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Abstract. Stationarity and regularity concepts for the three typical for variational analysis

classes of objects – real-valued functions, collections of sets, and multifunctions – are investi-
gated. An attempt is maid to present a classification scheme for such concepts and to show

that properties introduced for objects from different classes can be treated in a similar way.

Furthermore, in many cases the corresponding properties appear to be in a sense equivalent.
The properties are defined in terms of certain constants which in the case of regularity proper-

ties provide also some quantitative characterizations of these properties. The relations between
different constants and properties are discussed.

An important feature of the new variational
techniques is that they can handle nonsmooth
functions, sets and multifunctions equally well

Borwein and Zhu [8]

3

1. Introduction4

The paper investigates extremality, stationarity and regularity properties of real-valued func-5

tions, collections of sets, and multifunctions attempting at developing a unifying scheme for defining6

and using such properties.7

Under different names this type of properties have been explored for centuries. A classical8

example of a stationarity condition is given by the Fermat theorem on local minima and max-9

ima of differentiable functions. In a sense, any necessary optimality (extremality) conditions de-10

fine/characterize certain stationarity (singularity/irregularity) properties. The separation theorem11

also characterizes a kind of extremal (stationary) behavior of convex sets.12

Surjectivity of a linear continuous mapping in the Banach open mapping theorem (and its13

extension to nonlinear mappings known as Lyusternik-Graves theorem) is an example of a regularity14

condition. Other examples are provided by numerous constraint qualifications and error bound15

conditions in optimization problems, qualifying conditions in subdifferential calculus, etc.16

Many more properties which can be interpreted as either stationarity or regularity have been17

introduced (explicitly and in many cases implicitly) and investigated with the development of op-18

timization theory and variational analysis. They are important for optimality conditions, stability19

of solutions, and numerical methods.20

There exist different settings of optimization and variational problems: in terms of single-valued21

and multivalued mappings and in terms of collections of sets. It is not surprising that investigating22

stationarity and especially regularity properties of these objects has attracted significant attention.23

Real-valued functions and collections of sets were examined respectively in [18, 21, 27–30, 33] and24

[3,5–7,14,21,26–32,34,39,41–43,48]. Multifunctions represent the most developed class of objects.25

A number of useful regularity properties have been introduced and investigated - see [1, 2, 9, 12,26

13,20–22,24,28–30,36–40,44–47] and the references therein - the most well recognized and widely27

used being that of metric regularity.28

In this paper, which continues [30–32], an attempt is maid to present a classification scheme for29

such concepts and to show that, in accordance with the cited above words by Borwein and Zhu,30

properties introduced for objects from different classes can be treated in a similar way. Further-31

more, in many cases the corresponding properties appear to be equivalent.32
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Key words and phrases. subdifferential, normal cone, optimality, extremality, stationarity, regularity, multifunc-

tion, slope, Asplund space.
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First of all, stationarity and regularity properties are mutually inverse. For example, the equality33

f ′(x̄) = 0 for a real-valued differentiable at x̄ function f is a stationarity condition, while the34

inequality f ′(x̄) 6= 0 can be considered as a regularity criterion. Thus, such properties always go35

in pairs. Given one condition (stationarity or regularity), its negation automatically describes its36

opposite counterpart.37

It seems natural to distinguish between primal space properties and those defined in terms of dual38

space elements. Metric conditions are primal space properties while their characterizations in terms39

of normal cones or coderivatives are dual conditions. In some cases primal and dual conditions40

are equivalent, and dual conditions provide complete characterizations of the corresponding primal41

space properties. However, there are cases when equivalences do not hold, and one has necessary42

or sufficient conditions.43

Another natural way of classifying stationarity and regularity properties is to distinguish between44

basic (“at a point”) and more robust strict (“near a point”) conditions. In the latter case one45

can speak about approximate stationarity and uniform regularity. For instance, dual conditions46

formulated in terms of usual Fréchet derivatives or Fréchet subdifferentials/normals belong to47

the first group, while conditions in terms of strict derivatives or limiting subdifferentials/normals48

belong to the second one. Metric regularity of multifunctions is a typical example of a primal space49

uniform regularity property.50

The properties can be defined in terms of certain constants which in the case of regularity prop-51

erties provide also some quantitative characterizations of these properties. It will be demonstrated52

in the subsequent sections that such constants are convenient when establishing interrelations53

between the properties.54

Obviously not all existing stationarity and regularity properties are discussed in the paper.55

Only those typical properties have been chosen which better illustrate the classification scheme56

described above. The content of this paper is not expected to surprise those working in the area of57

variational analysis. However, the author believes that some relations presented in it can be useful58

when dealing with specific problems.59

The remaining three sections are devoted to our three main objects of interest: real-valued60

functions, collections of sets, and multifunctions respectively.61

In Section 2, we consider stationarity and regularity properties of real-valued functions. The62

main feature of this class of objects compared to the two others is that, in the nondifferentiable63

case, one can (and should) distinguish between properties of functions “from below” (from the point64

of view of minimization) and “from above” (from the point of view of maximization). The terms65

inf-stationarity and inf-regularity are used in the paper in the first instance, and sup-stationarity66

and sup-regularity in the second one. The “combined” properties are considered as well. A number67

of stationarity and regularity properties as well as constants characterizing them are introduced.68

The relations between these constants are summarized in Theorem 2. It can be interesting to69

note that while two different basic primal space constants are in use, the corresponding strict70

constants coincide for lower semicontinuous functions on a complete metric space. If, additionally,71

the space is Asplund, they coincide with the appropriate dual space strict constant. This result72

(Theorem 2(ix)) improves [33, Theorem 4]. Special attention is given to the differential and convex73

cases when most of the constants and properties coincide.74

In Section 3, collections of sets are considered. The stationarity properties discussed here ex-75

tend the concept of locally extremal collection introduced in [34] while the relation between the76

corresponding primal and dual constants formulated in Theorem 4(vi) extends the extremal prin-77

ciple [34, 41]. This result improves [30, Theorem 1]. The corresponding regularity properties are78

discussed as well as their relations with other properties of this kind: metric inequality (local linear79

regularity) [4, 19,20,43,48] and Jameson’s property (G) [5, 42].80

The last Section 4 is devoted to multifunctions with the main emphasis on their regularity81

properties. The constants characterizing these properties are defined along the same lines. Metric82

regularity is treated as an example of a uniform primal space regularity property corresponding to83

similar properties of real-valued functions and collections of sets. The relations between different84

constants, including the equality of primal and dual strict constants, are summarized in Theorem 6.85

Finally, relations are established between the multifunctional regularity/stationarity constants and86

the corresponding constants defined in the preceding sections for the other two main classes of87

objects of the current research – real-valued functions and collections of sets.88
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Mainly standard notations are used throughout the paper. Br(x) denotes a closed ball in a89

metric space with centre at x and radius r. A closed unit ball in a normed space is denoted by90

B. If Ω is a set then int Ω and bd Ω are respectively its interior and boundary. If not explicitly91

specified otherwise, when considering product spaces we assume that they are equipped with the92

maximum-type distances or norms: d
(
(x1, y1), (x2, y2)

)
= max

(
d(x1, x2), d(y1, y2)

)
, ‖(x, y)‖ =93

max(‖x‖ , ‖y‖). Sometimes, in products of normed spaces, the following norm depending on a94

parameter γ > 0 will be used: ‖(x, y)‖γ = max(‖x‖ , γ ‖y‖).95

2. Real-Valued Functions96

2.1. Extremality, stationarity, and regularity. The classical criterion characterizing extremum97

points of real-valued functions is given by the famous Fermat theorem.98

Theorem 1 (Fermat). If a differentiable function f has a local minimum or maximum at x̄ then99

f ′(x̄) = 0.100

This assertion provides a dual (f ′(x̄) is an element of the dual space!) necessary condition for101

a local minimum or maximum. It is well known that it actually characterizes a weaker property102

called stationarity.103

The concept of stationarity for a real-valued function in the framework of classical analysis can104

be illustrated by the three examples in Figure 1 which can be found in any textbook on calculus.

f(x) = x2

0 x

y
f(x) = −x2

0 x

y
f(x) = x3

0 x

y

Figure 1. Stationarity: differentiable case
105

For a differentiable function on a normed linear space, the stationary behavior near a given106

point can be characterized in two equivalent ways:107

(P) Primal characterization: the increment (and decrement) of the function is infinitely small108

compared to the increment of the argument.109

(D) Dual characterization: the derivative at the point is zero.110

If none of the above characterizations holds true then the function is regular near the given point.111

2.2. Inf-stationarity and inf-regularity. As it is easily seen from the above illustrations, in112

the differentiable case, the stationarity characterizations do not distinguish between maxima and113

minima. The nondifferentiable setting is much reacher. First of all, stationarity properties of114

nondifferentiable functions with respect to minimization and maximization are in general essentially115

different. Besides, these properties can be defined in several different ways.116

The functions presented in Figure 2 clearly possess certain stationarity properties from the point117

of view of minimization: the decrement of the function is infinitely small (for the first function it is118

zero) compared to the increment of the argument. Similarly stationarity from the point of view of119

maximization presumes a similar estimate of the increment of the function. None of the functions120

in Figure 2 possesses this property.121

It is still possible to formulate primal and dual characterizations of stationarity and regularity.122

In this section, if not explicitly stated otherwise, X is a metric space. For all characterizations123

including dual space objects (subdifferentials) we will assume X to be a normed linear space. f is124

a function on X with values in the extended real line R∞ = R ∪ {±∞}, finite at x̄ ∈ X.125

We start with inf-stationarity, that is stationarity from the point of view of minimization.126

The following three properties can qualify for generalizing the corresponding primal and dual127

characterizations (P) and (D).128

Inf-stationarity.129
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f(x) = |x|

0 x

y

f(x) =
{
−x2 if x ≤ 0
x if x > 0

0 x

y

Figure 2. Inf-stationarity

(IS1) For any ε > 0 there exists a ρ ∈ (0, ε) such that130

f(x)− f(x̄) ≥ −ερ, ∀x ∈ Bρ(x̄). (1)

(IS2) For any ε > 0 there exists a ρ > 0 such that131

f(x)− f(x̄) ≥ −εd(x, x̄), ∀x ∈ Bρ(x̄). (2)

(ISD) (X is a normed linear space) 0 ∈ ∂f(x̄).132

In the last property ∂f(x̄) denotes the Fréchet subdifferential of f at x̄:133

∂f(x̄) =
{
x∗ ∈ X∗

∣∣ lim inf
x→x̄

f(x)− f(x̄)− 〈x∗, x− x̄〉
‖x− x̄‖

≥ 0
}
. (3)

Clearly, all characterizations of inf-stationarity, formulated above, are satisfied if x̄ is a point134

of local minimum of f (see, for example, the first function in Figure 2). They are also satisfied135

for the second function in Figure 2. Condition (1) (condition (2)) means that x̄ is an ερ-minimal136

(ε-Ekeland) point of f on Bρ(x̄) [22, 23, 37]. In general, (IS1) and (IS2) are not equivalent (see137

Examples 1 and 2 in [33]). The next proposition shows that (IS1) is weaker than (IS2); when X is138

complete, a point satisfying (IS1) can be approximated by points satisfying (IS2).139

Proposition 1. (i) (IS2) ⇒ (IS1).140

(ii) Let X be complete and f be lower semicontinuous near x̄. If (IS1) holds true then for any
ε > 0 there exist a ρ ∈ (0, ε) and an x̂ ∈ Bρ(x̄) such that f(x̂) ≤ f(x̄) and

f(x)− f(x̂) ≥ −εd(x, x̂), ∀x ∈ Bρ(x̂).

(iii) If X is a normed linear space then (IS2) ⇔ (ISD).141

Proof. The first and the third assertions follow directly from the definitions. The proof of the142

second one is a traditional example of application of the Ekeland variational principle [16].143

If (IS1) holds true, then for any ε > 0 there exists an r ∈ (0, ε/2) such that

f(x)− f(x̄) ≥ −εr/2, ∀x ∈ Br(x̄).

Let ρ = r/2. Then ρ < ε/4 ≤ ε. If X is complete then by the Ekeland variational principle there
exists an x̂ ∈ Bρ(x̄) such that f(x̂) ≤ f(x̄) and

f(x)− f(x̂) ≥ −εd(x, x̂)

for all x ∈ Br(x̄). In particular, the last inequality is valid for all x ∈ Bρ(x̂). �144

Thus, in the nondifferentiable case we have in general two different types of inf-stationarity145

which primal characterizations are given by (IS1) and (IS2).146

If any of these conditions is not satisfied one can speak about the corresponding type of inf-147

regularity.148

Inf-regularity.149

(IR1) There exists an α > 0 and a δ > 0 such that for any ρ ∈ (0, δ) there is an x ∈ Bρ(x̄)
satisfying

f(x)− f(x̄) < −αρ.
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(IR2) There exists an α > 0 such that for any ρ > 0 there is an x ∈ Bρ(x̄) satisfying

f(x)− f(x̄) < −αd(x, x̄).

(IRD) (X is a normed linear space) 0 6∈ ∂f(x̄).150

2.3. Approximate inf-stationarity and uniform inf-regularity. The functions not satisfying151

(IS1) and (IS2) can still possess some features of inf-stationarity near the given point.152

f(x) =
{
x sin 1

x if x 6= 0
0 if x = 0

0 x

y

f(x) =
{
x+ x2 sin 1

x if x 6= 0
0 if x = 0

0 x

y

Figure 3. Approximate inf-stationarity

For the functions in Figure 3, the point x̄ = 0 is definitely far from being inf-stationary. At the153

same time there are inf-stationary points in any its neighborhood. In such cases it is possible to154

speak about approximate inf-stationarity.155

Approximate inf-stationarity.156

(AIS1) For any ε > 0 there exists a ρ ∈ (0, ε) and an x ∈ Bε(x̄) such that |f(x)− f(x̄)| ≤ ε and157

f(u)− f(x) ≥ −ερ, ∀u ∈ Bρ(x). (4)

(AIS2) For any ε > 0 there exists a ρ ∈ (0, ε) and an x ∈ Bε(x̄) such that |f(x)− f(x̄)| ≤ ε and158

f(u)− f(x) ≥ −εd(u, x), ∀u ∈ Bρ(x). (5)

(AISD) (X is a normed linear space) For any ε > 0 there exists an x ∈ Bε(x̄) and an x∗ ∈ ∂f(x)159

such that |f(x)− f(x̄)| ≤ ε and ‖x∗‖ ≤ ε.160

(AISDL) (X is a normed linear space) 0 ∈ ∂̄f(x̄).161

In the statement of the last property ∂̄f(x̄) denotes the limiting subdifferential of f at x̄:

∂̄f(x̄) = {x∗ ∈ X∗
∣∣ xk → x̄, f(xk)→ f(x̄), x∗k

w∗→ x∗, x∗k ∈ ∂f(xk), k = 1, 2, . . .}, (6)

where x∗k
w∗→ x∗ means that x∗k converges to x∗ in the weak∗ topology. In contrast to (3), this set162

can be nonconvex. However, it possesses a certain subdifferential calculus (see [39]). In the convex163

case, subdifferential (6) coincides with the subdifferential in the sense of convex analysis.164

All characterizations of approximate inf-stationarity are satisfied for the functions in Figure 3.165

Basically approximate inf-stationarity means that in any neighborhood of the given point there is166

another one at which the corresponding inf-stationarity property “almost” holds.167

Once again (AIS1) is obviously weaker than (AIS2). The latter property is referred to in [37]168

as stationarity with respect to minimization.169

Remark 1. Notice that the second function in Figure 3 is everywhere differentiable. Moreover,170

f ′(0) = 1 and consequently the function is regular at 0 in the classical sense. Thus, in terms of171

approximate inf-stationarity, even for differentiable functions, Figure 1 does not present the full172

list of possibilities. The explanation of this phenomenon is simple: the derivative at 0 of the second173

function in Figure 3 is not strict.174

If any of the above conditions is not satisfied one can speak about the corresponding type of175

uniform inf-regularity (a certain property must hold uniformly in a neighborhood of the given176

point.)177

Uniform inf-regularity.178
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(UIR1) There exists an α > 0 and a δ > 0 such that for any ρ ∈ (0, δ) and any x ∈ Bδ(x̄) with
|f(x)− f(x̄)| ≤ δ there is a u ∈ Bρ(x) satisfying

f(u)− f(x) < −αρ.

(UIR2) There exists an α > 0 and a δ > 0 such that for any ρ ∈ (0, δ) and any x ∈ Bδ(x̄) with
|f(x)− f(x̄)| ≤ δ there is a u ∈ Bρ(x) satisfying

f(u)− f(x) < −αd(u, x).

(UIRD) (X is a normed linear space) There exists an α > 0 and a δ > 0 such that for any x ∈ Bδ(x̄)179

with |f(x)− f(x̄)| ≤ δ and any x∗ ∈ ∂f(x) it holds ‖x∗‖ > α.180

(UIRDL) (X is a normed linear space) 0 6∈ ∂̄f(x̄).181

2.4. Constants. It can be convenient to characterize the inf-stationarity and inf-regularity prop-
erties introduced above in terms of certain nonnegative constants:

|θf |ρ(x̄) = f(x̄)− inf
x∈Bρ(x̄)

f(x) = sup
x∈Bρ(x̄)

(f(x̄)− f(x)), (7)

|θf |(x̄) = lim inf
ρ↓0

|θf |ρ(x̄)
ρ

, (8)

|∇f |(x̄) = lim sup
x→x̄

[f(x̄)− f(x)]+
d(x, x̄)

, (9)

|θf |(x̄) = lim inf
x
f
→x̄
ρ↓0

|θf |ρ(x)
ρ

, (10)

|∇f |(x̄) = lim inf
x
f
→x̄
ρ↓0

sup
u∈Bρ(x)/{x}

[f(x)− f(u)]+
d(u, x)

, (11)

|∂f |(x̄) = inf{‖x∗‖
∣∣ x∗ ∈ ∂f(x̄)}, (12)

|̂∂f |(x̄) = lim
δ↓0

inf{‖x∗‖
∣∣ x∗ ∈ ∂̂δf(x̄)}, (13)

|∂f |(x̄) = lim
δ↓0

inf{‖x∗‖
∣∣ x∗ ∈ ∂̄f(x̄)}. (14)

The following notations and conventions are used in the above formulas:182

• In (12)–(14), X is a normed linear space;183

• [α]+ = max(α, 0);184

• inf ∅ = +∞;185

• x f→ x̄ ⇔ x→ x̄ with f(x)→ f(x̄);186

• ∂̂δf(x̄) =
⋃
{∂f(x)

∣∣ x ∈ Bδ(x̄), |f(x)− f(x̄)| ≤ δ}.187

The last set is called the strict δ-subdifferential of f at x̄ (see [25, 28, 29]). Note that the equality188

|̂∂f |(x̄) = 0 does not imply the inclusion 0 ∈ ∂̂δf(x̄) [33, Example 8].189

Constant (9) is known as the (strong) slope of f at x̄ [11] (see also [20]). Constant (11) is the190

strict slope of f at x̄. Constants (12)–(14) are called respectively the subdifferential slope, the strict191

subdifferential slope, and the limiting subdifferential slope of f at x̄ (see [18]).192

The equality |θf |ρ(x̄) = 0 for some ρ > 0 (for any ρ > 0) is equivalent to x̄ being a point of local193

(respectively global) minimum of f . For each of the constants (8)–(13), its equality to zero (being194

strictly positive) is equivalent to the corresponding inf-stationarity (inf-regularity) characterization:195

196

• |θf |(x̄) = 0 ⇔ (IS1); • |θf |(x̄) > 0 ⇔ (IR1);
• |∇f |(x̄) = 0 ⇔ (IS2); • |∇f |(x̄) > 0 ⇔ (IR2);
• |∂f |(x̄) = 0 ⇔ (ISD); • |∂f |(x̄) > 0 ⇔ (IRD);
• |θf |(x̄) = 0 ⇔ (AIS1); • |θf |(x̄) > 0 ⇔ (UIR1);
• |∇f |(x̄) = 0 ⇔ (AIS2); • |∇f |(x̄) > 0 ⇔ (UIR2);
• |̂∂f |(x̄) = 0 ⇔ (AISD); • |̂∂f |(x̄) > 0 ⇔ (UIRD);
• |∂f |(x̄) = 0 ⇔ (AISDL); • |∂f |(x̄) > 0 ⇔ (UIRDL).

197
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The relationships between the different types of inf-stationarity and inf-regularity are determined198

by the relations between the corresponding constants. The next theorem summarizes the list of199

such relations.200

Theorem 2. The following assertions hold true:201

(i) |θf |(x̄) ≤ |∇f |(x̄);202

(ii) |θf |(x̄) ≤ lim inf
x
f→x̄

|θf |(x);203

(iii) |∇f |(x̄) ≤ lim inf
x
f→x̄

|∇f |(x);204

(iv) |θf |(x̄) ≤ |∇f |(x̄);205

(v) if X is complete and f is lower semicontinuous near x̄, then |∇f |(x̄) = |θf |.206

Suppose X is a normed linear space. Then207

(vi) |̂∂f |(x̄) = lim inf
x
f→x̄

|∂f |(x);208

(vii) |∇f |(x̄) ≤ |∂f |(x̄);209

(viii) |∇f |(x̄) ≤ |̂∂f |(x̄);210

(ix) if X is Asplund and f is lower semicontinuous near x̄, then |∇f |(x̄) = |̂∂f |(x̄);211

(x) if dimX <∞ and f is lower semicontinuous near x̄, then |̂∂f |(x̄) = |∂f |(x̄).212

Proof. The majority of assertions in the theorem can be found in [33]. The only one which needs213

proof is the inequality |∇f |(x̄) ≥ |̂∂f |(x̄) in assertion (ix).214

Let X be Asplund, |∇f |(x̄) < α, δ > 0. Taking into account definition (13), we need to show215

that there exists an x̂ ∈ Bδ(x̄) with |f(x̂)− f(x̄)| ≤ δ and an x∗ ∈ ∂f(x̂) such that ‖x∗‖ < α.216

Chose numbers α1, α2, satisfying |∇f |(x̄) < α1 < α2 < α. By assertion (v) and definitions (10),
(8), and (7), there exists a positive number ρ < min(α−1

1 , 1)δ/2 and a point x1 ∈ Bδ/2(x̄) with
|f(x1)− f(x̄)| ≤ δ/2 such that

f(u)− f(x1) > −ρα1 for all u ∈ Bρ(x1).

Take ρ′ = ρα1/α2. It follows from the Ekeland variational principle that there exists a point
x2 ∈ Bρ′(x1) such that f(x1)− ρα1 < f(x2) ≤ f(x1) and

f(u)− f(x2) + α2‖u− x2‖ ≥ 0 for all u ∈ Bρ(x1).

Since x2 is an internal point of Bρ(x1) we have 0 ∈ ∂(f + f2)(x2) where f2(u) := α2‖u − x2‖.217

Applying the fuzzy sum rule [17] we find a point x̂ ∈ Bδ/2−ρ(x2) with |f(x̂)− f(x2)| ≤ δ/2− ρα1218

such that ‖x∗‖ < α. Note that ‖x̂− x̄‖ ≤ δ and |f(x̂)− f(x̄)| ≤ δ. �219

The inequalities in Theorem 2 can be strict, see [33, Examples 1–4]. Theorem 2(ix) improves [33,220

Theorem 4].221

In accordance with Theorem 2 the relationships between the inf-stationarity concepts can be
described by the following diagram:

(IS1)

��

(IS2)oo

��
(AIS1)

lsc function,

metric space

//______ (AIS2)oo
lsc function,

Asplund space

//______ (AISD)
normed spaceoo

lsc function,
dimX<∞

//______ (AISDL)oo_ _ _ _ _ _

A similar diagram (with opposite arrows) describes the relationships between the corresponding222

inf-regularity concepts.223

Due to assertion (v) (which is a corollary of Proposition 1), for a lower semicontinuous function224

f on a complete metric space conditions (AIS1) and (AIS2) are equivalent. In this case, of course,225

we also have a single uniform regularity property which is closely related to the metric regularity226

of multifunctions.227

If, additionally, X Asplund then, due to (ix), the three approximate inf-stationarity conditions228

(AIS1), (AIS2), and (AISD) (as well as the corresponding approximate inf-regularity properties)229

are equivalent. Asplund spaces form a natural class of Banach spaces when working with Fréchet230

subdifferentials (see [39] for the definition, properties and motivations).231
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Corollary 1.1. If X is Asplund and f is lower semicontinuous near x̄, then232

(i) (AIS1) ⇔ (AIS2) ⇔ (AISD);
(ii) (UIR1) ⇔ (UIR2) ⇔ (UIRD).233

Conditions (AISD) and (UIRD) can be considered (in the Asplund space setting) as equivalent234

dual characterizations of the corresponding primal properties.235

2.5. Sup-stationarity and sup-regularity. Stationarity and regularity properties of nondiffer-236

entiable functions from the point of view of maximization (sup-stationarity and sup-regularity) can237

be defined in a similar way. They can also be defined in terms of the same constants applied to238

the function −f .239

• |θ(−f)|(x̄) = 0 ⇔ (SS1); • |θ(−f)|(x̄) > 0 ⇔ (SR1);
• |∇(−f)|(x̄) = 0 ⇔ (SS2); • |∇(−f)|(x̄) > 0 ⇔ (SR2);
• |∂(−f)|(x̄) = 0 ⇔ (SSD); • |∂(−f)|(x̄) > 0 ⇔ (SRD);
• |θ(−f)|(x̄) = 0 ⇔ (ASS1); • |θ(−f)|(x̄) > 0 ⇔ (USR1);
• |∇(−f)|(x̄) = 0 ⇔ (ASS2); • |∇(−f)|(x̄) > 0 ⇔ (USR2);
• ̂|∂(−f)|(x̄) = 0 ⇔ (ASSD); • ̂|∂(−f)|(x̄) > 0 ⇔ (USRD);
• |∂(−f)|(x̄) = 0 ⇔ (ASSDL); • |∂(−f)|(x̄) > 0 ⇔ (USRDL).

240

All functions in Figures 2 and 3 are obviously sup-regular at x̄ (both (SR1) and (SR2) conditions241

hold true). At the same time the second function in Figure 2 and both functions in Figure 3 are242

approximately sup-stationary at x̄.243

The relationships between different sup-stationarity (sup-regularity) concepts are similar to244

those between inf-stationarity (inf-regularity) ones.245

The “combined” concepts can also be of interest. It is natural to say that a function is stationary246

(regular) at a point if it is either inf-stationary or sup-stationary (both inf-regular and sup-regular)247

at this point.248

• min(|θf |(x̄), |θ(−f)|(x̄)) = 0 ⇔ (S1);
• min(|∇f |(x̄), |∇(−f)|(x̄)) = 0 ⇔ (S2);
• min(|∂f |(x̄), |∂(−f)|(x̄)) = 0 ⇔ (SD);
• min(|θf |(x̄), |θ(−f)|(x̄)) = 0 ⇔ (AS1);
• min(|∇f |(x̄), |∇(−f)|(x̄)) = 0 ⇔ (AS2);
• min(|̂∂f |(x̄), ̂|∂(−f)|(x̄)) = 0 ⇔ (ASD);
• min(|θf |(x̄), |θ(−f)|(x̄)) > 0 ⇔ (R1);
• min(|∇f |(x̄), |∇(−f)|(x̄)) > 0 ⇔ (R2);
• min(|∂f |(x̄), |∂(−f)|(x̄)) > 0 ⇔ (RD);
• min(|θf |(x̄), |θ(−f)|(x̄)) > 0 ⇔ (UR1);
• min(|∇f |(x̄), |∇(−f)|(x̄)) > 0 ⇔ (UR2);
• min(|̂∂f |(x̄), ̂|∂(−f)|(x̄)) > 0 ⇔ (URD);
• min(|∂f |(x̄), |∂(−f)|(x̄)) > 0 ⇔ (URDL).

249

If f is a continuous function on a complete metric space then250

(AS1) ⇔ (AS2) (UR1) ⇔ (UR2).251

If, additionally, the space is Asplund then252

(AS1) ⇔ (AS2) ⇔ (ASD) (UR1) ⇔ (UR2) ⇔ (URD).253

2.6. Differentiable and convex cases. For differentiable or convex functions most of the sta-254

tionarity and regularity concepts described above reduce to traditional ones.255

In the rest of this section X is assumed a normed linear space. Recall that f is called strictly
differentiable [39, 47] at x̄ (with the derivative f ′(x̄)) if

lim
x→x̄, u→x̄

f(u)− f(x)− 〈f ′(x̄), u− x〉
‖u− x‖

= 0.

Proposition 2. If f is Fréchet differentiable at x̄ with the derivative f ′(x̄) then

|θf |(x̄) = |∇f |(x̄) = |∂f |(x̄) = |θ(−f)|(x̄) = |∇(−f)|(x̄) = |∂(−f)|(x̄) = ‖f ′(x̄)‖ .
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If, additionally, the derivative is strict then

|θf |(x̄) = |∇f |(x̄) = |̂∂f |(x̄) = |∂f |(x̄)

= |θ(−f)|(x̄) = |∇(−f)|(x̄) = ̂|∂(−f)|(x̄) = |∂(−f)|(x̄) = ‖f ′(x̄)‖ .

Proposition 3. Let f be convex.256

(i) If |θf |ρ(x̄) > 0 for some ρ > 0 then |θf |ρ(x̄) > 0 for all ρ > 0.257

(ii) The function ρ → |θf |ρ[f ](x̄)/ρ (function |θf |ρ[−f ](x̄)/ρ) is nonincreasing (nondecreas-258

ing) on R+\{0}.259

(iii) The following equalities hold true:

|θf |(x̄) = |∇f |(x̄) = |θf |(x̄) = |∇f |(x̄) = sup
ρ>0

|θf |ρ(x̄)
ρ

= sup
x 6=x̄

[f(x̄)− f(x)]+
‖x− x̄‖

,

|θ(−f)|(x̄) = |∇(−f)|(x̄) = inf
ρ>0

|θf |ρ[−f ](x̄)
ρ

= inf
ρ>0

sup
‖x−x̄‖=ρ

[f(x)− f(x̄)]+
ρ

.

(iv) |∇f |(x̄) ≤ |∇(−f)|(x̄).260

(v) |∇f |(x̄) ≤ |θ(−f)|(x̄).261

(vi) If |∇f |(x̄) = |∇(−f)|(x̄) and {xk} ⊂ X is a sequence defining |∇f |(x̄), that is xk → 0
and

|∇f |(x̄) = lim
k→∞

f(x̄)− f(x̄+ xk)
‖xk‖

then the limit

lim
k→∞

f(x̄)− f(x̄− xk)
‖xk‖

exists and equals −|∇f |(x̄).262

(vii) If dimX <∞ and f is lower semicontinuous near x̄ then |∂f |(x̄) = |̂∂f |(x̄) = |∂f |(x̄).263

Proposition 2 and all assertions in Proposition 3 except the last one are slight reformulations264

of the corresponding statements from [33]. Assertion (vii) in Proposition 3 follows from the upper265

semicontinuity of the subdifferential mapping of a convex function.266

3. Collections of Sets267

Starting with the pioneering work by Dubovitskii and Milyutin [15] it is quite natural when268

dealing with optimality conditions to reformulate optimality in the original optimization problem269

as a kind of extremal behaviour of a certain collection of sets. Considering collections of sets is a270

rather general scheme of investigating optimization problems. Any set of “extremality” conditions271

leads to some optimality conditions for the original problem.272

3.1. Extremal collections of sets. A typical example of “extremal behaviour” is presented on273

Figure 4: two convex sets with nonintersecting interiors. In the framework of convex analysis, dual274

extremality conditions are given by the separation theorem.275

x̄Ω1 Ω2

Figure 4. Extremality of two convex sets

A pair of sets in Figure 4 can be looked at in a different way: they have a common point and276

at the same time can be made unintersecting by an arbitrary small translation. Such collections277

of sets are called extremal. This point of view is applicable to nonconvex sets as well. Besides, the278

sets are not required to have nonempty interiors. See examples in Figure 5. In the last example in279

Figure 5, the second set consists of a single point x̄.280
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x̄Ω1 Ω2 x̄Ω1 Ω2 x̄ Ω

Figure 5. Extremal collections of sets

The definition of an extremal collection of sets was first introduced in 1980 in [34, 35] (see281

historical comments in [39]), where a dual characterization of extremality was established. This282

result can be considered as a generalization of the separation theorem to nonconvex sets and can283

be used as a tool for proving necessary optimality conditions in nonconvex problems.284

For the convex sets in Figure 4 the separation property can be equivalently reformulated in the285

following way. There exist two normal (in the sense of convex analysis) elements x∗i ∈ N(x̄|Ωi),286

i = 1, 2, such that the elements are nonzero: ‖x∗1‖+ ‖x∗2‖ > 0 while their sum is zero: x∗1 + x∗2 = 0287

(Figure 6).288

x̄Ω1 Ω2

Figure 6. Separation property

The same idea can work for nonconvex sets (see Figure 7) if the normal cone in the sense of289

convex analysis is replaced by its appropriate generalization. This was first done in [34] for spaces290

admitting Fréchet smooth renorm and then extended in [41] to Asplund spaces. This result is now291

known as Extremal principle (see [39,47]).292

x̄Ω1 Ω2 x̄Ω1 Ω2 x̄ Ω

Figure 7. Nonconvex separation property

3.2. Extremal principle. In this section X is a normed linear space, Ω1, Ω2, . . . , Ωn ⊂ X293

(n > 1), x̄ ∈
n⋂
i=1

Ωi.294

The extremality of the collection of sets Ω1,Ω2, . . . ,Ωn near x̄ can be characterized by the295

following conditions.296

Extremality.297

(E)S For any ε > 0 there exist ai ∈ X, i = 1, 2, . . . , n, such that ‖ai‖ ≤ ε and
n⋂
i=1

(Ωi − ai) = ∅.

(LE)S There exists a ρ > 0 such that for any ε > 0 there are ai ∈ X, i = 1, 2, . . . , n, such that298

‖ai‖ ≤ ε and299
n⋂
i=1

(Ωi − ai)
⋂
Bρ(x̄) = ∅. (15)
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(SP)S For any ε > 0 there exist xi ∈ Ωi ∩ Bε(x̄) and x∗i ∈ N(xi|Ωi), i = 1, 2, . . . , n, such that300

n∑
i=1

‖x∗i ‖ = 1 and
∥∥∥∥ n∑
i=1

x∗i

∥∥∥∥ ≤ ε.301

The subscript “S” in the notations of the above and forthcoming properties in this section302

means that the properties are defined for collections of sets. Its aim is to avoid confusion with the303

properties introduced in Sections 2 and 4.304

In the last property N(x|Ω) denotes the Fréchet normal cone to Ω at x ∈ Ω:305

N(x|Ω) =

{
x∗ ∈ X∗

∣∣ lim sup
u

Ω→x

〈x∗, u− x〉
‖u− x‖

≤ 0

}
. (16)

Here u Ω→ x means u→ x with u ∈ Ω. If Ω is convex the set (16) coincides with the normal cone306

in the sense of convex analysis.307

Property (LE)S characterizes local extremality. Obviously, (E)S ⇒ (LE)S . On the other hand,308

(LE)S implies property (E)S for the collection of n+ 1 sets Ω1, Ω2, . . . , Ωn, Bδ(x̄).309

Property (SP)S is a dual condition. It represents a kind of nonconvex separation property. Two310

more versions of this property can be of interest – the basic (SPB)S and the limiting (SPL)S :311

(SPB)S There exist x∗i ∈ N(x̄|Ωi), i = 1, 2, . . . , n, such that312

n∑
i=1

‖x∗i ‖ > 0 and

∥∥∥∥∥
n∑
i=1

x∗i

∥∥∥∥∥ = 0. (17)

(SPL)S There exist x∗i ∈ N̄(x̄|Ωi), i = 1, 2, . . . , n, such that conditions (17) hold true.313

Here N̄(x̄|Ω) denotes the limiting normal cone to Ω at x̄ ∈ Ω:

N̄(x̄|Ω) = {x∗ ∈ X∗
∣∣ xk → x̄, x∗k

w∗→ x∗, x∗k ∈ N(xk|Ω), k = 1, 2, . . .}, (18)

In the convex case, cone (18) also coincides with the normal cone in the sense of convex analysis.314

The next assertion is straightforward.315

Proposition 4. (i) (SPB)S ⇒ (SP)S;316

(ii) If dimX <∞ then (SP)S ⇔ (SPL)S.317

An advantage of (SPB)S and (SPL)S is that, unlike “fuzzy” condition (SP)S , they provide dual318

criteria “at the point”.319

When dealing with fuzzy and limiting conditions like (SP)S and (SPL)S , the following notation320

can be convenient (δ ≥ 0):321

N̂δ(x̄|Ω) =
⋃

x∈Ω∩Bδ(x̄)

N(x|Ω). (19)

This is the strict δ-normal cone [25,29] to Ω at x̄ ∈ Ω. Both cones (18) and (19) can be nonconvex.
Using (19), the definition (18) can be rewritten as

N̄(x̄|Ω) =
⋂
δ>0

cl∗N̂δ(x̄|Ω),

where cl∗ denotes the sequential weak∗ closure in X∗.322

Under certain conditions (SP)S is implied by (LE)S , and hence provides a dual characterization323

of local extremality. This is known as Extremal Principle.324

Extremal Principle. (LE)S ⇒ (SP)S.325

The following theorem was established in [41, Theorem 3.2] (see also [39, Theorem 2.20]) as a326

generalization of [34, Theorem 1].327

Theorem 3. Let the sets Ω1,Ω2, . . . ,Ωn be locally closed near x̄. Then the following conditions328

are equivalent;329

(i) X is Asplund;330

(ii) Extremal Principle holds true in X.331
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Thus, in Asplund spaces, (SP)S provides a dual necessary condition for local extremality. It332

has proved to be a useful tool for investigating nonconvex objects far beyond the framework of333

optimization theory (see the comments in [39]).334

Another nonconvex separation property was developed in [7]; see [7] and [31] for the relationships335

between the two approaches.336

Being in general weaker than local extremality, the separation property (SP)S can be considered337

as a dual approximate stationarity condition for a collection of sets near a given point. Similarly338

to the case of a real-valued function, it is possible to define for a collection of sets some primal339

space stationarity properties being weaker than local extremality but still implying (SP)S .340

3.3. Stationarity and regularity. A natural way to define for a collection of sets stationarity341

properties is to use the following conditions.342

Stationarity and approximate stationarity.343

(S)S For any ε > 0 there exists a ρ ∈ (0, ε) and ai ∈ X, i = 1, 2, . . . , n, such that ‖ai‖ ≤ ερ344

and (15) holds true.345

(AS)S For any ε > 0 there exists a ρ ∈ (0, ε), ωi ∈ Ωi ∩ Bε(x̄), and ai ∈ X, i = 1, 2, . . . , n, such
that ‖ai‖ ≤ ερ and

n⋂
i=1

(Ωi − ωi − ai)
⋂
ρB = ∅.

Proposition 5. (LE)S ⇒ (S)S ⇒ (AS)S.346

Proof. The first implication is obvious. The comparison of (S)S and (AS)S becomes straightforward
if to rewrite (15) in the form

n⋂
i=1

(Ωi − x̄− ai)
⋂
ρB = ∅.

�347

The transition from stationarity to approximate stationarity means that instead of considering348

each set Ωi near the given point x̄ it is sufficient to find an appropriate point ωi ∈ Ωi close to x̄,349

such that the collection of shifted sets Ωi − ωi, i = 1, 2, . . . , n, “almost” possesses the stationarity350

property near 0. Note also that the single common point x̄ in (S)S is replaced in (AS)S by a351

collection of points ωi ∈ Ωi, i = 1, 2, . . . , n, each set being considered near its own point.352

For the first pair of sets in Figure 8, condition (S)S is satisfied while (LE)S is not. In the353

second example in Figure 8 property (AS)S holds (consider the points ω1 ∈ Ω1 and ω2 ∈ Ω2) while354

(S)S does not. Note that in the first example basic separation property (SPB)S holds true, while355

separation properties (SP)S and (SPL)S hold in both examples.356

x̄Ω1 Ω2 x̄Ω1 Ω2

ω1

ω2

Figure 8. Stationarity and approximate stationarity

The negations of primal space stationarity properties (S)S and (AS)S as well as the dual space357

properties (SP)S , (SPB)S , and (SPL)S define the corresponding regularity properties for a collec-358

tion of sets near the given point.359

Regularity, uniform regularity, and dual uniform regularity.360

(R)S There exists an α > 0 and a δ > 0 such that
n⋂
i=1

(Ωi − ai)
⋂
Bρ(x̄) 6= ∅

for any ρ ∈ (0, δ) and any ai ∈ X, i = 1, 2, . . . , n, satisfying ‖ai‖ ≤ αρ.361
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(UR)S There exists an α > 0 and a δ > 0 such that

n⋂
i=1

(Ωi − ωi − ai)
⋂
ρB 6= ∅

for any ρ ∈ (0, δ), ωi ∈ Ωi ∩Bδ(x̄), and ai ∈ X, i = 1, 2, . . . , n, satisfying ‖ai‖ ≤ αρ.362

(RD)S There exists an α > 0 such that363 ∥∥∥∥∥
n∑
i=1

x∗i

∥∥∥∥∥ ≥ α
n∑
i=1

‖x∗i ‖ (20)

for all x∗i ∈ N(x̄|Ωi), i = 1, 2, . . . , n.364

(URD)S There exists an α > 0 and a δ > 0 such that (20) holds for all x∗i ∈ N̂δ(x̄|Ωi), i = 1, 2, . . . , n.365

(URDL)S There exists an α > 0 such that (20) holds for all x∗i ∈ N̄(x̄|Ωi), i = 1, 2, . . . , n.366

All these regularity properties hold true for the pair of sets on Figure 9.367

x̄Ω1 Ω2

Figure 9. Regularity

3.4. Constants. Similarly to the case of a real-valued function, it can be convenient to use for
describing the defined above extremality, stationarity, and regularity properties of collections of
sets certain nonnegative constants [30–32]:

θρ[Ω1, . . . ,Ωn](x̄) = sup
{
r ≥ 0

∣∣ n⋂
i=1

(Ωi − ai)
⋂
Bρ(x̄) 6= ∅, ∀ai ∈ Br

}
, (21)

θ[Ω1, . . . ,Ωn](x̄) = lim inf
ρ↓0

θρ[Ω1, . . . ,Ωn](x̄)
ρ

, (22)

θ̂[Ω1, . . . ,Ωn](x̄) = lim inf
ωi

Ωi→x̄
ρ↓0

θρ[Ω1 − ω1, . . . ,Ωn − ωn](0)
ρ

, (23)

η[Ω1, . . . ,Ωn](x̄) = inf

{∥∥∥∥∥
n∑
i=1

x∗i

∥∥∥∥∥ ∣∣ x∗i ∈ N(x̄|Ωi),
n∑
i=1

‖x∗i ‖ = 1

}
; (24)

η̂[Ω1, . . . ,Ωn](x̄) = lim
δ↓0

inf

{∥∥∥∥∥
n∑
i=1

x∗i

∥∥∥∥∥ ∣∣ x∗i ∈ N̂δ(x̄|Ωi),
n∑
i=1

‖x∗i ‖ = 1

}
, (25)

η̄[Ω1, . . . ,Ωn](x̄) = inf

{∥∥∥∥∥
n∑
i=1

x∗i

∥∥∥∥∥ ∣∣ x∗i ∈ N̄(x̄|Ωi),
n∑
i=1

‖x∗i ‖ = 1

}
. (26)

The notation ω
Ω→ x̄ in (23) means that ω → x̄ with ω ∈ Ω. The last two constants are defined368

in terms of dual space elements.369

The following equivalences are consequences of the definitions.370

• θρ[Ω1, . . . ,Ωn](x̄) = 0 for all ρ > 0 ⇔ (E)S ;
• θρ[Ω1, . . . ,Ωn](x̄) = 0 for some ρ > 0 ⇔ (LE)S ;371
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• θ[Ω1, . . . ,Ωn](x̄) = 0 ⇔ (S)S ;
• θ[Ω1, . . . ,Ωn](x̄) > 0 ⇔ (R)S ;
• θ̂[Ω1, . . . ,Ωn](x̄) = 0 ⇔ (AS)S ;
• θ̂[Ω1, . . . ,Ωn](x̄) > 0 ⇔ (UR)S ;
• η[Ω1, . . . ,Ωn](x̄) = 0 ⇔ (SPB)S ;
• η[Ω1, . . . ,Ωn](x̄) > 0 ⇔ (RD)S ;
• η̂[Ω1, . . . ,Ωn](x̄) = 0 ⇔ (SP)S ;
• η̂[Ω1, . . . ,Ωn](x̄) > 0 ⇔ (URD)S ;
• η̄[Ω1, . . . ,Ωn](x̄) = 0 ⇔ (SPL)S ;
• η̄[Ω1, . . . ,Ωn](x̄) > 0 ⇔ (URDL)S .

372

For the regularity properties, the corresponding constant provides a quantitative characteriza-373

tion of this property. It coincides with the exact lower bound of all α in the inequality defining374

the property.375

The next theorem summarizes the list of relations between the constants.376

Theorem 4. Let the sets Ω1,Ω2, . . . ,Ωn be locally closed near x̄. The following assertions hold377

true:378

(i) lim
ρ↓0

θρ[Ω1, . . . ,Ωn](x̄) > 0 if and only if x̄ ∈ int ∩ni=1 Ωi;379

in this case θ̂[Ω1, . . . ,Ωn](x̄) = θ[Ω1, . . . ,Ωn](x̄) = η[Ω1, . . . ,Ωn](x̄) = η̂[Ω1, . . . ,Ωn](x̄) =380

η̄[Ω1, . . . ,Ωn](x̄) =∞;381

(ii) if x̄ ∈ bd
n
∩
i=1

Ωi then θ̂[Ω1, . . . ,Ωn](x̄) ≤ 1, η̂[Ω1, . . . ,Ωn](x̄) ≤ 1;382

(iii) if θρ[Ω1, . . . ,Ωn](x̄) = 0 for some ρ > 0 then θ[Ω1, . . . ,Ωn](x̄) = 0;383

(iv) θ̂[Ω1, . . . ,Ωn](x̄) ≤ lim inf
ωi

Ωi→x̄
θ[Ω1 − ω1, . . . ,Ωn − ωn](0) ≤ θ[Ω1, . . . ,Ωn](x̄);384

(v) θ̂[Ω1, . . . ,Ωn](x̄) ≤ η̂[Ω1, . . . ,Ωn](x̄);385

(vi) if X is Asplund, then θ̂[Ω1, . . . ,Ωn](x̄) = η̂[Ω1, . . . ,Ωn](x̄);386

(vii) if dimX <∞ then η̄[Ω1, . . . ,Ωn](x̄) = η̂[Ω1, . . . ,Ωn](x̄).387

Proof. The majority of assertions in the theorem can be found in [26–32]. The only one which388

needs proof is the inequality θ̂[Ω1, . . . ,Ωn](x̄) ≥ η̂[Ω1, . . . ,Ωn](x̄) in assertion (vi).389

Let X be Asplund, θ̂[Ω1, . . . ,Ωn](x̄) < α, δ > 0. Taking into account definition (25), we need390

to show that there exist xi ∈ Ωi ∩ Bδ(x̄), x∗i ∈ N(xi|Ωi), i = 1, 2, . . . , n, such that
∑n
i=1 ‖x∗i ‖ = 1391

and ‖
∑n
i=1 x

∗
i ‖ < α.392

Chose numbers α1, α2, satisfying θ̂[Ω1, . . . ,Ωn](x̄) < α1 < α2 < α, and put γ = (α2 + 1)−1. By
definitions (23) and (21), there exists a positive number ρ < γδ/2 and points ωi ∈ Ωi ∩ Bδ/2(x̄),
ai ∈ (α1ρ)B, i = 1, 2, . . . , n, such that

n⋂
i=1

(Ωi − ωi − ai)
⋂

(ρB) = ∅,

and consequently
f1(u, v1, . . . , vn) := max

1≤i≤n
‖vi − ωi − ai − u‖ > 0

for all u ∈ ρB and vi ∈ Ωi, i = 1, 2, . . . , n. At the same time, f1(0, ω1, . . . , ωn) = max1≤i≤n ‖ai‖ ≤393

α1ρ.394

Consider the space Xn+1 with the norm ‖ · ‖γ defined by

‖(u, v1, . . . , vn)‖γ = max(‖u‖, γ max
1≤i≤n

‖vi‖).

Then Xn+1 is a Banach space (actually it is even Asplund), and we can apply Ekeland variational
principle. Take ρ′ = ρα1/α2. It follows that there exist points u′ ∈ ρ′B and ω′i ∈ Ωi ∩ Bρ′/γ(ωi)
such that

f1(u, v1, . . . , vn)− f1(u′, ω′1, . . . , ω
′
n) + α2‖(u− u′, v1 − ω′1, . . . , vn − ω′n)‖γ > 0

for all u ∈ ρB and vi ∈ Ωi, i = 1, 2, . . . , n. Note that u′ is an internal point of ρB. Hence
(u′, ω′1, . . . , ω

′
n) is a point of local minimum (on Xn+1) for the sum f1 + f2 + f3, where

f2(u, v1, . . . , vn) := α2‖(u− u′, v1 − ω′1, . . . , vn − ω′n)‖γ ,
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f3(v1, . . . , vn) :=
{

0 if vi ∈ Ωi, i = 1, 2, . . . , n,
∞ otherwise.

Thus, 0 ∈ ∂(f1 + f2 + f3)(u′, ω′1, . . . , ω
′
n).395

Functions f1 and f2 are convex and Lipschitz continuous. We can apply the fuzzy sum rule [17].396

Note that max1≤i≤n ‖ω′i − ωi − ai − u′‖ > 0. The Fréchet subdifferentials of f1, f2, and f3 possess397

the following properties:398

1) if (u∗1, v
∗
11, . . . , v

∗
1n) ∈ ∂f1(u, v1, . . . , vn) then

u∗1 = −
n∑
i=1

v1i,

n∑
i=1

‖v∗1i‖ = 1 (27)

for any (u, v1, . . . , vn) near (u′, ω′1, . . . , ω
′
n);399

2) if (u∗2, v
∗
21, . . . , v

∗
2n) ∈ ∂f2(u, v1, . . . , vn) then

‖u∗2‖+ γ−1
n∑
i=1

‖v∗2i‖ ≤ α2 (28)

for any (u, v1, . . . , vn) ∈ Xn+1;400

3) ∂f3(v1, . . . , vn) =
∏n
i=1N(vi|Ωi) for any vi ∈ Ωi, i = 1, 2, . . . , n.401

Note that ρ/γ < δ/2. Chose an ε ∈ (0, γ) such that (α2 + 2)ε/(γ − ε) ≤ α − α2. Applying
the fuzzy sum rule we find points xi ∈ Ωi ∩ Bδ/2−ρ/γ(ω′i), i = 1, 2, . . . , n, and elements u∗1, u

∗
2,

v∗1i, v
∗
2i ∈ X∗, i = 1, 2, . . . , n, satisfying (27), (28), and v∗3i ∈ N(xi|Ωi), i = 1, 2, . . . , n, such that

‖u∗1 + u∗2‖ ≤ ε,
n∑
i=1

‖v∗1i + v∗2i + v∗3i‖ ≤ ε. (29)

Then ‖xi − x̄‖ ≤ ‖xi − ω′i‖ + ‖ω′i − ωi‖ + ‖ωi − x̄‖ ≤ δ. Denote β :=
∑n
i=1 ‖v∗2i‖. By (28),

0 ≤ β ≤ γα2 < 1. By the second inequality in (29) and the second equality in (27), we have
n∑
i=1

‖v∗3i‖ ≥ 1− β − ε ≥ γ − ε > 0.

The second inequality in (29) implies also ‖
∑n
i=1(v∗1i + v∗2i + v∗3i)‖ ≤ ε, and consequently, applying

successively the first equality in (27), the first inequality in (29), and inequality (28) and recalling
the definition of γ, we obtain∥∥∥∥∥

n∑
i=1

v∗3i

∥∥∥∥∥ ≤
∥∥∥∥∥
n∑
i=1

v∗1i

∥∥∥∥∥+ β + ε ≤ ‖u∗2‖+ β + 2ε ≤ α2 + (1− γ−1)β + 2ε = α2(1− β) + 2ε.

Put x∗i = v∗3i/
∑n
i=1 ‖v∗3i‖, i = 1, 2, . . . , n. Then obviously x∗i ∈ N(xi|Ωi), i = 1, 2, . . . , n,∑n

i=1 ‖x∗i ‖ = 1, and∥∥∥∥∥
n∑
i=1

x∗i

∥∥∥∥∥ ≤ α2(1− β) + 2ε
1− β − ε

= α2 +
(α2 + 2)ε
1− β − ε

≤ α2 +
(α2 + 2)ε
γ − ε

≤ α.

The proof is completed. �402

Both inequalities in Theorem 4(iv) can be strict, see [32, Example 1] for the first inequality and403

the second example in Figure 8 for the second one.404

Due to (ii), if x̄ ∈ bd
n
∩
i=1

Ωi then constants (23) and (25) are less than or equal to 1. Such an405

estimate does not hold for constants (21) and (22). Of course, lim
ρ↓0

θρ[Ω1, . . . ,Ωn](x̄) = 0 due to (i).406

However, for large ρ, θρ[Ω1, . . . ,Ωn](x̄) can be as large as we wish, see the examples in Figure 8.407

In the first of these examples, θ[Ω1,Ω2](x̄) = 0 since condition (S)S is satisfied. The last constant408

can be large as well; it can even be infinite, see the example in Figure 10 where the sets Ω1 and409

Ω1 “strongly overlap”.410

Theorem 4(vi) improves [30, Theorem 1].411

In accordance with Theorem 4 the relationships between the stationarity concepts for collections
of closed sets can be described by the following diagram:

(S)S // (AS)S
Asplund space

//______ (SP )S
oo

dimX<∞
//______ (SPL)Soo_ _ _ _ _ _
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x̄

Ω1

Ω2

Ω1 ∩ Ω2 Ω1 ∩ Ω2

Figure 10. θ[Ω1, . . . ,Ωn](x̄) =∞

A similar diagram (with opposite arrows) describes relationships between the corresponding412

regularity concepts.413

Due to Proposition 5 the equivalence of (AS)S and (SP)S is a stronger statement than Extremal414

Principle. It is called Extended Extremal Principle [29,32].415

Extended Extremal Principle. (AS)S ⇔ (SP)S.416

The next theorem extends Theorem 3. It follows from Theorem 3, Proposition 5, and Theo-417

rem 4(vi).418

Theorem 5. Let the sets Ω1,Ω2, . . . ,Ωn be locally closed near x̄. Then the following conditions419

are equivalent;420

(i) X is Asplund;421

(ii) Extremal Principle holds true in X.422

(iii) Extended Extremal Principle holds true in X.423

3.5. Other regularity properties. There exist other important properties which could qualify424

for being characterizations of a kind of regularity of collections of sets near a given point.425

Metric inequality (local linear regularity) [4, 19,20,43,48].426

(MI)S There exists an α > 0 and a δ > 0 such that

d(x,
n⋂
i=1

Ωi) ≤ α max
1≤i≤n

d(x,Ωi)

for any x ∈ Bδ(x̄).427

It is a well-known notion in optimization and approximation theory, playing a key role in428

establishing linear convergence rate of numerical algorithms. In many articles this property is429

formulated with the sum replacing maximum in the above inequality. It is not difficult to check430

that both formulations are equivalent.431

The property is satisfied in the example in Figure 9 but fails for the sets in Figure 4. The regu-432

larity property (R)S , introduced earlier, behaves the same way in both these examples. However,433

in general the two regularity properties are different and independent. For instance, in all three434

examples in Figure 5 extremality condition (E)S holds true and consequently (R)S does not hold,435

while in the last two examples condition (MI)S is satisfied. The same situation can be detected436

even in the convex case.437

Example 1. Let Ω1 = Ω2 be a straight line in R2 and x̄ be any point on this line. Then both (E)S438

(and consequently (S)S) and (MI)S hold true simultaneously.439

The reverse situation is also possible, see the example on Figure 11. Here regularity condition440

(R)S holds true while condition (MI)S does not.441

The next property is obviously stronger than (MI)S since it requires the metric inequality to442

hold not only for the original collection of sets but also for all small translations of the sets, with443

an estimate being uniform.444

Uniform metric inequality [31,32].445

(UMI)S There exists an α > 0 and a δ > 0 such that

d
(
x,

n⋂
i=1

(Ωi − xi)
)
≤ α max

1≤i≤n
d
(
x, (Ωi − xi)

)
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x̄Ω1 Ω2

Ω1 ∩ Ω2

Figure 11. (R)S holds while (MI)S does not

for any x ∈ Bδ(x̄) and xi ∈ δB, i = 1, 2, . . . , n.446

Note that (UMI)S does not hold in Example 1.447

The next proposition recaptures [31, Theorem 1]. It presents an equivalent representation of the448

uniform regularity constant θ̂[Ω1, . . . ,Ωn](x̄), which yields immediately the equivalence of uniform449

metric inequality (UMI)S and uniform regularity property (UR)S .450

Proposition 6. θ̂[Ω1, . . . ,Ωn](x̄) = lim inf
x→x̄, xi→0

x/∈
n⋂
i=1

(Ωi−xi)

max
1≤i≤n

d(x,Ωi − xi)

d
(
x,

n⋂
i=1

(Ωi − xi)
) .451

Corollary 6.1. (UR)S ⇔ (UMI)S ⇒ (MI)S.452

Dual space regularity conditions (URD)S and (URDL)S are actually certain regularity condi-453

tions imposed on collections of strict δ-normal cones and limiting normal cones respectively. In454

general, regularity conditions for collections of cones in a dual space, when applied to normal cones,455

generate certain dual space regularity conditions for collections of sets in the primal space. An456

important example is provided by Jameson’s property (G) (see [5, 42]). Applied to δ-normal and457

limiting normal cones it produces the following two regularity properties.458

Regularity based on Jameson’s property (G).459

(G)S There exists an α > 0 and a δ > 0 such that for any x∗ ∈
n∑
i=1

N̂δ(x̄|Ωi) there are x∗i ∈460

N̂δ(x̄|Ωi), i = 1, 2, . . . , n, satisfying
n∑
i=1

x∗i = x∗ and461

α

n∑
i=1

‖x∗i ‖ ≤ ‖x∗‖. (30)

(GL)S There exists an α > 0 such that for any x∗ ∈
n∑
i=1

N̄(x̄|Ωi) there are x∗i ∈ N̄(x̄|Ωi),462

i = 1, 2, . . . , n, such that
n∑
i=1

x∗i = x∗, and (30) holds true.463

Note that (G)S (as well as its limiting version (GL)S) is a rather weak regularity condition. It is464

satisfied in all examples considered in this paper. In the convex setting, it is used as a complement465

to the strong conical hull intersection property when characterizing (MI)S [42, 48]. See [3] for the466

discussion of the role played by (G)S in variational analysis and some historical comments.467

The next proposition provides upper estimates for the dual uniform regularity constants (25)468

and (26) in terms of the data involved in the definitions of properties (G)S and (GL)S . it follows469

immediately from the definitions.470

Proposition 7. Let the sets Ω1,Ω2, . . . ,Ωn be locally closed near x̄. Then471

(i) η̂[Ω1, . . . ,Ωn](x̄) ≤ lim
δ↓0

inf
0 6=x∗∈

n∑
i=1

N̂δ(x̄|Ωi)
sup

x∗
i
∈N̂δ(x̄|Ωi)
n∑
i=1

x∗
i

=x∗

‖x∗‖
n∑
i=1

‖x∗i ‖
;472

(ii) η̄[Ω1, . . . ,Ωn](x̄) ≤ inf
06=x∗∈

n∑
i=1

N̄(x̄|Ωi)
sup

x∗
i
∈N̄(x̄|Ωi)
n∑
i=1

x∗
i

=x∗

‖x∗‖
n∑
i=1

‖x∗i ‖
.473
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The constants in the right-hand sides of the inequalities in Proposition 7 characterize properties474

(G)S and (GL)S . We will denote them η̂G[Ω1, . . . ,Ωn](x̄) and η̄G[Ω1, . . . ,Ωn](x̄) respectively.475

Corollary 7.1. (URD)S ⇒ (G)S, (URDL)S ⇒ (GL)S.476

In accordance with Theorem 4 and Corollaries 6.1 and 7.1 the relationships between the regu-
larity concepts for collections of sets can be described by the following diagram:

(MI)S (R)S (G)S
dimX<∞

//________ (GL)Soo_ _ _ _ _ _ _ _

(UMI)S //

OO

(UR)S

OO

//oo (URD)S
Asplund space
oo_ _ _ _ _ _

OO

dimX<∞
//______ (URDL)Soo_ _ _ _ _ _

OO

A similar diagram (with opposite arrows) describes the relationships between the corresponding477

stationarity concepts.478

Note that conditions (R)S , (MI)S , and (G)S are independent.479

3.6. Convex case. For convex sets the concepts of extremality, local extremality, stationarity and480

approximate stationarity coincide; regularity and uniform regularity coincide too. This follows from481

the next proposition established in [31].482

Proposition 8. Let Ω1, Ω2, . . . , Ωn be convex.483

(i) If θρ[Ω1, . . . ,Ωn](x̄) > 0 for some ρ > 0 then θρ[Ω1, . . . ,Ωn](x̄) > 0 for all ρ > 0.484

(ii) The function ρ→ θρ[Ω1, . . . ,Ωn](x̄)/ρ is nonincreasing on R+\{0}.485

(iii) θ[Ω1, . . . ,Ωn](x̄) = sup
ρ>0

θρ[Ω1, . . . ,Ωn](x̄)/ρ.486

(iv) θ̂[Ω1, . . . ,Ωn](x̄) = θ[Ω1, . . . ,Ωn](x̄).487

(v) If int Ωi 6= ∅, i = 1, 2, . . . , n− 1, then θ[Ω1, . . . ,Ωn](x̄) = 0 if and only if
⋂n−1
i=1 int Ωi ∩488

Ωn = ∅.489

(vi) η[Ω1, . . . ,Ωn](x̄) = η̂[Ω1, . . . ,Ωn](x̄) = η̄[Ω1, . . . ,Ωn](x̄).490

(vii) η̂G[Ω1, . . . ,Ωn](x̄) = η̄G[Ω1, . . . ,Ωn](x̄)491

= inf
06=x∗∈

n∑
i=1

N(x̄|Ωi)
sup

{
‖x∗‖

/
n∑
i=1

‖x∗i ‖
∣∣ x∗i ∈ N(x̄|Ωi),

n∑
i=1

xi = x∗
}

.492

Note that (MI)S and (G)S ( and its limiting version (GL)S) can still be weaker than (R)S – see493

Example 1 above.494

4. Multifunctions495

Multifunctions (set-valued mappings) represent another typical and very convenient setting for496

dealing with optimization/variational problems, with their regularity being the key to different497

stability issues, subdifferential calculus, constraint qualifications, etc., see [1,8,10,20–22,37,39,47].498

In this section, along the lines of Section 2, we discuss some regularity and stationarity con-499

cepts of multifunctions closely related to the corresponding properties of real-valued functions and500

collections of sets investigated in the preceding sections.501

Consider a multifunction F : X ⇒ Y between metric spaces and a point (x̄, ȳ) ∈ gphF =502

{(x, y) ∈ X × Y | y ∈ F (x)}. If not explicitly stated otherwise, we assume that X × Y is a metric503

space with the maximum type distance: d
(
(x1, y1), (x2, y2)

)
= max

(
d(x1, x2), d(y1, y2)

)
. When504

formulating dual space characterizations, we will assume X and Y to be normed linear spaces.505

4.1. Regularity. The next three properties represent analogs of inf- and sup-regularity properties506

discussed in Section 2.507

Regularity.508

(Cov)M There exists an α > 0 and a δ > 0 such that for any ρ ∈ (0, δ)509

Bαρ(ȳ) ⊂ F (Bρ(x̄)). (31)

(SeR)M There exists an α > 0 and a δ > 0 such that for any y ∈ Bδ(ȳ)

αd(x̄, F−1(y)) ≤ d(y, ȳ).

(RD)M (X and Y are normed linear spaces) D∗F−1(ȳ, x̄)(0) = {0}.510
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In the last property D∗F−1(ȳ, x̄) : X∗ ⇒ Y ∗ denotes the Fréchet coderivative of F−1 at (ȳ, x̄).511

Since F and F−1 share the same graph in X × Y . The coderivative mapping can be defined by512

D∗F−1(ȳ, x̄)(x∗) =
{
y∗ ∈ Y ∗

∣∣ (x∗,−y∗) ∈ N
(
(x̄, ȳ)|gphF

)}
. (32)

The subscript “M” in the notations of the above and forthcoming properties in this section means513

that the properties are defined for multifunctions.514

Property (Cov)M can be interpreted as α-covering of F at (x̄, ȳ). (RD)M is a dual space515

regularity property.516

Property (SeR)M is a weakened “at a point” version of the famous metric regularity property517

(see property (MR)M below) when the point x = x̄ (as well as the corresponding to it point518

ȳ ∈ F (x̄)) is fixed in (34). Another “at a point” version of (MR)M corresponds to fixing y = ȳ519

in (34). This very useful property was felicitously coined by Dontchev and Rockafellar [13] as520

subregularity. To distinguish from subregularity we are going to call property (SeR)M semiregular-521

ity. A multifunction being subregular at a point is equivalent to its inverse being calm. Similarly522

property (SeR)M means that F−1 is Lipschitz lower semicontinuous (with rank α) [22] at (ȳ, x̄).523

It will be shown in Theorem 6(i) that properties (Cov)M and (SeR)M are equivalent.524

Corollary 9.1 below shows that property (Cov)M generalizes inf- and sup-regularity properties525

(IR1) and (SR1) of real-valued functions, while property (RD)M generalizes properties (IRD) and526

(SRD). Property (SeR)M can be considered as an analog of properties (IR2) and (SR2). At the527

same time the realization of property (SeR)M for the cases of the epigraphical and hypographical528

multifunctions leads in general to stronger inf- and sup-regularity properties. In the general setting529

of metric spaces a complete analog of (IR2) and (SR2) does not exist. The latter two properties530

depend heavily on the linear and order structure in the image space.531

When F is single-valued near x̄ all three properties (Cov)M , (SeR)M , and (RD)M are in general532

stronger than the corresponding “combined” regularity properties discussed in Section 2.533

As in the preceding sections, the next step is to define the uniform analogs of regularity properties534

(Cov)M , (SeR)M , and (RD)M . It can be done along the same lines. As a result one obtains the535

following three uniform regularity properties. All of them are very well known and widely used in536

variational analysis, see e.g. [22, 39,47].537

Uniform regularity.538

(UCov)M There exists an α > 0 and a δ > 0 such that for any ρ ∈ (0, δ) and any (x, y) ∈ gphF ∩539

Bδ(x̄, ȳ)540

Bαρ(y) ⊂ F (Bρ(x)). (33)

(MR)M There exists an α > 0 and a δ > 0 such that for any x ∈ Bδ(x̄), y ∈ Bδ(ȳ)541

αd(x, F−1(y)) ≤ d(y, F (x)). (34)

(URD)M (X and Y are normed linear spaces) There exists an α > 0 and a δ > 0 such that542

α‖y∗‖ ≤ ‖x∗‖ for all (x∗, y∗) ∈ N̂δ
(
(x̄, ȳ)| gphF

)
.543

(URDL)M (X and Y are normed linear spaces) D̄∗MF
−1(ȳ, x̄)(0) = {0}.544

The set N̂δ
(
(x̄, ȳ)| gphF

)
in the uniform dual regularity condition (URD)M denotes the strict

δ-normal cone to the graph of F (see definition (19)), while D̄∗MF
−1(ȳ, x̄) in the limiting uniform

dual regularity condition (URDL)M is the mixed (limiting) coderivative [39] of F−1 at (ȳ, x̄):

D̄∗MF
−1(ȳ, x̄)(x∗) =

{
y∗ ∈ X∗

∣∣ (xk, yk)
gphF→ (x̄, ȳ), x∗k → x∗, y∗k

w∗→ y∗,

y∗k ∈ D∗F−1(yk, xk)(x∗k), k = 1, 2, . . .
}
,

Note that the above definition requires “mixed” convergence of the components in the sequence545

(x∗k, y
∗
k): norm convergence of x∗k and w∗-convergence of y∗k. Of course, this difference can be of546

importance only in infinite dimensional spaces.547

The uniform covering property (UCov)M is also known as local covering, openness at a linear548

rate, or linear openness (see [39]), while (MR)M represents local metric regularity – one of the549

central concepts of variational analysis (see [20,22,39,47]).550

Conditions (UCov)M , (MR)M , and (URD)M obviously strengthen the corresponding “nonuni-551

form” conditions (Cov)M , (SeR)M , and (RD)M .552
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4.2. Constants. As in the preceding sections, it can be convenient to characterize the above553

regularity concepts in terms of certain nonnegative constants:554

θρ[F ](x̄, ȳ) = sup{r ≥ 0| Br(ȳ) ⊂ F (Bρ(x̄))}, (35)

θ[F ](x̄, ȳ) = lim inf
ρ↓0

θρ[F ](x̄, ȳ)
ρ

, (36)

ϑ[F ](x̄, ȳ) = lim inf
y→ȳ

d(y, ȳ)
d(x̄, F−1(y))

, (37)

θ̂[F ](x̄, ȳ) = lim inf
(x,y)

gphF
→ (x̄,ȳ)
ρ↓0

θρ[F ](x, y)
ρ

, (38)

ϑ̂[F ](x̄, ȳ) = lim inf
x→x̄, y→ȳ
y/∈F (x)

d(y, F (x))
d(x, F−1(y))

, (39)

η[F ](x̄, ȳ) = inf
{
‖x∗‖

∣∣ (x∗, y∗) ∈ N
(
(x̄, ȳ)| gphF

)
, ‖y∗‖ = 1

}
, (40)

η̂[F ](x̄, ȳ) = lim
δ↓0

inf
{
‖x∗‖

∣∣ (x∗, y∗) ∈ N̂δ
(
(x̄, ȳ)| gphF

)
, ‖y∗‖ = 1

}
, (41)

η̄[F ](x̄, ȳ) = inf
{
‖x∗‖

∣∣ (x∗, y∗) ∈ N̄
(
(x̄, ȳ)| gphF

)
, ‖y∗‖ = 1

}
. (42)

The following equivalences are obvious.555

• θ[F ](x̄, ȳ) > 0 ⇔ (Cov)M ; • η[F ](x̄, ȳ) > 0 ⇔ (RD)M ;
• ϑ[F ](x̄, ȳ) > 0 ⇔ (SeR)M ; • η̂[F ](x̄, ȳ) > 0 ⇔ (URD)M ;
• θ̂[F ](x̄, ȳ) > 0 ⇔ (UCov)M ; • η̄[F ](x̄, ȳ) > 0 ⇔ (URDL)M .
• ϑ̂[F ](x̄, ȳ) > 0 ⇔ (MR)M ;

556

The above constants provide quantitative characterizations of the corresponding regularity prop-557

erties. Wherever the property is defined by an inequality, the constant coincides with the exact558

lower bound of all α in this inequality.559

For any of the constants, its equality to zero can be interpreted as a kind of stationary/singular/ir-560

regular behavior of the multifunction. The exact definitions can be easily obtained from the ones561

of the corresponding regularity properties.562

The next theorem contains the list of relations between the regularity constants.563

Theorem 6. The following assertions hold true:564

(i) θ[F ](x̄, ȳ) = ϑ[F ](x̄, ȳ);565

(ii) θ̂[F ](x̄, ȳ) ≤ θ[F ](x̄, ȳ); ϑ̂[F ](x̄, ȳ) ≤ ϑ[F ](x̄, ȳ);566

(iii) θ̂[F ](x̄, ȳ) = ϑ̂[F ](x̄, ȳ).567

Suppose X and Y are normed linear spaces. Then568

(iv) ϑ[F ](x̄, ȳ) ≤ η[F ](x̄, ȳ);569

(v) η̂[F ](x̄, ȳ) ≤ η[F ](x̄, ȳ);570

(vi) θ̂[F ](x̄, ȳ) ≤ η̂[F ](x̄, ȳ);571

(vii) if X and Y are Asplund spaces and gphF is locally closed near (x̄, ȳ) then η̂[F ](x̄, ȳ) =572

θ̂[F ](x̄, ȳ);573

(viii) if dimX+ dimY <∞ and gphF is locally closed near (x̄, ȳ) then η̄[F ](x̄, ȳ) = η̂[F ](x̄, ȳ).574

Proof. (i). Let 0 < α < θ[F ](x̄, ȳ). By (36) there exists a δ > 0 such that for any ρ ∈ (0, δ)
the inequality θρ[F ](x̄, ȳ) > αρ holds. By (35) this implies (31). Chose a δ′ ∈ (0, αδ). For any
y ∈ Bδ′(ȳ) take ρ = d(y, ȳ)/α. Then ρ < δ and y ∈ Bαρ(ȳ). It follows from (31) that there exists
an x ∈ F−1(y) ∩Bρ(x̄), and consequently

αd(x̄, F−1(y)) ≤ αd(x, x̄) ≤ αρ = d(y, ȳ).

By (37) this implies ϑ[F ](x̄, ȳ) ≥ α, and consequently ϑ[F ](x̄, ȳ) ≥ θ[F ](x̄, ȳ).575

To prove the opposite inequality chose an α satisfying 0 < α < ϑ[F ](x̄, ȳ). By (37) there exists
a δ > 0 such that for any y ∈ Bδ(ȳ)\{ȳ} one has

αd(x̄, F−1(y)) < d(y, ȳ).
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Denote δ′ = δ/α and take any ρ ∈ (0, δ′) and y ∈ Bαρ(ȳ), y 6= ȳ. Then y ∈ Bδ(ȳ), and it follows
from the last inequality that there exists an x ∈ F−1(y) such that

d(x, x̄) ≤ d(y, ȳ)/α ≤ ρ.
The same conclusion holds trivially for y = ȳ: take x = x̄. By (35) and (36) this implies,576

θ[F ](x̄, ȳ) ≥ α, and consequently θ[F ](x̄, ȳ) ≥ ϑ[F ](x̄, ȳ).577

(ii). The inequalities follow directly from the definitions.578

(iii). The proof is similar to that of (i). Let 0 < α < θ̂[F ](x̄, ȳ). By (38) there exists a δ > 0
such that for any ρ ∈ (0, δ) and any (x, v) ∈ gphF ∩Bδ(x̄, ȳ) the inequality θρ[F ](x, v) > αρ holds,
and consequently Bαρ(v) ⊂ F (Bρ(x)). Chose positive numbers δ1 < δ, δ2 < min(αδ, δ − δ1), an
x ∈ Bδ1(x̄), a y ∈ Bδ1(ȳ), and a v ∈ F (x) ∩ Bδ2(y). Take ρ = d(y, v)/α. Then ρ < δ, (x, v) ∈
Bδ(x̄, ȳ), and y ∈ Bαρ(v). It follows that there exists a u ∈ F−1(y) ∩Bρ(x), and consequently

αd(x, F−1(y)) ≤ αd(x, u) ≤ αρ = d(y, v).

Taking the infimum in the above inequality we obtain

αd(x, F−1(y)) ≤ d(y, F (x) ∩Bδ2(y)) = d(y, F (x)).

By (39) this implies ϑ̂[F ](x̄, ȳ) ≥ α, and consequently ϑ̂[F ](x̄, ȳ) ≥ θ̂[F ](x̄, ȳ).579

To prove the opposite inequality chose an α satisfying 0 < α < ϑ̂[F ](x̄, ȳ). By (39) there exists580

a δ > 0 such that for any x ∈ Bδ(x̄) and y ∈ Bδ(ȳ) with y /∈ F (x) one has581

αd(x, F−1(y)) < d(y, F (x)). (43)

Denote δ′ = min(α−1, 1)δ/2 and take any ρ ∈ (0, δ′), (x, v) ∈ gphF ∩ Bδ′(x̄, ȳ), and y ∈ Bαρ(v)
with y /∈ F (x). Then x ∈ Bδ(x̄), y ∈ Bδ(ȳ), and it follows from (43) that there exists a u ∈ F−1(y)
such that

d(u, x) ≤ d(y, v)/α ≤ ρ.
The same conclusion holds trivially for y ∈ F (x): take u = x. Thus Bαρ(v) ⊂ F (Bρ(x)). By (35)582

and (38) this implies, θ̂[F ](x̄, ȳ) ≥ α, and consequently θ̂[F ](x̄, ȳ) ≥ ϑ̂[F ](x̄, ȳ).583

(iv). Let X and Y be normed linear spaces, 0 < α < ϑ[F ](x̄, ȳ), and (x∗, y∗) ∈ N
(
(x̄, ȳ)| gphF

)
,

‖y∗‖ = 1. Chose a sequence zk ∈ Y , k = 1, 2, . . ., such that ‖zk‖ = 1 and 〈y∗, zk〉 → 1 as k →∞,
and set yk = ȳ + zk/k. By (37) there exists a sequence xk ∈ F−1(yk), k = 1, 2, . . ., satisfying
α‖xk− x̄‖ ≤ ‖yk− ȳ‖ for all sufficiently large k. Then for large k, we have 0 < ‖(xk, yk)− (x̄, ȳ)‖ ≤
β/k, where β = max(α−1, 1), and consequently

lim sup
k→∞

k(〈y∗, yk − ȳ〉+ 〈x∗, xk − x̄〉) ≤ 0.

The last inequality yields

‖x∗‖ ≥
(

lim inf
k→∞

k‖xk − x̄‖
)−1

≥
(
α−1 lim

k→∞
k‖yk − ȳ‖

)−1

= α.

This obviously implies (iv).584

(v). The inequality follows directly from the definitions.585

(vi). The proof is similar to that of (iv). Let X and Y be normed linear spaces and 0 < α <

θ̂[F ](x̄, ȳ). By (38) and (35), there exists a δ > 0 such that Bαρ(y) ⊂ F (Bρ(x)) for any ρ ∈ (0, δ)
and any (x, y) ∈ gphF ∩ Bδ(x̄, ȳ). Let (x∗, y∗) ∈ N

(
(x, y)| gphF

)
, ‖y∗‖ = 1. Chose a sequence

zk ∈ Y , k = 1, 2, . . ., such that ‖zk‖ = 1 and 〈y∗, zk〉 → 1 as k → ∞, and set yk = y + zk/k,
ρk = 1/(kα). Then for sufficiently large k we have ρk < δ, yk ∈ Bαρk(y), and consequently there
exists an xk ∈ F−1(yk) ∩Bρk(x). Thus, (xk, yk) ∈ gphF and

α‖xk − x‖ ≤ ρk = ‖yk − y‖,
0 < ‖(xk, yk)− (x, y)‖ ≤ β/k,

where β = max(α−1, 1), and consequently

lim sup
k→∞

k(〈y∗, yk − y〉+ 〈x∗, xk − x〉) ≤ 0,

‖x∗‖ ≥
(

lim inf
k→∞

k‖xk − x‖
)−1

≥
(
α−1 lim

k→∞
k‖yk − y‖

)−1

= α.

The above inequality obviously implies (vi).586
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(vii). Let X and Y be Asplund spaces, gphF be locally closed near (x̄, ȳ), δ > 0, and α >587

θ̂[F ](x̄, ȳ). Taking into account (vi) only the opposite inequality needs to be proved. Chose a588

γ ∈ (0, α−1) and an α1 ∈ (θ̂[F ](x̄, ȳ), α). Then there exists a positive number ρ < min(γ−1, 1)δ/2589

and points x ∈ Bδ/2(x̄), y ∈ F (x) ∩ Bδ/2(ȳ) and w ∈ Bα1ρ(y) such that F−1(w) ∩ Bρ(x) = ∅. In590

other words, ‖v −w‖ > 0 for all (u, v) ∈ gphF with u ∈ Bρ(x). At the same time ‖y −w‖ ≤ α1ρ.591

It is the right time now to apply Ekeland variational principle.592

Note that η̂[F ](x̄, ȳ) does not change if the norm on X ×Y is replaced by an equivalent one. So
we have some freedom with the choice of an appropriate norm. Define a norm on X×Y depending
on the γ: ‖(u, v)‖γ = max(‖u‖, γ‖v‖). Chose an α2 ∈ (α1, α) and set ρ′ = ρα1/α2. Then there
exists a point (x′, y′) ∈ gphF such that ‖(x′, y′)− (x, y)‖γ ≤ ρ′, ‖y′ − w‖ ≤ ‖y − w‖, and

‖v − w‖+ α2‖(u, v)− (x′, y′)‖γ ≥ ‖y′ − w‖
for all (u, v) ∈ gphF near (x′, y′). Thus, (x′, y′) is a point of local minimum for the sum of three593

functions on X × Y given by f1(u, v) = ‖v −w‖, f2(u, v) = α2‖(u, v)− (x′, y′)‖γ , and f3(u, v) = 0594

if (u, v) ∈ gphF , f3(u, v) = ∞ otherwise (the indicator function of gphF ), and consequently595

0 ∈ ∂(f1 + f2 + f3)(x′, y′).596

Note that f1 and f2 are convex and Lipschitz continuous, and ‖y′ − w‖ > 0 since x′ ∈ Bρ(x).597

The Fréchet subdifferentials of f1, f2, and f3 possess the following properties:598

1) if (u∗, v∗) ∈ ∂f1(u, v) then u∗ = 0 and ‖v∗‖ = 1 for any (u, v) near (x′, y′);599

2) if (u∗, v∗) ∈ ∂f2(u, v) then ‖u∗‖+ γ−1‖v∗‖ ≤ α2 for any (u, v) ∈ X × Y ;600

3) ∂f3(u, v) = N
(
(u, v)| gphF

)
for any (u, v) ∈ gphF .601

Chose an ε ∈
(

0,min
{

1−α2γ
γ+1 , α−α2

α+1

})
. Applying the fuzzy sum rule [17] we conclude that

there exists a point (x̂, ŷ) ∈ gphF satisfying ‖x̂ − x′‖ ≤ δ/2 − ρ, ‖ŷ − y′‖ ≤ δ/2 − γ−1ρ, a
number β ∈ [0, α2], and an element (x∗, y∗) ∈ N

(
(x̂, ŷ)| gphF

)
such that ‖x∗‖ ≤ β + ε and

‖y∗‖ ≥ 1− γ(α2 − β)− ε > 0. Then ‖x̂− x̄‖ ≤ δ, ‖ŷ − ȳ‖ ≤ δ, and

‖x∗‖
‖y∗‖

≤ β + ε

1− γ(α2 − β)− ε
.

Since 1− α2γ − (γ + 1)ε > 0 the right-hand side of the above inequality is an increasing function
of β, and consequently attains its maximum on [0, α2] at β = α2. Thus,

‖x∗‖
‖y∗‖

≤ α2 + ε

1− ε
< α.

It follows from (41) that η̂[F ](x̄, ȳ) ≤ α, and consequently η̂[F ](x̄, ȳ) ≤ θ̂[F ](x̄, ȳ).602

(viii) follows from the definitions. �603

In accordance with Theorem 6 the relationships between the regularity concepts can be described
by the following diagram:

(Cov)M // (SeR)Moo normed spaces // (RD)M

(UCov)M

OO

// (MR)Moo
normed spaces//

OO

(URD)M

OO

closed graph,

Asplund spaces

oo_ _ _ _ _ _ //______ (URDL)M
dimX+dimY <∞
oo_ _ _ _ _ _

Unlike regularity properties (IR1) and (IR2) (as well as (SR1) and (SR2)) of real-valued func-604

tions, their set-valued analogs (Cov)M and (SeR)M are equivalent. Condition (RD)M can be605

strictly weaker than (Cov)M even in finite dimensions – see Examples 2 and 3 below. The rela-606

tionships between the uniform regularity properties are well known and can be found for instance607

in [39, Theorems 1.52, 1.54, 4.1, 4.5], see also [24,38].608

4.3. Epigraphical and hypographical multifunctions. Consider again an extended real-valued
function f : X → R∞, finite at x̄ ∈ X, and its epigraph

epi f = {(x, y) ∈ X × R : f(x) ≤ y}.
The epigraphical multifunction epi f(·) : X ⇒ R can be defined by the relation

y ∈ epi f(x) ⇔ (x, y) ∈ epi f.
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In this subsection we are going to compare regularity properties of this multifunction with the609

corresponding properties of f considered in Section 2. The next proposition gives the relations610

between the corresponding constants.611

Proposition 9. (i) θρ[epi f ](x̄, f(x̄)) = |θf |ρ(x̄), ρ > 0;612

(ii) θ[epi f ](x̄, f(x̄)) = |θf |(x̄);613

(iii) ϑ[epi f ](x̄, f(x̄)) ≤ |∇f |(x̄);614

(iv) θ̂[epi f ](x̄, f(x̄)) = |θf |(x̄);615

(v) ϑ̂[epi f ](x̄, f(x̄)) ≤ |∇f |(x̄);616

(vi) if X is complete and f is lower semicontinuous near x̄, then617

ϑ̂[epi f ](x̄, f(x̄)) = |∇f |(x̄).618

Suppose X is a normed linear space. Then619

(vii) η[epi f ](x̄, f(x̄)) = |∂f |(x̄);620

(viii) η̂[epi f ](x̄, f(x̄)) = |̂∂f |(x̄);621

(ix) if dimX <∞ and f is lower semicontinuous near x̄ then η̄[epi f ](x̄, f(x̄)) = |∂f |(x̄).622

Proof. (i)–(iii). Let f(x) ≤ y. Inclusion Br(y) ⊂ epi f(Bρ(x)) for some ρ > 0 and r > 0 is
obviously equivalent to the existence of an u ∈ Bρ(x) such that f(u) ≤ y − r. This implies the
inequality

y − inf
u∈Bρ(x)

f(u) ≥ r.

On the other hand, the above condition implies that for any r′ ∈ (0, r) there exists an u ∈ Bρ(x)623

such that f(u)− y ≤ −r′. These observations and definition (35) prove that624

θρ[epi f ](x, y) = y − inf
u∈Bρ(x)

f(u). (44)

Putting in (44) x = x̄ and y = f(x̄) and taking into account definition (7) we arrive at assertion625

(i). Assertion (ii) follows from (i) and definitions (8) and (36). Inequality (iii) is a consequence of626

(ii), assertion (i) in Theorem 2 and assertion (i) in Theorem 6.627

(iv). Let δ > 0. It follows from (44) that628

inf
y∈epi f(x)∩Bδ(f(x̄))

θρ[epi f ](x, y) = max(f(x), f(x̄)− δ)− inf
u∈Bρ(x)

f(u). (45)

In particular, if |f(x)− f(x̄)| ≤ δ we have

inf
y∈epi f(x)∩Bδ(f(x̄))

θρ[epi f ](x, y) = f(x)− inf
u∈Bρ(x)

f(u) = |θf |ρ(x),

and definitions (13) and (38) imply the inequality θ̂[epi f ](x̄, f(x̄)) ≤ |θf |(x̄).629

To prove the opposite inequality, assume that 0 < α < |θf |(x̄). By (13) and (7), there exists a630

δ > 0 such that for any x ∈ Bδ(x̄) with |f(x)− f(x̄)| ≤ δ and any ρ ∈ (0, δ) there is an u ∈ Bρ(x)631

satisfying632

f(x)− f(u) > αρ. (46)

Put δ′ = δ/(α + 1) and take any (x, y) ∈ Bδ′(x̄, f(x̄)) and ρ ∈ (0, δ′). Thus, f(x) ≤ y <
f(x̄) + δ. If f(x) ≥ f(x̄) − δ then there is an u ∈ Bρ(x) satisfying (46). If f(x) < f(x̄) − δ then
(f(x̄)− δ′)− f(x) > δ − δ′ = αδ′ ≥ αρ. Consequently, in any case, we have

max(f(x), f(x̄)− δ′)− inf
u∈Bρ(x)

f(u) > αρ,

and it follows from the representation (45) that θρ[epi f ](x, y) > αρ. By (38), the last in-633

equality implies the estimate θ̂[epi f ](x̄, f(x̄)) ≥ α, and consequently the required inequality634

θ̂[epi f ](x̄, f(x̄)) ≥ |θf |(x̄).635

Assertions (v) and (vi) follow from (iv) due to assertions (iv) and (v) in Theorem 2 and Theo-636

rem 6(iii).637

(vii)–(viii). Let X be a normed linear space. Conditions f(x) ≤ y, |y∗| = 1, and (x∗, y∗) ∈638

N
(
(x, y)| epi f

)
obviously imply f(x) = y, y∗ = −1, and (x∗,−1) ∈ N

(
(x, f(x))| epi f

)
. The last639

inclusion is equivalent (see [29,39]) to x∗ ∈ ∂f(x̄). Assertion (vii) and (viii) follow from definitions640

(10), (12), (40), and (41).641

Assertion (ix) follows from (viii) and Theorems 2(x) and 6(viii). �642
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Proposition 9 implies certain relationships between regularity properties of epi f(·) and the643

corresponding inf-regularity properties of f .644

Corollary 9.1. Let Y = R, gphF = epi f , and ȳ = f(x̄). Then645

(i) (Cov)M ⇔ (IR1), (SeR)M ⇒ (IR2);646

(ii) (UCov)M ⇔ (UIR1), (MR)M ⇒ (UIR2);647

(iii) if X is complete and f is lower semicontinuous near x̄, then648

(MR)M ⇔ (UIR2);649

(iv) if X is a normed linear space then650

(RD)M ⇔ (IRD), (URD)M ⇔ (UIRD);651

(v) if dimX <∞ and f is lower semicontinuous near x̄ then652

(URDL)M ⇔ (UIRDL).653

Proposition 9 implies also similar relationships between regularity properties of the hypograph-654

ical multifunction hyp f(·) (with the graph hyp f = {(x, y) ∈ X × R : f(x) ≥ y}) and the655

corresponding sup-regularity properties of f .656

It can also be of interest to compare regularity properties of f considered as a special case of657

multifunction with the corresponding “combined” regularity properties of f discussed in Section 2.658

The next proposition shows that the “multifunctional” properties are in general stronger than their659

“scalar” counterparts from Section 2.660

Proposition 10. (i) θρ[f ](x̄, f(x̄)) ≤ min(|θf |ρ(x̄), |θ(−f)|ρ(x̄));661

(ii) θ[f ](x̄, f(x̄)) ≤ min(|θf |(x̄), |θ(−f)|(x̄));662

(iii) ϑ[f ](x̄, f(x̄)) ≤ min(|∇f |(x̄), |∇(−f)|(x̄));663

(iv) θ̂[epi f ](x̄, f(x̄)) ≤ min(|θf |(x̄), |θ(−f)|(x̄));664

(v) ϑ̂[epi f ](x̄, f(x̄)) ≤ min(|ϑf |(x̄), |ϑ(−f)|(x̄)).665

Suppose X is a normed linear space. Then666

(vi) η[f ](x̄, f(x̄)) ≤ min(|∂f |(x̄), |∂(−f)|(x̄));667

(vii) η̂[epi f ](x̄, f(x̄)) ≤ min(|̂∂f |(x̄), ̂|∂(−f)|(x̄));668

(viii) η̄[epi f ](x̄, f(x̄)) ≤ min(|∂f |(x̄), |∂(−f)|(x̄)).669

The inequalities in Propositions 9 and 10 as well as the corresponding implications in Corol-670

lary 9.1 can be strict. The next two examples illustrate inequality (iii) in Propositions 9 and671

10.672

Example 2. Consider a sequence of positive numbers αn = 1/22n , n = 0, 1, . . .. Obviously, αn =
α2
n−1, αn → 0, and αn/αn−1 → 0 as n→∞. Using this sequence define a piecewise constant lower

semicontinuous real-valued function (see Figure 12)

f(x) =


−1/2, if x ≤ −1/2,
−αn, if − αn−1 < x ≤ −αn, n = 1, 2, . . . ,
0, if x = 0,
αn, if αn < x ≤ αn−1, n = 1, 2, . . . ,
1/2, if x > 1/2.

1
4

1
2

1
4

1
2

− 1
4

− 1
2

0 x

y

Figure 12. Example 2
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For this function, inequality (iii) in Proposition 9 is strict. Indeed, it is easy to check that673

|∇f |(0) = limn→∞(−f(−αn))/αn = 1. At the same time for the sequence yn = −2αn, n =674

1, 2, . . ., one obviously has −αn−1 ≤ yn < −αn, (epi f(·))−1(yn) = (−∞,−αn−1], and consequently675

d(yn, 0)/d(0, (epi f(·))−1(yn)) = 2αn/αn−1 → 0 as n → ∞. It follows that ϑ[epi f ](0, 0) = 0 <676

|∇f |(0). Regularity condition (IR2) holds true while condition (SeR)M does not hold for epi f(·)677

at (0, 0).678

Note that ∂f(0) = ∅, and consequently |∂f |(0) =∞. All uniform inf-regularity constants equal679

zero.680

Similarly, |∇(−f)|(0) = 1 while ϑ[hyp f ](0, 0) = 0.681

Since both (IR2) and (SR2) hold true for f at 0, condition (R2) holds as well. At the same682

time condition (SeR)M does not hold for f at (0, 0): if −αn−1 < y < −αn or αn < y < αn−1 then683

f−1(y) = ∅, and consequently ϑ[f ](0, 0) = 0 < min(|∇f |(0), |∇(−f)|(0)).684

Note also that |θf |ρ(0) > 0 and |θ(−f)|ρ(0) > 0 for any ρ > 0 while θρ[f ](0, 0) = 0.685

The above example can be modified in such a way that the function becomes Lipschitz continuous686

while all the main conclusions remain true.687

Example 3. Let βn = (αn−1+αn)/2, n = 1, 2, . . ., where the sequence {αn} is defined in Example 2.
Obviously, βn → 0, and αn/βn = 2αn−1/(1 + αn−1) → 0 as n → ∞. Define a piecewise linear
real-valued function (see Figure 13)

f(x) =



−1/2, if x ≤ −1/2,
2x+ αn−1, if − αn−1 < x ≤ −βn, n = 1, 2, . . . ,
−αn, if − βn < x ≤ −αn, n = 1, 2, . . . ,
0, if x = 0,
αn, if αn ≤ x < βn, n = 1, 2, . . . ,
2x− αn−1, if βn ≤ x < αn−1, n = 1, 2, . . . ,
1/2, if x ≥ 1/2.
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Figure 13. Example 3

Most of the arguments used in Example 2 are applicable to this function as well. The main688

difference is that now f−1(y) 6= ∅ if |y| ≤ 1/2. However, it is still not difficult to construct a689

sequence of numbers yn → 0 such that yn/d(0, f−1(yn))→ 0 as n→∞.690

4.4. Multifunctions and collections of sets. A multifunction is a single object. Nevertheless691

there exists a close relationship between regularity properties of multifunctions and the correspond-692

ing properties of collections of sets considered in Section 3.693

A multifunction F : X ⇒ Y with (x̄, ȳ) ∈ gphF remains our main object of interest. In this
subsection we are assuming that X and Y are normed linear spaces. We are going to establish
relationships between regularity properties of F and those of the following pair of sets in the
product space X × Y :

Ω1 = gphF, Ω2 = X × {ȳ} (47)

Obviously (x̄, ȳ) ∈ Ω1 ∩ Ω2.694

Consider first another multifunction Φ : X → X × Y given by

Φ(x) = {(u, y) ∈ X × Y | y ∈ F (x+ u/2)}. (48)
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Thus, (x, u, y) ∈ gph Φ ⇔ (x + u/2, y) ∈ gphF . In particular, (x̄, 0, ȳ) ∈ gph Φ. Some properties695

of Φ needed for computing its regularity constants are provided by the next proposition.696

Proposition 11. Let multifunction Φ : X → X × Y be given by (48), (x, u, y) ∈ gph Φ. Then697

(i) Br(u, y) ⊂ Φ(Bρ(x)) ⇔ Br(y) ⊂
⋂

u′∈Br(u)

F (Bρ(x+ u′/2)) (ρ > 0 r ≥ 0);698

(ii) (x∗, u∗, y∗) ∈ N((x, u, y)| gph Φ) ⇔699

[x∗ = 2u∗ and (x∗, y∗) ∈ N((x+ u/2, y)| gphF )].700

Proof. (i) Due to definition (48), condition Br(u, y) ⊂ Φ(Bρ(x)) is equivalent to inclusion Br(y) ⊂701

F (Bρ(x) + u′/2) being valid for any u′ ∈ Br(u). The assertion follows immediately.702

(ii) Condition (x∗, u∗, y∗) ∈ N((x, u, y)| gph Φ) by definition means that

lim sup
(x′,u′,y′)→(x,u,y)
y′∈F (x′+u′/2)

〈x∗, x′ − x〉+ 〈u∗, u′ − u〉+ 〈y∗, y′ − y〉
‖(x′ − x, u′ − u, y′ − y)‖

≤ 0. (49)

Take any w ∈ X with ‖w‖ = 1 and set xt = x+ tw, ut = u− 2tw. Then xt → x, ut → u as t→ 0,
y ∈ F (xt + ut/2), and ‖(xt − x, ut − u, y − y)‖ = 2t. It follows from (49) that 〈x∗ − 2u∗, w〉 ≤ 0,
and consequently x∗ = 2u∗. Thus, condition (49) takes the form

lim sup
(x′,u′,y′)→(x,u,y)
y′∈F (x′+u′/2)

〈x∗, x′ − x+ (u′ − u)/2〉+ 〈y∗, y′ − y〉
‖(x′ − x, u′ − u, y′ − y)‖

≤ 0. (50)

Now for any x′ ∈ X set x′′ = (x + x′ − u/2)/2 and u′ = u/2 + x′ − x. Then x′′ + u′/2 = x′,
‖x′′ − x‖ = ‖u′ − u‖/2 ≤ ‖u′ − u‖ = ‖x′ − x − u/2‖, and x′′ → x, u′ → u as x′ → x + u/2. It
follows from (50) (with x′ replaced by x′′) that

lim sup
(x′,y′)→(x+u/2,y)

y′∈F (x′)

〈x∗, x′ − x− u/2〉+ 〈y∗, y′ − y〉
‖(x′ − x− u/2, y′ − y)‖

≤ 0, (51)

that is (x∗, y∗) ∈ N((x+ u/2, y)| gphF ).703

Conversely, for any x′, u′ ∈ X set x′′ = x′+u′/2. Then ‖x′′−x−u/2‖ ≤ ‖x′−x‖+‖u′−u‖/2 ≤704

(3/2) max(‖x′ − x‖, ‖u′ − u‖), ‖(x′′ − x − u/2, y′ − y)‖ ≤ (3/2)‖(x′ − x, u′ − u, y′ − y)‖, and705

x′′ → x+ u/2 as x′ → x and u′ → u. Hence (51) implies (50). �706

The next corollary provides expressions for some regularity constants of Φ. It follows from707

Proposition 11 and definitions of the constants.708

Corollary 11.1. Let multifunction Φ : X → X × Y be given by (48). Then709

(i) θρ[Φ](x̄, 0, ȳ) = sup
{
r ≥ 0

∣∣ Br(ȳ) ⊂
⋂

u∈rB
F (Bρ(x̄+ u/2))

}
(ρ > 0);710

(ii) η[Φ](x̄, 0, ȳ) = inf
{
‖x∗‖

∣∣ (x∗, y∗) ∈ N
(
(x̄, ȳ)| gphF

)
, ‖x∗‖/2 + ‖y∗‖ = 1

}
;711

(iii) η̂[Φ](x̄, 0, ȳ) = lim
δ↓0

inf
{
‖x∗‖

∣∣ (x∗, y∗) ∈ N̂δ
(
(x̄, ȳ)| gphF

)
, ‖x∗‖/2 + ‖y∗‖ = 1

}
;712

(iv) If dimX + dimY <∞ then713

η̄[Φ](x̄, 0, ȳ) = inf{‖x∗‖
∣∣ (x∗, y∗) ∈ N̄

(
(x̄, ȳ)| gphF

)
, ‖x∗‖/2 + ‖y∗‖ = 1}.714

Proof. (i) follows from Proposition 11(i) and definition (35).715

(ii) and (iii) follow from Proposition 11(ii) and definitions (40) and (41) respectively, taking into716

account that ‖(u∗, y∗)‖ = ‖u∗‖+ ‖y∗‖ = ‖x∗‖/2 + ‖y∗‖.717

(iv) follows from (iii), definitions (26) and (42), and Theorem 6(viii). �718

The next proposition provides some relations between the regularity constants of Φ and F .719

Proposition 12. Let multifunction Φ : X → X × Y be given by (48). Then720

(i) min(θρ/2[F ](x̄, ȳ), ρ) ≤ θρ[Φ](x̄, 0, ȳ) ≤ θρ[F ](x̄, ȳ) (ρ > 0);721

(ii) min(θ[F ](x̄, ȳ)/2, 1) ≤ θ[Φ](x̄, 0, ȳ) ≤ θ[F ](x̄, ȳ);722

(iii) min(θ̂[F ](x̄, ȳ)/2, 1) ≤ θ̂[Φ](x̄, 0, ȳ) ≤ θ̂[F ](x̄, ȳ);723

(iv) η[Φ](x̄, 0, ȳ) = η[F ](x̄, ȳ)/
(
η[F ](x̄, ȳ)/2 + 1

)
;724

(v) η̂[Φ](x̄, 0, ȳ) = η̂[F ](x̄, ȳ)/
(
η̂[F ](x̄, ȳ)/2 + 1

)
;725

(vi) If dimX + dimY <∞ then η̄[Φ](x̄, 0, ȳ) = η̄[F ](x̄, ȳ)/
(
η̄[F ](x̄, ȳ)/2 + 1

)
.726
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Proof. (i) Let 0 < r < θρ[Φ](x̄, 0, ȳ). It follows from Corollary 11.1(i) that Br(ȳ) ⊂ F (Bρ(x̄)), and727

consequently r ≤ θρ[F ](x̄, ȳ). Hence θρ[Φ](x̄, 0, ȳ) ≤ θρ[F ](x̄, ȳ).728

Let 0 < r < min(θρ/2[F ](x̄, ȳ), ρ). ThenBr(ȳ) ⊂ F (Bρ/2(x̄)) ⊂ F (Bρ(x̄)+u) for any u ∈ (r/2)B.729

It follows from Corollary 11.1(i) that r ≤ θρ[Φ](x̄, 0, ȳ). Hence min(θρ/2[F ](x̄, ȳ), ρ) ≤ θρ[Φ](x̄, 0, ȳ).730

(ii) follows from (i).731

(iii) If (x, u, y) ∈ gph Φ then (x + u/2, 0, y) ∈ gph Φ and condition Br(u, y) ⊂ Φ(Bρ(x)) is732

equivalent to Br(0, y) ⊂ Φ(Bρ(x + u/2)). This implies that θρ[Φ](x, u, y) = θρ[Φ](x + u/2, 0, y).733

The assertion follows now from (i).734

(iv)–(vi) follow from Corollary 11.1(ii)–(iv). It is sufficient to notice that for any cone K ∈
(X × Y )∗ one has

inf
{
‖x∗‖

∣∣ (x∗, y∗) ∈ K, ‖x∗‖/2 + ‖y∗‖ = 1
}

= inf
{

‖x∗‖
‖x∗‖/2 + 1

∣∣ (x∗, y∗) ∈ K, ‖y∗‖ = 1
}

=
inf
{
‖x∗‖

∣∣ (x∗, y∗) ∈ K, ‖y∗‖ = 1
}

inf
{
‖x∗‖

∣∣ (x∗, y∗) ∈ K, ‖y∗‖ = 1
}
/2 + 1

.

�735

The next proposition specifies constants (21)–(26) for the pair of sets (47) in terms of the736

corresponding constants of Φ.737

Proposition 13. Let sets Ω1 and Ω2 be given by (47). Then738

(i) θρ[Ω1,Ω2](x̄, ȳ) = min(θρ[Φ](x̄, 0, ȳ)/2, ρ) (ρ > 0);739

(ii) θ[Ω1,Ω2](x̄, ȳ) = min(θ[Φ](x̄, 0, ȳ)/2, 1);740

(iii) θ̂[Ω1,Ω2](x̄, ȳ) = min(θ̂[Φ](x̄, 0, ȳ)/2, 1);741

(iv) η[Ω1,Ω2](x̄, ȳ) = min(η[Φ](x̄, 0, ȳ)/2, 1);742

(v) η̂[Ω1,Ω2](x̄, ȳ) = min(η̂[Φ](x̄, 0, ȳ)/2, 1);743

(vi) If dimX + dimY <∞ then η̄[Ω1,Ω2](x̄, ȳ) = min(η̄[Φ](x̄, 0, ȳ)/2, 1).744

Proof. (i) Let r ≥ 0. Take any (u1, v1), (u2, v2) ∈ X × Y satisfying

‖(u1, v1)‖ ≤ r, ‖(u2, v2)‖ ≤ r, (52)

[Ω1 − (u1, v1)] ∩ [Ω2 − (u2, v2)] ∩Bρ(x̄, ȳ) 6= ∅. (53)

Note that Ω2 − (u2, v2) = X × {ȳ − v2}. Condition (53) means that ‖v2‖ ≤ ρ and there exists745

an u′ ∈ Bρ(x̄) such that (u′ + u1, ȳ + v1 − v2) ∈ gphF . Hence, condition (53) holding for any746

(u1, v1), (u2, v2) ∈ X × Y satisfying (52) is equivalent to two conditions: 1) r ≤ ρ, and 2)747

B2r(ȳ) ⊂ F (Bρ(x̄) + u) for any u ∈ rB. The assertion follows from Corollary 11.1(i).748

(ii) follows from (i).749

(iii) Let ω1 = (x, y) ∈ Ω1, ω2 ∈ Ω2, ρ > 0. Then Ω2 − ω2 = X × {0}, Ω2 + ω1 − ω2 = X × {y},
and consequently (taking into account (i))

θρ[Ω1 − ω1,Ω2 − ω2](0) = θρ[gphF,X × {y}](x, y) = min(θρ[Φ](x, 0, y)/2, ρ).

The assertion follows from definitions (23) and (39).750

(iv)–(v) Taking into account that N((x, ȳ)| Ω2) = {0} × Y ∗ for any x ∈ X, we have

η[Ω1,Ω2](x, y) = inf
{
‖x∗‖+ ‖y∗ + v∗‖

∣∣ (x∗, y∗) ∈ N((x, y)| gphF ),

v∗ ∈ Y ∗, ‖x∗‖+ ‖y∗‖+ ‖v∗‖ = 1
}
, (54)

η̂[Ω1,Ω2](x̄, ȳ) = lim
δ↓0

inf
(x,y)∈gphF∩Bδ(x̄,ȳ)

η[Ω1,Ω2](x, y). (55)

Since there are no restrictions on v∗, the set of points x∗, y∗, v∗, participating in definition (54), is
nonempty. Obviously η[Ω1,Ω2](x, y) ≤ 1. If y∗ = 0 in (54) then ‖x∗‖+ ‖y∗ + v∗‖ = 1. Hence

η[Ω1,Ω2](x, y) = 1 if y∗ = 0 for all (x∗, y∗) ∈ N((x, y)| gphF ). (56)

Otherwise, we can limit ourselves to considering only triples (x∗, y∗, v∗) with y∗ 6= 0 when evalu-
ating the infimum in (54), and η[Ω1,Ω2](x, y) can be represented in the following way:

η[Ω1,Ω2](x, y) = inf
(x∗,y∗)∈N((x,y)| gphF )
y∗6=0, ‖x∗‖+‖y∗‖≤1

(‖x∗‖+ inf
‖v∗‖=1−(‖x∗‖+‖y∗‖)

‖y∗ + v∗‖).
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By the triangle inequality, the internal infimum in the last formula is achieved when

v∗ = −y∗[1− (‖x∗‖+ ‖y∗‖)]/‖y∗‖.
In this case,

‖y∗ + v∗‖ =
∣∣‖y∗‖ − ‖v∗‖∣∣ =

∣∣‖x∗‖+ 2‖y∗‖ − 1
∣∣,

and consequently

η[Ω1,Ω2](x, y) = inf
(x∗,y∗)∈N((x,y)| gphF )
y∗6=0, ‖x∗‖+‖y∗‖≤1

(‖x∗‖+
∣∣‖x∗‖+ 2‖y∗‖ − 1

∣∣).
The last formula can be rewritten as

η[Ω1,Ω2](x, y) = inf
(x∗,y∗)∈N((x,y)| gphF )

y∗6=0

inf
0≤t≤(‖x∗‖+‖y∗‖)−1

(t‖x∗‖+
∣∣t‖x∗‖+ 2t‖y∗‖ − 1

∣∣).
Since ‖x∗‖ ≤ ‖x∗‖ + 2‖y∗‖, the infimum over t in the above formula is attained at t = (‖x∗‖ +
2‖y∗‖)−1, and consequently

η[Ω1,Ω2](x, y) = inf
(x∗,y∗)∈N((x,y)| gphF )

y∗6=0

‖x∗‖/(‖x∗‖+ 2‖y∗‖)

= inf
{
‖x∗‖

∣∣ (x∗, y∗) ∈ N
(
(x̄, ȳ)| gphF

)
, ‖x∗‖+ 2‖y∗‖ = 1

}
. (57)

Putting in (57) (x, y) = (x̄, ȳ) and comparing the formula with Corollary 11.1(ii) we come to751

assertion (iv). Combining (55), (56), and (57) and comparing the outcome with Corollary 11.1(iii)752

we arrive at (v).753

(vi) follows from (v) and Theorems 4(vii) and 6(viii). �754

Taking into account Proposition 12, the first three assertions in Proposition 13 strengthen the755

corresponding estimates in [31, Theorem 2] (see Theorem 7 below). Combining Propositions 12 and756

13 we arrive at the next theorem providing relations between regularity constants of multifunction757

F and the corresponding pair of sets (47).758

Theorem 7. Let sets Ω1 and Ω2 be given by (47). Then759

(i) θρ[Ω1,Ω2](x̄, ȳ) ≤ min(θρ[F ](x̄, ȳ)/2, ρ) ≤ θ2ρ[Ω1,Ω2](x̄, ȳ) (ρ > 0);760

(ii) θ[Ω1,Ω2](x̄, ȳ) ≤ min(θ[F ](x̄, ȳ)/2, 1) ≤ 2θ[Ω1,Ω2](x̄, ȳ);761

(iii) θ̂[Ω1,Ω2](x̄, ȳ) ≤ min(θ̂[F ](x̄, ȳ)/2, 1) ≤ 2θ̂[Ω1,Ω2](x̄, ȳ);762

(iv) η[Ω1,Ω2](x̄, ȳ) = η[F ](x̄, ȳ)/
(
η̂[F ](x̄, ȳ) + 2

)
;763

(v) η̂[Ω1,Ω2](x̄, ȳ) = η̂[F ](x̄, ȳ)/
(
η̂[F ](x̄, ȳ) + 2

)
;764

(vi) If dimX + dimY <∞ then η̄[Ω1,Ω2](x̄, ȳ) = η̄[F ](x̄, ȳ)/
(
η̄[F ](x̄, ȳ) + 2

)
.765

The above theorem implies equivalence of the corresponding regularity properties of F and the766

pair of sets (47).767

Corollary 7.1. The equivalences below refer to multifunction F and the pair of sets (47) at (x̄, ȳ).

(Cov)M ⇔ (R)S (UCov)M ⇔ (UR)S ;

(RD)M ⇔ (RD)S (URD)M ⇔ (URD)S .

If dimX + dimY <∞ then (URDL)M ⇔ (URDL)S.768

Thus, regularity properties of a multifunction are equivalent to the corresponding properties of769

a certain collection of sets. The equivalence of the two sets of properties is in fact deeper. Given a770

collection of sets, it is possible to construct a multifunction such that its regularity properties are771

equivalent to the corresponding properties of the collection of sets.772

Let Ω1, Ω2, . . . , Ωn ⊂ X (n > 1) be a collection of sets in a normed linear space X and773

x̄ ∈
n⋂
i=1

Ωi.774

Consider a multifunction F : X ⇒ Xn given by

F (x) = (Ω1 − x)× (Ω2 − x)× . . .× (Ωn − x). (58)

Obviously (x̄, 0) ∈ gphF .775

Theorem 8. Let multifunction F : X ⇒ Xn be given by (58). Then776

(i) θρ[Ω1, . . . ,Ωn](x̄) = θρ[F ](x̄, 0) (ρ > 0);777



ABOUT STATIONARITY AND REGULARITY IN VARIATIONAL ANALYSIS 29

(ii) θ[Ω1, . . . ,Ωn](x̄) = θ[F ](x̄, 0);778

(iii) θ̂[Ω1, . . . ,Ωn](x̄) = θ̂[F ](x̄, 0);779

(iv) η[Ω1, . . . ,Ωn](x̄) = η[F ](x̄, 0);780

(v) η̂[Ω1, . . . ,Ωn](x̄) = η̂[F ](x̄, 0);781

(vi) If dimX <∞ then η̄[Ω1, . . . ,Ωn](x̄) = η̄[F ](x̄, 0).782

Proof. All assertions follow easily from the definitions of the corresponding constants. The first783

three were established in [31, Theorem ]. Below we prove (v).784

Let (x, y) ∈ gphF and (x∗, y∗) ∈ N
(
(x, y)| gphF

)
. The first inclusion means that y = (ω1 −

x, ω2 − x, . . . , ωn − x) for some ωi ∈ Ωi, i = 1, 2, . . . , n, while the second one can be expressed as

lim sup
u→x, vi

Ωi→ωi
i=1,2,...,n

〈x∗, u− x〉+
∑n
i=1〈y∗i , (vi − u)− (ωi − x)〉

max
(
‖u− x‖, max

1≤i≤n
‖(vi − u)− (ωi − x)‖

) ≤ 0, (59)

where y∗ = (y∗1 , y
∗
2 , . . . , y

∗
n). Fixing u = x and, for any i = 1, 2, . . . , n, vj = ωj when j 6= i, we

obtain from (59):

y∗i ∈ N(ωi| Ωi). (60)

Similarly, fixing in (59) vi = ωi for all i = 1, 2, . . . , n, leads to the equality

x∗ = y∗1 + y∗2 + . . .+ y∗n. (61)

On the other hand, inclusions (60) (for i = 1, 2, . . . , n) and equality (61) obviously imply (59). The785

assertion follows from definitions (25) and (41). �786

Multifunction (58) was used for a similar purpose in Ioffe [20].787
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[2] Azé, D. A unified theory for metric regularity of multifunctions. J. Convex Anal. 13, 2 (2006), 225–252.791

[3] Bakan, A., Deutsch, F., and Li, W. Strong chip, normality, and linear regularity of convex sets. Trans.792

Amer. Math. Soc. 357, 10 (2005), 3831–3863.793

[4] Bauschke, H. H., and Borwein, J. M. On the convergence of von Neumann’s alternating projection algorithm794

for two sets. Set-Valued Anal. 1, 2 (1993), 185–212.795

[5] Bauschke, H. H., Borwein, J. M., and Li, W. Strong conical hull intersection property, bounded linear796

regularity, Jameson’s property (G), and error bounds in convex optimization. Math. Program., Ser. A 86, 1797

(1999), 135–160.798

[6] Bauschke, H. H., Borwein, J. M., and Tseng, P. Bounded linear regularity, strong CHIP, and CHIP are799

distinct properties. J. Convex Anal. 7, 2 (2000), 395–412.800
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