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Abstract. Computed Tomography is one of the most popular diagnostic tools available to medical professionals. However,
its diagnostic power comes at a cost to the patient- significant radiation exposure. The amount of radiation exposure is a
function of the number of angular measurements necessary to successfully reconstruct the imaged volume. Compressed sensing
on the other hand is a technique that allows one to reconstruct signals from a very limited set of samples provided that
the target signal is compressible in a transform domain. Combining the two gives clinicians the benefits of CT while at the
same time limiting the risk posed by excessive radiation. In this work we formulate the computed tomography reconstruction
problem within a compressed sensing framework using partial pseudo-polar Fourier transform. Simulated results indicate that
the number of angular projections and hence the associated radiation can be cut by a factor of 4 or more without noticeable
loss of image quality.

1. Introduction. Computed Tomography (CT) is one of the most powerful diagnostic tools that clin-
icians have today. Since the inception of CT scans in the 1970’s, it has seen an explosive growth in its use
not just for localization and quantification of a variety of ailments for symptomatic patients, but also as a
preventive mechanism to screen asymptomatic patients both for adults and increasingly even for children.
It has found diagnostic use for such diverse problems as brain tumors, strokes, pulmonary embolisms, re-
nal stones, abdominal aortic aneurysm etc. Consequently, by some estimates the number of CT scans have
increased from a mere 2.8 million scans in 1981 [17] to 62 million in 2006 [18], including 4 million on children.

Over the last 40 years the scanning mechanism has evolved significantly to improve the resolution and the
scanning time. However, the basic principle has remained the same. In a conventional CT setup, the X-ray
source and the detector is housed in a circular band (also called gantry) which moves circularly around
a patient who lies on a motorized table. Up to 64 rows of detectors are used, which gather a series of
X-ray images at various angles as the gantry moves around the patient. Each complete movement of the
gantry represents a slice of the body. The motorized table is moved to cover the third dimension in order
to construct a three dimensional image of the organ of interest. The detectors detect the attenuated x-ray
signal after it passes through the organ of interest. This 3D data is then used to reconstruct the images of
internal human organs in a non-invasive manner.

Any CT scan exposes the patient to radiation - the precise amount being dependent on the image resolution
and quality desired, size of the volume scanned, the patient build and the scanning protocol used. Further,
it has been noted that CT requires larger radiation doses than conventional x-ray imaging procedures [18].
For example for an abdominal exam CT requires 50 times more radiation compared to conventional x-ray.
Hence, the phenomenal popularity of CT has come at a cost of increased radiation and the associated risks.
In fact, CT has contributed disproportionately to the problem of radiation exposure. A study done in Britain
for instance noted that while CT constitutes 4% of the diagnostic procedures, they account for 40% of the
radiation exposure [19].

It is not surprising then that reducing the radiation exposure without compromising the image quality is
a major area of research. Several techniques are being explored include hardware adjustments as well as
improved image reconstruction algorithms. We approach this problem from the latter perspective. Our
goal is to reconstruct the image using a far fewer number of angular projections than what is mandated by
Nyquist’s criteria for a perfect reconstruction. Normally this should result in streaking artifacts when using
the traditional back projection algorithm for CT image reconstruction [2]. However, we show that using a
compressed sensing formulation of the CT reconstruction problem through the use of partial pseudo-polar
Fourier formulation, one can still achieve near perfect reconstruction.

In the rest of this paper, we fist briefly introduce the reconstruction problem, followed by a short introduction
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of the compressed sensing framework. In Section 4, we show how to reconstruct CT image within the
compressed sensing framework using partial pseudo-polar Fourier transform. In Section 5, we briefly describe
the compressed sensing optimization algorithm used here without any details. Finally, we present some results
to test the performance of the proposed algorithm and then we conclude.

2. CT Image Reconstruction. Let f(x, y) denote the x-ray attenuation coefficient distribution of
a 2D target object and x cos(θ) + y sin(θ) = t1 represent the trajectory of an x-ray beam, defined as
in Figure 2.1. The x-ray attenuation of that beam is represented as Pθ(t1). The method that will be
described in this paper uses projection data of the target object. In conventional x-ray tomography [1], these
projections represent the total amount of attenuation of x-rays while passing through the target object. In
other words, the interaction of x-rays with the substance of the object causes the projection data, which
can be approximated as a line integral of the x-ray attenuation coefficient of the object. In the case of
monochromatic x-ray photons, a line integral of the x-ray attenuation coefficient can be approximated with
the log of the ratio of the entering to the leaving photons. Throughout the paper parallel ray projections will

Fig. 2.1. An object and its projection are shown for an angle of θ. [2]

be used. Parallel ray projection data can be easily collected. After fixing a constant projection angle, the
x-ray source and x-ray detector are moved together along parallel lines on the opposite sides of the target
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object. Then repeating this step for a set of projection angles, a set of parallel ray projection data can be
obtained.

Fig. 2.2. Parallel projections are taken by measuring a set of parallel rays for a number of different angles. [3]

In standard CT imaging practice for a perfect reconstruction, the total number of projections of the target
object must satisfy the Shannon-Nyquist Sampling Theorem. Since the total radiation exposure of the
target object and the time needed for imaging is proportional to the number of view angles, we would like to
minimize this number. Compressed Sensing Theory (CS) [5, 6] showes that, if the signal to be reconstructed
has a sparse representation in some basis, then it can be perfectly reconstructed by sampling at a significantly
smaller than the Nyquist Rate. Thus, this theory provides us with the possibility of reducing the number
of view angles provided the target object is sparse in some basis. Although real medical images are rarely
sparse, transformations of the image via a wavelet transform and/or the total variation operator can result
in sparse images.

3. Compressed Sensing in General and Imaging. Compressed sensing [5, 6] is an interesting new
area of research which has gained enormous popularity of late due to its ability to perfectly reconstruct a
signal from a limited number of samples provided that the signal is sparse in a transform domain. It is being
increasingly adopted in a variety of applications (see [12] for a review of the theory and applications). As
noted earlier, in the case of CT images, being able to reconstruct images with high quality using a limited
set of the projection angles translates to less radiation for the patient.

Compressed sensing in general is based upon the fact that most signals are compressible. Let the vector ū
represent a signal. A compression technique (such as JPEG2000 for image compression) compresses the signal
by finding some transform Φ (e.g., Fourier or wavelet transform) such that Φū = x̄ is (approximately) sparse,
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and saving the locations and values of the nonzero entries of x̄ (or those with relatively large magnitudes).
To recover ū, one simply applies the inverse transform to x̄ to obtain ū = Φ−1x̄. For ease of notation, we let

k = ‖x̄‖0 := the number of non-zeros in x̄,

n := dimension(x̄).

The entire process of compressed sensing consists of three steps: encoding, sensing, and decoding. In the first
step, ū is encoded into a smaller vector b = Rū of a size m < n by a linear transform R, which is certainly
not invertible since m < n. Clearly, b contains less information than ū, so it is a compression of ū. Since
ū = Φ−1x̄, b = Ax̄ (for A = RΦ−1) is also a compression of x̄. In many applications of compressed sensing,
the linear transform R is not calculated by a computer but obtained by certain physical or digital means.
The second step is obtaining the measurement b from the imaging system. The third step is to recover x̄
(and thus, ū) from b. Since x̄ is sparse, it can be recovered as the sparsest solution to the underdetermined
system of equations Ax = b unless there exists another even sparser solution to these equations. This gives
rise to the `0-problem

min
x
{‖x‖0 : Ax = b}.

However, this problem is NP-hard [16] for general data, impractical for nearly all real applications. Hence,
it is more realistic to solve a computationally tractable alternative such as the `1-problem

min
x
{‖x‖1 : Ax = b}, (3.1)

which has also been known to yield sparse solutions under some conditions (see [13, 14, 15] for details). Ideally,
we would like to take the least possible number of measurements, that is, m being equal to k. However, we
must pay a price for not knowing the locations of the non-zeros in x̄ (there are n choose k possibilities!) while
still asking for perfect reconstructions of most sparse x̄. It was shown in [5, 21] that, when R is Gaussian
random and partial Fourier, i.e. we randomly select using a Gaussian pdf a set of Fourier coefficients, (3.1)
can recover x̄ (technically, with a high probability) from b of a size m = O(k log(n/k)) and O(k log(n)4),
respectively. In the case of Computed Tomography, it has been shown that perfect reconstruction is possible
from an incomplete dataset if we have a known subregion inside a region of interest [20]. Finally, once x̄ is
recovered, ū becomes available through ū = Φ−1x̄.

The exact recovery of ū by (3.1) requires that x̄ be sparse and b = Ax̄, exactly. In practice, especially
in imaging, it is often the case that x̄ is only approximately sparse, that is, x̄ contains a small number of
components with magnitudes significantly larger than those of the rest, which are not necessarily zero. In
some applications, it is also the case that the measurements b are contaminated with noise n, i.e., b = Ax̄+n.
In both cases, an appropriate relaxation of b = Ax should be considered. The topic of compressed sensing
stability studies how accurately a model can recover signals under the above conditions.

There are stability results established for model (3.1) and its extension

min
x
{‖x‖1 : ‖Ax− b‖22 ≤ σ2}. (3.2)

For (3.2), it was shown in [22] that with similar measurements as in the exact recovery case, its solution x∗

satisfies

‖x∗ − x̄‖2 ≤ O(σ + k−1/2‖x̄− x̄(k)‖1), (3.3)

where x̄ is approximately k-sparse and x̄(k) is the k-approximation to x̄ by zeroing the n − k insignificant
components. Clearly, if x̄ is exactly k-sparse and σ is set to 0, then (3.3) reduces to the exact recovery of
x∗ = x̄.

Solving problem (3.2) is equivalent to solving the simpler Lagrange relaxation problem

min
x
µ‖x‖1 +

1
2
‖Ax− b‖22. (3.4)
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This equivalence is in the sense that solving one of the two problems will determine the parameter in the
other such that both give the same solution [23]. Given the data A, b, and σ in (3.2), there exist practical
ways (see [24], for example) to estimate an appropriate µ in (3.4).

In the following, we formulate the compressed sensing problem for computed tomography as (3.2) through
the appropriate choice of A and b.

4. CT Image Reconstruction using CS Framework. The essence of our proposed method is to
formulate the CT image reconstruction problem within a compressed sensing framework which involves two
main steps. First, we need to compute the measurement matrix A (in (3.2)) from the mapping that represents
the attenuation and summation process that generates Pθ when an x-ray traverses through an object. The
second step is to derive the measurement b (in (3.2)) from the projections Pθ defined in Section 3 obtained
at different angles θ. Once A and b are known, the resulting CS problem (5.1), which can be solved using
any optimization algorithm appropriate for (3.2), will be solved using the algorithm developed by Ma et. al
[8].

The imaged object is modeled as a two-dimensional distribution of X-ray attenuation coefficient and is
represented by a two-dimensional function f(x, y) in the standard x-y coordinate system. In the rest of this
paper we still use object and f(x, y) interchangeably. We assume the object to be bounded in the spatial
domain, i.e. f(x, y) = 0 when |x| > B or |y| > B. A line integral of the object corresponds to the total
attenuation of an X-ray beam as it travels through the object in a straight line. Given a projection angle
0 ≤ θ < π in radian, if we define lθ,t = {(x, y) : x cosθ + y sinθ = t} to be the path traveled by a beam of
X-ray, then Pθ(t) =

∫
lθ,t

f(x, y) ds denotes the total attenuation of the X-ray beam along the line lθ,t. For
a fixed θ, Pθ = {Pθ(t)| − ∞ < t < +∞} defines a parallel projection of the object f corresponding to the
projection angle θ.

Let F : <2 → C denote the Fourier transform of f , i.e. F (u, v) =
∫ +∞
−∞

∫ +∞
−∞ f(x, y) e−2πi(ux+vy)dx dy. Let s :

<2 → R denote the two dimensional sampling function: s(x, y) = T 2
∑+∞
n1=−∞

∑+∞
n2=−∞ δ(x−n1T )δ(y−n2T ),

where δ is the Dirac delta function and T is the sampling period for both x and y axes. Then we define the
sampled object fs(x, y) to be fs(x, y) = f(x, y) s(x, y). Let Fs denote the Fourier transform of the sampled
object,

Fs(u, v) =
∫ +∞

−∞

∫ +∞

−∞
fs(x, y) e−2πi(ux+vy)dx dy, (4.1)

= T 2
+∞∑

n1=−∞

+∞∑
n2=−∞

f(n1T, n2T ) e−2πi(un1+vn2)T , (4.2)

= T 2

dBT e∑
n1=b−BT c

dBT e∑
n2=b−BT c

f(n1T, n2T ) e−2πi(un1+vn2)T . (4.3)

It can be easily shown that Fs(u, v) =
∑+∞
k1=−∞

∑+∞
k2=−∞ F (u − k1

T , v −
k2
T ). Since the support of the

object is bounded in the spatial domain, the support of F is not bounded. However, it can be as-
sumed that the frequency response is band-limited, i.e. there exists a cutoff frequency W such that
‖F (u, v)‖ ≈ 0, when |u| > W or |w| > W . We assume that f(x, y) =

∫ +∞
−∞

∫ +∞
−∞ F (u, v) e2πi(ux+vy)du dv ≈∫W

−W
∫W
−W F (u, v) e2πi(ux+vy)du dv = f̂(x, y), in the sense that f̂(x, y) is a sufficiently good approxima-

tion of f(x, y) for all practical purposes. Assuming that such a bound W exists, the aliasing effects will
be small and Fs(u, v) ≈ F (u, v) for |u| ≤ W and |v| ≤ W whenever that sampling period T < 1

2W , i.e.
Fs(u, v) −→ F (u, v) for all for |u| ≤W and |v| ≤W as T ↘ 0.

Let Sθ : < → C be the Fourier transform of Pθ, where Pθ(t) =
∫
lθ,t

f(x, y) ds and lθ,t = {(x, y) : x cosθ +
y sinθ = t} is the path traveled by a beam of X-ray, when the projection angle is equal to θ. Sθ(w) =∫ +∞
−∞ Pθ(t)e−2πiwtdt. The two-dimensional polar Fourier transform F̃ (w, θ) of f is defined in the usual

manner, F̃ (w, θ) = F (w cos θ, w sin θ). Then, the Fourier Slice Theorem implies that Sθ(w) = F̃ (w, θ).
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However, in practice instead of the entire polar profile Pθ = {Pθ(t)| − ∞ < t < +∞}, parallel beam
tomography only measures the total attenuation values of a finite set of X-ray beams, P̂θ = {Pθ(nτ)| n ∈
Z, b−

√
2 B
τ c ≤ n ≤ d

√
2 B
τ e}, where τ is the sampling period of the tomography machine, i.e. distance

between the adjacent x-ray detectors. Let

Ŝθ(w) = τ

d
√

2 B
τ e∑

n=b−
√

2 B
τ c

Pθ(nτ) e−2πiwnτ . (4.4)

Since Ŝθ(w) =
∑+∞
k=−∞ Sθ(w − k

τ ), it is true that Ŝθ(w) −→ Sθ(w) for all w ∈ < such that |w| ≤ W as
τ ↘ 0. It was also assumed that Fs(u, v) ≈ F (u, v) for |u| ≤ W and |v| ≤ W . Then for τ > 0 and T < 1

2W

small, we have Ŝθ(w) ≈ Sθ(w) = F̃ (w, θ) = F (w cos θ, w sin θ) ≈ Fs(w cos θ, w sin θ) whenever |u| ≤ W and
|v| ≤W .

Sampling period of the machine τ > 0 is assumed to be fixed and chosen such that Ŝθ sufficiently approximates
Sθ for all practical purposes. Using a database of past images, for different type of CT images e.g. head, heart,
each corresponding cutoff frequency value e.g. Whead, Wheart, can be estimated. Therefore, assuming that an
estimate of cutoff value, W , is known for the type of the object f , choosing an appropriate sampling period
T such that T < 1

2W , actually determines the resolution of the digital image, fd, to be reconstructed, i.e.
fd ∈ < (nd+1) × (nd+1), nd = 2dBT e. In the actual process, tomography machine evaluates P̂θ = {Pθ(nτ)| n ∈
Z, b−

√
2 B
τ c ≤ n ≤ d

√
2 B
τ e} for a finite set of θ values. Let Ω1 = {θ1, θ2, ..., θN1} be the finite set of

projection angles. Once P̂θ is known for all θ ∈ Ω1, Ŝθ(w) can be computed offline for all −W ≤ w ≤ W
and for all θ ∈ Ω1. For each θ ∈ Ω1, let Ŝθ(w) be computed for all w ∈ Ω2 = {w1, w2, ...., wN2} such
that |wi| ≤ W for all 1 ≤ i ≤ N2. Then each point in Ω = Ω1 × Ω2 is a polar coordinate representation
of points in two-dimensional frequency domain of f . The set of observations {Ŝθ(w) | (θ, w) ∈ Ω } can be
used to reconstruct digital image fd of the object f . Since for small τ > 0, Fs(w cos θ, w sin θ) ≈ Ŝθ(w)
when |u| ≤ W and |v| ≤ W , then for some eθ,w ∈ < close to zero, Fs(w cos θ, w sin θ) = Ŝθ(w) + eθ,w for all
(θ, w) ∈ Ω, i.e.

T 2

dBT e∑
n1=b−BT c

dBT e∑
n2=b−BT c

fdn1,n2
e−2πi(n1 cos θ+n2 sin θ)wT = Ŝθ(w) + eθ,w ∀(θ, w) ∈ Ω (4.5)

This set of equations can be written in matrix form: Rfd = b + e, where R ∈ C|Ω|× n2
d , fd ∈ <n2

d , b ∈ C|Ω|
and elements of b are Ŝθ(w) for (θ, w) ∈ Ω, and e ∈ C|Ω| is a vector of approximation errors.

In order to be able to use the optimization algorithm [8] given in Section 5, Rx and RHy must be computed
efficiently for all x ∈ <n2

d and y ∈ <|Ω|. The efficiency of these matrix vector multiplications depends
critically on the structure of matrix R. On the other hand, as long as the cardinality of Ω1 stays same,
elements of Ω1 and Ω2 can be chosen to satisfy our needs (Since the cardinality of Ω1 is equal to the number
of projections used in reconstruction and that number determines the radiation exposure of the patient and
the time needed for tomography, we want the cardinality of the set to be equal to a predetermined value,
which is much less than the number of projections used today).

Without loss of generality choose T and B such that nd = 2B
T and

Fs(u, v) = T 2

nd
2 −1∑

n1=−nd2

nd
2 −1∑

n2=−nd2

f(n1T, n2T ) e−2πi(un1+vn2)T , (4.6)

= T 2
nd−1∑
i1=0

nd−1∑
i2=0

fdi1,i2 e
−2πi[u(i1−

nd
2 )+v(i2−

nd
2 )]T . (4.7)
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Given (u, v), let w(u, v) =
√
u2 + v2 and θ(u, v) = tan−1(v, u), where tan−1(y, x) : <2 → [−π, π] gives the

angle coordinate of the polar representation of the cartesian point (x, y). Then

e(u,v) + Ŝθ(u,v)(w(u, v)) = Fs(u, v) = T 2
nd−1∑
i1=0

nd−1∑
i2=0

fdi1,i2 e
−2πi[u(i1−

nd
2 )+v(i2−

nd
2 )]T . (4.8)

Thus, when a (u, v) ∈ <2 is fixed, corresponding row in the R matrix formed according to Equation (4.8).

Moreover, Fs(u, v) is periodic in both directions with a period 1
T = nd

2B . Hence, it is sufficient to collect
Fourier observations of the object in the set {(u, v)| u ∈ [− nd

4B ,
nd
4B ] , v ∈ [− nd

4B ,
nd
4B ]}. Then we define two

sets, which together form Ω :

V = {(εx, εy)| εy =
l

4B
, 0 ≤ l ≤ nd; εx = εy

2m
nd

, −nd
2
≤ m <

nd
2
}, (4.9)

H = {(εx, εy)| εx =
l

4B
, 0 ≤ l ≤ nd; εy = εx

2m
nd

, −nd
2
< m ≤ nd

2
}. (4.10)

The definition of the sets U and V directly follows from pseudo-Polar grid selection in [10]. R matrix is fixed
since Ω is fixed and its structure is determined by the sets U and V . Half of the rows of R is determined

by set V and the other half is determined by H. Thus, R =
[
RV
RH

]
. For all (εx, εy) ∈ (V UH), note that

(εx, εy) ∈ {(u, v)| v + u ≥ 0}. Let

V = {(εx, εy)| εy =
l

4B
, −nd ≤ l < nd; εx = εy

2m
nd

, −nd
2
≤ m <

nd
2
}, (4.11)

H = {(εx, εy)| εx =
l

4B
, −nd ≤ l < nd; εy = εx

2m
nd

, −nd
2
< m ≤ nd

2
}. (4.12)

Since fd only takes real values, it can be argued that observing Fourier coefficients in the set (V UH)
is equivalent to observing those only in (V UH). Therefore, we will use the smaller set (V UH) of same
information content.

The points in the set V lie on nd different rays starting from the origin. The angle between any ray and
(1, 0) vector is an element of the following set: ΩV1 = {tan−1(nd, 2m)| − nd/2 ≤ m < nd/2}. Moreover,
the points in the set U also lie on nd different rays starting from the origin and the angle between any ray
and (1, 0) vector is an element of the set ΩU1 {tan−1(2m, nd)| − nd/2 < m ≤ nd/2}. Thus the finite set of
angles that will be used for the CT scan is the union of both sets, i.e. Ω1 = ΩV1 ∪ ΩU1 , where |Ω1| = 2nd.
Below it will be shown that when Ω is chosen as suggested above, then all necessary operations can be done
efficiently.

Given x ∈ <(nd×nd), Rx can be computed efficiently. Below, it will be shown that RV x can be done fast
and similar arguments are also true for RHx. Computational complexity of FFT and Fractional Fourier
Transform [9] on an n dimensional vector is O(5nlogn) and O(30nlogn), respectively.

For set V , let the inner product of x with the row of RV corresponding to εx = 2lm
4Bnd

and εy = l
4B be Xm,l.

Then,

Xm,l = T 2
nd−1∑
i1=0

nd−1∑
i2=0

xi1,i2 e
−2πi[ 2lm

4Bnd
(i1−

nd
2 )+ l

4B (i2−
nd
2 )] 2B

nd , (4.13)

= T 2
nd−1∑
i1=0

nd−1∑
i2=0

xi1,i2 e
−i[ 2πlm

n2
d

i1+ πl
nd
i2]
e
iπl( mnd

+ 1
2 )
. (4.14)

Define x̂,

x̂i1,l =
nd−1∑
i2=0

xi1,i2 e
−2πi

i2l
2nd =

2nd−1∑
i2=0

xoi1,i2 e
−2πi

i2l
2nd , (4.15)
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where xoi1,i2 =
{
xi1,i2 0 ≤ i2 < nd
0 nd ≤ i2 < 2nd

.

By zero padding x, for a given i1 (1 ≤ i1 < nd) we can use FFT for (4.15) to compute x̂i1,l for 0 ≤ l ≤ nd,
efficiently. Complexity bound of this computation is O(5(2nd) log(2nd)) for each 0 ≤ i1 ≤ nd − 1. Thus
O(10n2

d log(nd)) operations are needed in total to compute x̂. Now, Xm,l can be written in terms of x̂:

Xm,l = T 2 e
iπl( mnd

+ 1
2 )

nd−1∑
i1=0

x̂i1,l e
−2πi

mi1
nd

( l
nd

)

Given l (0 ≤ l ≤ nd), in order to calculate Xm,l efficiently for −nd2 ≤ m < nd
2 , Fractional Fourier Transform

is used. Complexity bound of this computation is O(30nd log(nd)) for each 0 ≤ l ≤ nd. Thus O(40n2
d log(nd))

operations are needed in total to compute RV x. For the set H same arguments above still hold. Therefore,
Rx can be computed using arithmetic operations in the order of 80n2

d log nd.

Now given y =
[
yV
yH

]
, where yV ∈ C

|Ω|
2 and yH ∈ C

|Ω|
2 , adjoint multiplication R∗y = R∗V yV +R∗HyH can be

computed efficiently. Below, it will be shown that R∗V yV can be done fast and similar arguments are also
true for R∗HyH . For set V , let the inner product of yV with the row of R∗V corresponding to εx = 2lm

4Bnd
and

εy = l
4B be Yi1,i2 . Then,

Yi1,i2 = T 2

nd
2 −1∑

m=−nd2

nd∑
l=0

ym,l e
2πi[ lm

Bn2
d

(i1−
nd
2 )+ l

2nd
(i2−

nd
2 )]

, (4.16)

= T 2
nd∑
l=0

e
2πi l

2nd
(i2−

nd
2 )

nd
2 −1∑

m=−nd2

ym,l e
2πi lm

Bn2
d

(i1−
nd
2 )
. (4.17)

Let

ŷi1,l =

nd
2 −1∑

m=−nd2

ym,l e
−2πi mnd

(i1−
nd
2 )(− l

nd
)
. (4.18)

Given l (0 ≤ l ≤ nd), we can use Fractional Fourier Transform for (4.18) to compute ŷi1,l for 0 ≤ i1 <
nd, efficiently. The complexity bound for this operation is O(30nd log(nd)) for each 0 ≤ l ≤ nd. Thus
O(30n2

d log(nd)) operations are needed in total to compute ŷ.

Now Yi1,i2 can be written in terms of ŷ:

Yi1,i2 = T 2
nd∑
l=0

ŷi1,l e
2πi l

2nd
(i2−

nd
2 )

= T 2
2nd−1∑
l=0

(ŷoi1,l e
−πi l2 )e2πi

li2
2nd (4.19)

where ŷoi1,l =
{
ŷi1,l 0 ≤ l ≤ nd
0 nd < l < 2nd

.

By zero padding ŷ, given i1 (0 ≤ i1 < nd), we can use inverse FFT for (4.19) to compute Yi1,i2 for 0 ≤ i2 < nd,
efficiently. This can be done in O(5(2nd) log(2nd)) time for each 0 ≤ i1 < nd. Thus O(40n2

d log(nd))
operations are needed in total to compute R∗V yV . Moreover, same arguments above still hold for R∗HyH .
Therefore, R∗y can be computed within the order of 80n2

d log(nd) arithmetic operations.
8



5. Reconstruction Algorithm. There are several methods available for solving the CS problem de-
fined in (3.4) [5, 6]. We choose to use the method developed by Ma et. al in [8]. They formulated the
reconstruction problem using partial Fourier matrix R and wavelet transform Φ, (A = RΦ∗). Total variation
TV (f) of the signal is defined as TV (fd) =

∑
i

∑
j((∇1f

d
ij)

2 + (∇2f
d
ij)

2)1/2, where ∇1 and ∇2 denote the
forward finite difference operators on the first and second coordinates, respectively. They also added a TV
term to the objective function in problem (3.4), and proposed an efficient algorithm for solving:

min
x
αTV (Φ∗x) + β‖x‖1 +

1
2
‖Ax− b‖22, (5.1)

where α and β are positive parameters.

In this paper, we will solve Problem 5.1 using the algorithm described below. R is the Partial Pseudo Polar
Fourier matrix formed using equation 4.8 for all (u, v) ∈ V

⋃
U (each (u, v) ∈ V

⋃
U corresponds to a row

in R). b is the measurement vector and for each (u, v) ∈ V
⋃
U corresponding element of b is equal to

Ŝθ(u,v)(w(u, v)) as in equation 4.8. Moreover, Φ is the single level discrete 1-D wavelet transform.

Let fd ∈ <n1×n2 represent 2D image of n1×n2 pixels, L = (∇1,∇2) : <n1×n2 → <n1×n2× <n1×n2 denote
the discrete finite difference operators and its suboperator Lij(fd) = (∇1f

d
ij , ∇2f

d
ij), f(.) = ‖.‖2 : <2 → <

such that TV (fd) =
∑
ij f(Lij(fd)), g(.) = ‖.‖1, h(.) = 1

2‖A. − b‖2 and Ψ = Φ∗, which is the adjoint
operator of Φ, for any orthonormal transform Φ. With the new notation, (5.1) can be written as

min
x
α
∑
ij

f(Lij(Ψx)) + βg(x) + h(x). (5.2)

In [8], Ma et. al suggest using the following fixed point iterations to solve (5.2):

s(k+1) = x(k) − τ1(αΦ
∑
ij

L∗ij(y
(k)) +∇xh(x(k))) (5.3)

t
(k+1)
ij = y(k) + τ2Lij(Ψx(k)) (5.4)

x(k+1) = sign(s(k)) max{0, |s| − τ1β} (5.5)

y
(k+1)
ij = min{ 1

τ2
, ‖t(k)

ij ‖2}
t
(k)
ij

‖t(k)
ij ‖2

(5.6)

for k = 0, 1, ..., starting from a set of initial points x(0), y(0), s(0), t(0).

See [8] for a justification of the 4-step iterative method and its convergence proofs.

6. Results. In order to test the quality of the solutions obtained a variant of Shepp-Logan head phan-
tom is used. The variant of Shepp-Logan head phantom consists of ten ellipses:

In Table 6.1, I is the additive intensity value of the ellipse, a is the length of the horizontal semi-axis of
the ellipse, b is the length of the vertical semi-axis of the ellipse, x0 is the x-coordinate of the center of
the ellipse, y0 is the y-coordinate of the center of the ellipse and α is the angle (in degrees) between the
horizontal semi-axis of the ellipse and the x-axis of the image.

Suppose the target object is an ellipse:

f(x, y) =

{
I x2

a2 + y2

b2 ≤ 1,
0 x2

a2 + y2

b2 > 1,
(6.1)

then it is easy to show that projections of the target object can be represented in closed form:

Pθ(t) =
{

2I ab
c(θ)

√
c2(θ)− t2 |t| ≤ c(θ),

0 |t| > c(θ),
(6.2)

9



Ellipse# I a b x0 y0 α

1 1 .69 .92 0 0 0
2 -.8 .6624 .8740 0 -.0184 0
3 -.2 .1100 .3100 ..22 0 -18
4 -.2 .1600 .4100 -.22 0 18
5 .1 .2100 .2500 0 .35 0
6 .1 .0460 .0460 0 .1 0
7 .1 .0460 .0460 0 -.1 0
8 .1 .0460 .0230 -.08 -.605 0
9 .1 .0230 .0230 0 -.606 0
10 .1 .0230 .0460 ..06 -.605 0

Table 6.1
A Variant of Shepp-Logan Head Phantom Parameters

where c(θ) = a2 cos2(θ) + b2 sin2(θ). Moreover, if the target object is centered at (x0, y0) and rotated by
α counterclockwise, then the new projections, P

′

θ(t) are obtained using the projections of the centered and
unrotated ellipse, Pθ(t), as follows:

P
′

θ(t) = Pθ−α(t− s cos(γ − θ)), (6.3)

where s =
√
x2

0 + y2
0 and γ = tan−1( y0

x0
). Thus using equations (6.2) and (6.3), projection values for

Shepp-Logan head phantom can be calculated.

Since Pθ(t) is known, Ŝθ(w) can be calculated using equation (4.4) for any |w| ≤ W . For the Shepp-Logan
head phantom cutoff frequency, W , can be chosen to be 256 i.e. ‖F (u, v)‖ ≈ 0, when |u| > 256 or |w| > 256.
For this reason, size of the reconstructed image is chosen to be 512×512, i.e. nd = 512. According to the setup
described in section 4, the number of angles used should be 2nd = 1024, i.e. |Ω1| = 2nd = 1024. However, in
order to test the reconstruction abilities of the proposed method for the case of undersampled measurements,
one out of ∆ angles from Ω1 is used. During the numerical studies we have used 4 different values of ∆: 8,
16, 32, 64 which is equivalent to using 128, 64, 32 and 16 projection angles for the reconstruction. For a
given ∆ the set of projection angles used is Ω1, which is the union of ΩV1 and ΩU1 , where

ΩV1 = {tan−1(nd, 2m)| m = −nd/2 + k∆, 0 ≤ k < nd
∆
}, (6.4)

ΩU1 = {tan−1(2m, nd)| m = nd/2− k∆, 0 ≤ k < nd
∆
}, (6.5)

Ω1 = ΩV1 ∪ ΩU1 . (6.6)

Figure 6.2 is a variant of the Shepp-Logan image, of which parameters are given in Table 6.1. Figure 6.3,
Figure 6.4, Figure 6.5 and Figure 6.6 are reconstructed using CT data coming from equations (6.2) and
(6.3). Figure 6.3 recovers all the important characteristic features of the Shepp-Logan Head phantom, i.e.
Figure 6.2. Figure 6.4 also recovers the phantom almost perfectly, except for small artifacts only within one
ellipse. When 32 or 16 projection angles are used, the edges of the reconstructed images, Figure 6.5 and
Figure 6.6, are not as sharp as previous reconstructions. Moreover, in order to compare our method with
the commonly used Filtered Back Projection (FBP) [1], we have also included figures reconstructed by FBP
using undersampled projection data. Figure 6.7 and Figure 6.8 are FBP reconstructions using 64 and 32
projection angles, respectively. According to the experimental results, because all the images reconstructed
by our technique is free of aliasing artifacts and have all the desired features of the Shepp-Logan phantom
in contrast to the reconstructions using FBP, Figure 6.7 and Figure 6.8, our technique is preferable to FBP
when undersampled projection data is used. In Table 6.2, relative reconstruction error values are given for
different number of projection angles used. Relative reconstruction error is defined by ‖xsol − x∗‖2/‖x∗‖2,
where xsol is the image produced by our method and x∗ is the digitized Shepp-Logan Phantom image.

On the other hand to test the robustness of our modeling technique to the noisy CT measurement data, two
10



Projection # : 128 64 32 16

‖xsol − x∗‖2/‖x∗‖2 : 0.1113 0.1214 0.1453 0.2296
Table 6.2

Relative reconstruction error results for CT data without measurement error

types of noisy CT data is generated. Now instead of P
′

θ(t) in equation 6.3, Pnoisyθ (t) is used to generate the
observations, where Pnoisyθ (t) = P

′

θ(t) + ηθ,t, and ηθ,t ∼ σ(θ, t) Normal(0, 1). We have assumed that the
measurement noise set, {ηθ,t : θ ∈ Ω1 ∀ t}, consists of independent normal random variables with variance
(σ(θ, t))2.

In the first case, we have assumed a constant variance i.e. σ(θ, t) = σ ∀θ ∈ Ω1 and ∀ t. Define σξ,

σξ =
ξ

|Ω1|(2d
√

2 B
τ e+ 1)

∑
θ∈Ω1

d
√

2 B
τ e∑

n=b−
√

2 B
τ c

Pθ(nτ), (6.7)

where τ is the sampling period of the tomography machine, i.e. distance between the adjacent x-ray detectors.
In equation (6.7), if ξ = 1, then σξ is equal to the average of all the x-ray attenuations are measured. Hence,
given ξ, for all θ ∈ Ω1 and for all t, ηθ,t has a constant standard deviation σξ as given in Equation (6.7),
which can be interpreted as 100ξ% of the average x-ray attenuation measured. Figure 6.9 contains the
reconstructions of the phantom for different ξ values and Table 6.3 contains relative reconstruction errors
for changing ξ values. Figure 6.1(a) plots relative reconstruction error versus log ξ.

Figure # : 6.9(a) 6.9(b) 6.9(c) 6.9(d) 6.9(e)

ξ : 1× 10−3 5× 10−3 1× 10−2 5× 10−2 1× 10−1

‖xsol − x∗‖2/‖x∗‖2 : 0.1129 0.1137 0.1135 0.1369 0.2406
Table 6.3

Relative reconstruction error results for noisy CT data, σ(θ, t) = σξ

In the second case, the standard deviation of the measurement error is assumed to be proportional to the
x-ray attenuation:

σ(θ, t) = ξ Pθ(t). (6.8)

Given ξ, ηθ,t has a standard deviation σ(θ, t) as given in equation (6.8), which can be interpreted as 100ξ%
of the x-ray attenuation measured for θ and t. Figure 6.10 contains the reconstructions of the phantom for
different ξ values and Table 6.4 contains relative reconstruction errors for changing ξ values. Figure 6.1(b)
plots relative reconstruction error versus log ξ. Clearly the proposed solution is robust to significant levels
of noise.

Figure # : 6.10(a) 6.10(b) 6.10(c) 6.10(d) 6.10(e)

ξ : 1× 10−3 5× 10−3 1× 10−2 5× 10−2 1× 10−1

‖xsol − x∗‖2/‖x∗‖2 : 0.1151 0.1143 0.1142 0.1650 0.3412
Table 6.4

Relative reconstruction error results for noisy CT data, σ(θ, t) = ξPθ(t)
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(a) σ(θ, t) = σξ (b) σ(θ, t) = ξPθ(t)

Fig. 6.1. Relative reconstruction error versus log ξ

Fig. 6.2. Shepp-Logan Head Phantom
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Fig. 6.3. Shepp-Logan Head Phantom reconstructed from CT data without noise using 128 projection angles

Fig. 6.4. Shepp-Logan Head Phantom reconstructed from CT data without noise using 64 projection angles

13



Fig. 6.5. Shepp-Logan Head Phantom reconstructed from CT data without noise using 32 projection angles

Fig. 6.6. Shepp-Logan Head Phantom reconstructed from CT data without noise using 16 projection angles
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Fig. 6.7. Shepp-Logan Head Phantom Filtered Back Projection reconstruction from CT data without noise using 64
projection angles

Fig. 6.8. Shepp-Logan Head Phantom Filtered Back Projection reconstruction from CT data without noise using 32
projection angles

15



(a
)
ξ

=
1
×

1
0
−

3
(b

)
ξ

=
5
×

1
0
−

3
(c)

ξ
=

1
×

1
0
−

2

(d
)
ξ

=
5
×

1
0
−

2
(e)

ξ
=

1
×

1
0
−

1

F
ig

.
6
.9

.
N

o
isy

C
T

d
a

ta
reco

n
stru

ctio
n

u
sin

g
1

2
8

p
ro

jectio
n

a
n

gles,
σ

(θ
,t)

=
σ
ξ

16



(a
)
ξ

=
1
×

1
0
−

3
(b

)
ξ

=
5
×

1
0
−

3
(c

)
ξ

=
1
×

1
0
−

2

(d
)
ξ

=
5
×

1
0
−

2
(e

)
ξ

=
1
×

1
0
−

1

F
ig

.
6
.1

0
.

N
o

is
y

C
T

d
a

ta
re

co
n

st
ru

ct
io

n
u

si
n

g
1

2
8

p
ro

je
ct

io
n

a
n

gl
es

,
σ

(θ
,t

)
=
ξ
P
θ
(t

)

17



7. Conclusion. Computed Tomography is one of the most important and widely used diagnostic tools
available to modern medicine. Compressed Sensing on the other hand, is one of the most exciting advances
in computational science. In this paper our effort has been to integrate the two to develop an elegant
framework that can spread the usefulness of CT to a larger section of the population and for even more
diagnostic procedures through a significant reduction in the number of projections necessary to reconstruct
the imaged volume and hence exposing the individual to a proportionally lower amount of radiation.

Compressed sensing has traditionally found more application in the magnetic resonance imaging (MRI) than
in computed tomography imaging. The reason being that applying the framework to CT is much much
challenging. In this paper we bridge the gap by formulating the CT reconstruction problem from limited
projection data as one of compressed sensing via the use of partial pseudo-polar Fourier transform.

In order to test our formulation, we use a variant of the Shepp-Logan phantom where we can simulate re-
construction using various subsets of the projection data both for the traditional Filtered Back-Projection
method as well as the proposed method. The effectiveness of the proposed method is evident. As demon-
strated by the results (visual and the tables), the quality of the results using the proposed method is very
high even when one uses significantly lower number of projection angles (64 instead of 512 used originally).
The FBP method under such circumstances produces strong and visible streaking. Also, we note that the
proposed method is computationally efficient as evidenced by the computational complexity calculations.

However, while we are excited by the opportunities this method presents, there are several avenues that we
would like to explore to improve the technique. Currently, the formulation works for fan-bean projections,
however a large number of CT instruments use cone-beam instead. The formulation needs adaptation to
make it work under that environment. Also, the basic optimization framework used for compressed sensing
continues to evolve, and hence there is room for improvement both, in terms of the accuracy and speed of
reconstruction.

Appendix A. Fractional Fourier Transform. Definition: Given a signal, x ∈ CN and arbitrary α,
Fractional Fourier Transform of x is given by

Xk =
N−1∑
n=0

xn e
−2πi knN α for 0 ≤ k < N. (A.1)

Evaluation of Fractional Fourier Transform on x ∈ CN can be done in O(30N log(N)) operations [9]. Since
2kn = k2 + n2 − (k − n)2,

Xk =
N−1∑
n=0

xn e
−2πi knN α (A.2)

=
N−1∑
n=0

xn e
−πi [k2+n2−(k−n)2]

N α (A.3)

= e−πi
k2
N α

N−1∑
n=0

xn e
−πin2

N α eπi
(k−n)2

N α (A.4)

Define zn = eπi
n2
N α and yn = xn z

∗
k for 0 ≤ n < N , where (.)∗ denotes the complex conjugate. Then

Xk = z∗k

N−1∑
n=0

yn zk−n (A.5)

Thus Fractional Fourier Transform of x can be computed by multiplying x with z∗ elementwise and taking
the convolution of the resulting vector with z, then finally by multiplying by z∗. In order to calculate the
convolution efficiently, Finite Fourier Transform (FFT) is used. Since FFT computes circular convolutions,
x and z sequences are modified, to get rid of the circular effects. First, x is zero padded to length 2N to
obtain x. Second, z is extended to 2N as follows to satisfy periodicity requirement for FFT:
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zn =

{
eπi

n2
N α, 0 ≤ n < N ;

eπi
(2N−n)2

N α, N ≤ n < 2N.

Now the above convolution can be efficiently computed using fast Fourier transform by computing the
FFT of x and z, then multiplying them elementwise and taking the inverse FFT of the resulting vector.
Finally, the first N components of the resulting 2N vector are taken and multiplied by z∗ to compute X.
Since we are using 2 FFT of 2N vectors and a final inverse FFT of the resulting vector in C2N , Fractional
Fourier Transform takes O(30N log(N)) operations, since FFT of N dimensional vector takes O(5N log(N))
operations.

Appendix B. Oversampling. Let Q ∈ Z+ be an even number that determines the over sampling ratio.
Then we define two sets, which together form Ω :

V = {(εx, εy)| εy =
l

4BQ
, 0 ≤ l ≤ Qnd; εx = εy

2m
nd

, −nd
2
≤ m <

nd
2
} (B.1)

H = {(εx, εy)| εx =
l

4BQ
, 0 ≤ l ≤ Qnd; εy = εx

2m
nd

, −nd
2
< m ≤ nd

2
} (B.2)

The definition of the sets U and V directly follows from pseudo-Polar grid selection in [10]. R matrix is fixed
since Ω is fixed and its structure is determined by the sets U and V . Half of the rows of R is determined

by set V and the other half is determined by H. Thus, R =
[
RV
RH

]
. For all (εx, εy) ∈ (V UH), note that

(εx, εy) ∈ {(u, v)| v + u ≥ 0}. Let

V = {(εx, εy)| εy =
l

4BQ
, −Qnd ≤ l ≤ Qnd; εx = εy

2m
nd

, −nd
2
≤ m <

nd
2
} (B.3)

H = {(εx, εy)| εx =
l

4BQ
, −Qnd ≤ l ≤ Qnd; εy = εx

2m
nd

, −nd
2
< m ≤ nd

2
} (B.4)

It can be argued that observing Fourier coefficients in the set (V UH) is equivalent to observing those only
in (V UH) since fd takes real values. Therefore, we will use the smaller set (V UH) of same information
content.

Given x ∈ <(nd×nd), Rx can be computed efficiently. Below, it will be shown that RV x can be done fast and
similar arguments are also true for RHx. Computational complexity of FFT and fractional Fourier transform
[9] on an n dimensional vector is O(5nlogn) and O(30nlogn), respectively.

For set V , given εx = 2lm
4BQnd

and εy = l
4BQ , Xm,l is defined as follows:

Xm,l = T 2
nd−1∑
i1=0

nd−1∑
i2=0

xi1,i2 e
−2πi[ 2lm

4BQnd
(i1−

nd
2 )+ l

4BQ (i2−
nd
2 )] 2B

nd , (B.5)

= T 2
nd−1∑
i1=0

nd−1∑
i2=0

xi1,i2 e
−i[ 2πlm

Qn2
d

i1+ πl
Qnd

i2]
e
iπl
Q ( mnd

+ 1
2 )
, (B.6)

x̂i1,l =
nd−1∑
i2=0

xi1,i2 e
−2πi

i2l
2Qnd ,

=
2Qnd−1∑
i2=0

xoi1,i2 e
−2πi

i2l
2Qnd , (B.7)

where xoi1,i2 =
{
xi1,i2 0 ≤ i2 < nd
0 nd ≤ i2 < 2Qnd

.
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By zero padding x, we can use FFT for (B.7) to calculate x̂i1,l for 0 ≤ l ≤ Qnd, efficiently. Complexity
bound of this computation is O(10Qn2

d log nd).

Xm,l = T 2 e
iπl
Q ( mnd

+ 1
2 )

nd−1∑
i1=0

x̂i1,l e
−2πi

mi1
nd

( l
Qnd

)

(B.8)

In order to calculate Xm,l efficiently for −nd2 ≤ m < nd
2 , Fractional Fourier Transform is used. Complexity

bound of this computation is O(30Qn2
d log nd). For the set H same arguments above still hold. Therefore,

Rx can be computed using arithmetic operations in the order of 80Qn2
d log nd.

Now given y =
[
yV
yH

]
, where yV ∈ C

|Ω|
2 and yH ∈ C

|Ω|
2 , adjoint multiplication R∗y = R∗V yV +R∗HyH can be

computed efficiently. Below, it will be shown that R∗V yV can be done fast and similar arguments are also
true for R∗HyH . For set V , given εx = 2lm

4BQnd
and εy = l

4BQ , Yi1,i2 is defined as follows:

Yi1,i2 = T 2

nd
2 −1∑

m=−nd2

Qnd∑
l=0

ym,l e
2πi[ lm

BQn2
d

(i1−
nd
2 )+ l

2Qnd
(i2−

nd
2 )]

(B.9)

= T 2

Qnd∑
l=0

e
2πi l

2Qnd
(i2−

nd
2 )

nd
2 −1∑

m=−nd2

ym,l e
2πi lm

BQn2
d

(i1−
nd
2 )

(B.10)

(B.11)

Inside summation can be computed using fractional Fourier transform for all 0 ≤ l ≤ Qnd.

ŷi1,l =

nd
2 −1∑

m=−nd2

ym,l e
−2πi mnd

(i1−
nd
2 )(− l

Qnd
) (B.12)

(B.13)

The complexity bound for this operation is O(30Qn2
d log nd).

Then we have

Yi1,i2 = T 2

Qnd∑
l=0

ŷi1,le
2πi l

2Qnd
(i2−

nd
2 )

= T 2

2Qnd−1∑
l=0

(ŷoi1,l e
−πi l

2Q )e2πi
li2

2Qnd (B.14)

(B.15)

where ŷoi1,l =
{
ŷi1,l 0 ≤ l ≤ Qnd
0 Qnd < l < 2Qnd

.

By zero padding ŷ, we can use inverse FFT for (B.14) to calculate Yi1,i2 for 0 ≤ i2 ≤ nd, efficiently. This
can be done in O(10Qn2

d log nd) time.
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