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Abstract: Parallel iterative methods are powerful tool for solving large system of
linear equations (LEs). The existing parallel computing research results are focussed
mainly on sparse system or others with particular structure. And most are based
on parallel implementation of the classical relaxation methods such as Gauss-Seidel,
SOR, and AOR methods carried efficiently on multiprcessor systems. In this paper, we
proposed a novel parallel splitting operator method based on a new approach. In this
method, we divide the coefficient matrix into two or three parts. Then we convert the
original problem (LEs) into a monotone (linear) variational inequalities problem (VIs)
with separable structure. Finally, we propose an inexact parallel splitting augmented
Lagrangian method to solve this variational inequalities problem (VIs). We avoid the
matrix inverse operator by introducing proper inexact terms in subproblems, such that
complexity of each step of this method is O(n2). This is different to a general iterative
method with complexity O(n3). In addition, this method does not depend on any
special structure of the problem which is to be solved. Convergence of the proposed
methods, in dealing with two and three separable operators respectively, is proved.
Numerical experiments are provided to show its applicability, especially its robustness
with respect to the scale (dimensions) and condition (measured by the condition number
of coefficient matrix A) of this method.

Keywords: System of linear equations; synchronous parallel iteration; matrix decom-
position; inexact terms; convergence; robustness.

Mathematics subject classification: 90-08, 90C25, 90C90, 65F10, 65F30

1 Introduction

Many problems in scientific and engineering computing require finding a solution (or
solutions) of a large system of linear equations. Some of these systems may have millions
of variables. The large scale leads to difficulties. Researchers have used self-absorption
in parallel computing—-a class of methods for finding solutions of a problem by using
multiprcessor systems simultaneously. This methods save time to obtain solution of
the large scale problem.
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In this paper, we consider the following well-determined system of linear equations

Ax = b (1.1)

where A ∈ Rn×n, x ∈ Rn and b ∈ Rn, and A matrix is positive definite.
There are many methods for solving Problem (1.1). Iterative methods are powerful

ways to solve this problem. A general iterative method is defined as follows:
Definition 1.1 [1] Let A be a nonsingular matrix. A pair of matrices (M, N) with

M nonsingular (and easily invertible in practice) such that

A = M −N

is called a splitting (or regular decomposition) of A. An iterative method based on the
splitting (M, N) is defined by

{
x0 given in Rn

Mxk+1 = Nxk + b ∀k ≥ 1
(1.2)

By using (1.2) we get
xk+1 = M−1Nxk + M−1b (1.3)

Denotes J = M−1N and refer it as to the iterative matrix. An iterative method (1.2–
1.3) converges if and only if the spectral radius of J satisfies ρ(J) < 1. In a general way,
(1.3) is the main cost in an iterative method. The complexity of the operator M−1 is
O(n3) theoretically.

The main iterative methods [1, 28, 22] are Jacobi method, Gauss-Seidel method
and Successive Over-Relaxation (SOR) method. Let A = (aij)1≤i,j≤n and

D = diag(a11, a22, ..., ann).

The Jacobi method is defined by

M = D and N = D −A

in (1.2-1.3). Let {
eij = −aij if i > j, and 0 otherwise
fij = −aij if i < j, and 0 otherwise

and E = (eij)1≤i,j≤n, F = (fij)1≤i,j≤n, then A = D−E−F . The Gauss-Seidel Method
defined by

M = D − E and N = F

in (1.2-1.3). The SOR method is defined by

M =
D

ω
− E and N =

1− ω

ω
D + F

where ω ∈ R+.
From the practical point of view, the main advantage of Jacobi and Gauss-Seidel

method is the avoidance of the inverse operator M−1 in (1.3) in some sense. In Jacobi
method, iterative formula (1.3) is equivalent to

xk+1
i =

1
aii

[
−ai1x

k
1 − ai2x

k
2 − ...− ai,i−1x

k
i−1 − ai,i+1x

k
i+1...− ainxk

n + bi

]
, i = 1, 2, ..., n
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In the Gauss-Seidel method, iterative formula (1.3) is equivalent to

xk+1
i =

1
aii

[
−ai1x

k+1
1 − ai2x

k+1
2 − ...− ai,i−1x

k+1
i−1 − ai,i+1x

k
i+1...− ainxk

n + bi

]
, i = 1, 2, ..., n.

Many of research is based on the above three iterative methods. For example, Bag-
nara [3] gave a unified proof for the convergence of Jacobi and Gauss-Seidel methods.
Salkuyeh [23] generalized the Jacobi and Gauss-Seidel methods. Wang and Huang [25]
investigated the convergence and the monotone convergence theories for the alternating
method when the coefficient matrix is a H-matrix or a monotone matrix, and gave some
sufficient conditions for the induced splitting by the alternating method to be a regular
splitting.

At the same time, many authors studied structured systems of linear equations. For
example, Gu and his co-authors [12, 11] studied and established some fast algorithms for
structured systems of linear equations, such as Toeplitz and Hankel systems. Lin, Wei
and Zhang [20] studied convergence and quotient convergence of iterative methods for
solving singular linear equations with index one. Other authors studied sparse systems,
block-diagonal systems, etc.. They gave many effective algorithms or theoretical results
on their research problems.

Bai [24, 6] studied necessary and sufficient convergence conditions for splitting iter-
ation methods for non-Hermitian system of linear equations when the coefficient matrix
is non-singular, and the convergence conditions for the additive and the multiplicative
splitting iteration methods [7], convergence of parallel nonstationary multisplitting iter-
ation methods [8],etc.. Bai [4, 26, 5] studied parallel splitting methods for large system
with peculiar structure. For example, Bai [5] proposed a class of parallel decomposition-
type accelerated over-relaxation methods for solving the large sparse systems of linear
equations, and gave a sufficient conditions ensuring its convergence when the coefficient
matrices of the linear systems of equations are respectively L-matrices, H-matrices and
positive definite matrices.

Hadjidimos [19] established an accelerated over-relaxation method which is essen-
tially based upon reasonable decomposition of the linear system (1.1) as well as techni-
cal application of the accelerated over-relaxation idea, and hence has natural and nice
parallelism as well as good convergence behaviour. Frommer [9], and Neumann [21]
give convergence of relaxed parallel multisplitting methods and parallel multisplitting
iterative methods for M-matrices.

Another novel way to solve Problem (1.1) is to convert it into an optimization
problem in the following form:

x∗ = Arg min
x∈Rn

‖Ax− b‖2
2 (1.4)

One can solve Problem (1.4) by using projection methods, see C.Brezinski [2].
It is well known that Problem (1.4) is equivalent to the following linear variational

inequality problem:

Find x∗ ∈ Rn, such that (x− x∗)T (AT (Ax∗ − b)) ≥ 0, ∀x ∈ Rn (1.5)

Recent research shows that projection-contraction methods are powerful tool for
solving Problem (1.5). For example, He [14] developed a class of projection-contraction
(PC) methods for monotone linear variational inequalities (LVIs). Problem (1.5) is in
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this class, when AT A matrix is positive definite. In his follow-up research, He and his
co-authors [15] developed many of PC-like methods for solving monotone VIs, includes
LVIs.

Furthermore, when A matrix is large scale, as previously mentioned, operator split-
ting and parallel computing will be necessary. On operator splitting and parallel com-
puting for variational inequalities, Glowinski [13], Fukushima [10] and He [16] have
many useful resluts.

Consider the variational inequalities with two separable operators in the following
form:

Find u =
(

x
y

)
∈ Ω, such that

{
(x′ − x)T f(x) ≥ 0
(y′ − y)T g(y) ≥ 0

∀u′ ∈ Ω (1.6)

where f(x), g(y) are given monotone operator with respect to Ω. And,

Ω = {(x, y)|x ∈ X , y ∈ Y : Ax + By = d}, (1.7)

X ∈ Rn1 ,Y ∈ Rn2 and A ∈ Rm×n1 , B ∈ Rm×n1 are given matrices, d ∈ Rm is a given
vector.

He [16] proposed a method to deal with Problem (1.6–1.7). This method is referred
to as parallel splitting augment Lagrangian method (abbreviate to PSALM). By at-
taching a Lagrange multiplier vector λ ∈ Rm to the linear constraints Ax + By = d,
Problem (1.6-1.7) can be explained in the following form:

Find w =




x
y
λ


 ∈ W, such that





(x′ − x)T [f(x)−AT λ] ≥ 0,
(y′ − y)T [g(y)−BT λ] ≥ 0,

Ax + By − d = 0,
∀w′ ∈ W, (1.8)

where W = X × Y ×Rm.
For solving Problem (1.8), for a given quadruple (xk, yk, λk), PSALM method finds

iteratively x̃k, ỹk by solving in parallel the following variational inequalities:

x ∈ X , (x′ − x)T
{

f(x)−AT
[
λk −H(Ax + Byk − d)

]}
≥ 0, ∀x′ ∈ X (1.9)

y ∈ Y, (y′ − y)T
{

g(y)−BT
[
λk −H(Axk + By − d)

]}
≥ 0, ∀y′ ∈ Y (1.10)

Let
λ̃k = λk −H(Ax̃k + Bỹk − d). (1.11)

where H is a given positive matrix. The PSALM method produces the new iterate
wk+1 = (xk+1, yk+1, λk+1) by letting

wk+1 = wk − αkG−1M(wk − w̃k) (1.12)

where αk, G, and M are given proper parameters or matrices of the algorithm. He
also extends this method to deal with the variational inequalities with three separable
operators, for details, see Section 4 of [16].

In this paper, we shall propose a new iterative method for solving system of linear
equations. This is an inexact parallel splitting augmented Lagrangian method (abbre-
viate to in-PSALM). The advantages of this method are in the following: it decomposes
the cost of computational loads to each of the processors which participate in solving
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the problem and at the same time it can avoid the inverse matrix operator such that
the complexity of each iteration is O(n2) in theory and in practice. Numerical results
show it is robust for very broad range of system of LEs.

The rest of this paper is organized as follows: In Section 2, we propose the inexact
parallel splitting augmented Lagrangian method for solving Problem (1.1), by splitting
A matrix into two parts. In Section 3, we prove convergence of the proposed method.
In Section 4, we generalize our method to deal with the general monotone variational
inequalities with three separable operators and give its convergence. In Section 5, some
numerical results are provided and conclusions are made.

2 The Proposed Method

In this section, we consider a new algorithm for solving the well-determined system of
linear equations (1.1), i.e.,

Ax = b (2.1)

where A ∈ Rn×n, x ∈ Rn and b ∈ Rn, A is positive definite.
By using the notations in Matlab, we part A matrix (in row) into two parts as the

following:

M = A(1 : l, :), N = A(l + 1 : n, :), p = b(1 : l), q = b(l + 1 : n), (l < n).

The system of LEs (2.1) can be driven from the following system of LEs,
{

Mx = p
Nx = q

(2.2)

Problem (2.2) can be solved in Least-square approach. We solve the following mini-
mization problem:

x∗ = Arg min
x∈Rn

‖Mx− p‖2 + ‖Nx− q‖2 (2.3)

where ‖ · ‖ denotes Euclidean norm.
Clearly, Problem (2.3) is equivalent to the following separable form:

min
x,y∈Rn

‖Mx− p‖2 + ‖Ny − q‖2

subject to x− y = 0
(2.4)

By using KKT condition of Problem (2.4), we get the following separable linear varia-
tional inequalities (LVIs):

Find w = (x, y, λ) ∈ W such that





(x′ − x)T [MT (Mx− p)− λ] ≥ 0
(y′ − y)T [NT (Ny − q) + λ] ≥ 0

x− y = 0
∀w′ ∈ W

(2.5)
where W = Rn ×Rn ×Rn.

For given wk = (xk, yk, λk), we can carry out the candidate ŵk = (x̂k, ŷk, λ̂k) via
the following procedure: First we get (x̂k, ŷk) by solving parallel the following LVIs:

(x′ − x)T [MT (Mx− p)− (λk − βk(x− yk))] ≥ 0 (2.6)
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(y′ − y)T [NT (Ny − q) + (λk − βk(xk − y))] ≥ 0 (2.7)

and then update λ by
λ̂k = λk − βk(x̂k − ŷk) (2.8)

This method (2.6–2.8) is refered to the parallel method. Linear variational inequalities
(2.6– 2.7) can be solved directly. Their solutions are:

x̂k = (MT M +βkI)−1 ∗ (p+λk +βky
k); ŷk = (NT N +βkI)−1 ∗ (q−λk +βkx

k). (2.9)

In this approach we use PSALM for solving (2.5) directly. He [16] has proved its
convergence. However, when we use PSALM to solve Problem (2.6–2.8), we find that
(2.9) involves inverse matrix operators, which is expensive computationally.

Inexact proximal point method (In-PPA) can be used to solved LVIs (2.6–2.7), and
a good “inexact term” may be help us to bypass the inverse matrix operators.

For given wk = (xk, yk, λk), In-PPA carries out the candidate ŵk = (x̂k, ŷk, λ̂k) via
the following procedure: First we get (x̂k, ŷk) by solving in parallel the following LVIs:

(x′ − x)T
{

MT (Mx− p)− [λk − βk(x− yk)] + rk(x− xk) + ξk
x

}
≥ 0 (2.10)

(y′ − y)T
{

NT (Ny − q) + [λk − βk(xk − y)] + sk(y − yk) + ξk
y

}
≥ 0. (2.11)

Then we update λ̂k by (2.8).
By a proper choice of parameters rk, sk and with inexact terms ξk

x, ξk
y , we construct

a new algorithm to generate a sequence {(xk, yk, λk)} which converges to {(x∗, y∗, λ∗)}–
a solution of LVIs (2.5). This is the following method:

The proposed method (in-PSALM-II)
Step 0. Given the parameters ε > 0, γ ∈ (0, 2), 0 < βL ≤ β ≤ βU , ν ∈ (0, 1), initial
parameters r0, s0 and initial point w0 = (x0, y0, λ0) ∈ Rn × Rn × Rn. Set k = 0, let
βk = β.
Step 1. Produce (x̂k, ŷk) via solving parallel LVIs (2.10 and 2.11). Here rk and ξk

x

satisfy the following inequality

‖ξk
x‖ ≤ νrk‖xk − x̂k‖, ξk

x = MT M(xk − x̂k) + βk(xk − x̂k). (2.12)

Furthermore, sk and ξk
y satisfy the following inequality

‖ξk
y‖ ≤ νsk‖yk − ŷk‖, ξk

y = NT N(yk − ŷk) + βk(yk − ŷk). (2.13)

Then update λ̂k by using (2.8).
Step 2. Check terminating condition: let

εk = max(‖λk − λ̂k‖,max(‖yk − ŷk‖, ‖xk − x̂k‖)),

if εk < ε, stop. Else goto next step.
Step 3. Produce the new iterative point wk+1 = (xk+1, yk+1, λk+1) by using the fol-
lowing formula:

wk+1 = wk − αkd1(wk, ŵk). (2.14)

Let k := k + 1, go to Step 1.
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Here

d1(wk, ŵk) =




(xk − x̂k)− 1
rk + βk

ξk
x

(yk − ŷk)− 1
sk + βk

ξk
y

(λk − λ̂k)




and αk = γα∗k,

α∗k =
ϕ(wk, ŵk)

‖d1(wk, ŵk)‖2
G

, (2.15)

ϕ(wk, ŵk) = (λk−λ̂k)T (xk−x̂k)−(λk−λ̂k)T (yk−ŷk)+(wk−ŵk)T Gd1(wk, ŵk). (2.16)

G =




(rk + βk)I
(sk + βk)I

1
βk

I


 is positive definite.

Remark: 2.1 From (2.10, 2.12), we can get x̂k, ŷk easily, via the following projection
(on Rn):

x̂k = xk − 1
rk

[
MT (Mxk − p)− (λk − βk(xk − yk))

]
. (2.17)

In the same way, we get ŷk via the following projection (on Rn):

ŷk = yk − 1
sk

[
NT (Nyk − q) + (λk − βk(xk − yk))

]
. (2.18)

3 Convergence of the proposed method

Let w = (x, y, λ) and ŵ = (x̂, ŷ, λ̂). For convenience, we denote

d2(w, ŵ) =




MT (Mx̂− p)− [λ̂ + β(y − ŷ)− β(x− x̂)]
NT (Nŷ − q) + [λ̂ + β(y − ŷ)− β(x− x̂)]
x̂− ŷ


 (3.1)

F (ŵ) =




MT (Mx̂− p)− λ̂

NT (Nŷ − q) + λ̂
x̂− ŷ


 and η(w, ŵ) =



−β(y − ŷ) + β(x− x̂)
β(y − ŷ)− β(x− x̂)
0




ξw =




ξx

ξy

0


 .

Then by a simple transmutation of (2.10, 2.11) and (2.8), we get

(w − ŵ)T [F (ŵ) + η(w, ŵ) + G(ŵ − w) + ξw] ≥ 0 (3.2)

and
d1(w, ŵ) = (w − ŵ)−G−1ξw, d2(w, ŵ) = F (ŵ) + η(w, ŵ).

The variational inequality (3.2) is equivalent to

Cond. 1. ŵ = PW {ŵ − [d2(w, ŵ)−Gd1(w, ŵ)]} (3.3)
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where W = Rn ×Rn ×Rn.
Lemma 3.1. F (ŵ) is a monotone mapping with respect to W.
Proof: For given arbitrarily w1, w2 ∈ W, by computing directly, we get

(w1 − w2)T [F (w1)− F (w2)] =




x1 − x2

y1 − y2

λ1 − λ2







MT M(x1 − x2)− (λ1 − λ2)
NT N(y1 − y2) + (λ1 − λ2)

(x1 − x2)− (y1 − y2)




= (x1 − x2)T MT M(x1 − x2) + (y1 − y2)T NT N(y1 − y2)
= ‖M(x1 − x2)‖2 + ‖N(y1 − y2)‖2

≥ 0

This proves Lemma 3.1.
Theorem 3.1. Let ŵ = (x̂, ŷ, λ̂) be generated by the in-PSALM-II method, from a
given w = (x, y, λ). And let w∗ = (x∗, y∗, λ∗) be a solution of variational inequalities
(2.5). Then we have

Cond. 2. (ŵ − w∗)T d2(w, ŵ) ≥ ϕ(w, ŵ)− (w − ŵ)T Gd1(w, ŵ). (3.4)

Proof: By using Lemma 3.1 and notation d2(w, ŵ) in (3.1), and w∗ is a solution of
(2.5), we have

(ŵ − w∗)T d2(w, ŵ) = (ŵ − w∗)T [F (w, ŵ) + η(w, ŵ)]
≥ (ŵ − w∗)T F (w, w∗) + (ŵ − w∗)T η(w, ŵ)
≥ (ŵ − w∗)T η(w, ŵ)
= [(y − ŷ)− (x− x̂)]T [β(ŷ − y∗)− β(x̂− x∗)]
= [β(ŷ − x̂)− β(y∗ − x∗)]T [(y − ŷ)− (x− x̂)]

Since x∗ − y∗ = 0 and λ̂− λ = −β(x̂− ŷ), we get

(ŵ − w∗)T d2(w, ŵ) ≥ (λ̂− λ)T [(y − ŷ)− (x− x̂)] . (3.5)

Using the notation ϕ(w, ŵ) in (2.16) and inequality (3.5), we obtain (3.4).
Theorem 3.2. Let ŵ = (x̂, ŷ, λ̂) be generated by the in-PSALM-II method, from a
given w = (x, y, λ). We have

ϕ(w, ŵ) ≥ 2−√2
2

‖d1(w, ŵ)‖2
G + (

√
2− 1)(1− ν)[r‖x− x̂‖2 + s‖y − ŷ‖2]. (3.6)

Proof: Using (2.16), and the notations G and ξw, we get

ϕ(w, ŵ) = (w − ŵ)T G(w − ŵ)− (w − ŵ)T ξw + (λ− λ̂)T (x− x̂)− (λ− λ̂)T (y − ŷ)

= (r + β)‖x− x̂‖2 − (x− x̂)T ξx + (s + β)‖y − ŷ‖2 − (y − ŷ)T ξy +
1
β
‖λ− λ̂‖2

+(λ− λ̂)T (x− x̂) + (λ− λ̂)T (ŷ − y). (3.7)

Use Cauchy-Schwarz inequality, we get

(λ− λ̂)T (x− x̂) ≥ −1
2

(√
2β‖x− x̂‖2 +

1√
2β
‖λ− λ̂‖2

)
(3.8)
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(λ− λ̂)T (ŷ − y) ≥ −1
2

(√
2β‖y − ŷ‖2 +

1√
2β
‖λ− λ̂‖2

)
. (3.9)

Substitute (3.8-3.9) into (3.7), we get

ϕ(w, ŵ) ≥ (r +
2−√2

2
β)‖x− x̂‖2 − (x− x̂)T ξx (3.10)

+(s +
2−√2

2
β)‖y − ŷ‖2 − (y − ŷ)T ξy (3.11)

+
2−√2

2
1
β
‖λ− λ̂‖2. (3.12)

From (3.10), we get

(r +
2−√2

2
β)‖x− x̂‖2 − (x− x̂)T ξx

=
2−√2

2

[
((2 +

√
2)r + β)‖x− x̂‖2 − (2 +

√
2)(x− x̂)T ξx

]

=
2−√2

2
[
(r + β)‖x− x̂‖2 − 2(x− x̂)T ξx + r‖x− x̂‖2

]
(3.13)

+
2−√2

2

[√
2r‖x− x̂‖2 −

√
2(x− x̂)T ξx

]
. (3.14)

Use (2.12) to (3.13) and (3.14), we get

(r + β)‖x− x̂‖2 − 2(x− x̂)T ξx + r‖x− x̂‖2

=
1

r + β

[
(r + β)2‖x− x̂‖2 − 2(r + β)(x− x̂)T ξx + r(r + β)‖x− x̂‖2

]

≥ 1
r + β

[
(r + β)2‖x− x̂‖2 − 2(r + β)(x− x̂)T ξx + r2‖x− x̂‖2

]

≥ 1
r + β

[
(r + β)2‖x− x̂‖2 − 2(r + β)(x− x̂)T ξx + ‖ξx‖2

]

=
1

r + β
‖(r + β)(x− x̂)− ξx‖2 (3.15)

and √
2r‖x− x̂‖2 −

√
2(x− x̂)T ξx ≥

√
2(1− ν)r‖x− x̂‖2. (3.16)

Substitute (3.15-3.16) into (3.13-3.14), then we have

(r +
2−√2

2
β)‖x− x̂‖2 − (x− x̂)T ξx

≥ 2−√2
2

1
r + β

‖(r + β)(x− x̂)− ξx‖2 + (
√

2− 1)(1− ν)r‖x− x̂‖2. (3.17)

By the same method on (3.11), we get

(s+
2−√2

2
β)‖y−ŷ‖2−(y−ŷ)T ξy ≥ 2−√2

2
1

s + β
‖(s+β)(y−ŷ)−ξy‖2+(

√
2−1)(1−ν)s‖y−ŷ‖2.

(3.18)
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Substitute (3.17-3.18) into (3.10-3.11), and using the notation G, and use 1
β‖λ− λ̂‖2 =

β‖ 1
β (λ− λ̂)‖2, we get

ϕ(w, ŵ) ≥ 2−√2
2

‖Gd1(w, ŵ)‖2
G−1 + (

√
2− 1)(1− ν)[r‖x− x̂‖2 + s‖y − ŷ‖2]

=
2−√2

2
‖d1(w, ŵ)‖2

G + (
√

2− 1)(1− ν)[r‖x− x̂‖2 + s‖y − ŷ‖2]

This is (3.6). That completes the proof.
By Theorem 3.2, we get

α∗k ≥
2−√2

2
,∀k. (3.19)

Lemma 3.2. For given wk, ŵk is generated by in-PSALM-II method. Let w∗ be a
solution of variational inequality (2.5). Then we have

(wk − w∗)T Gd1(wk, ŵk) ≥ ϕ(wk, ŵk). (3.20)

Proof: Here we omit this proof. For a similar proof see Lemma 3.1 in [18].
We are now already to give convergence of in-PSALM-II method. We can obtain

convergence of this method directly, by using cond. 1 and cond. 2 and the theorems
of the unified framework of proximal-like contraction methods for monotone variational
inequalities [17]. Here we provide a brief proof on convergence.
Theorem 3.3. Let {wk} be the sequence generated by the proposed method in-
PSALM-II, and let w∗ be a solution of variational inequality (2.5). Then we have

‖wk+1 − w∗‖2
G ≤ ‖wk − w∗‖2

G −
3− 2

√
2

2
γ(2− γ)‖wk − ŵk‖2

G, (3.21)

where 0 < γ < 2.
Proof: By using the iterative formulation (2.14), we get

‖wk+1 − w∗‖2
G = ‖wk − αkd1(wk, ŵk)− w∗‖2

G

= ‖wk − w∗‖2
G − 2αk(wk − w∗)T Gd1(wk, ŵk) + α2

k‖d1(wk, ŵk)‖2
G.

By Lemma 3.2, (wk − w∗)T Gd1(wk, ŵk) ≥ ϕ(wk, ŵk), and by using (2.15), we get

‖wk+1 − w∗‖2
G ≤ ‖wk − w∗‖2

G − 2γ
ϕ2(wk, ŵk)

‖d1(wk, ŵk)‖2
G

+ γ2 ϕ2(wk, ŵk)
‖d1(wk, ŵk)‖2

G

= ‖wk − w∗‖2
G − γ(2− γ)

ϕ(wk, ŵk)
‖d1(wk, ŵk)‖2

G

ϕ(wk, ŵk)

= ‖wk − w∗‖2
G − γ(2− γ)α∗kϕ(wk, ŵk). (3.22)

Use Theorem 3.2, we get

ϕ(wk, ŵk) ≥ 2−√2
2

‖wk − ŵk‖2
G.

Apply this inequality and (3.19) to (3.22), we obtain (3.21).
Theorem 3.3 and bounded property of the sequence {wk} (see Theorem 2.1 of [17])

provide convergence of the in-PSALM-II method.
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4 A generalization of the proposed method

The in-PSALM-II method can be generalized in two ways: one is to generalize it from
linear operators to general monotone operators, the other is from two operators to three
operators. The first generalization is trivial, so in this section we give a generalization of
the proposed method in handling variational inequalities with three separable monotone
operators which has the following form:

Find u = (x, y, z) ∈ Ω, such that





(x′ − x)T f(x) ≥ 0
(y′ − y)T g(y) ≥ 0
(z′ − z)T h(z) ≥ 0

∀u′ ∈ Ω (4.1)

where Ω = {(x, y, z)|x ∈ X , y ∈ Y, z ∈ Z : Px + Qy + Rz = d}, and X ⊂ Rn1 ,Y ⊂
Rn2 ,Z ⊂ Rn3 are convex sets. P ∈ Rm×n1 , Q ∈ Rm×n2 , R ∈ Rm×n3 are given matrices,
d ∈ Rm is a given vector, f : Rn1 → Rn1 , g : Rn2 → Rn2 , h : Rn3 → Rn3 are given
monotone operators.

Problem (1.1) can be converted into a special case of Problem (4.1) via the following
approach: First part the coefficient matrix A into three parts:

M = A(1 : m, :), N = A(m + 1 : l, :), L = A(l + 1 : n, :), m < l < n,

and correspondingly,

p = b(1 : m), q = b(m + 1 : l), v = b(l + 1 : n).

Then the system of LEs (1.1) can be educed by the following system:




Mx = p
Nx = q
Lx = v

(4.2)

Furthermore, the system (4.2) is equivalent to

x∗ = Arg min
x∈Rn

‖Mx− p‖2 + ‖Nx− q‖2 + ‖Lz − v‖2. (4.3)

A separable equivalent of (4.3) is:

Arg min
x∈Rn

‖Mx− p‖2 + ‖Ny − q‖2 + ‖Lz − v‖2

s.t. x− y = 0
y − z = 0
z − x = 0.

(4.4)

Let

P =




I
0
−I


 , Q =



−I
I
0


 , R =




0
−I
I


 .

Problem (4.4) is equivalent to the following variational inequality:

Find u = (x, y, z) ∈ Ω, such that





(x′ − x)T [MT (Mx− p)] ≥ 0
(y′ − y)T [NT (Ny − q)] ≥ 0
(z′ − z)T [LT (Lz − v)] ≥ 0

∀u′ ∈ Ω, (4.5)
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where Ω = {(x, y, z)|x, y, z ∈ Rn : Px + Qy + Rz = 0}. This is the linear variational
inequalities whose structure is as same as Problem (4.1).

We come back to the general case, namely Problem (4.1). Our goal of this section
is to generalize in-PSALM-II for solving Problem (4.1), and prove its convergence.

By attaching a Lagrange multiplier vector λ ∈ Rm to the linear constraint Px +
Qy + Rz = d, Problem (4.1) can be explained as the following form:

Find w =




x
y
z
λ


 ∈ W, such that





(x′ − x)T [f(x)− P T λ] ≥ 0,
(y′ − y)T [g(y)−QT λ] ≥ 0,
(z′ − z)T [h(z)−RT λ] ≥ 0,
Px + Qy + Rz − d = 0,

∀w′ ∈ W (4.6)

where W = X × Y × Z ×Rm.
For the problems in this section, we denote

H =




2βP T P βP T Q βP T R
βQT P 2βQT Q βQT R
βRT P βRT Q 2βRT R

1
β I




In general, H is positive semi-definite, and thus when H is not positive definite ‖ ·‖H is
not a norm. For convenience, we use the notation ‖w−ŵ‖2

H to denote (w−ŵ)T H(w−ŵ).
We know ‖w − ŵ‖2

H ≥ 0, see equation (4.6) in [16].
We are now ready to propose the new method for solving Problem (4.6).

The extended method (in-PSALM-III):
Step 0. Given the parameters ε > 0, γ ∈ (0, 2), 0 < βL ≤ β ≤ βU , ν ∈ (0, 1), initial
parameters r0, s0, t0 and initial point w0 = (x0, y0, z0, λ0) ∈ Rn × Rn × Rn × Rm. Set
k = 0, let βk = β.
Step 1. Produce (x̂k, ŷk, ẑk) ∈ X ×Y ×Z via solving parallel the following variational
inequalities:

x ∈ X , (x′−x)T
{

f(x)− P T [λk − βk(Px + Qyk + Rzk − d)] + rk(x− xk) + ξk
x

}
≥ 0,∀x′ ∈ X

(4.7)
where rk and ξk

x satisfy the following inequality

‖ξk
x‖ ≤ νrk‖xk − x̂k‖, ξk

x = f(xk)− f(x̂k) + βkP
T P (xk − x̂k); (4.8)

and

y ∈ Y, (y′−y)T
{

g(y)−QT [λk − βk(Pxk + Qy + Rzk − d)] + sk(y − yk) + ξk
y

}
≥ 0,∀y′ ∈ Y

(4.9)
where sk and ξk

y satisfy the following inequality

‖ξk
y‖ ≤ νsk‖yk − ŷk‖, ξk

y = g(yk)− g(ŷk) + βkQ
T Q(yk − ŷk); (4.10)

and

z ∈ Z, (z′−z)T
{

h(z)−RT [λk − βk(Pxk + Qyk + Rz − d)] + tk(z − zk) + ξk
z

}
≥ 0,∀z′ ∈ Z

(4.11)
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where tk and ξk
z satisfy the following inequality

‖ξk
z ‖ ≤ νtk‖zk − ẑk‖, ξk

z = h(zk)− h(ẑk) + βkR
T R(zk − ẑk). (4.12)

Step 3. Update λ̂k by using the following formula:

λ̂k = λk − βk(Px̂k + Qŷk + Rẑk − d). (4.13)

Step 4. Check termination condition: let

εk = max(‖xk − x̂k‖, ‖yk − ŷk‖, ‖zk − ẑk‖, ‖λk − λ̂k‖),

if εk < ε, stop. Else goto next step.
Step 5. Produce the new iterative point wk+1 = (xk+1, yk+1, zk+1, λk+1) by using the
following formula:

wk+1 = wk − αkd1(wk, ŵk). (4.14)

Let k := k + 1, go to Step 1.
Here,

d1(wk, ŵk) =




rk(xk − x̂k)− ξk
x

sk(yk − ŷk)− ξk
y

tk(zk − ẑk)− ξk
z

0


 + H(wk − ŵk), β = βk in matrix H

and αk = γα∗k,

α∗k =
ϕ(wk, ŵk)

‖d1(wk, ŵk)‖2
, (4.15)

ϕ(wk, ŵk) = 2(λk− λ̂k)T [P (xk− x̂k)+Q(yk− ŷk)+R(zk− ẑk)]+(wk− ŵk)T d1(wk, ŵk).
(4.16)

Conveniently, we ignore the index variable k and the following notations are useful
in this section.

F (ŵ) =




f(x̂)− P T λ̂

g(ŷ)−QT λ̂

h(ẑ)−RT λ̂
P x̂ + Qŷ + Rẑ − d


 , ξw =




ξx

ξy

ξz

0




K =




βP T P βP T Q βP T R
βQT P βQT Q βQT R
βRT P βRT Q βRT R


 ,

u = (x, y, z)T , η(w, ŵ) =
(

K(u− û)
0

)
.

Let
d2(w, ŵ) = F (ŵ) + 2η(w, ŵ).

Then variational inequalities (4.7, 4.9, 4.11, 4.13) can be rewritten in a compact form:

(w′ − ŵ)T [d2(w, ŵ)− d1(w, ŵ)] ≥ 0,∀w′ ∈ W. (4.17)

13



Variational inequality (4.17) is equivalent to the following projection equation,

cond. 1. ŵ = PW {ŵ − [d2(w, ŵ)− d1(w, ŵ)]} . (4.18)

Theorem 4.1. Let w∗ = (x∗, y∗, z∗, λ∗) be a solution of Problem (4.17), and ŵ be
generated by in-PSALM-III method for a given w. Then we have

cond. 2. (ŵ − w∗)T d2(w, ŵ) ≥ ϕ(w, ŵ)− (w − ŵ)T d1(w, ŵ). (4.19)

Proof: Since F (w) is monotone (by using monotonicity of operators f, g, h) and w∗

is a solution of Problem (4.17) we have (ŵ − w∗)T F (w∗) ≥ 0, and

(ŵ − w∗)T d2(w, ŵ) = (ŵ − w∗)T [F (ŵ) + 2η(w, ŵ)]
≥ (ŵ − w∗)T [F (w∗) + 2η(w, ŵ)]
≥ 2(ŵ − w∗)T η(w, ŵ). (4.20)

But

(ŵ − w∗)T η(w, ŵ)
= [βP (x̂− x∗) + βQ(ŷ − y∗) + βR(ẑ − z∗)]T [P (x− x̂) + Q(y − ŷ) + R(z − ẑ)]
= [β(Px̂ + Qŷ + Rẑ − d)− β(Px∗ + Qy∗ + Rz∗ − d)]T

[P (x− x̂) + Q(y − ŷ) + R(z − ẑ)]
= [λ− λ̂]T [P (x− x̂) + Q(y − ŷ) + R(z − ẑ)] (4.21)

in the last equation we use (4.13) and Px∗+Qy∗+Rz∗− d = 0. Substitute (4.21) into
(4.20) and using the notation ϕ(w, ŵ), we get (4.19).

By the inequality (4.17) of Lemma 4.1 in [16], we have

2[λ− λ̂]T [P (x− x̂) + Q(y − ŷ) + R(z − ẑ)] ≥ −
√

3
2
‖w − ŵ‖2

H . (4.22)

Then we have:
Theorem 4.2. For given w = (x, y, z, λ), let ŵ = (x̂, ŷ, ẑ, λ̂) be generated by in-
PSALM-III method. Then we have

ϕ(w, ŵ) ≥ 2−√3
2

‖w − ŵ‖2
H + (1− ν)[r‖x− x̂‖2 + s‖y − ŷ‖2 + t‖z − ẑ‖2]. (4.23)

Proof: Use (4.16) and (4.22), we get

ϕ(w, ŵ) ≥ (w − ŵ)T d1(w, ŵ)−
√

3
2
‖w − ŵ‖2

H

= ‖w − ŵ‖2
H −

√
3

2
‖w − ŵ‖2

H + (w − ŵ)T




r(x− x̂)− ξx

s(y − ŷ)− ξy

t(z − ẑ)− ξz

0




=
2−√3

2
‖w − ŵ‖2

H + r‖x− x̂‖2 − (x− x̂)T ξx

+s‖y − ŷ‖2 − (y − ŷ)T ξy + t‖z − ẑ‖2 − (z − ẑ)T ξz. (4.24)
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By Cauchy-Schwarz inequality,

−(x− x̂)T ξx ≥ ‖x− x̂‖‖ξx‖,

and by (4.8), we get
−(x− x̂)T ξx ≥ −νr‖x− x̂‖2. (4.25)

In the same way, we have

−(y − ŷ)T ξy ≥ −νs‖y − ŷ‖2, − (z − ẑ)T ξz ≥ −νt‖y − ŷ‖2. (4.26)

Substitute (4.25, 4.26) into (4.24), we get (4.23).
Lemma 4.1. Let w∗ be a solution of Problem (4.17). For given w, let ŵ be generated
by in-PSALM-III method. Then we have

(w − w∗)T d1(w, ŵ) ≥ ϕ(w, ŵ). (4.27)

Proof: Use (4.17), let w′ = w∗, we get

(ŵ − w∗)T d1(w, ŵ) ≥ (ŵ − w∗)T d2(w, ŵ). (4.28)

Add(4.28) and (4.19), we have

(ŵ − w∗)T d1(w, ŵ) ≥ ϕ(w, ŵ)− (w − ŵ)T d1(w, ŵ).

Re-arranging the last inequality we get (4.27) directly.
We are ready to give the key theorem of convergence of in-PSALM-III method.

Theorem 4.3. Let w∗ be a solution of Problem (4.17). Let the sequence {wk} and
{ŵk} be generated by in-PSALM-III method. Then we have

‖wk+1 − w∗‖2 ≤ ‖wk − w∗‖2. (4.29)

The equation ‖wk+1 − w∗‖2 = ‖wk − w∗‖2 holds if and only if ‖wk − ŵk‖ = 0.
Proof: By the iterative formula (4.14), we have

‖wk+1 − w∗‖2 = ‖wk − w∗ − αkd1(w, ŵ)‖2

= ‖wk − w∗‖2 − 2αk(wk − w∗)T d1(w, ŵ) + α2
k‖d1(w, ŵ)‖2

≤ ‖wk − w∗‖2 − 2αkϕ(w, ŵ) + α2
k‖d1(w, ŵ)‖2 (4.30)

In last inequality we use Lemma 4.1. Note αk = γα∗k (γ ∈ (0, 2)) and (4.15), we get

‖wk+1 − w∗‖2 ≤ ‖wk − w∗‖2 − 2γ
ϕ2(w, ŵ)
‖d1(w, ŵ)‖2

+ γ2 ϕ2(w, ŵ)
‖d1(w, ŵ)‖2

= ‖wk − w∗‖2 + γ(2− γ)
ϕ2(w, ŵ)
‖d1(w, ŵ)‖2

(4.31)

≤ ‖wk − w∗‖2. (4.32)

By using (4.23), ϕ(w, ŵ) = 0 iff ‖wk − ŵk‖ = 0, so the second term of (4.31) is equal
to zero iff ‖wk − ŵk‖ = 0. This implies the second part of Theorem 4.3.
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5 Numerical results and conclusions remarks

In this section, we employ three examples to show applicability, availability and robust-
ness of the proposed methods.
Example 5.1. For Problem (1.1), let A be n× n Hilbert matrix, x∗ = (1, ..., 1)T and
b = Ax∗. We solve this problem by using in-PSALM-II method with stopping criterion
ε = 1.0 × 10−5 ( correspondingly residual ‖Ax − b‖2 < 1.0 × 10−2 ). We observe the
relationship of variables n and iterations k, and obtain the result described by Figure
1.
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Figure 1: Iterations vs variables when A is Hilbert matrix

Example 5.2. For Problem (1.1), let A = (aij) be a 100 × 100 positive definite
matrix with given condition number, which components aij are random variables, the
right hand vector b and stopping criterion are as same as example 5.1. The Matlab
Program for generating A is given in the following box (let n = 100):

Sigma=zeros(n,1); for j=1:n Sigma(j)=cos((pi*j)/(n+1)) +1; end;
Hcond=input(’Input condition number of A, suggest 102 – 1018, Hcond= ’);
tau=(max(Sigma)- min(Sigma)*Hcond)/(Hcond-1);
Sigma=Sigma + ones(n,1)*tau; v=zeros(n,1); xop=zeros(n,1); xstart=zeros(n,1);
t=0; for j=1:n t=mod(t*31416+13846,46261); v(j)=t*(2/46261)-1; end;
v=v/norm(v); V = eye(n)- v*v’*2; H = V * diag(Sigma) * V; A=H;

We observe the relationship of condition number of A and iterations k, and obtain
the result described by Figure 2.
Example 5.3. This example is as same as the second example of [5]. For complete-
ness, we state it here. This system of linear equations is obtained from the discretization
of a one dimensional two point boundary value problem of the Poisson equation and
has the form

A = tridiag(−1, 2,−1), b = (1, 0, ..., 0, 1)T .

For the stopping criterion we set ε < 1.0× 10−7 (correspondingly residual ‖Ax− b‖2 <
1.0×10−2). We observe the relationship of variables n and iterations k, and obtain the
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Figure 2: Iterations vs condition number when A is random positive definite matrix

result described by Figure 3. For a comparison, one can refer to table 1 of [5].
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Figure 3: Iterations vs variables when A is a special tridiagonal matrix

We see from the numerical results that the superiority of the proposed method
(in-PSALM-II) is robust. The numerical results suggest iterations to dimension is not
too sensitive (see figure 1 and figure 3); and iterations to condition number is also not
too sensitive (see figure 2). compare with table 1 of [5] and example 5.3, we see that the
proposed method is efficient and more robust than the enumerative methods in table
1 of [5].

Conclusions: In this paper, we propose a novel method to solve a large system of
linear equations, we have the inexact parallel splitting augmented Lagrangian method.
The numerical results show the applicability, availability and robustness of the proposed
method. We also give the proof of convergence of the proposed method and extend
it to deal with general monotone variational inequalities problem with three separable
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operators. Since we introduce into proper inexact terms, it steers clear of the inverse
operator on the matrix when we employ this method to solve system of linear equations
(LEs). Theoretically, to do in this way, the most expensive computational loads is the
product of matrix and vector, see (2.17) and (2.18). Thus the complexity of this method
is O(n2). This compare with the common iterative method with complexity O(n3). On
the other hand, the total cost of memory in processors does not increase, since in each
subproblem, we only need to store a partial matrix of coefficient matrix A, i.e., M or
N . From the practical point of view, the most useful value of the proposed method is
robustness with respect to the scale (dimension) and condition (measured by condition
number of the coefficient matrix A).

However, as affirmed in [16], when p > 3 we can not extend this method to deal with
the same problem with p separable operators directly. But on the parallel computa-
tional point of view, to handle problem with p (p > 3) separable operators is necessary.
We guess one can handle this problem in this class by carving up these operators into
several groups. Two or three operators are in one group, and two or three groups are
in one super-group, and so on. Then we can use the proposed method in this paper to
handle this problem effectively. This investigation is in working in our research group.
Acknowledgement: We are grateful to Professor BS He , for his help in this

research. We also thank the anonymous reviewers for their helpful comments.
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