusses some technical results that will be used in our analysis. It consists of two
subsections. The first one develops several technical results involving projected gradients. The
second subsection develops the convergence results for the steepest descent method with inexact
gradient, which will play a crucial role in our analysis for the augmented Lagrangian methods.

4.1 Projected gradient and the optimality conditions

In this subsection, we assume that the inner product space R" is endowed with the norm || - ||
associated with its inner product and consider the CP problem (7).

It is well-known that z* € X is an optimal solution of (7) if and only if Vé(z*) € —Nx (z*).
Moreover, this optimality condition is in turn related to the projected gradient of the function ¢ over
X defined as follows.
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Definition 2 Given a fived constant 7 > 0, we define the projected gradient of ¢ at ¥ € X with
respect to X as (see, for example, [13])

Vo) = - [~ Tx( ~ 796(2)], (69)

where W x(+) is the projection map onto X defined in terms of the inner product norm || - || (see
Subsection 1.1).

The following proposition (see Proposition 4 in [9] for the proof) relates the projected gradient
to the aforementioned optimality condition.

Proposition 20 Let & € X be given and define 2+ := U x (% — 7V ¢(Z)). Then, for any given € > 0,
the following statements hold:

a) [[Vo(2)|%|| < € if, and only if, Vp(z) € —Nx (Z1) + B(e);
b) [[Ve(2))% || < € implies that V(i) € —Nx(21) + B ((1 + 7Ly)e).

The following result, whose proof is given in Lemma 5 of [9], states some properties of the
projected gradient.

Lemma 21 Assume that x* € Argmin,cy¢(x). Let & € X be given and define
T =TIx (7 — 7V¢(T)).
Then, the following statements hold:

a) ¢(@") — ¢(z) < —7||V(2)]k1?/2 for any T < 1/Ly;
b) for any x € X, we have

o(z) — d(z*) > 2L1¢||v¢<x>1§<“¢u? (70)

4.2 Steepest descent method with inexact gradient

In this subsection, we consider the unconstrained problem
p*i=inf{p(\) : A € R}, (71)

where p : R™ — R is convex and has L,-Lipschitz-continuous gradient. We assume throughout this
subsection that p* is finite and that the set of optimal solutions I'* of (71) is nonempty. We are
interested in the situation where the gradient Vp(\) at any given A € R can only be evaluated
approximately. This situation arises for example in the case where p = —d,,, where the computation of
the exact gradient requires finding the exact optimal solution of the nonlinear optimization problem
(26) (see Proposition 6). The aim is to apply the results obtained here to the function p = —d,
in order to prove the main convergence results of the augmented Lagrangian method discussed in
Sections 3.3 and 3.4.
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An iterate of the steepest descent method with inexact gradient for solving problem (71) consists
of:

[0
Akt = Ak — fkpk (72)
p

where aj, > 0 is the stepsize and p), is an approximation of the gradient Vp(\;). Define the deviation
and the relative deviation between p) and Vp(\y) respectively by

0%
[Pl

6k = pr — Vi), e 1= (73)

Before stating the main result of this subsection about the convergence of the inexact steepest
descent method, we first present a few technical results.

Lemma 22 Ife; <1— ax/2, then p(Akr1) < p(Ak).

Proof. Using the second inequality of (5) with A = A, and A = A1, relations (72) and (73), and
the Cauchy-Schwartz inequality, we conclude that

L

P(Ak+1) = p(Ak) < (Vp(Ap), )\k:+1 = M)+ S Ak — M)
g, / 2 Q12 ag |6kl
= _— — —_— = — 1 -_— —— —
% (3G + o ikl = el (1- % - 1
= Yy 2(1—%— )<
P IpE (1 G — ) <0
where the last inequality is due to the assumption that ey < 1 — /2. u
Lemma 23 Assume that e, < 1. Then, for every \* € A*, we have
* L * * *
arBr{Vp(Ar), Ak — A*) < ?p (e = A% = 1 Ak1 = A7) + o G, A" = Ai), (74)
where
ﬁk =1- Oék/[2(1 - ek)Q]. (75)
Proof. First note that, by (73), we have
VPO = 195 = Skl = (125l = 0]l = (1 — ex)llpil- (76)

This inequality, the assumption that e; < 1 and relations (72) and (73) then imply

2
20%

V|12 — _ % / A* — |12 _ 22k * 2
D Al YR o= X1 = S 00 + Gk
X 2a N a2
< = NP = VPO 800k = X) + o g IVp )P
Ly
20, 20, (677
< = AP+ O A* — A l— Ak), Ak — A*
< [ ( s k) — I, ( 2(1_6k)2) (Vp(Ak), Ak ),
where the last inequality follows from the first inequality in (6) and the fact that Vp(A*) = 0.
Rearranging the later inequality and using the definition of g, we obtain (74). [
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Lemma 24 Assume that, for some constant ¢; > 0, we have

ekg1—1/0"“T+Cl. (77)

. L 20,62 N .
o) =97 < 22 [ (14 22 = P s = VTP (78)

C1

Then, for any \* € A*, we have

Proof. By the Cauchy-Schwartz inequality and relations (73), (5), (74) and (76), we have

L i} . )
o (= NI = Ak = X7I1%) + e ipil] A = A7)
L . . )
= ?p (I = A 01% = w1 = A7) + a{ Og, A — Ag)

> B (VP(AR), Ak — A*) > gy ([P()\k) —p(A9)] + QL)HVP()\k)W)

— ([puk) ] + Qipu - ek>2up;u?) |

Letting = = ||p}||/(Lp||Ax — A*||) and rearranging the above inequality, we conclude that

B o) — p(A)] < 22 [(1+ 20geq — ag (1L — e4)%%) [ = A1 [ — X2

Relation (78) now follows from the above inequality by noting that (75) and (77) imply that

B> (1—er)*Br = (1 —er)* — % > %1 (79)

and that the quadratic function 1 + 2aerz — o B (1 — ex)?2? is bounded above by

akez <14 205]66%

1y % <
Br(1 — ex)? 1

The following theorem states the convergence properties of the inexact steepest descent method
described above.

Theorem 25 Assume that for some positive constants ci, we have

ap + 1

€k§1— 5

(80)

for every k > 0. Then, the sequence {\,} generated by the inexact steepest descent method (72)
satisfies

k
* L * 20[1‘6? *
p(A\k) —p" < ; [H)\O — N*?exp (Z > = [[ A1 = A \\2] (81)

— k
C1 Zi:o Q i—o C1

for every \* € A*, where p* is defined in (72).
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Proof. Using Lemma 24, it is easy to see by induction that

k 2

2ae
Ao — NI 1 L3 I e | 82
Ao \||(+Cl> [Ry H] (82)

=0

for every k > 0. The above inequality, Lemmas 22 and 24, the inequality log(1 + z) < z for any
x > —1 and assumption (80) then imply that

k k
<Z CKZ‘) [p(/\k) —p*] < Zai[p()‘z) -
i=0 i=0
k
(Z log(1 + 2a;e Z/Cl)) = [ Akt1 — )\*H]
( 20 ) g — A*H]

for every k > 0. n

L
< 2 [qu — XPexp
C1

IN
B II

L *
=r [Hx\o —A ||2exp
c1

As a consequence of Theorem 25, we obtain the following result which gives an upper bound on
the quantities || Vp(Ag)|| and ||p’(Ax)]-

Corollary 26 Assume that, for some positive constant c1, relation (80) holds for every k > 0. Then,
the sequence {\;} generated by the inexact steepest descent method (72) satisfies

ak—i—cl

2L2||>\07)\*||2 k
IP511* < VPRI < — g exp

20@@22
— (83)
€1 Ef:o @y izzg €1 )

for every \* € A*.

Proof. Clearly by definition of ey, we have ||[Vp(Ag)|| > (1 — ex)|[p} ||, which together with (80),
imply that ||[Vp(Ap)||? > (au + c1)|[p}]|?/2. Moreover, using (5), (81), and the fact that Vp(\*) = 0,
we conclude that

) . QLQH)\ _)\*HQ k
IVpAR)II? < 2Ly (p(Ak) — p*) < —F———exp

Z 20[1612
c1 Zl 0 Qi 1

1=0
Our claim clearly follows from the above two observations. ]

5 Convergence Analysis

In this section, we prove the main results presented in Subsections 3.3 and 3.4.
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5.1 Convergence analysis for the I-AL method

The goal of this subsection is to prove the convergence results for the I-AL method stated in Sub-
section 3.3, namely: Proposition 8, Proposition 11 and Theorems 10, 12, 13 and 14.

We first give the proof of Proposition 8 which guarantees that subroutine PostProcessing of the
I-AL method outputs an (e, €4)-primal-dual solution of (1).

Proof of Proposition 8: Clearly, by Lemma 21(b) with ¢(-) = £,(-,A) and Ly = M,, we have

IV, VY < {20, [£,@.3) - 4,V }* < v2M, ¢ < 5

where the second and last inequalities follow from the assumption that £,(z, 5\) p(~) ¢ a
relation (36), respectively. The above inequality together with (24), (38) and Proposition 20(b) 1th
() =Ly(-,A), Ly = M, and 7 = 1/M, then imply that

VFED) + (Ao) AT = VFET) + (Ao)* (N + pA@ET)) = VL, (7T, 0) € —Nx (i) + Blea),

where 7 is defined in (37). Moreover, it follows from Lemma 21(a) with ¢(-) = L£,(-, \), Ly
dp(

and 7 = 1/M, that £,(&+,\) < L£,(&, A). This observation, the assumption that £ ( JA) —
and (36) then imply that

M

L,(5+,0) = dy(N) < £,(5,2) — d(3) < ¢ < T,

Using this conclusion, the assumption that £,(z, A) —d,(\) < pe2/128 and Proposition 7, we then
obtain

~ * % €
mase{ | AE) — w3, A - a3} < 2,

which together with the assumption that || A(z)|| < 3¢,/4 imply

N - * " € € 3e
IAGED < AGET) = w3l + [ A(2) — w3l + [A@)IT < g+ 5+ =& (84)
We have thus shown that (Z+,A*) is an (e, €4)-primal-dual solution of (1). "

Theorem 10 states certain conditions on the parameters p and 7, which guarantee that the I-AL
method will successfully terminate in at most N outer iterations. We now give a proof of this result.

Proof of Theorem 10: Since N > N by assumption, the I-AL method does not terminate with
failure within the first N outer iterations. Assume for contradiction that the I-AL method does not
successfully terminate within the first N outer iterations. This implies that || A(xy)|| > 3e€,/4 for all
0 <k < N — 1. Letting 03 := [[A(zx) — u} | and ey := &y /| A(zy)]| for all k > 0, we conclude from
the previous observation, (35), Proposition 7 and assumptions (39) and (40) that

N-1 N-1 52 16 N-1 N— 1
i [ AGes) 3, | < m < )
2= 2 AP 9€ng0 S g > < 5o Z <5
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Noting that (85) implies e, < 1/6, and hence that condition (80) holds with ap = 1 and ¢; = 7/18, it
follows from (85) and Corollary 26 with p(-) = —d,(-), L, = 1/p, p}, = A(zk), c1 = 7/18 and oy, = 1
that

4D 1296 D% 1 9D}
2 A — 1 < A 86
[ A(zg)]|” < ca(1+c1)p (k—i—l Ze - 175p (k+1) P <7> ~ pAk+ 1) (86)

for every 0 < k < N — 1. The above inequality with & = N — 1 together with (39) then imply that

9D% _ 9e
MGan-0l? < 2% < T2
which clearly contradicts the fact ||[A(zn—1)| > 3¢p/4. =

Theorem 12 bounds the total number of inner iterations of the I-AL method when a summable
sequence {n} satisfying (40) is used. Before proving this theorem, we first state the following two
technical results.

Proposition 27 For some positive integer L, let positive scalars p1,pa, - -+ ,pr be given. Then, there
exists a constant C = C(p1,--- ,pr) such that for any nonnegative scalars By, 31, , 0L, v, and t,
we have

K L y L y

3 {50 +3 (4 M max {1, [mg t,j } <C {ﬁo +3 (6 tﬂ max {1, [log |}, (87)

k=0 I=1 I=1
where

P - (max(f, 1)\ ™ ;
K .= 1 — = —_— = tp2 =1,...,K.
max {07 ’VOg (t())-‘ } » o 1I§nll§nL < Bl y Uk 102", vk ) ) (88)

In particular, if v =t, then (87) implies that
K L L
> {ﬂo +) (B til)-‘ <C {ﬂo +> (5 fpl)-‘ : (89)
k=0 =1 =1

Proof. See Proposition 24 in Lan and Monteiro [9]. (]

Lemma 28 The following statements hold:
a) for everyt > 1 and a,b > 0, we have (a + b)t < [(2a)! + (2b)!]/2;
b) for any K > 1 and £ > 0, we have

00 oo
dk+1)"0H0 < 14 /0+ (t+1)"09dt < (€ + 1) /¢, (90)
k=0
K-1 K 1
d(k+1)F < /0 (t+1)%dt < 1—Jrg(f(ﬂ)l*f. (91)
k=0
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Proof. Statement a) follows directly from the convexity of ! for any z > 0 and b) is obvious. =

We are now ready to prove Theorem 12.

Proof of Theorem 12: We first show that condition (40) holds. Indeed, by (44), (90) and the
assumption that N = 400, we have

N-1 2 00 1 p62
= <P
g"’“ 1285—1—1 kz_o (k + 1)1+€ = 128

It then follows from Proposition 11 that the method will successfully terminate in IV outer iterations
and the total number of inner iterations is bounded by Z, 4+ Z;, where N, Z,, and Z; are defined in
(39) and (42). Observe that by (44), (91), (39) and Lemma 28(a) with a = 16D3 /(p%¢c2), b = 2 and
t = (3+4+¢)/2, we have

N-1 N %N 1 75 16[(14—5)% s
M o= —a Z < JOVELEOR v 1 g%
k=0 §2p2e =0 (3+f)52p2€p
3+€ 3+€

16v3(1 + )% <16Di +2> 2 640(e) <8D/2\ +1> H

@0l | e\

320 < >3+5 sie

g p26p )

where C(&) := (1 + f)%Z%/[(?) + 5)55]. This relation together with (39) and (42) then imply that

N-1
1
I, < V2DyM} d P+ N
k=0
1
32v2C(6)Dx M; | (4DA\*™ | see|  16D3
s [0 o] ok
p2ep Pep Peep
Moreover, it can be easily seen from (42) that
1
AM7 M
Ty<4Dx { 5+ —L 5 +1.
piep €d

Combining the previous two inequalities, we immediately see that the the total number of inner
iterations performed by the I-AL method is bounded by (45).

Assume now that p is chosen as in (46). Then, bound (47) follows by combining the definition of
N in (39) with the fact that by (46),

1 (DA)3+£€d>4"1'5 Ly
> max{ — (AL Gy 2F L 92
p= {( AT AP (82
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Also, (92) implies that p > L¢/||.A||?, and hence that

7+2¢  3EE
2lAl1% [ (DA)?*Eeq 5 |A| %< D" L
M, = Ly +pll AP < 2l = 22 (AN e) ™y ap o (PAIT2A0 4 21 o)
U 4] ot
p€d
Hence, bound (45) is majorized by
P 742¢  3+E
Dx|lA|| { ( Da\** A| "Dy L D3
o | 2xIAl (A) +1| + Dx HH—HAJF—’C + A 1. (94)
€p pEp e €d p*es
€p€q
Also, by (92), we have
L )
D AL\ ™ _ ( DallAl #¥
—— = Da| 5 —\ T '
PEp DA €d €d
Substituting the above inequality into (94), we obtain bound (48). (]

Theorem 13 provides a bound on the total number inner iterations of the I-AL method when a
uniform sequence {7} is used, under the assumption that an upper bound t on Dy, is known. We
will now provide a proof of Theorem 13.

Proof of Theorem 13 Using (49) and the assumption that t > Dy, we obtain

2
N(t) > F;i)ﬂ =N. (95)

Also note that (49) and (50) imply that

N-1 B ) p62
kZO e = Ni(t) = Non(t) = 2.

We have thus shown that conditions (39) and (40) hold. It then follows from Proposition 11 that
the total number of outer iterations is bounded by N, where N is defined by (39). Bound (51) now
follows by combining the definition of IV in (39) with the fact that

3 3

it Ly AD; Ly

p=p(t) > max{ ———, —*= » > max ) . (96)
Al TAP At TAP

It also follows from Proposition 11 that the total number of inner iterations is bounded by Z, + Zg4,
where Z,, and Z, are given by (42). Noting that by (49), (50) and Lemma 28(a) with a = 16t*/(p¢2),
b=1and t = 3/2, we have

Np-1 2 3 3
-1 8vV2 _ 8v2 16t 2 16 64t
S =Yl s 2 (8 ) < ()
p p

par p(t)2e, p(t)2e, \P(E)E p(t)2e, \P(*E
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we then conclude from (42), (49) and (95) that

lN(t)—l . )
T, <V2DxM; Y n. %+ N(t)
k=0

1
16vV2Dx M7 [ 64t 16t
< \flx ’”( — >+22+1. (97)
p(t)2ep p(t)’e) p(t)*e;
Now, by using the first relation in (49), we have that p(t) > Ly/||A||?, and hence that
M, = Ly + p(t)||AI* < 2p(t) | A||. (98)

This conclusion together with (96) and (97) then imply that

32Dx || Al ( 6413 ) 16t
T, < L)+ 55 +1
P & pt)%e; pt)%e;
3 3 11
32Dx|lA|l [ IAl3t3 o
< BOCAL (A ) Al (99)
Ep 63 6;

Moreover, it easily follows from (42), (98) and (49) that

1
4M2 M,
Py p

s < 4Dx I
p(t)ze,  €d

2
1<aDy (wann L 20(0)]l Al ) .

P €d

3 7
16v2Dx||A 4ta||Aljs L
VIDIAL o (AA1AIE Ly
d

5 +1 (100)
P €p€q

Combining (99) and (100), we easily see that the I-AL method computes an (ep, €q)-primal-dual
solution of (1) in at most O(Z,4(t)) inner iterations, where Z,4(t) is defined by (52). (]

We now give the proof of Theorem 14, which establishes the iteration-complexity of the I-AL
guess-and-check procedure.

Proof of Theorem 14 Suppose that the I-AL guess-and-check procedure terminates when the
iteration count j is equal to J. Letting

J 1= max{0, [log(Dx/t0)]} (101)

and noting that t; = ¢g27 > Dy, we conclude from Theorem 13 that J < J. Let Zpj,g=1,...,J,
denote the number of inner iterations performed at step 1) of the I-AL method during loop j of the
I-AL guess-and-check procedure, and let Z; ; denote the number of inner iterations performed by
subroutine Postprocessing during loop J of the I-AL guess-and-check procedure. Then, the overall
number of inner iterations performed by the I-AL guess-and-check procedure is bounded by

J J

Y Tpi+Zas <Y Tpj+Tas. (102)
P j=0
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Since the total number of outer iterations at the jth loop is bounded by N(t;), it follows from
Corollary 2 that

N(t;)-1 ; lN(tj)—1 n )
Ipj < Z {DX 77,0} < V2Dx Mj E: M, 2+ N(t))
k
k=0 k=0

Hence, similar to the proof of (97), (98) and (99), we can show that for j =0,...,J, we have

3 7 1 1
AL Al AL $ !
Ip; < 32Dx 5~ T +——+1< | fo+ Bit] + Pat] |,
1 €p 2
€p€q €d
where 3y, 41, and B2 are given by (53). Noting that ¢t; = to2/ for every j and the definition of ¢, in
step 0) of the I-AL guess-and-check procedure, it follows from the previous inequality and relation

(89) with L =2, p1 = 3/4, pp =1/2,t = Dy, J = J, and By, B1, and B2 as above that
J 3 1
Y T =0(1) [ﬁo + 61Dy +52Dﬂ . (103)
§=0

Now, using (101), it is easy to see that t; < t; < max{to,2Dx} and hence that

< max{tg, (2DA)2} < max {go (2DA)2} <P oyt (104)

]

t

NN

1 !
where the last inequality is due to the definition of ¢ in Step 0 of the I-AL guess-and-check procedure.

Using this inequality, the definition of Gy and 5 in (53), and an argument similar to the proof of
(100), we have

3 7
16v2Dx||A 4t4|All2 L

IdJ < +1
€p e €d
3 8DxL 8DxL
< o+ Bty + L <2+ A2DN) T+ (105)
d
Now, using (103) and (105), it is easy to see that the right-high-side of (102) is bounded by
O(Zpa(Dn)), where Zpg(-) is defined in (52). ]

5.2 Convergence analysis for the I-AL method applied to the perturbed problem

The goal of this subsection is to prove the convergence results stated in Subsection 3.4, namely,
Proposition 16 and Theorems 18 and 19.

We first prove Proposition 16 which guarantees that subroutine Postprocessing of the modified
I-AL method outputs an (e, €7)-primal-dual solution of (1).

Proof of Proposition 16: As in the proof of Proposition 8 with ¢ replaced by ¢, we can show that

VG + (Ag)' AT € —Nx (@) + B (%d) ,
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where Z is defined in (37) with £, replaced by £, . Noting that
V@Y =VEET) + (@ — 20)
and that (43) and (60) imply that
Y&+~ wol <yDx =5,
we then conclude that .
VFET) + (Ao)* AT € —Nx (1) + Bleq).

Moreover, similar to the proof of Proposition 8, we can show that || A(Z")| < €. Thus, (7, \)) is
an (€p, €4)-primal-dual solution for (1). ]

Theorems 18 provides a bound on the total number of inner iterations performed by the modified
I-AL method. Before proving this result, we first present two technical lemmas. The first one
stated below establishes an important technical result that allows us to take the advantage of the
“warm-start” strategy described in the end of Subsection 3.3.

Lemma 29 Let (x4, \p) € X xR™ be given and let Apy1 = A+ pA(zr). If Loq(xh, M) —dpry(Ak) <
N, then

Y *
Dot = aial? < Lo onMeer) = oo Ouss) < (Vi + Bl A ||) (106)
where xy_, is the unique solution of mingex L (7, Ay 1)-

Proof. The first inequality in (106) follows immediately from the strong convexity of £, (-, Ax+1)-
Hence, it suffices to show the second inequality in (106). Clearly, by definition (56) and the fact that
Ae+1 = A\, + pA(zk), we have

Loy (T A1) = Loy (i, M) = pll Al %

The above observation together with the assumption £, (g, Ax) — dp (M) < mi then imply that

Lp,v(xk:v Aet1) — dp,'y()‘k—i-l) = [Ep,'y(l"kv Akt1) — ['p,'y(fk’ k)] + [['p,'y(xk’ k) — dp,'y(>‘k 1)]
= P||A($k)”2 + [Lp, (x ) pv()‘k)] + [d/wO‘k) dpﬁ()‘kﬂ)]
< pllA@IZ 1+ [dpy (k) = dpy (k1)) (107)

Moreover, in view of Proposition 6 applied to the perturbed problem (54), the function d,(-) is
concave and has 1/p-Lipschitz-continuous gradient and Vd,(A) = uj . It then follows from (5)
that

. 1
—dpy(Mit1) +dpy(Ak) < (—Ud, 4 Aet1 — Ak) + pr)\kH — Xel)?

= —p{us, 5 Alen)) + Sl A (108)
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where the last equality follows from the fact that Ay11 — Ay = pA(xy). Combining (107) and (108),
we obtain

Lpn(Tr, Mey1) — dpy (A1) < g+ p(Alzy) — ul, -, AlTg)) + gl!«‘l(ﬂfk)ﬂ2

<+ pllAr) — i L AR+ gIIA(l‘k)H2

e+ VAl + SIAI = (Vi B4 )

where the last inequality follows from Proposition 7 with £, = £, , d, = d, 5, and uy, = uj, 4 m

2
’

IN

The following technical result states a bound on the number of inner iterations performed by the
modified I-AL method applied to (54) when a constant sequence {ny} is applied.

Lemma 30 Let p > 0, (¢p,€q) € Riq X Ry and N € N be given, and let vy be given by (60).
Consider the modified I-AL method applied to the perturbed problem (54) with penalty parameter p,

iteration limit N and inner tolerances 1, . ..,ny given by
pe> _
77’“:”’7::128%’ k=0,...,N —1. (109)

Then the following statements hold:

a) the total number of inner iterations performed by the above method is bounded by

8M, 64vN D? _ 24Nz D)
—27 2max | 1, |log 2RI + min(N,N,) |2log | 1+ i
2 Y
fy pep pep

16yM,, D3
+ max (1, {log W—D} ,  (110)
€a

where

o [ aw

b) if N > N,, then the above method successfully terminates in N, outer iterations with an
(€p, €a)-primal-dual solution of (1).

Proof. Statement b) immediately follows from the assumption N > N, and Theorem 10 applied
to the perturbed problem (54). We now show part a). Note that by Statement b), the number of
outer iterations of the above method is bounded by min{N, N,,}. Assume that the method terminates
at the K-th outer iteration for some

0 < K <min{N,N,} — 1. (112)

Clearly, || A(zg)| > 3€p/4 for all 0 < k < K — 1. Hence, by using an argument similar to the one
preceding (86), we can show that

9[D}J?

HA(xk)HZ < m,

=1,...,K—1. (113)
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For k =0,...,K, let } := argmin,c x £, (x, \;), and [, denote the number of inner iterations
performed at step 1 of the modified I-AL method. By Theorem 3 with ¢(-) = £,(-, A\o), Ly = M, ,,
= and € =17, (43) and (109), we have

M, _1— x| M, D3
ly < 78 £2ad max{l, [logfy’x L xOH -‘} < 78 2.y max{l, {log7 X—‘}
Y 21 g 214
M 4N D?
= 80y max{l, [log 672)(-‘ } (114)
Y PEp

It also follows from Theorem 3 that

M L 2
< | | 3Mex max{l,{logw—‘}, Vk=1,... K.
v 21y

Now by using (106) and (113), we have

2
Yllzr-1 — 2|1 p 3D7
PO < (4[5 Al < (Vi + 55
We then conclude from the previous two observations and (109) that
| (80, ] 3D}
Iy, < 27 I max<1, [2log | 14+ —2—
v v/ 20k
" [8M,,, | 3D) 8M,,., 3D)
= — | [2log | 1 + —=— < —= | [2log | 1 +
7 { ( v/ 20k g V201

- - _ 1
8M 24N% DY
|2 | ot (14 22 TA) | g =1,.. . K.
v Pep

The above conclusion together with (110) and (114) then clearly imply that the total number of
inner iterations performed at step 1) of the modified I-AL method is bounded by

K =1
M 24Nz2D’]
l0+§ Uy o+ K 8Mpy 21log 14 2225
1 Y Pep

SM 64~ N D2 24Nz D7
< —27 1 { 2max (1, {bgvz,XD + K |log M .(115)
Y pes pep

Moreover, let [ denote the number of inner iterations performed by subroutine PostProcessing. By
using Theorem 3 with ¢(-) = £, (-, Ak), Ly = M,~, p = and € =  and (59), we have

~ M, D
Ik < 8o max{ [log 7 X-‘ }
v 2¢
M, 64~y D3 16vM,, D3
{ SM-‘ [max{l, [log PVQX w } +max{1, {log W—‘ H . (116)
Y pep €d
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Combining inequalities (112), (115) and (116), we can easily see that the total number of inner
iterations performed by the modified I-AL method is bounded by (110). n

We are now ready to prove Theorem 18.

Proof of Theorem 18: We first show part a). It immediately follows from Lemma 30(a) that
the total number of inner iterations performed by the modified I-AL method is bounded by (110)
with N = N,(t) and p = p,(t). Note that by (61), (62), (123) and the fact that, by (63) and (64),
log 7 (t) > 2, we have

2
N, (t) < 1(6§ +1<logT7(t)+1<2logT(t). (117)
p’Y p

Also, using definitions (58) and (61), we have that
v < Mpy =Ly +7+ pl AlI” < 2] A (118)

This observation together with (60) and (61) then imply that

1
M / 2 4t|| A2 L 2
8 P § 4 pH’AH = |4 %+J+l
gl v vep(log T (t)2 7Y
1
4D 2 D L 2
o 4 ADAR Dty )
epeq(log T (t))2

D t 2 DxL
V €p€d
) and (

Observe that, by (117), (118), (

log 64y D3 N.,(t) < log 128vD% log 7 (t) < log 256||.A|[2D% log 7 (t)
Pv(t)eg% B Pv(t)52 B 612)
1
Dx\?2
= 8+4log (HAHX> +loglog T (t) = O (log7 (t)), (120)
€p

and that, by (62), the fact that logz < z, and (117),

min(N, (1), N) {mog (”Wﬂ < (o) 2108 1+ Xpogm)]éwt)];ﬂ
< (0 [208 (1+ 28,0
< N, (t) [2log (1+ XlogT(t)ﬂ
_ O{IogT(t)max <1,1gDXIOgT(t)>} (121)
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It also follows from (118), (60), (61), (62), (63) and (64) that

2
log 16’>’Mp,'yD§( < log 16M§77D§(<10g SPHAHQDX
63 - e?l - €4
8||A|I?D 4t L
< 2log IAI*Dx 4 f+2’Y
| € ep(logT(t)z Al
8|l A|2Dx 4t Ly €4
= 2log + +
| ep(logT ()2 AP 2Dx]A?
[ 4t||AI> L
<2bg&k<’MH+j>+4:O®ﬂﬁ» (122)
i €p€d €4

Now substituting bounds (119), (120), (121), and (122) into bound (110), we obtain bound (65).
Statement b) follows immediately from Lemma 30(b) and the fact that, by (62), the assumption
t > D) and (117),

N {16{0112

16t -
py(t)Qeg—‘ < { 62—‘ =N, (t) <2logT(t). (123)

P~ (t)? P

Before proving Theorem 19, we first state two technical results that summarize some properties
of the function 1 defined in (66).

Lemma 31 Let ¢(t) and t be defined in (66). Then, the following statements hold:
a) (t) is continuous and non-decreasing for t > 0;

b) 1(0) < 0 and ¥(f) > 0.

Proof. Statement a) immediately following from the fact that, by (66),

So 1 -1 1
Pt) = S141— log(S1t2 + S + Ss3)
4(3175% + 8o + 83) } Zﬁ
> Si1-1/4)-1 >3S0 w0
= 1 2\/5_8\/2?_ ) )

where in the first inequality we use the fact that log(Slt% + 82 4+ 83) > 2 in view of (64). It can be
easily seen from (66) that ¥(0) < 0. Noting that, by the definition of ¢ in (66),

A~

SH — S}(S11% + Sy + S3) = SH — 51832 — S3(S2+ 83) =0,

we conclude from (66) and the fact that log7 < 7 < 72 for 7 > 1 that

A~

1/)(5) = Slt% ) 10g(81t% + Sy + 83)]

=

We have thus shown that b) holds. ]
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Lemma 32 Let 9(t) and t be defined in (66). Then, there exists to € [0,%] such that 0 < ¢ (tg) < 1.
Moreover, we have

1
SitZ < SyllogT(to)]i +1, (124)
Sitz > Syllog T(H)]1, V>t (125)
logT (t)) = O(log7(0)), (126)

where T (), S1 and Sy are defined in (63) and (64).

Proof. The existence of ¢ € [0,7] satisfying 0 < (o) < 1 follows immediately from Lemma 31.
Inequality (124) follows from (63), (66) and the fact ¥(tg) < 1. Moreover, we conclude from (63),
(66), the assumption ¢ (tp) > 0 and Lemma 31(a) that

N

Sith = S log T(1)]5 = Sit? = S, [log(Sit? + 85+ 8)| " = v(t) = v(to) > 0

for any ¢ > to, and hence that (125) holds. Also note that by (63), (66) and the fact that to < £, we
have

1
log 7 (to) = log(Sit2 + Sy + S3) < log(S1£2 + Sy + S3) = O (log(Sy + S3)) = O (log T(0)) .

We are now ready to prove Theorem 19.

Proof of Theorem 19: Consider parameter ty computed in step 0 of the modified I-AL guess-
and-check procedure. Assume first that tg > DX. Using this assumption, Theorem 18, relations
(124) and (126), and the fact that, by (63) and (64), 7 (¢) > 4 for every ¢t > 0, we conclude that the
modified I-AL guess-and-check procedure will successfully terminate after the first loop and that the
total number of inner iterations is bounded by

O { (15 + 52 los T ()] ) log 700 e 1,100 ZA2ETL0) )}

0
= O { (Slté + Sz [log T(to)]‘ll) [log T(to)]% log log T(to)}
= O{S21logT (ty) loglogT (to)} = O{S2 log T (0) loglog7(0)},

which is clearly bounded by (67).
Now assume that tg < D}. Suppose that the modified I-AL guess-and-check procedure terminates
when the iteration count j is equal to J. Let

J := max{0, [log(D} /to)]} (127)

and note that B
2D} >ty := 2’ > DJ. (128)

Theorem 18(b) and the second inequality in (128)_then imply that J < J. Also observe that, by
relation (87) with L =1, p; =1/2,t =D}, K = J,v =D}logT (t;), o = 0 and B = 1/\/ty, we
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J

have
T D7 log T (2D
5 g
Zt]? max (1,logA(A)> < \/%Z
=0

e )

j o J
- o{(a] o s )
= o{(ID}I? + Vo) max (1, [loglog T(2D})]) |
-0 ([DX]% log log T(DX)) : (129)

where the last identity follows from the facts that tg < D} and log 7 (D}) > 2. Using the facts that
J < J and the function 7 given by (63) is non-decreasing, Theorem 18(a), relations (125) and (129),
and the simple observation that by (128), we have to < t; < 2D} for every j = 1,...,J, we conclude
that the total number of inner iterations performed by the modified I-AL guess-and-check procedure
is bounded by

Dy log‘T (%’))]

0 zJ: Kslt} + 8 [log T(tj)]i) llog 7(;)]3 max (1, log %

- D} 10g'T(tj) ﬂ

J i s
= 0 Z [Slt; [log 7 (t;)]+ max (1,log

J=0 J

- O {[log'f(?DX)]iSl Zj: [t} max (1, log W)}
Jj=0 !
{

= 0{log T(D})3Si[D} )2 loglog T(D]) }

which is clearly bounded by (67). n

6 Concluding remarks

In this section, we compare the results obtained in this paper for the inexact AL methods with
another possible approach for solving variational inequalities (VI) studied in Nemirovski ([11]) for
bounded sets, and Monteiro and Svaiter ([10]) for unbounded sets.

Given a closed convex set {2 € RP and a monotone continuous function F' :  — RP. The
(monotone) VI problem with respect to the pair (F, X), denoted by VIP(F, (), consists of finding
w* such that

w* € Q, (w—w*, F(w*)) >0, YweN. (130)

It is well-known that, under the assumption that F' is monotone and continuous, (130) is equivalent
to
w* € Q, (w—w", F(w)) >0, YweQ.

Relaxing the above two conditions, we obtain the following two notions of approximate solutions
of VIP(F,Q).
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Definition 3 A point w € Q is a (o,¢€)-strong (resp., (o, €)-weak) solution of VIP(F,Q) if there
exists v € R such that ||r|| < o and, for every w € Q, (w—w, F(w)—1r) > —e€ (resp., (w—w, F(w) —
ry > —e).

It is well-known that the CP problem (1) is equivalent to solving the VIP(F,2), where Q :=

X x R™ and
- (T,

Moreover, defining the norm on R x R™ as |lw| := (||z]|> + ||A||?)*/?, then it is easy to see that an
(€p, €4)-primal-dual solution (z,)) is a (g, 0)-strong solution, where ¢ = max{ep, eq}. Disregarding
Ly, ||All, Dx, Da and D}, it has been shown in Monteiro and Svaiter ([10]) that, given (g,€) €
R4+ x Ryy, a variant of the Korpelevich’s method can find an (g, €)-strong solution for VIP(F, )
in O(o=2 + ¢ 1). On the other hand, we show in this paper that a (g,0)-strong solution, and hence
an approximate solution as above, can be found in

1
@ <Q(log 9_1)3/4 log log g_1>

by applying the modified guess-and-check procedure in Subsection 3.2 with €, = €5 = o/ V2. Hence,
the complexity in this paper is better than the one in [10] by at least a factor of

o(log o™")**loglog ™"
It should be noted that [10] also shows that an (p, €)-weak solution for VIP(F,Q) can be found
in
Ot +eh). (131)
It would be interesting to see whether our analysis in this paper can be modified to the context of
finding a weak solution of VIP(F,(2) so as to obtain a better iteration-complexity bound than (131).

Appendix

Proof of Proposition 4: Let {(bg, )} be a sequence of epif converging to (b,r) for k — +oo.
It suffices to show that v(b) < r. First notice that the fact that v(by) < r implies that there
exists xp € F(by) such that f(zx) = v(by) < rg. Now we claim that the sequence {zy} is bounded.
Hence, by using this claim, there exists an accumulation point = of the sequence {xy} such that
x € F(b), f(x) <rask — 400, which clearly implies that v(b) < r. Now it remains to show that the
sequence{zy} is bounded. Indeed, let f. () denote the recession function of f, and F(b)s denote
the recession cone of the set F(b). Also let ¢p(:) := f(-) + Lr@)(+), using the assumption that the set
of optimal solutions for (1) is nonempty and bounded, we have

{P0}oo(d) = foo(d) +Tr)_ >0

for all d # 0 (see Definitions 2.2.2 and 3.2.3, Remark 3.2.8 and Proposition 3.2.9 in [7]). It can also
be easily seen that the recession cone F(b;)oo = F(0)so. It then follows from the above two relations
that {¢p, }5o(d) > 0 for all d # 0, which, by Remark 3.2.8 in [7], implies that x € Argmin, ¢y, (x) is
bounded. =
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