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ABSTRACT. Carathéodory’s lemma states that if we have a lin-
ear combination of vectors in R™, we can rewrite this combina-
tion using a linearly independent subset. This lemma has been
successfully applied in nonlinear optimization in many contexts.
In this work we present a new version of this celebrated result,
in which we obtained new bounds for the size of the coefficients
in the linear combination and we provide examples where these
bounds are useful. We show how these new bounds can be used
to prove that the internal penalty method converges to KKT
points, and we prove that the hypothesis to obtain this result
cannot be weakened. The new bounds also provides us some
new results of convergence for the quasi feasible interior point
ly—penalty method of Chen and Goldfarb [7].
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1. INTRODUCTION

In 1911 Carathéodory proved that if a point x € R” lies on the
convex hull of a compact set P, then z lies on the convex hull of a
subset P’ of P with no more than n + 1 points [6]. In 1914 Steinitz
generalized this result for a general set P [18].

Here we will see a different version of Carathéodory’s result, which
appears in [5] as “Carathéodory’s theorem for cones”, but is better
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known as “Carathéodory’s lemma”. We will provide bounds on the
size of the multipliers given by the Carathéodory’s lemma and we
will apply this result to internal penalty methods. We address the
following nonlinear optimization problem:

(1) Minimize f(z) subject to h(z) =0, g(x) <0,

where f: R" — R, h: R" — R™ and g : R" — RP are continuously
differentiable functions. Under a given constraint qualification, the
solution x* satisfies the KKT condition, that is, z* is feasible with
respect to equality and inequality constraints and there exist A € R™
and p; > 0 for every j € A(z*) = {i € {1,...,p}|gi(z*) = 0} such
that
V) + Y NVhi(a®) + > pVg(a) =0.
i=1 JEA(™)

A common constraint qualification usually employed is the Linear
Independence constraint qualification, which states that

{th‘(x*) e U {v9j<$*)}jeA(x*)

is linearly independent. We refer to this multi-set as the active set
of gradients at x*. The weaker Mangasarian-Fromovitz constraint
qualification (MFCQ) [14, 16] states that the active set of gradients
is positive-linearly independent, which means that there are no a €
R™, ; > 0 for every j € A(x*) such that

Y aVhi()+ Y BVg(a) =0,
i=1 JEA(z*)
except if we take all o; and 3; equal to zero.

Recently, a weaker constraint qualification appeared in the litera-
ture: the Constant Positive Linear Dependence constraint qualifica-
tion (CPLD) [15, 4], which has been successfully applied to obtain
new practical algorithms [1, 2, 10]. We say that the CPLD condition
holds for a feasible z* if for every I C {1,...,m},J C A(z*) such
that the set of gradients {Vh;(z*)}ier U {Vyg;(z*)}jes is positive-
linearly dependent, there exists a neighborhood V(z*) of z* such
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that the set of gradients {Vh;(y) }ierU{Vg;(y)},cs remains positive-
linearly dependent for every y € V(z*). The CPLD condition is a
natural generalization of the Constant Rank constraint qualification
of Janin [13], which states the same as above, replacing “positive-
linearly dependent” by “linearly dependent”. The CPLD condition
is weaker than the Constant Rank condition [17].

In practical algorithms, weaker constraint qualifications are pre-
ferred, since convergence results are stronger.

In Section 2 we will state Carathéodory’s lemma and obtain new
bounds on the size of the multipliers. Examples of possible applica-
tions of the new result will be given. In Section 3 we will illustrate
the usefulness of the new bounds by proving that the internal penalty
method converges to KKT points under the CPLD constraint qualifi-
cation and the sufficient interior property. We conclude this section
by proving that, in fact, convergence of the pure internal penalty
method under MFCQ cannot be weakened in some sense. In Sec-
tion 4 we address the interior point method of Chen and Goldfarb
[7]. Using the new bounds for Carathéodory’s lemma, we obtain
stronger convergence results.

2. GENERALIZED CARATHEODORY’S LEMMA

The main tool which enables us to prove convergence results under
the CPLD condition is Carathéodory’s lemma. A simple modifica-
tion of the classical proof provides us new bounds given by item (4)
in Theorem 2.1, which can be very useful in applications of this re-
sult.

Theorem 2.1. If x = Zaivi with v; € R™ and o; # 0 for every 1,

i=1

then there exist I C {1,...,m} and scalars &; for every i € I such
that
(]') T = Zaivi;
il

(2) aya; > 0 for every i € I;
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(3) {wvitier is linearly independent;
(4) |ay| < 2™ Lay| for everyi e I.

Proof. We assume that {v;}, is linearly dependent, otherwise the
result follows trivially. Then, there exists § € R™, 5 # 0 such that
Yo, Biv; = 0. Thus, we may write

T = Z(ai — v5:)vs,

for every v € R. Let ¢* = argmin, and y = then 4 is the

z O+
o ﬂz 5@* ’
least modulus coefficient —. Note that % is such that a; — 8, =0
for at least one index i = i*. If a;(c; — 7B3;) < 0, then |oy]* =

of < ayfi = leall3lIBil, with oy # 0.5 # 0, thus 5] > ‘%

which contradicts the definition of 4. Therefore we conclude that
ai(e; = 3Bi) = 0. Also, |a; — B < |ou| + [¥]|8i] < 2]ew, since
7] < % for every i. Including in the sum only the indexes such

that a; = a; — 38; # 0 we are able to write the linear combination

x with at least one less vector. We can repeat this procedure until
{v;}ies is linearly independent with o;a; > 0 and |a;| < 2™~ 1|a| for
every ¢ € I. 0

We usually apply Carathéodory’s lemma when we have a sequence
{x*} converging to a feasible point z* that satisfies a quasi-KKT
condition of the form

(2) V) + ) MV + Y phVg(at) =«

=1 JjEA(z*)
where \F ¢ R™, ,ué? > 0 for every j € A(z*) and every k € N, with
e, — 0.

This kind of sequence is obtained by many nonlinear programming
methods, such as the Augmented Lagrangian solver ALGENCAN
[1, 2], or the classical external, internal or mixed external-internal
penalty methods (see [3, 11]). To prove that the limit point z*
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is a KKT point, two cases are usually considered. Define M; =
max{|\f[, u¥, Vi € {1,...,m},j € A(z*)}. If there is a subsequence
such that { My} is bounded, we can obtain a convergent subsequence
of {Al'} and {u¥}, then, taking limits and using the continuity of the
gradients we obtain that x* is a KK'T point. If, on the other hand,
M, — 400, we may divide (2) by M}, then, the infinity norm of
the new multipliers is equal to 1, thus we get a bounded sequence
with non-null limit points (by the continuity of the norm). Taking
a convergent subsequence we get a non-null linear combination of
the active set of gradients, which proves that x* fails to satisfy the
Mangasarian-Fromovitz constraint qualification.

The idea to generalize this kind of result under the CPLD condi-
tion is to apply Carathéodory’s lemma to equation (2). This gives
us, for every k, two sets I, C {1,...,m}, J, C A(x*), new multipliers
MF for every i € I, and ﬂ? > 0 for every j € Ji such that

{Vhi(z") }ier, U{Vg;(z")} ez, is linearly independent
and

(3) Vf(2h) + Z MV h(2F) + Z /Z?ng(xk) = €.

i€} J€Jk

Observe that we can take a subsequence such that [ is the same
set I for every k and J is the same set J for every k. This comes
from the finiteness of the possible sets Iy, J.. Proceeding in the same
fashion, defining M), = max{|Af|, %, Vi € I,j € J} we obtain the
KKT condition if there is a bounded subsequence of {M}}. Other-
wise, if My — +oo, dividing (3) by M, and taking limits, we have as
before that the gradients at x* are positive-linearly dependent. This
proves that z* fails to satisfy the CPLD condition since the gradients
at z¥ are linearly independent, with z* arbitrarily close to z*. Thus,
positive-linear dependence is not maintained in a neighborhood of
x*, for this particular choice of I C {1,...,m},J C A(z*). These
ideas appeared for the first time in the first applications of the CPLD
condition [15, 1, 2].
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The new bounds [X¥[ < 27FP~H\F| for every i € I and |uh] <
m+p—1|,,k ; :
2mtr—l| pj\ for every j € J may be useful in many ways. For example,
if we have that {(\¥, u*)} is bounded, then the same is true for the
sequence of new multipliers {(\*, ﬂk)} The converse is not always

true. Consider for instance 2% = afvl + abvh, vf # 0 with SFol +
Bl =0 for pF = B =1, of = 1+ 10%, 0k = 10k. We have

k
as

for every k, then a¥ = ok — (5 > BY =1and z* = ako?
2

1
—_ > P
h ’65
for every k.
Another situation in which bounds may be useful is when ,u;? —0
for some j. This appears for example in the internal penalty method,

in which quasi-KKT points are defined as
(4) Z eV hy (%) + Z 1V g;(a*) = e,

with g — 0 when g;(2*) < 0. With the new bounds, we have that
ﬁf — 0 whenever u? — 0 (we point out that the reciprocal is also not
true, this can be observed by taking the previous counter-example
with of and of divided by 10%). This result is crucial to obtain the
complementarity condition > 7_, y1;9;(2*) = 0 of the KKT condition.
We will give the details in the next section, where we also show the
impossibility to weaken the hypothesis that guarantee convergence
of the pure internal penalty method to KKT points.

3. INTERNAL PENALTY METHOD

In this section we will consider problem (1) with only inequality
constraints:

(5) Minimize f(z) subject to g(z) <O0.

The internal penalty method consists of solving the following sub-
problem:

(6) Minimize f(x

subject to g(x) <0,
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for a sequence of positive scalars r, — 0. If there are additional
constraints x € €2, they are added to the constraints of the subprob-
lems.

It is a well known fact that if 2* is a limit point of the sequence
{2*} generated by the internal penalty method, such that x* satisfies
the sufficient interior property, that is, * can be approximated by
a sequence of strictly feasible points y* — 2* (g(y*) < 0), then z* is
a solution to problem (5) [8, 5, 11].

We assume that z* is a local solution of problem (5) such that the
sufficient interior property holds, and we apply the internal penalty
method to:

(7)

Minimize f(z) + 3|z — 2*||3,
subject to ||z — a*[]a <9, g(x) <0,

for a sufficiently small § (note that z* is the unique global solution
of this problem). The corresponding subproblem is:

Minimize @(z) = f(x) + 5|z — 2*[15 — . 30—, 7 (x
subject to ||z — a*|]2 <9, g(x) < 0.

It’s a classical result of internal penalty methods that the subprob-
lems (8) admit a global solution z* [8, 11]. Since every limit point of
the sequence of solutions {z*} of (8) is a global solutions of (7), we
have that 2% — z*, thus, for sufficiently large k, we have Vi (z*) = 0,
that is,

* " Tk
+Zqu] )=z _I”uj:gj(m’f)T
We can then repeat the arguments of the previous section to
prove that under the CPLD constraint qualification, there exist J C
{1,...,p} and new non-negative multipliers ﬂf, j € J, given by
Carathéodory’s lemma, such that we can take a subsequence in wich
ﬂf converges to some non-negative p; for every j and

Vi) + Y wVgi(a) =0.

jed
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To obtain that z* is a KKT point, we note that if ¢;(z*) < 0, then
,ug‘? — 0, thus, by the new bounds /,_L? < 2”_1%?, we have ﬂ? — 0,
that is, p; = 0, and thus complementarity holds. So, under the
CPLD constraint qualification and the sufficient interior property,
limit points of the internal penalty method are KKT points. We will
prove next that these hypotheses are equivalent to the Mangasarian-
Fromovitz condition when only inequality constraints are present.

For this purpose we shall define the quasi-normality constraint
qualification [12, 5].

Definition 3.1. We say that a feasible point z* to problem (5)
satisfies the quasi-normality constraint qualification if x* satisfies
MFCQ, or if there exist p; > 0 for every j € A(z*), not all zero,
with > 4oy #;Vgj(z*) = 0 then there does not exist a sequence
28 — x* such that p; > 0= g;(zF) > 0 for every j € A(x*).

We will use the result proved in [4] that CPLD implies quasi-
normality.

Theorem 3.2. A feasible point x* satisfies CPLD and the sufficient
interior property if, and only if, x* satisfies MFCQ.

Proof. Suppose a feasible point x* satisfies the CPLD condition and
the sufficient interior property. Then x* satisfies the CPLD condition
for the problem:

(9)  Minimize f(z) subject to —gi(z) <0, Vie A(z"),

therefore 2* satisfies the quasi-normality condition for problem (9).
If MFCQ does not hold, then there exist not all zero scalars p; > 0
such that 3 4.+ #;Vgj(27) = 0, multiplying by —1 we get that
MFCQ does not hold for problem (9). Thus, by the quasi-normality
for this problem we get that there is no sequence z*¥ — z* such that
p; > 0= —g;(zF) > 0 for every j € A(x*). Since there is at least
one index j € A(z*) such that p; > 0, we conclude that there is
no sequence z*¥ — z* such that gj(zk) < 0, which contradicts the

sufficient interior property.
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The converse holds trivially since one can easily prove that the
sufficient interior property holds using the direction given by the
original MFCQ definition, see details in [9, 11]. Clearly, MFCQ also
implies the CPLD condition. 0

This shows that the internal penalty method converges to a KKT
point under MFCQ), and relaxing this condition to CPLD does not
provide a stronger result. This is clear since we cannot expect conver-
gence of the internal penalty method if the sufficient interior property
does not hold.

We conclude this section with a counter-example showing that a
stronger form of Theorem 3.2, in which CPLD is replaced by quasi-
normality, does not hold. Consider the problem:

Minimize # subject to — 2% <0,

at the point z* = 0. It is clear that MFCQ does not hold and the suf-
ficient interior property holds. Also, the quasi-normality condition
holds since there are no infeasible points.

In the next section we will use the new bounds obtained in
Carathéodory’s lemma to prove some stronger convergence results
for Chen and Goldfarb’s interior point method [7].

4. CHEN AND GOLDFARB’S INTERIOR POINT METHOD
Consider the following nonlinear optimization problem:
(10) Minimize f(z) subject to h(z) =0, c(x) >0,

where f : R — R,h : R®" — R™ and ¢ : R®" — RP are twice
continuously differentiable functions and F° = {z € R"|c(x) > 0} is
non-empty.

Chen and Goldfarb’s quasi-feasible interior point method consists
in two parts: the first part is to apply the log-barrier method to
problem (10), obtaining subproblems (FP,,) below:

Minimize f(z) — uZlog(q(w)) subject to h(z) =0, c(z) >0,
i=1
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for a sequence of positive parameters u — 0. The second part con-
sists in applying, for every pu, an fo-penalty method to solve (FP,,),
yielding subproblems (¢;FP,,) below:

Minimize  f(z) — p > 1" log(ci(x)) + 7||h(z)|2
subject to  ¢(x) > 0,

for a sequence of parameters r — +o0o. The idea of the method is to
solve ((oFP,,) by a Newton-like approach. Here follows the details
of the algorithm to solve (FP,), for a fixed u > 0, according to [7].

Algorithm 4.1 (Chen and Goldfarb). Parameters: ¢, > 0,0 €
(0,%),)( > 1,k € (0,1),k0 > 1,1, = max{p,0.1},v > 0,0 <
Vmin < 1 < Ymaz k := 0. Given initial interior points 2° € F° u® >
0, an initial penalty parameter rq > 0 and an initial approrima-
tion HY € R™™ for the Hessian of the Lagrangian L(z,\,y) =
f(x) = ATc(z) + yTh(z).

Step 1: Search direction
Modify HF, if necessary, such that condition C-5 below, holds:

d"H*d > v||d||?,¥d # 0 if [h(z*)]]2 >0
d"H*d > v|d|]*,Vd # 0, Vh(z*)Td =0 if [h(z")]2 =0~
where
D if [h(a") 2 = 0
T HE A S VAER)TVRER) i (b)) >0
k
with 0, = M,’H’C = H" 4+ V(2" O UV ()T ur =

Tk
diag(u®), C(2*) = diag(c(z")).
Calculate (Az*, N y¥), solution of the KKT system

Az” —Vf(z)
(11) MEL X = pe :
y* —h(z*)
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HF —Ve(a?) Vh(zF)
where M* = | UV e(z®)T  C(aF) 0 .1 is the identity
Vh(xk)T 0 —5951@1
matriz and e = (1,...,1) of appropriate dimensions.

Step 2: Termination
Vo L(xF, \E o)
Stop if C(a®)N* — pe <e¢, and > —Epe.
h(z*)

2

Step 3: Penalty parameter update
If the following conditions hold

(C-1): ||h(z*)]l2 > 0,

(C-2): | Az¥|ls < m,

(C-3): kype < C(zF)NF < kope,
Tk

(C-4): ||w*|| < 7, 0k = y* — —h(a:k),
! A (z%) |2
then
rkH = X7k,
(l‘k—H, uk—i—l, Hk+1) — (SL’k, uk’ Hk),
k:=k+1,

and go back to Step 1.

Step 4: Line search
Initialize ty = 1 and successively divide it by 2, if necessary, until
the following conditions hold
T-1: c(z® + txAz®) > 0
T-2: @, (2% + tpA2%F) — @, (2F) < —otp(Ax®)"HAZR,
where ®,,, = f(x) — 1 Y, log(ei()) + r{[h(@).

Step 5: Update

Define u¥™ to be the projection of \¥ on the interval [,u Ymin_ , Ymoz } ;

ci(zk)’ Mci(xk)
for each 1.
xk“ = J?k + tkASCk,

Tk+1 = Tk
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Calculate the new estimative HE*! for the Hessian of the Lagrangian.
k=k+1
go back to Step 1.

In [7], the authors prove that if the primal iterate sequence {z*}
lies in a bounded set and the modified Hessian sequence {H*} is
bounded, then, under MFCQ, the limit points of {z*} are stationary
for an infeasibility measure problem, and, if the limit point is feasible,
KKT condition holds for FP,,.

We will prove, using the new bounds for Carathodory’s lemma,
that if the penalty parameter r, — +o0o and x* is infeasible with re-
spect to the equality constraints, then we can weaken the constraint
qualification hypothesis and assume only the CPLD condition to
obtain that z* is stationary for an infeasibility measure problem.

Proposition 4.2. If the penalty parameter r, — +oo and x* is a
limit point of the sequence {x*} generated by Algorithm 4.1 such that
|h(z*)]|2 > 0, and z* satisfies the CPLD constraint qualification for
problem

(12) Minimize |h(z)||3 subject to c(z) >0,
then x* is a KK'T point for this problem.

k5 2* and

Proof. Let’s consider a subsequence {x*} such that
ri is increased for every k, thus, conditions C-1 to C-4 are fulfilled.

From (11), we can write

m P k
b
—HkAxk—i—Z )\fVci(ack)—Z (rk% + u_)f) Vhi(z*) = V ().
i=1 i=1 2
By C-3, 0 < rip < ci(xF)\E, thus A\¥ > 0, since ¢;(z*) > 0. By
Carathéodory’s lemma, there exist a subset I, C {1,...,m} and
scalars \F > 0 such that

Zielk E\fVcl(xk) - le mhl(xk)th(xk) =

13
(13) = Vf(aF) + HF AL + 570 wbVh,(2F),

and {Ve¢;(z%)}ier, is linearly independent.
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K
Let’s take a subsequence such that I, = I. Since \F < (Q'LZ) , from
ci(x
_ ’ millig,u
the new bounds on Carathéodory’s lemma, we have \f < W,
Ci\T

hence 0 < ¢;(z*)AF < 2 1y p.

k
If {—} admits a limited subsequence, we may consider a subse-
Tk

k

A
quence such that — — )\. Dividing (13) by ry, taking limits for k
T

k
and observing that {Az*} and {w"} are limited sequences since C-2
and C-4 hold, we obtain

p
—————Vh;(z*) =) ANVe¢(z*) =0,
2 T 2
A gmTl
and 0 < ¢(zF)= < LI ci(z*)\; = 0, thus z* is a KKT
Tk Tk
point of problem (12).
VK

A _
In the case — — +o0, dividing (13) by [|A\¥|| and taking limits
Tk

k

for a subsequence such that W — A >0, # 0 we have

Z S\ZVQ(:L'*) = 0,
i€l
,_f < 2"
Moo ™ Al )
Excluding from the set I all indexes such that A\; = 0, we have
I C A(z*) and CPLD is not fulfilled. O

and 0 < ¢;(z") = ¢;(2*)\ = 0.

Chen and Goldfarb’s algorithm to solve (10) consists of defining
positive sequences pp — 0, e — 0 and using Algorithm 4.1 to ap-
proximately solve (FP,, ), that is, obtaining iterates satisfying the
stopping criterium of Step 2. In this case, they prove that under
MFCQ), limit points are stationary for an infeasibility measure prob-
lem, and in case the limit point is feasible, KK'T condition holds for
(10). We will prove that, under CPLD, if the limit point is feasible,
then the KKT condition holds.



14 G. HAESER

Proposition 4.3. Assume x* is a limit point of the sequence {z*}
generated by Chen and Goldfarb’s algorithm to solve (10), such that
x* satisfies the CPLD constraint qualification for problem (10). As-
sume also that Algorithm (4.1) is well-defined, thus z* is a KKT
point of problem (10).

Proof. Let’s take a subsequence such that ¥ — 2*. By the stopping
criterium of Step 2, we have

(14) Z Ao () + Z Tane:

(15) C’(xk)A — jipe = 0%
(16) h(z*) = 65,

such that [|(6F, 65, 05)|l2 < ex e AF > —&y.

By Carathéodory’s lemma, there are scalars A¥, ¥ and subsets
I, c {1,....m}, Jp C {1,...,p} (we will take a subsequence that
satisfies I, = I and J, = J for every k) such that

(17) )= > NVei(ah) + ) g Vhi(aF) = oF,

el e

{Vei(2%) }iatU{ V(%) }icy is linearly independent and |A\F] < 2m+p=1| \E|
MAE > 0, thus AF > —2m+P=1lg; . Define a; = ||(AF, 7%) || co-

If {a} admits a limited subsequence, let’s consider a subsequence
such that (\*,4%) — (A, ¢). Since g, — 0, taking limits in (17) we

obtain
i€l i€l
Since A\F > —2m+r~lg;we have A > 0, and from (15) we get

|)\k| < gm+p— l‘)\k’ < gm+p— 1‘[5} +:uk|

cl(xk)
By (16) we get h(z*) = 0, thus * is a KKT point of problem (10).

, which implies \;c;(x*) = 0.
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Nk gk
If a, — 400 consider a subsequence such that (—Z,y—’) —
O O

A )\k 2m+p—1
(A, 9) # 0, and since — > — Ck
«

k Qg
Dividing (17) by a4 and taking limits we get

— 0, we haveszO.

iel ieJ
_ oK1,
with [\F| < 2m Ptk < 2m+p—1|[2](—‘:)/~%|’ thus, multiplying this
Ci\T
. . ci(a®) . .
inequality by and taking limits we get ¢;(x*)\; = 0, therefore,
Qg
removing from I all indexes such that \; = 0, we get I C A(z*),
which contradicts CPLD. U

We point out that since problem (10) includes also equality con-
straints, the result of Theorem 3.2 does not apply.
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