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ABOUT STATIONARITY AND REGULARITY IN VARIATIONAL ANALYSIS

ALEXANDER Y. KRUGER

To Boris Mordukhovich on his 60th birthday

ABSTRACT. Stationarity and regularity concepts for the three typical for variational analysis
classes of objects — real-valued functions, collections of sets, and multifunctions — are investi-
gated. An attempt is maid to present a classification scheme for such concepts and to show
that properties introduced for objects from different classes can be treated in a similar way.
Furthermore, in many cases the corresponding properties appear to be in a sense equivalent.
The properties are defined in terms of certain constants which in the case of regularity proper-
ties provide also some quantitative characterizations of these properties. The relations between
different constants and properties are discussed.

An important feature of the new variational
techniques is that they can handle nonsmooth
functions, sets and multifunctions equally well

Borwein and Zhu [8]

1. INTRODUCTION

The paper investigates extremality, stationarity and regularity properties of real-valued func-
tions, collections of sets, and multifunctions attempting at developing a unifying scheme for defining
and using such properties.

Under different names this type of properties have been explored for centuries. A classical
example of a stationarity condition is given by the Fermat theorem on local minima and max-
ima of differentiable functions. In a sense, any necessary optimality (extremality) conditions de-
fine/characterize certain stationarity (singularity /irregularity) properties. The separation theorem
also characterizes a kind of extremal (stationary) behavior of convex sets.

Surjectivity of a linear continuous mapping in the Banach open mapping theorem (and its
extension to nonlinear mappings known as Lyusternik-Graves theorem) is an example of a regularity
condition. Other examples are provided by numerous constraint qualifications and error bound
conditions in optimization problems, qualifying conditions in subdifferential calculus, etc.

Many more properties which can be interpreted as either stationarity or regularity have been
introduced (explicitly and in many cases implicitly) and investigated with the development of op-
timization theory and variational analysis. They are important for optimality conditions, stability
of solutions, and numerical methods.

There exist different settings of optimization and variational problems: in terms of single-valued
and multivalued mappings and in terms of collections of sets. It is not surprising that investigating
stationarity and especially regularity properties of these objects has attracted significant attention.
Real-valued functions and collections of sets were examined respectively in [18,21,27-30,33] and
[3,5-7,14,21,26-32,34,39,41-43,48]. Multifunctions represent the most developed class of objects.
A number of useful regularity properties have been introduced and investigated - see [1,2,9,12,
13,20-22,24,28-30,36-40,44-47] and the references therein - the most well recognized and widely
used being that of metric reqularity.

In this paper, which continues [30-32], an attempt is maid to present a classification scheme for
such concepts and to show that, in accordance with the cited above words by Borwein and Zhu,
properties introduced for objects from different classes can be treated in a similar way. Further-
more, in many cases the corresponding properties appear to be equivalent.

2000 Mathematics Subject Classification. 90C46, 90C48, 49K27; Secondary: 58C, 58 E30.
Key words and phrases. subdifferential, normal cone, optimality, extremality, stationarity, regularity, multifunc-
tion, slope, Asplund space.
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2 ALEXANDER Y. KRUGER

First of all, stationarity and regularity properties are mutually inverse. For example, the equality
f'(z) = 0 for a real-valued differentiable at Z function f is a stationarity condition, while the
inequality f/(Z) # 0 can be considered as a regularity criterion. Thus, such properties always go
in pairs. Given one condition (stationarity or regularity), its negation automatically describes its
opposite counterpart.

It seems natural to distinguish between primal space properties and those defined in terms of dual
space elements. Metric conditions are primal space properties while their characterizations in terms
of normal cones or coderivatives are dual conditions. In some cases primal and dual conditions
are equivalent, and dual conditions provide complete characterizations of the corresponding primal
space properties. However, there are cases when equivalences do not hold, and one has necessary
or sufficient conditions.

Another natural way of classifying stationarity and regularity properties is to distinguish between
basic (“at a point”) and more robust strict (“near a point”) conditions. In the latter case one
can speak about approrimate stationarity and uniform regularity. For instance, dual conditions
formulated in terms of usual Fréchet derivatives or Fréchet subdifferentials/normals belong to
the first group, while conditions in terms of strict derivatives or limiting subdifferentials/normals
belong to the second one. Metric regularity of multifunctions is a typical example of a primal space
uniform regularity property.

The properties can be defined in terms of certain constants which in the case of regularity prop-
erties provide also some quantitative characterizations of these properties. It will be demonstrated
in the subsequent sections that such constants are convenient when establishing interrelations
between the properties.

Obviously not all existing stationarity and regularity properties are discussed in the paper.
Only those typical properties have been chosen which better illustrate the classification scheme
described above. The content of this paper is not expected to surprise those working in the area of
variational analysis. However, the author believes that some relations presented in it can be useful
when dealing with specific problems.

The remaining three sections are devoted to our three main objects of interest: real-valued
functions, collections of sets, and multifunctions respectively.

In Section 2, we consider stationarity and regularity properties of real-valued functions. The
main feature of this class of objects compared to the two others is that, in the nondifferentiable
case, one can (and should) distinguish between properties of functions “from below” (from the point
of view of minimization) and “from above” (from the point of view of maximization). The terms
inf-stationarity and inf-regularity are used in the paper in the first instance, and sup-stationarity
and sup-regularity in the second one. The “combined” properties are considered as well. A number
of stationarity and regularity properties as well as constants characterizing them are introduced.
The relations between these constants are summarized in Theorem 2. It can be interesting to
note that while two different basic primal space constants are in use, the corresponding strict
constants coincide for lower semicontinuous functions on a complete metric space. If, additionally,
the space is Asplund, they coincide with the appropriate dual space strict constant. This result
(Theorem 2(ix)) improves [33, Theorem 4]. Special attention is given to the differential and convex
cases when most of the constants and properties coincide.

In Section 3, collections of sets are considered. The stationarity properties discussed here ex-
tend the concept of locally extremal collection introduced in [34] while the relation between the
corresponding primal and dual constants formulated in Theorem 4(vi) extends the extremal prin-
ciple [34,41]. This result improves [30, Theorem 1]. The corresponding regularity properties are
discussed as well as their relations with other properties of this kind: metric inequality (local linear
regularity) [4,19,20,43,48] and Jameson’s property (G) [5,42].

The last Section 4 is devoted to multifunctions with the main emphasis on their regularity
properties. The constants characterizing these properties are defined along the same lines. Metric
regularity is treated as an example of a uniform primal space regularity property corresponding to
similar properties of real-valued functions and collections of sets. The relations between different
constants, including the equality of primal and dual strict constants, are summarized in Theorem 6.
Finally, relations are established between the multifunctional regularity /stationarity constants and
the corresponding constants defined in the preceding sections for the other two main classes of
objects of the current research — real-valued functions and collections of sets.
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ABOUT STATIONARITY AND REGULARITY IN VARIATIONAL ANALYSIS 3

Mainly standard notations are used throughout the paper. B,.(x) denotes a closed ball in a
metric space with centre at x and radius r. A closed unit ball in a normed space is denoted by
B. If Q is a set then int Q) and bd Q2 are respectively its interior and boundary. If not explicitly
specified otherwise, when considering product spaces we assume that they are equipped with the
maximum-type distances or norms: d((xl,y1)7(x27y2)) = max(d(ml,xg),d(yl,yg)), [z, )] =
max(||lz|, |y]]). Sometimes, in products of normed spaces, the following norm depending on a
parameter v > 0 will be used: [|(x,y)|ly = max(||z], [lyl)-

2. REAL-VALUED FUNCTIONS

2.1. Extremality, stationarity, and regularity. The classical criterion characterizing extremum
points of real-valued functions is given by the famous Fermat theorem.

Theorem 1 (Fermat). If a differentiable function f has a local minimum or mazimum at T then
f(x)=0

This assertion provides a dual (f'(Z) is an element of the dual space!) necessary condition for
a local minimum or maximum. It is well known that it actually characterizes a weaker property
called stationarity.

The concept of stationarity for a real-valued function in the framework of classical analysis can
be illustrated by the three examples in Figure 1 which can be found in any textbook on calculus.

fz) =a? fla) = —a? fla) = a7
y y Y

FIGURE 1. Stationarity: differentiable case

For a differentiable function on a normed linear space, the stationary behavior near a given
point can be characterized in two equivalent ways:

(P) Primal characterization: the increment (and decrement) of the function is infinitely small
compared to the increment of the argument.
(D) Dual characterization: the derivative at the point is zero.

If none of the above characterizations holds true then the function is regular near the given point.

2.2. Inf-stationarity and inf-regularity. As it is easily seen from the above illustrations, in
the differentiable case, the stationarity characterizations do not distinguish between maxima and
minima. The nondifferentiable setting is much reacher. First of all, stationarity properties of
nondifferentiable functions with respect to minimization and maximization are in general essentially
different. Besides, these properties can be defined in several different ways.

The functions presented in Figure 2 clearly possess certain stationarity properties from the point
of view of minimization: the decrement of the function is infinitely small (for the first function it is
zero) compared to the increment of the argument. Similarly stationarity from the point of view of
maximization presumes a similar estimate of the increment of the function. None of the functions
in Figure 2 possesses this property.

It is still possible to formulate primal and dual characterizations of stationarity and regularity.

In this section, if not explicitly stated otherwise, X is a metric space. For all characterizations
including dual space objects (subdifferentials) we will assume X to be a normed linear space. f is
a function on X with values in the extended real line Ry = RU {*o0}, finite at z € X.

We start with inf-stationarity, that is stationarity from the point of view of minimization.
The following three properties can qualify for generalizing the corresponding primal and dual
characterizations (P) and (D).

Inf-stationarity.
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_ —z? ifz<0
£(a) = la ORI

Y Y

0 £ 0 £

FIGURE 2. Inf-stationarity

130 (IS1) For any € > 0 there exists a p € (0,¢) such that

fx) — f(z) > —ep, V€ B,(Z). (1)
131 (IS2) For any & > 0 there exists a p > 0 such that
f(z) — f(7) > —ed(z, T), Vo € B,(Z). (2)

12 (ISD) (X is a normed linear space) 0 € 9f(Z).
133 In the last property 0f(Z) denotes the Fréchet subdifferential of f at Z:

of(z) = {m* € X*| liminf @) = f|(|x) _<|T &= ) > O}. (3)
T—T xr—x
134 Clearly, all characterizations of inf-stationarity, formulated above, are satisfied if Z is a point

135 of local minimum of f (see, for example, the first function in Figure 2). They are also satisfied
136 for the second function in Figure 2. Condition (1) (condition (2)) means that Z is an ep-minimal
137 (e-Ekeland) point of f on B,(Z) [22,23,37]. In general, (IS1) and (IS2) are not equivalent (see
138 Examples 1 and 2 in [33]). The next proposition shows that (IS1) is weaker than (IS2); when X is
139 complete, a point satisfying (IS1) can be approximated by points satisfying (IS2).

10 Proposition 1. (i) (1S2) = (IS1).
(ii) Let X be complete and f be lower semicontinuous near T. If (IS1) holds true then for any
€ > 0 there exist a p € (0,¢) and an & € B,(Z) such that f(&) < f(T) and

f(x) = f(&) > —ed(x,2), V€ B,().
141 (i) If X is a normed linear space then (1S2) < (ISD).

1

o

2 Proof. The first and the third assertions follow directly from the definitions. The proof of the
143 second one is a traditional example of application of the Ekeland variational principle [16].
If (IS1) holds true, then for any € > 0 there exists an r € (0,¢/2) such that

f(z) — f(z) > —er/2, Vi € B, (Z).

Let p=1/2. Then p < ¢/4 < e. If X is complete then by the Ekeland variational principle there
exists an & € B,(Z) such that f(Z) < f(z) and

f(x) = f(2) = —ed(x, ©)

ws for all x € B,(z). In particular, the last inequality is valid for all z € B,(Z). O
145 Thus, in the nondifferentiable case we have in general two different types of inf-stationarity
s which primal characterizations are given by (IS1) and (IS2).
147 If any of these conditions is not satisfied one can speak about the corresponding type of inf-
s regularity.
149 Inf-regularity.

(IR1) There exists an o > 0 and a § > 0 such that for any p € (0,9) there is an = € B,(Z)

satisfying

f(@) = f(Z) < —ap.
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(IR2) There exists an o > 0 such that for any p > 0 there is an « € B,(Z) satisfying
f(@) = f(Z) < —ad(z, 7).
(IRD) (X is a normed linear space) 0 & Jf(Z).

2.3. Approximate inf-stationarity and uniform inf-regularity. The functions not satisfying
(IS1) and (IS2) can still possess some features of inf-stationarity near the given point.

1. 1 .
f(x):{gsmx ifx#0 f(m):{g—i—szmx ifz#0

ifx=0 ifxz=0
AN y 7/ y 7/
AN 7/ 7/
AN 7/
AN 7/ 7
AN 7/ 7/,
AN 7/
U“ @ T 0 T
4 A\
7/
7/ AN 4
7 AN
7/ AN e
7/ AN 7/

FI1GURE 3. Approximate inf-stationarity

For the functions in Figure 3, the point T = 0 is definitely far from being inf-stationary. At the
same time there are inf-stationary points in any its neighborhood. In such cases it is possible to
speak about approximate inf-stationarity.

Approximate inf-stationarity.

(AIS1) For any € > 0 there exists a p € (0,¢) and an = € B.(Z) such that |f(z) — f(Z)| < € and
fu) — f(z) > —ep, Vu € B,(x). (4)

(AIS2) For any ¢ > 0 there exists a p € (0,¢) and an x € B.(Z) such that |f(z) — f(Z)] < e and
fu) — f(z) > —ed(u, z), Vu € By(x). (5)

(AISD) (X is a normed linear space) For any € > 0 there exists an © € B.(Z) and an z* € df(z)
such that |f(z) — f(Z)] < e and |lz*| <e.
(AISDL) (X is a normed linear space) 0 € 9f(Z).

In the statement of the last property df(Z) denotes the limiting subdifferential of f at Z:

5f(j) = {LE* € X*| LTk — jaf(xk) - f(f)vxz 7i> I*axz € af(xk)7k = 1723 c '}7 (6)
where 7} “? 2* means that x} converges to x* in the weak™ topology. In contrast to (3), this set
can be nonconvex. However, it possesses a certain subdifferential calculus (see [39]). In the convex
case, subdifferential (6) coincides with the subdifferential in the sense of convex analysis.

All characterizations of approximate inf-stationarity are satisfied for the functions in Figure 3.
Basically approximate inf-stationarity means that in any neighborhood of the given point there is
another one at which the corresponding inf-stationarity property “almost” holds.

Once again (AIS1) is obviously weaker than (AIS2). The latter property is referred to in [37]
as stationarity with respect to minimization.

Remark 1. Notice that the second function in Figure 3 is everywhere differentiable. Moreover,
f/(0) = 1 and consequently the function is regular at 0 in the classical sense. Thus, in terms of
approximate inf-stationarity, even for differentiable functions, Figure 1 does not present the full
list of possibilities. The explanation of this phenomenon is simple: the derivative at 0 of the second
function in Figure 3 is not strict.

If any of the above conditions is not satisfied one can speak about the corresponding type of
uniform inf-reqularity (a certain property must hold uniformly in a neighborhood of the given
point.)

Uniform inf-regularity.
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(UIR1) There exists an « > 0 and a § > 0 such that for any p € (0,9) and any « € Bs(Z) with
|f(x) — f(z)] <6 there is a u € B,(x) satisfying

flu) = f(z) < —ap.

(UIR2) There exists an o > 0 and a § > 0 such that for any p € (0,d) and any x € Bs(Z) with
|f(z) — f(Z)] < 6 there is a u € B,(x) satisfying

flu) = f(z) < —ad(u, z).

(UIRD) (X is a normed linear space) There exists an o > 0 and a 6 > 0 such that for any x € Bs(Z)
with |f(z) — f(z)| < ¢ and any x* € df(x) it holds [|z*|| > .

181 (UIRDL) (X is a normed linear space) 0 ¢ 0f(Z).

182

183
184
185

186

187

188

189
190
191
192
193
194

196

197

2.4. Constants. It can be convenient to characterize the inf-stationarity and inf-regularity prop-
erties introduced above in terms of certain nonnegative constants:

051,(2) = f(Z) - lfr;f( )f( z)= sup (f(z)— f(x)), (7)

z€ 9” x€B,(T)

_ 011,(2 )

0F1() = Y inf == == P (8)

_ [f(z) — f(=)]
V£|(7) = limsup (. 7) £, (9)
1671(z) 1mfi}1f 19 |p( 2) (10)

TOFI(%) = lim in - [f(2) — fu)l+

| f|( ) lTp_f.;f uGB,,(:cI;/{z} d(u,x) ’ (11)
0f|(z) = nf{[l«*]| | z* € Of(2)}, (12)
971(z) = limint{|la* | =* € 03 (2)}, (13)
[0f](z) = i inf 7] | " € 9f ()} (14)

The following notations and conventions are used in the above formulas:

In (12)—(14), X is a normed linear space;

o]+ = max(a, 0);

inf ) = +oo;

:Li e x — Z with f(z) — f(Z);

05 f(z) = U{0f (2)| o € Bs(). |f(x) - f(z)| < o}

The last set is called the strict §-subdifferential of f at T (see [25,28,29]). Note that the equality
|8f](Z) = 0 does not imply the inclusion 0 € d5f(z) [33, Example 8].

Constant (9) is known as the (strong) slope of f at Z [11] (see also [20]). Constant (11) is the
strict slope of f at T. Constants (12)—(14) are called respectively the subdifferential slope, the strict
subdifferential slope, and the limiting subdifferential slope of f at T (see [18]).

The equality |0 f|,(Z) = 0 for some p > 0 (for any p > 0) is equivalent to Z being a point of local
(respectively global) minimum of f. For each of the constants (8)—(13), its equality to zero (being
strictly positive) is equivalent to the corresponding inf-stationarity (inf-regularity) characterization:

e |0f|(z)=0 <« (IS1); e [0fl(x) >0 <« (IR1);
o |Vfl(z)=0 « (IS2); o |Vfl(z)>0 < (IR2);
e |0f|(®)=0 <« (ISD); e [0f|(z) >0 <« (IRD);
e [0fl(z)=0 <« (AIS1); o [0f[(@)>0 <« (UIRL);
o [V/I(Z)=0 < (AIS2); o [V/I@>0 & (UIR2);
o [0fl@)=0 & (AISD); e [0fl@) >0 & (UIRD);
e |0fl(x)=0 < (AISDL); e |0f|(z)>0 < (UIRDL)
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ABOUT STATIONARITY AND REGULARITY IN VARIATIONAL ANALYSIS 7

The relationships between the different types of inf-stationarity and inf-regularity are determined
by the relations between the corresponding constants. The next theorem summarizes the list of
such relations.

Theorem 2. The following assertions hold true:

() 1671() < [V 1(2);
(i) [0f1(2) < liminf 167](z);
(i) TV7](z) < limint |V/](2);
(iv) 0f1(z) < [V F1(2); -

(v) if X is complete and f is lower semicontinuous near &, then |V f|(z) = |0f].

Suppose X is a normed linear space. Then
(vi) 10f1(z) = limnf [9f](z);

(vii) [V f|(z) <[0f](2);

(viii) [Vf](2) < [0f](z); e
(ix) if X is Asplund and f is lower semicontinuous near , then |V f|(z) = |0f|(Z);
(x) if dim X < oo and f is lower semicontinuous near T, then |5\f\( ) = [0f|(Z).

Proof. The majority of assertions in the theorem can be found in [33]. The only one which needs
proof is the inequality |V f|(Z) > WK:Z) in assertion (ix).

Let X be Asplund, [Vf[(Z) < o, § > 0. Taking into account definition (13), we need to show
that there exists an & € Bs(z) with |f(Z) — f(Z)] < J and an z* € 9f(Z) such that ||z*|| < a.

Chose numbers a1, ag, satisfying |V f|(Z) < oy < ag < . By assertion (v) and definitions (10),
(8), and (7), there exists a positive number p < min(a;',1)§/2 and a point 21 € Bs/s(Z) with
|f(xz1) — f(Z)] < 6/2 such that

f(u) — f(z1) > —paq  for all u € B,(x1).

Take p' = paj/as. It follows from the Ekeland variational principle that there exists a point
x2 € By (1) such that f(x1) — poq < f(x2) < f(z1) and

f(u) = f(x2) + agllu — 22| > 0 for all u € B,(x1).

Since x5 is an internal point of B,(x1) we have 0 € O(f + f2)(x2) where fo(u) := aslju — x2|.
Applying the fuzzy sum rule [17] we find a point & € Bjs/o_,(z2) with [f(Z) — f(z2)] < /2 — pou
such that ||2*|| < a. Note that || — z|| < J and |f(£) — f(Z)| < 9. O

The inequalities in Theorem 2 can be strict, see [33, Examples 1-4]. Theorem 2(ix) improves [33,
Theorem 4].

In accordance with Theorem 2 the relationships between the inf-stationarity concepts can be
described by the following diagram:

(IS1) <~ (IS2)

i l normed space

(AIS1) =————=(AIS2)=————= (AISD)<— — — — = (AISDL)
Isc function, Isc function, lsg_ fu)n(ctlon,
metric space Asplund space m <o

A similar diagram (with opposite arrows) describes the relationships between the corresponding
inf-regularity concepts.

Due to assertion (v) (which is a corollary of Proposition 1), for a lower semicontinuous function
f on a complete metric space conditions (AIS1) and (AIS2) are equivalent. In this case, of course,
we also have a single uniform regularity property which is closely related to the metric reqularity
of multifunctions.

If, additionally, X Asplund then, due to (ix), the three approximate inf-stationarity conditions
(AIS1), (AIS2), and (AISD) (as well as the corresponding approximate inf-regularity properties)
are equivalent. Asplund spaces form a natural class of Banach spaces when working with Fréchet
subdifferentials (see [39] for the definition, properties and motivations).
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8 ALEXANDER Y. KRUGER

Corollary 1.1. If X is Asplund and f is lower semicontinuous near T, then
(i) (AIS1) & (AIS2) <  (AISD);
(i) (UIR!1) & (UIR2) < (UIRD).

Conditions (AISD) and (UIRD) can be considered (in the Asplund space setting) as equivalent
dual characterizations of the corresponding primal properties.

2.5. Sup-stationarity and sup-regularity. Stationarity and regularity properties of nondiffer-
entiable functions from the point of view of maximization (sup-stationarity and sup-regularity) can
be defined in a similar way. They can also be defined in terms of the same constants applied to
the function — f.

e [0(=f)l(z)=0 <« (SS1); e [0(=f)l(z)>0 <« (SRI);

o [V(=NHlx)=0 < (SS2); o [V(=NHl(z)>0 < (SR2);

e [9(=f)l() =0 <« (SSD); e [0(=f)l(z) >0 <« (SRD);

o [0(=f)l(z)=0 <« (ASS1); e |6(=f)[(x)>0 <« (USRL);
. |V/(—\f)|(:f) =0 < (ASS2); . |V/(—\f)|(a_:) >0 < (USR2);
e NI =0 © (ASSD); o PPl >0 < (USRD);
e |0(=)|(Z)=0 < (ASSDL); e |0(—f)|(Z) >0 < (USRDL)

All functions in Figures 2 and 3 are obviously sup-regular at Z (both (SR1) and (SR2) conditions
hold true). At the same time the second function in Figure 2 and both functions in Figure 3 are
approximately sup-stationary at .

The relationships between different sup-stationarity (sup-regularity) concepts are similar to
those between inf-stationarity (inf-regularity) ones.

The “combined” concepts can also be of interest. It is natural to say that a function is stationary
(regular) at a point if it is either inf-stationary or sup-stationary (both inf-regular and sup-regular)
at this point.

o win((0f](@),10-N)@)=0 & (S1)
o min(|[V/]@).[V(-N@)=0 & (s2)

o win(9/|(@), [0 () =0 = (SD);
o win(0f](@),[0-NI@) =0 = (ASD)
o win([V@), VENI@) =0 & (AS2);
o min(9f|(2), [0(-N)|(@) =0 & (ASD);
o min((6f](@),[6(-1)@) >0 & (R)
o min(|V/]@).[V(-N)@)>0 & (R
o win(9f|(z), [o(-N)|(@) >0 & (RD);
o min(6f](z),|6-N]@) >0 & (URL)
o min(Vf(@), V- Hlx) >0 & (UR2);
o win(9f)(x), |0(-D)|(x) >0 & (URD);
o win(9f|(z),(-N)l(®)>0 & (URDL)

If f is a continuous function on a complete metric space then
(AS1) & (AS2) (UR1) < (UR2).
If, additionally, the space is Asplund then
(AS1) & (AS2) & (ASD) (UR1) & (UR2) & (URD).

2.6. Differentiable and convex cases. For differentiable or convex functions most of the sta-
tionarity and regularity concepts described above reduce to traditional ones.

In the rest of this section X is assumed a normed linear space. Recall that f is called strictly
differentiable [39,47] at T (with the derivative f/(Z)) if

b @~ @)~ (@), u-a)

T—T, u—T ||U — 1‘”

=0.

Proposition 2. If f is Fréchet differentiable at T with the derivative f'(Z) then
10f1(z) = [VfI(z) = [0f1(z) = [0(=1)|(2) = [V(=H)I(@) = [0(=)I(@) = | f' @)l
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If, additionally, the derivative is strict then

[0f1(z) = [V fl() = [0f|(z) = [0/](z)
= 10=N)@) = V(=Nl@) = 0= =o(=Nl@) = | /@) -

Proposition 3. Let f be convex.
(1) If10f|,(z) > 0 for some p > 0 then |0f|,(Z) > 0 for all p > 0.
(ii) The function p — |0f|,1f1(Z)/p (function |0f|,[—f](Z)/p) is nonincreasing (nondecreas-

ing) on R1\{0}.
(iii) The following equalities hold true:

1011,(7) [f(z) = f(z)]+

071(@) =V fl(@) = 16£1(@) = [V £](@) = sup === = sup ===t
6(=)|@) = [V(=Pl(@) = inf A ”[,jf](x) =55 w

(i) If IVfl(Z) = |V(=/)(&) and {zr} C X is a sequence defining |V f|(Z), that is x, — 0

f(@) = f(Z+ )

[z |

V/1(z) = lim
k—o0
then the limit ~ ~
L T@) @)
k=00 [l |
exists and equals —|V f|(Z).
(vil) If dim X < oo and f is lower semicontinuous near T then [0f|(z) = |0f|(Z) = |0f|(Z).

Proposition 2 and all assertions in Proposition 3 except the last one are slight reformulations
of the corresponding statements from [33]. Assertion (vii) in Proposition 3 follows from the upper
semicontinuity of the subdifferential mapping of a convex function.

3. COLLECTIONS OF SETS

Starting with the pioneering work by Dubovitskii and Milyutin [15] it is quite natural when
dealing with optimality conditions to reformulate optimality in the original optimization problem
as a kind of extremal behaviour of a certain collection of sets. Considering collections of sets is a
rather general scheme of investigating optimization problems. Any set of “extremality” conditions
leads to some optimality conditions for the original problem.

3.1. Extremal collections of sets. A typical example of “extremal behaviour” is presented on
Figure 4: two convex sets with nonintersecting interiors. In the framework of convex analysis, dual
extremality conditions are given by the separation theorem.

FIGURE 4. Extremality of two convex sets

A pair of sets in Figure 4 can be looked at in a different way: they have a common point and
at the same time can be made unintersecting by an arbitrary small translation. Such collections
of sets are called extremal. This point of view is applicable to nonconvex sets as well. Besides, the
sets are not required to have nonempty interiors. See examples in Figure 5. In the last example in
Figure 5, the second set consists of a single point Z.
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FIGURE 5. Extremal collections of sets

281 The definition of an extremal collection of sets was first introduced in 1980 in [34, 35] (see
232 historical comments in [39]), where a dual characterization of extremality was established. This
283 result can be considered as a generalization of the separation theorem to nonconvex sets and can
284 be used as a tool for proving necessary optimality conditions in nonconvex problems.

285 For the convex sets in Figure 4 the separation property can be equivalently reformulated in the
286 following way. There exist two normal (in the sense of convex analysis) elements x} € N(Z|€;),
287 4 = 1,2, such that the elements are nonzero: ||zi|| + ||z5|| > 0 while their sum is zero: =i + x5 =0
288 (Figure 6).

FIGURE 6. Separation property

289 The same idea can work for nonconvex sets (see Figure 7) if the normal cone in the sense of
200 convex analysis is replaced by its appropriate generalization. This was first done in [34] for spaces
201 admitting Fréchet smooth renorm and then extended in [41] to Asplund spaces. This result is now
202 known as Extremal principle (see [39,47])

&= b

FIGURE 7. Nonconvex separation property

203 3.2. Extremal principle. In this section X is a normed linear space, 1, Qo, ..., Q, C X

200 (m>1),T € ﬂQ

205 The extremahty of the collection of sets (21,{0,...,Q, near T can be characterized by the
206 following conditions.
207 Extremality.

(E)s For any e > 0 there exist a; € X, i =1,2,...,n, such that ||a;|| < e and

n

i=1
298 (LE)s There exists a p > 0 such that for any € > 0 there are a; € X, i = 1,2,...,n, such that

la;|]| < e and
m (4 —a; ﬂB

2!

©
©

| |
=

(15)
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(SP)s For any e > 0 there exist z; € Q; N B.(Z) and xf € N(x;|;), i = 1,2,...,n, such that

n n
2 ]l =T and || > @7
i=1

i=1

<e.

The subscript “S” in the notations of the above and forthcoming properties in this section
means that the properties are defined for collections of sets. Its aim is to avoid confusion with the
properties introduced in Sections 2 and 4.

In the last property N (z|Q2) denotes the Fréchet normal cone to  at x € Q:

N(@|9) = {2* € X*| Hmsup &= <ol (16)
e

Here u > 2 means u — x with u € Q. If Q is convex the set (16) coincides with the normal cone
in the sense of convex analysis.

Property (LE)g characterizes local extremality. Obviously, (E)s = (LE)g. On the other hand,
(LE)s implies property (E)g for the collection of n + 1 sets Q, Qo, ..., Q,, Bs(Z).

Property (SP)g is a dual condition. It represents a kind of nonconvex separation property. Two
more versions of this property can be of interest — the basic (SPB)g and the limiting (SPL)g:

(SPB)s There exist zF € N(Z|€;), i =1,2,...,n, such that

n

*
Dl

i=1

> |l >0 and =0. (17)
=1

(SPL)s There exist x} € N(z|€;), i =1,2,...,n, such that conditions (17) hold true.
Here N(z|Q2) denotes the limiting normal cone to Q at € Q:

N(@#Q) = {* € X*| 2 — &, 2} 5 2%, 2} € N(wx|),k=1,2,...}, (18)

In the convex case, cone (18) also coincides with the normal cone in the sense of convex analysis.
The next assertion is straightforward.

Proposition 4. (i) (SPB)s = (SP)s;
(ii) If dim X < oo then (SP)s < (SPL)s.

An advantage of (SPB)g and (SPL)g is that, unlike “fuzzy” condition (SP)g, they provide dual
criteria “at the point”.

When dealing with fuzzy and limiting conditions like (SP)s and (SPL)g, the following notation
can be convenient (6 > 0):

N5zl = |J N(lQ). (19)
z€QNBs(T)

This is the strict §-normal cone [25,29] to Q at T € 2. Both cones (18) and (19) can be nonconvex.
Using (19), the definition (18) can be rewritten as

N(z|Q) = (] " Ns(z[Q),
6>0
where cl* denotes the sequential weak* closure in X*.

Under certain conditions (SP)g is implied by (LE)g, and hence provides a dual characterization
of local extremality. This is known as Extremal Principle.

Extremal Principle. (LE)s = (SP)s.

The following theorem was established in [41, Theorem 3.2] (see also [39, Theorem 2.20]) as a
generalization of [34, Theorem 1].

Theorem 3. Let the sets Qq,Qo,...,Q, be locally closed near T. Then the following conditions
are equivalent;

(i) X is Asplund;

(ii) Eaxtremal Principle holds true in X.
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Thus, in Asplund spaces, (SP)g provides a dual necessary condition for local extremality. It
has proved to be a useful tool for investigating nonconvex objects far beyond the framework of
optimization theory (see the comments in [39]).

Another nonconvex separation property was developed in [7]; see [7] and [31] for the relationships
between the two approaches.

Being in general weaker than local extremality, the separation property (SP)g can be considered
as a dual approximate stationarity condition for a collection of sets near a given point. Similarly
to the case of a real-valued function, it is possible to define for a collection of sets some primal
space stationarity properties being weaker than local extremality but still implying (SP)g.

3.3. Stationarity and regularity. A natural way to define for a collection of sets stationarity
properties is to use the following conditions.
Stationarity and approximate stationarity.
(S)s For any £ > 0 there exists a p € (0,¢) and a; € X, i = 1,2,...,n, such that |ja;| < ep
and (15) holds true.
(AS)s For any € > 0 there exists a p € (0,¢), w; € Q; N B(Z), and a; € X, i =1,2,...,n, such
that [Ja;|| < ep and

ﬂ(Qi —w; — ai)ﬂpB =0.
=1

Proposition 5. (LE)s = (S)s = (AS)s.

Proof. The first implication is obvious. The comparison of (S)g and (AS)s becomes straightforward

if to rewrite (15) in the form

O(Qi —E—ai)ﬂsz(Z).
i=1 -

The transition from stationarity to approximate stationarity means that instead of considering
each set €); near the given point it is sufficient to find an appropriate point w; € €2; close to T,
such that the collection of shifted sets Q; — w;, i = 1,2,...,n, “almost” possesses the stationarity
property near 0. Note also that the single common point Z in (S)g is replaced in (AS)gs by a
collection of points w; € €;, i =1,2,...,n, each set being considered near its own point.

For the first pair of sets in Figure 8, condition (S)g is satisfied while (LE)g is not. In the
second example in Figure 8 property (AS)g holds (consider the points wy € 1 and wo € Q) while
(S)s does not. Note that in the first example basic separation property (SPB)g holds true, while
separation properties (SP)s and (SPL)g hold in both examples.

Ql Q2

81

FIGURE 8. Stationarity and approximate stationarity

The negations of primal space stationarity properties (S)g and (AS)g as well as the dual space
properties (SP)gs, (SPB)g, and (SPL)g define the corresponding regularity properties for a collec-
tion of sets near the given point.

Regularity, uniform regularity, and dual uniform regularity.

(R)s There exists an o > 0 and a § > 0 such that

n

()( —a;) [ Bo(z) # 0

i=1
for any p € (0,9) and any a; € X, i =1,2,...,n, satisfying ||a;|| < ap.
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(UR)s There exists an « > 0 and a ¢ > 0 such that

n

ﬂ(Qi—wi—ai)ﬂpB#Q

i=1

for any p € (0,0), w; € Q; N Bs(Z), and a; € X, i =1,2,...,n, satisfying ||a;|| < ap.
(RD)s There exists an o > 0 such that

n
*
2l

i=1

>a) |l (20)
i=1

for all 2f € N(Z|Q;),i=1,2,...,n

365 (URD)g There exists an a > 0 and a § > 0 such that (20) holds for all x} € Ns(2|Q4),i=1,2,...,n
366 (URDL)g There exists an a > 0 such that (20) holds for all «} € N(z|;),i=1,2,...,n.

367

368
369
370

371

All these regularity properties hold true for the pair of sets on Figure 9.

FIGURE 9. Regularity

3.4. Constants. Similarly to the case of a real-valued function, it can be convenient to use for
describing the defined above extremality, stationarity, and regularity properties of collections of
sets certain nonnegative constants [30-32]:

0000, 0al(@®) =swo{r 2 0] (@ —) B2 #0, Yo e B}, 1)
i=1
[, ..., Q,](2) = lim inf ol .,Qn](x)’ (22)
plO P
é[Ql, s Qn](i) — hmni.nf GP [Ql w1, ['); Qn (Un](o) ’ (23)

—~
[\]
=~

a2

| 7 € N(z|), Zx”-l}
| @} e Ns(z|€), Z|1‘ZH—1}
| 27 € N(z|), Zx*”l} (26)

N, ..., ](T) = inf{

n
*
>
=1
>
i=1
>_ai

=1

—~

7, ..., ](T) = %iﬁ)l inf{ 25)

7, ..., Q,](Z) = 1nf{

The notation w >  in (23) means that w — = with w € Q. The last two constants are defined
in terms of dual space elements.
The following equivalences are consequences of the definitions.

o 0,[Q,...,Q,](z) =0forall p>0 <  (E)g;
o 0,[Q,...,9,](z) =0 for some p>0 < (LE)g;
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° G[Ql, ,Qn](f) =0 & (S)s;

. Q[Ql, L)) >0 < (R)s;

. Q[Ql, L)) =0 <  (AS)gs;

o 0[Q,...,0,](Z) >0 < (UR)s;

e 7Q,....,2,](Z)=0 < (SPB)g;
o 7[Q,....,0,](Z) >0 < (RD)s;

o NQ,....2,](Z)=0 < (SP)g;

e HQ,...,2,](Z) >0 < (URD)g;
o 7[Q,....,2,](z)=0 < (SPL)s;
o 7[Q,...,2,](z) >0 < (URDL)s

For the regularity properties, the corresponding constant provides a quantitative characteriza-
tion of this property. It coincides with the exact lower bound of all « in the inequality defining
the property.

The next theorem summarizes the list of relations between the constants.

Theorem 4. Let the sets Q1,Qs,...,Q, be locally closed near . The following assertions hold
true:

(i) lifgl 0,1, ..., Q2,](Z) > 0 if and only if T € int Ny Q;;
p
Q. Q] (@) = 0]Q1, ..., ] (@) = [, .., Q] (Z) = 7[Q, ..., Q)(Z) =

i then 0], ..., Q,)(&) <1, 7H[Q,...,Q.)(&) < 1;

n)(Z) =0 for some p > 0 then 0[Qy, ...,

(iv) 0[Q4,...,2,](Z) <liminf 0[Q —w1,..., 0 —wy](0) <
Q; _

() 610 Qu)(E) < A, 200

(vi) if X is Asplund, then 0]Qq,...,Q,](Z) = N[, ..., 2, ](Z);

(vii) if dim X < oo then 7[Q1, ..., Q. )(Z) =N[4, ..., ] (T).

Proof. The majority of assertions in the theorem can be found in [26-32]. The only one which
needs proof is the inequality é[Ql, )@ = 0,0, Q](Z) in assertion (vi).

Let X be Asplund, 6]Q,...,Q,](Z) < @, § > 0. Taking into account definition (25), we need
to show that there exist z; € Q; N Bs(Z), x} € N(x;|), i =1,2,...,n, such that Y1, [Ja}] =1
and [[325, 77| < o

Chose numbers a7, as, satisfying é[Ql, s 0](F) < a < ag <, and put ¥ = (ap +1)71. By
definitions (23) and (21), there exists a positive number p < v0/2 and points w; € Q; N Bs/2(Z),
a; € (aup)B,i=1,2,...,n, such that

n

(i = wi —a;)[(pB) =0,

i=1
and consequently
filuyvg, . 0p) = 11;1%)(” lvi —w;i —a; —ul| >0
for all u € pB and v; € ;, i = 1,2,...,n. At the same time, f1(0,w1,...,w,) = maxi<i<y |Jai]] <

aqp.
Consider the space X" ! with the norm || - ||, defined by

I vn, )y = mae(al y mas [l

Then X" is a Banach space (actually it is even Asplund), and we can apply Ekeland variational
principle. Take p’ = pay/as. It follows that there exist points u' € p'B and w; € Q; N B,/ (w;)
such that

fl(uavlwuavn) 7f1(u/7wiv'-"w:1) +OZQH(’U“*U/le 7"‘)17'-'71% 7”;)”7 >0

for all w € pB and v; € ;, i = 1,2,...,n. Note that ' is an internal point of pB. Hence

(u' W}, ... W) is a point of local minimum (on X"*!) for the sum f; + fo + f3, where

folu,vr,..0,) = asll(u — v/, 01 —wi, .. v, —wh) ]y,
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f3(111, e

Thus, 0 € O(f1 + fa + f3)(u/,wi, ... ,w)).

Functions f; and f, are convex and Lipschitz continuous. We can apply the fuzzy sum rule [17].
Note that maxi<;<p [|w] —w; —a; —v/|| > 0. The Fréchet subdifferentials of f1, f2, and f3 possess
the following properties:

’U)‘— 0 ifviEQi,i:1,2,...,n,
P 0o otherwise.

1) if (uf,viy,...,v5,) € Ofi(u,v1,...,vy,) then
n n
up ==Y v, il =1 (27)
i=1 i=1
for any (u,vy,...,v,) near (v ,wy,...,wh);
2) if (ub,v3q,...,v3,) € Ofa(u,v1,...,vy,) then
n
lusll +77" > llog]l < as (28)
i=1
for any (u,vy,...,v,) € X"

3) Ofs(v1, ... vn) =11y N(v5]Q;) for any v; € Q;, i =1,2,...,n.

Note that p/v < §/2. Chose an ¢ € (0,7) such that (ag + 2)e/(y —¢) < a — as. Applying
the fuzzy sum rule we find points x; € Q; N Bsja—,/4(wi), i = 1,2,...,n, and elements uj, u3,
vl v € X, i=1,2,...,n, satisfying (27), (28), and v}, € N(z;]Q;), i = 1,2,...,n, such that

n
luf +usll <& Y lvf; + s+ vgll <e. (29)
i=1
Then |lz; — 2| < |lz; — wil| + |w} — will + lws — @[] < 6. Denote B := 320, |lvs;[l. By (28),
0 < 8 < ~vas < 1. By the second inequality in (29) and the second equality in (27), we have

n
Z||U§i||21_ﬂ—€2’7—5>0.

i=1
The second inequality in (29) implies also || "1, (v§; +v3; +v3;)|| < €, and consequently, applying
successively the first equality in (27), the first inequality in (29), and inequality (28) and recalling
the definition of +, we obtain

n n
* *
§ Us; E Uy
i=1

i=1
Put zf = v,/ > |lvill, ¢ = 1,2,...,n. Then obviously z} € N(x;|€), i = 1,2,...,n,
iz 7]l =1, and

< +B+e<|ubl| +B+2e<as+ (1 -7+ 2 = (1 — ) + 2.

n

1- 2 2 2
IR e R L A
P 1-8—¢ 1-p8—c¢ v—¢€
The proof is completed. O

Both inequalities in Theorem 4(iv) can be strict, see [32, Example 1] for the first inequality and
the second example in Figure 8 for the second one.

Due to (ii), if € bd ‘(_7%1 Q; then constants (23) and (25) are less than or equal to 1. Such an
estimate does not hold for constants (21) and (22). Of course, 11?01 0,[,...,Q,](Z) =0 due to (1).
P

However, for large p, 6,[Q1,...,,](Z) can be as large as we wish, see the examples in Figure 8.
In the first of these examples, 0], Q2](Z) = 0 since condition (S)g is satisfied. The last constant
can be large as well; it can even be infinite, see the example in Figure 10 where the sets €2 and
Q “strongly overlap”.

Theorem 4(vi) improves [30, Theorem 1].

In accordance with Theorem 4 the relationships between the stationarity concepts for collections
of closed sets can be described by the following diagram:

(S)s —=(AS)s=———= = (SP)s<— -~ —>(SPL)s

Asplund space dim X <oo
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0

Qs

FIGURE 10. 0[Q4,...,2,](Z) = o0

A similar diagram (with opposite arrows) describes relationships between the corresponding
regularity concepts.

Due to Proposition 5 the equivalence of (AS)s and (SP)g is a stronger statement than Extremal
Principle. It is called Extended Extremal Principle [29,32].

Extended Extremal Principle. (AS)s < (SP)s.

The next theorem extends Theorem 3. It follows from Theorem 3, Proposition 5, and Theo-
rem 4(vi).

Theorem 5. Let the sets 1,0, ...,Q, be locally closed near T. Then the following conditions
are equivalent;
(i) X is Asplund;
(ii) Eztremal Principle holds true in X.
(iil) Eatended Extremal Principle holds true in X.

3.5. Other regularity properties. There exist other important properties which could qualify
for being characterizations of a kind of regularity of collections of sets near a given point.
Metric inequality (local linear regularity) [4, 19,20, 43, 48].

(MI)s There exists an o > 0 and a § > 0 such that

n
d(.’E, Q Qz) <a 1?%)(71 d(.’E, QZ)
for any x € Bs(Z).

It is a well-known notion in optimization and approximation theory, playing a key role in
establishing linear convergence rate of numerical algorithms. In many articles this property is
formulated with the sum replacing maximum in the above inequality. It is not difficult to check
that both formulations are equivalent.

The property is satisfied in the example in Figure 9 but fails for the sets in Figure 4. The regu-
larity property (R)g, introduced earlier, behaves the same way in both these examples. However,
in general the two regularity properties are different and independent. For instance, in all three
examples in Figure 5 extremality condition (E)g holds true and consequently (R)s does not hold,
while in the last two examples condition (MI)g is satisfied. The same situation can be detected
even in the convex case.

Example 1. Let Q5 = Qs be a straight line in R? and # be any point on this line. Then both (E)g
(and consequently (S)g) and (MI)g hold true simultaneously.

The reverse situation is also possible, see the example on Figure 11. Here regularity condition
(R)s holds true while condition (MI)g does not.

The next property is obviously stronger than (MI)g since it requires the metric inequality to
hold not only for the original collection of sets but also for all small translations of the sets, with
an estimate being uniform.

Uniform metric inequality [31,32].

(UMI)s There exists an o > 0 and a § > 0 such that

n

d(w, ﬂ(Qz — %)) < o max d(g:7 (Q — il'z))

! 1<i<n
=1
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FIGURE 11. (R)g holds while (MI)g does not

for any x € Bs(z) and x; € 6B, i=1,2,...,n
Note that (UMI)g does not hold in Example 1.
The next proposition recaptures [31, Theorem 1]. It presents an equivalent representation of the
uniform regularity constant é[Ql, ..., 2,](Z), which yields immediately the equivalence of uniform
metric inequality (UMI)g and uniform regularity property (UR)gs.

ion 6. G i 2, 4, 0~ )
Proposition 6. 0[Q,...,Q,](Z) = liminf -

z—x, x;—0

xéﬂ(ﬂ—q‘)d ﬂ —1‘1

Corollary 6.1. (UR)s < (UMI)s = (MI)s.

Dual space regularity conditions (URD)g and (URDL)g are actually certain regularity condi-
tions imposed on collections of strict d-normal cones and limiting normal cones respectively. In
general, regularity conditions for collections of cones in a dual space, when applied to normal cones,
generate certain dual space regularity conditions for collections of sets in the primal space. An
important example is provided by Jameson’s property (G) (see [5,42]). Applied to §-normal and
limiting normal cones it produces the following two regularity properties.

Regularity based on Jameson’s property (G).

(G)s There exists an o > 0 and a § > 0 such that for any z* € 3. Ns(z|Q;) there are 2 €
i=1

N5(£|Qi), i=1,2,...,n, satisfying > xf = z* and
i=1

a) |zl < o). (30)
i=1

n _
(GL)s There exists an « > 0 such that for any z* € > N(Z|Q;) there are zf € N(Z|Q;),
i=1

n
i=1,2,...,n, such that }_ z} = 2*, and (30) holds true.
i=1
Note that (G)gs (as well as its limiting version (GL)g) is a rather weak regularity condition. It is
satisfied in all examples considered in this paper. In the convex setting, it is used as a complement
to the strong conical hull intersection property when characterizing (MI)g [42,48]. See [3] for the
discussion of the role played by (G)s in variational analysis and some historical comments.
The next proposition provides upper estimates for the dual uniform regularity constants (25)
and (26) in terms of the data involved in the definitions of properties (G)g and (GL)g. it follows
immediately from the definitions.

Proposition 7. Let the sets Q1,Qs,...,8, be locally closed near T. Then

6) #l0r, o Q@) <l it ap Al
z*ey. N @y €Ns(2]9;) "
0# e;:leJ( z|Q;) “i €V Z” ol
(i) 721, ..., Q](Z) < inf sup nnxiw
0fae Y NGalo) N0 0
i=1

E ml =x*
=1
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The constants in the right-hand sides of the inequalities in Proposition 7 characterize properties
(G)s and (GL)g. We will denote them 1[4, ..., Q2,](Z) and 7¢[Q4,. .., 2,](Z) respectively.

Corollary 7.1. (URD)s = (G)s, (URDL)s = (GL)s.

In accordance with Theorem 4 and Corollaries 6.1 and 7.1 the relationships between the regu-
larity concepts for collections of sets can be described by the following diagram:

(MI)s (R)s (G)s <= g~ (GL)s

(UMI)s =<—> (UR)s =————-=(URD)s<-——- —>(URDL)gs
Asplund space dim X <oco
A similar diagram (with opposite arrows) describes the relationships between the corresponding

stationarity concepts.
Note that conditions (R)g, (MI)g, and (G)g are independent.

3.6. Convex case. For convex sets the concepts of extremality, local extremality, stationarity and
approximate stationarity coincide; regularity and uniform regularity coincide too. This follows from
the next proposition established in [31].

Proposition 8. Let Q4, Qs, ..., Q, be convex.
(i) If 0,2, ...,Q.](Z) > 0 for some p > 0 then 0,[Q,...,Q,](z) >0 for all p > 0.
(ii) The function p — 0,[Q,...,Q,](Z)/p is nonincreasing on Ry \{0}.
(iii) 0[Q4,...,Q.](7) = Sl;}g 0,0, ..., 0,](x)/p.
P

)

)
(iv) 0[Q,...,0)(z) = 0], ..., Q](7).

) IfintQ; #0,i=1,2,...,n—1, then 6]Q,...,Q,](Z) = 0 if and only if ﬂ?;ll intQ; N
Q, = 0.
(Vi) nQ1,. .., Q] (Z) = 7[Q1, ..., W](Z) = 7], ..., 20,](T).
(vil) He[, ..., )(@) = 76, . - ., Q] (Z)

=t s {lel /Sl 0t € N, Sai=ar).
o;éx*eglzv(zmi) =1 i=1

(v

Note that (MI)s and (G)g ( and its limiting version (GL)g) can still be weaker than (R)g — see
Example 1 above.

4. MULTIFUNCTIONS

Multifunctions (set-valued mappings) represent another typical and very convenient setting for
dealing with optimization/variational problems, with their regularity being the key to different
stability issues, subdifferential calculus, constraint qualifications, etc., see [1,8,10,20-22,37,39,47].

In this section, along the lines of Section 2, we discuss some regularity and stationarity con-
cepts of multifunctions closely related to the corresponding properties of real-valued functions and
collections of sets investigated in the preceding sections.

Consider a multifunction F' : X = Y between metric spaces and a point (Z,y) € gph F' =
{(z,y) € X x Y|y € F(x)}. If not explicitly stated otherwise, we assume that X x Y is a metric
space with the maximum type distance: d((xl,yl), (Ig,yg)) = max(d(ml,wg),d(yl,yg)). When
formulating dual space characterizations, we will assume X and Y to be normed linear spaces.

4.1. Regularity. The next three properties represent analogs of inf- and sup-regularity properties
discussed in Section 2.
Regularity.

(Cov)y There exists an o > 0 and a § > 0 such that for any p € (0,0)

Bay(y) C F(By(T)). (31)
(SeR)ar There exists an « > 0 and a ¢ > 0 such that for any y € Bs(y)

ad(z, F~Y(y)) < d(y, 9).

(RD)ps (X and Y are normed linear spaces) D*F~1(y,z)(0) = {0}.
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511 In the last property D*F~1(y,%) : X* = Y* denotes the Fréchet coderivative of F~! at (¥, Z).
512 Since F' and F~! share the same graph in X x Y. The coderivative mapping can be defined by

D*F~Y(y,z)(*) = {y" € Y*| («",~y") € N((z,9)lgph F) } . (32)

513 The subscript “M” in the notations of the above and forthcoming properties in this section means
514  that the properties are defined for multifunctions.

515 Property (Cov)ys can be interpreted as a-covering of F at (Z,7). (RD)p is a dual space
s16 regularity property.
517 Property (SeR)as is a weakened “at a point” version of the famous metric regularity property

518 (see property (MR)y; below) when the point z = Z (as well as the corresponding to it point
sio g € F(Z)) is fixed in (34). Another “at a point” version of (MR)js corresponds to fixing y = 3
520 in (34). This very useful property was felicitously coined by Dontchev and Rockafellar [13] as
521 subregularity. To distinguish from subregularity we are going to call property (SeR) s semireqular-
52 gty. A multifunction being subregular at a point is equivalent to its inverse being calm. Similarly
s23 property (SeR)ys means that F~1 is Lipschitz lower semicontinuous (with rank «) [22] at (7, ).
s24 It will be shown in Theorem 6(i) that properties (Cov),s and (SeR)ps are equivalent.

525 Corollary 9.1 below shows that property (Cov)ys generalizes inf- and sup-regularity properties
526 (IR1) and (SR1) of real-valued functions, while property (RD),s generalizes properties (IRD) and
527 (SRD). Property (SeR)y can be considered as an analog of properties (IR2) and (SR2). At the
528 same time the realization of property (SeR)ys for the cases of the epigraphical and hypographical
520 multifunctions leads in general to stronger inf- and sup-regularity properties. In the general setting
530  of metric spaces a complete analog of (IR2) and (SR2) does not exist. The latter two properties
531 depend heavily on the linear and order structure in the image space.

532 When F is single-valued near T all three properties (Cov)ys, (SeR) s, and (RD)y are in general
533 stronger than the corresponding “combined” regularity properties discussed in Section 2.
534 As in the preceding sections, the next step is to define the uniform analogs of regularity properties

535 (Cov)ar, (SeR)ar, and (RD)ys. It can be done along the same lines. As a result one obtains the
536 following three uniform regularity properties. All of them are very well known and widely used in
537 variational analysis, see e.g. [22,39,47].

538 Uniform regularity.

530 (UCov) s There exists an « > 0 and a § > 0 such that for any p € (0,0) and any (z,y) € gph F N
540 B;s(z, 1)

Bap(y) C F(By(x)). (33)
sat (MR)ar There exists an a > 0 and a § > 0 such that for any « € Bs(Z), y € Bs(9)

ad(z, F~'(y)) < d(y, F(x)). (34)

s22 (URD)p (X and Y are normed linear spaces) There exists an @ > 0 and a § > 0 such that
543 ally*|| < [Ja*|| for all (z*,y*) € N5((2,7)| gph F).
54{URDL)); (X and Y are normed linear spaces) D3, F~1(y,z)(0) = {0}.

The set Nj((z,%)| gph F) in the uniform dual regularity condition (URD)js denotes the strict
§-normal cone to the graph of F (see definition (19)), while D%, F~1(g, ) in the limiting uniform
dual regularity condition (URDL) s is the mized (limiting) coderivative [39] of F~1 at (¥, Z):

)% -1/~ = * * * hF * * Wty
Dy F~ N 5,2)(z%) = {y" € X*| (ww,ux) °= (2,9), 2}, — 27, yj 5y,

yr € D*F~ Y yp, 2)(23),k=1,2,.. .},

sa5 Note that the above definition requires “mixed” convergence of the components in the sequence
se6 (2}, y;): norm convergence of x; and w*-convergence of y;. Of course, this difference can be of
547 importance only in infinite dimensional spaces.

548 The uniform covering property (UCov),s is also known as local covering, openness at a linear
sa9  rate, or linear openness (see [39]), while (MR)ys represents local metric regularity — one of the
sso - central concepts of variational analysis (see [20,22,39,47]).

551 Conditions (UCov)s, (MR) s, and (URD)js obviously strengthen the corresponding “nonuni-
552 form” conditions (Cov)ys, (SeR)ar, and (RD)yy.
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4.2. Constants. As in the preceding sections, it can be convenient to characterize the above
regularity concepts in terms of certain nonnegative constants:

0,[F](2,5) = sup{r = 0| B,(y) C F'(B,(z))}, (35)
ooy e OplFI(E: 9)
O[F|(z,§) = h%})nf Ea— (36)
o) = liminf - 9)
IF)(Z,g) =1 y_)gf G F1W) (37)
0[F|(z,5) = liminf M, (38)
(@ u)g"”u ) p
AT d(y, F(x))
IF|(z,y) = liminf ——=——", 39
[F(z.5) = I;;F?;y ety (39)
n[F)(z,5) = inf {J2*[|| (2*,y") € N((z,5)| gph F), |ly*|| =1}, (40)
A[F)(#.9) = liminf {||2" ! #*,y") € Ns((2,9)| gph F), vl =1}, (41)
[F)(z,5) = inf {||2*[| (2", ") € N((z,9)| gph F), [ly*[| =1} (42)
The following equivalences are obvious.
o I[F|(z,y)>0 <« (Cov)a; e n[F|(z,9) >0 < (RD)s;
. Q[F](:f,y) >0 < (SeR)y; o 7[F)(Z,9) >0 < (URD);
° Q[F](jg) >0 < (UCov)y; e #[F)(Z,5) >0 < (URDL)y
e J[F)(z,5) >0 < (MR)y;

The above constants provide quantitative characterizations of the corresponding regularity prop-
erties. Wherever the property is defined by an inequality, the constant coincides with the exact
lower bound of all « in this inequality.

For any of the constants, its equality to zero can be interpreted as a kind of stationary/singular /ir-
regular behavior of the multifunction. The exact definitions can be easily obtained from the ones
of the corresponding regularity properties.

The next theorem contains the list of relations between the regularity constants.

Theorem 6. The following assertions hold true:
(i) 01F)(z,9) = 9IF(,5);
(ii) 0[F](z,y) < O[F|(z,5); J[F|(z,y) <I[F](Z,9);
(iii) O[F)(z, ) = J[F|(Z, 7).

T
Suppose X andY are normed linear spaces. Then

(iv) I[F)(z,5) < n[F](z,5);
(v) AlF](@,9) < nlF](2,9);
(vi) O[F)(z,9) < AlF)(z,7);
(vii) if X and Y are Asplund spaces and gph F' is locally closed near (z,9) then N[F)(Z,7) =
0[F)(,9);

(viii) if dim X +dimY < oo and gph F is locally closed near (Z,y) then 7[F)(Z,y) = H[F](Z, 7).

Proof. (i). Let 0 < a < O[F](Z,y). By (36) there exists a 6 > 0 such that for any p € (0,0)
the inequality 6,[F](z,y) > ap holds. By (35) this implies (31). Chose a ¢’ € (0,ad). For any
y € By (y) take p = d(y,y)/a. Then p < ¢ and y € B,,(y). It follows from (31) that there exists
an z € F~'(y) N B,(z), and consequently

ad(z, F~1(y)) < ad(z,z) < ap = d(y,7).

By (37) this implies 9[F](Z, y) > «, and consequently 4[F|(z, ) > 0[F|(Z, 7).
To prove the opposite inequality chose an « satisfying 0 < o < 9[F](Z, 7). By (37) there exists
a 0 > 0 such that for any y € Bs(7)\{g} one has

ad(z, F~(y)) < d(y, 7).
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Denote ¢’ = 0/ and take any p € (0,¢") and y € Ba,(y), y # y. Then y € Bs(y), and it follows
from the last inequality that there exists an x € F~!(y) such that

d(x, ) < d(y,y)/o < p.

The same conclusion holds trivially for y = 3: take « = z. By (35) and (36) this implies,
0[F)(Z,y) > «, and consequently 0[F|(zZ,7) > I[F|(Z, ).

(ii). The inequalities follow directly from the definitions.

(iii). The proof is similar to that of (i). Let 0 < o < 0[F](z, 7). By (38) there exists a § > 0
such that for any p € (0,9) and any (z,v) € gph F'N B;(Z, y) the inequality 8,[F](z,v) > ap holds,
and consequently B,,(v) C F(B,(z)). Chose positive numbers ¢; < ¢, do < min(ad,d — d1), an
x € By, (Z), ay € Bs,(§), and a v € F(x) N Bs,(y). Take p = d(y,v)/a. Then p < 0, (z,v) €
Bs(Z,9), and y € By,(v). It follows that there exists a u € F~(y) N B,(z), and consequently

ad(z, F~(y)) < ad(z,u) < ap = d(y,v).
Taking the infimum in the above inequality we obtain

ad(z, F~(y)) < d(y, F(z) N Bs,(y)) = d(y, F(z)).

By (39) this implies J[F|(Z,9) > a, and consequently J[F](z,7) > 6[F](z, 7).
To prove the opposite inequality chose an « satisfying 0 < o < I[F](Z, 7). By (39) there exists
a ¢ > 0 such that for any x € Bs(Z) and y € Bs(y) with y ¢ F(x) one has

ad(z, F~(y)) < d(y, F()). (43)
Denote ¢’ = min(a~*,1)d/2 and take any p € (0,¢'), (z,v) € gph F N By (7, %), and y € By, (v)
with y ¢ F(z). Then x € Bs(Z), y € Bs(¥), and it follows from (43) that there exists a u € F~1(y)
such that
d(u,z) < d(y,v)/a < p.
The same conclusion holds trivially for y € F(z): take u = x. Thus B,,(v) C F(B,(x)). By (35)
and (38) this implies, 0[F](z,7) > «, and consequently 0[F](z,3) > 9[F)(z, 7).

(iv). Let X and Y be normed linear spaces, 0 < a < 9[F|(z, %), and (z*,y*) € N((z,7)| gph F),
[ly*|| = 1. Chose a sequence 2z, € Y, k =1,2,..., such that ||zx|]| =1 and (y*, z;) — 1 as k — oo,
and set yx = ¥ + zx/k. By (37) there exists a sequence x, € F~(yx), k = 1,2,..., satisfying
allzr — Z|| < |lyx — || for all sufficiently large k. Then for large k, we have 0 < ||(£Ek, k) —(Z, 9| <
B/k, where 3 = max(a~1,1), and consequently

limsup k((y", yr. — 9) + (2%, 2 — T)) < 0.
k—oo
The last inequality yields
~1

-1
lz*] > <likminfk||:rk — :f> > (al klim kllyr — gj||> =a.

This obviously implies (iv).

(v). The inequality follows directly from the definitions.

(vi). The proof is similar to that of (iv). Let X and Y be normed linear spaces and 0 < o <
0[F](Z,7). By (38) and (35), there exists a § > 0 such that B,,(y) C F(B,(z)) for any p € (0,4)
and any (z,y) € gph F' N B;(z,7). Let (z*,y*) € N((z,y)| gph F), |ly*|| = 1. Chose a sequence
zr €Y,k =1,2,..., such that ||zx]| = 1 and (y*,2;) — 1 as k — oo, and set yr, = y + 21 /k,
pr = 1/(ka). Then for sufficiently large k we have py < 6, yx € Bap, (¥), and consequently there
exists an z € F~1(yx) N B,, (z). Thus, (z4,yx) € gph F and

allzr — 2| < ok = llye — yll,
0 <[z, yr) = (z,9)|l < B/k,
where 3 = max(a~!,1), and consequently
limsup k((y*, yx — y) + (=", 2, — 2)) <0,

k—o0
—1

-1
Jol1> (i ko —al ) > (a i K —ol) - =a.

The above inequality obviously implies (vi).
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(vii). Let X and Y be Asplund spaces, gph F' be locally closed near (Z,7), 6 > 0, and o >
é[F |(Z,7). Taking into account (vi) only the opposite inequality needs to be proved. Chose a

€ (0, ') and an o € (A[F](Z,7), ). Then there exists a positive number p < min(y~",1)8/2
and points 2 € Bs/o(Z), y € F(x) N Bs/o(7) and w € By, ,(y) such that F~'(w) N B,(z) = 0. In
other words, ||v —w|| > 0 for all (u,v) € gph F with u € B,(z). At the same time ||y — w|| < aip.
It is the right time now to apply Ekeland variational principle.

Note that #[F|(Z,y) does not change if the norm on X X Y is replaced by an equivalent one. So
we have some freedom with the choice of an appropriate norm. Define a norm on X x Y depending
on the v: ||(u,v)|y = max(|lul|,¥]|v]]). Chose an as € (a1,a) and set p’ = pai/ag. Then there
exists a point (z’,y’) € gph F' such that ||(z',y) — (z,9)|ly < ¢/, ||y — w| < ||y — w]|, and

[ = wll + az|[(u,v) = (", 5)lly = lly" — wl|
for all (u,v) € gph F near (2/,y’). Thus, (2/,y’) is a point of local minimum for the sum of three
functions on X x Y given by fi(u,v) = |[v —w||, fao(u,v) = as||(u,v) — (', y') |, and f3(u,v) =0
if (u,v) € gphF, f3(u,v) = oo otherwise (the indicator function of gph F'), and consequently
0€d(fi+ fat f3)(2",y).

Note that f; and f, are convex and Lipschitz continuous, and ||y’ — w|| > 0 since &’ € B,(z).
The Fréchet subdifferentials of fy, fo, and f3 possess the following properties:

1) if (u*,v*) € df1(u, v) then u* =0 and |[v*|| =1 for any (u,v) near (z’,y');

2) if (u*,v*) € dfz(u,v) then ||u*|| + vy v*|| < ag for any (u,v) € X x Y;

3) 0f3(u,v) = N((u,v)| gph F) for any (u,v) € gph F.

Chose an ¢ € (0,min { 1-azy a—ag }) Applying the fuzzy sum rule [17] we conclude that

¥+1 7 a+l
there exists a point (£,§) € gph F Satisfying 12— 2| <8/2—=p, [[—V] < §/2—-~"1p a
number 3 € [0,az], and an element (z*,y*) € N((z,9)| gphF) such that ||z*|| < 8 + € and
ly* > 1 —=~(ag — B) —e > 0. Then ||z —33|| <9, |lg -9l <9, and
o' e

ly*ll = 1=v(aa =) —¢
Since 1 — aey — (v + 1)e > 0 the right-hand side of the above inequality is an increasing function
of (3, and consequently attains its maximum on [0, as] at 8 = ag. Thus,

[l=*|| < @ +e
ly*[l — 1—¢
It follows from (41) that A[F](z,7) < o, and consequently A[F|(z, ) < 0[F|(z, 7).
(viii) follows from the definitions. O

In accordance with Theorem 6 the relationships between the regularity concepts can be described
by the following diagram:

normed spaces

(COU)M (SGR)M (RD)M
(UCOU)]\/[ (MR) M :()imfd_spice_s (URD) (URDL)

closed graph, M i X dim ¥ <o

Asplund spaces

Unlike regularity properties (IR1) and (IR2) (as well as (SR1) and (SR2)) of real-valued func-
tions, their set-valued analogs (Cov)as and (SeR)ps are equivalent. Condition (RD)ys can be
strictly weaker than (Cov),s even in finite dimensions — see Examples 2 and 3 below. The rela-

tionships between the uniform regularity properties are well known and can be found for instance
in [39, Theorems 1.52, 1.54, 4.1, 4.5], see also [24, 38].

4.3. Epigraphical and hypographical multifunctions. Consider again an extended real-valued
function f : X — R, finite at z € X, and its epigraph

epif ={(z,y) e X xR: f(z) <y}
The epigraphical multifunction epi f(-) : X = R can be defined by the relation
yeepif(z) < (x,y) €eplf



609
6

=

0
611

612
613
614
615
616
617
618
619
620
621

622

623
6!

[N

4

625
626
627
6!

R
@

629
630
631
6

@

2

633

634

6!

@

5
636
637
638
6

@

9
640
6

5

1
642

ABOUT STATIONARITY AND REGULARITY IN VARIATIONAL ANALYSIS 23

In this subsection we are going to compare regularity properties of this multifunction with the
corresponding properties of f considered in Section 2. The next proposition gives the relations
between the corresponding constants.

Proposition 9. (1) O,lepi fl(z, f(Z)) = 10f|,(Z), p > 0;
(i) Olepi f](z. /(7)) — 0f1(2);
(iii) Jlepi (2, f(2)) < [V F|(2);
(iv) Olepi f](z, f(2)) = [0.1(z);
v) 15‘[ep1 (@, f(@) <V fl(@);
(vi) if X is complete and f is lower semicontinuous near T, then

ﬁ[epl (&, f(®@) = [V [|(z).
Suppose X is a normed linear space. Then
(vii) nfepi f1(z, /() = [0£1(2);
(viii) 7lepi f1(Z, f(Z)) = [0f(Z);

(ix) if dim X < 0o and f is lower semicontinuous near T then fjlepi f|(z, f(z)) = |0f](Z).

Proof. (i)-(iii). Let f(z) < y. Inclusion B,(y) C epi f(B,(z)) for some p > 0 and r > 0 is
obviously equivalent to the existence of an u € B,(z) such that f(u) < y —r. This implies the
inequality
— inf u) > .
y uEBp(x)f( ) 2
On the other hand, the above condition implies that for any r’ € (0,7) there exists an u € B,(x)
such that f(u) —y < —r’. These observations and definition (35) prove that
0, lepi fl(z,y) =y — inf . 44
plepifll@,y) =y = nf flu) (44)

Putting in (44) x = Z and y = f(Z) and taking into account definition (7) we arrive at assertion
(i). Assertion (ii) follows from (i) and definitions (8) and (36). Inequality (iii) is a consequence of
(ii), assertion (i) in Theorem 2 and assertion (i) in Theorem 6.

(iv). Let 6 > 0. It follows from (44) that

inf 6, epi Y) = f(@) =96 f 45
g Bylepi (o) = max( (@), (@) =)~ it fw) (45)
In particular, if |f(z) — f(Z)] < & we have
inf 0 i ) = - inf =10 5
g e f)a) = 1)~ nf f) = [8£],(2)

and definitions (13) and (38) imply the inequality 6lepi f](z, f(z)) < |0f](Z).

To prove the opposite inequality, assume that 0 < o < |0 f|(Z). By (13) and (7), there exists a
d > 0 such that for any « € Bs(z) with |f(z) — f(Z)| < § and any p € (0,9) there is an u € B,(x)
satisfying

F(z) - f(u) > ap.
Put ¢’ = §/(av + 1) and take any (x,y) € Bs(z, f(Z)) and p € (0,0"). Thus, f(z
f(@)+6. If f(z) > f(Z) — 6 then there is an u € B,(x) satisfying (46). If f(z) < f(Z) —
(f(@)—=98")— f(x) >0 — 0" =ad’ > ap. Consequently, in any case, we have

max(f(x). /(@) ) = inf  f(w) > op.

(46)
)§y<
§ the

and it follows from the representation (45) that 6,[epi f](z,y) > ap. By (38), the last in-
equality implies the estimate Oepi f](z, f(Z)) > o, and consequently the required inequality
dlevi £1(z, £(2)) > 07(2).

Assertions (v) and (vi) follow from (iv) due to assertions (iv) and (v) in Theorem 2 and Theo-
rem 6(iii).

(vii)—(viil). Let X be a normed linear space. Conditions f(z) < y, |y*| = 1, and (z*,y*) €
N((z,y)| epi f) obviously imply f(z) =y, y* = —1, and (z*,—1) € N((z, f(x))| epi f). The last
inclusion is equivalent (see [29,39]) to «* € Jf(Z). Assertion (vii) and (viii) follow from definitions

(10), (12), (40), and (41).

Assertion (ix) follows from (viii) and Theorems 2(x) and 6(viii). O
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643 Proposition 9 implies certain relationships between regularity properties of epi f(-) and the
644 corresponding inf-regularity properties of f.

645 Corollary 9.1. Let Y =R, gph F =epi f, and g = f(Z). Then

646 (i) (Cov)m < (IR1), (SeR)y = (IR2);

647 (ii) (UCov)y < (UIR1), (MR)y = (UIR2);

648 (iil) if X is complete and f is lower semicontinuous near Z, then

649 (MR)y < (UIR2);

650 (iv) if X is a normed linear space then

651 (RD)y < (IRD), (URD)y < (UIRD);

652 (v) if dim X < oo and f is lower semicontinuous near T then

653 (URDL)y < (UIRDL).

654 Proposition 9 implies also similar relationships between regularity properties of the hypograph-

655 ical multifunction hyp f(-) (with the graph hyp f = {(z,y) € X xR : f(z) > y}) and the
656 corresponding sup-regularity properties of f.

657 It can also be of interest to compare regularity properties of f considered as a special case of
ess multifunction with the corresponding “combined” regularity properties of f discussed in Section 2.
659 The next proposition shows that the “multifunctional” properties are in general stronger than their
660 “scalar” counterparts from Section 2.

st Proposition 10. (i) 9p[f](‘,f(f)) < min(|0f[,(z), [0(=1)[,(7));
662 (ii) O[f](z, f(z)) < min(|0f|(2), |
663 (iii) 9[f](z, f(2)) < min(|Vf|(z),
s (iv) Olepi f)(a, f(a 0£1(2),16(-1)]
665 (v) Dlepi f)(. £(2)) < min([9F](@), [9(~])]
666 Suppose X is a normed linear space. Then
667 (vi) nlf](z, f(z)) < min(|9f](z), |0(=1)|(Z));

668 (vii) Afepi )(z, £(z)) < min([9f|(z), [D(=1)|());

seo  (vili) 7lepi f](Z, f(%)) < min(|0f[(Z), |0(=F)|(Z)).

670 The inequalities in Propositions 9 and 10 as well as the corresponding implications in Corol-

671 lary 9.1 can be strict. The next two examples illustrate inequality (iii) in Propositions 9 and
o2 10.

<)

Ezample 2. Consider a sequence of positive numbers o, = 1/22", n = 0,1,.... Obviously, a,, =
oszl, an — 0, and o, /a,—1 — 0 as n — oo. Using this sequence define a piecewise constant lower
semicontinuous real-valued function (see Figure 12)

-1/2, ifx<-1/2,

—ay, if —ap1<z<—ay, n=1,2,...,
fl@y=4 0, if =0,

Qs ifa, <z<ap1, n=12,...,

1/2, if x> 1/2.

Y /’
T ~
7
7/ I,
1 4 4
— H
* A
7/ Ve
-7
: A+ t
—
L 0 3 2L
1,77
Ve 7/ 1
— —3
/I ya
’ s
(I
v 4
Vi 2
,

FicUure 12. Example 2
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For this function, inequality (iii) in Proposition 9 is strict. Indeed, it is easy to check that
IVF(0) = limy,oo(—f(—an))/an, = 1. At the same time for the sequence y, = —2a,, n =
1,2, ..., one obviously has —a,, 1 <y, < —an, (epi f(-)) " (yn) = (=00, —a,_1], and consequently
d(yn,0)/d(0, (epi f(:)) "L (yn)) = 2an/an_1 — 0 as n — oo. It follows that ¥[epi f](0,0) = 0 <
[V £](0). Regularity condition (IR2) holds true while condition (SeR)jys does not hold for epi f(+)
at (0,0).

Note that df(0) = 0, and consequently |9f|(0) = co. All uniform inf-regularity constants equal
zZero.

Similarly, |V(—f)[(0) = 1 while d[hyp f](0,0) = 0.

Since both (IR2) and (SR2) hold true for f at 0, condition (R2) holds as well. At the same
time condition (SeR)ys does not hold for f at (0,0): if —a,—1 <y < —ap or ay <y < ap—1 then
f1(y) = 0, and consequently J[£](0,0) = 0 < min(|V f|(0),|V(—£)|(0)).

Note also that |6f|,(0) > 0 and |6(—f)|,(0) > 0 for any p > 0 while 6,[f](0,0) = 0.

The above example can be modified in such a way that the function becomes Lipschitz continuous
while all the main conclusions remain true.

Ezample 3. Let 8, = (n—1+ay)/2, n =1,2,..., where the sequence {e, } is defined in Example 2.
Obviously, 8, — 0, and «,, /8, = 2a-1/(1 + ap—1) — 0 as n — oo. Define a piecewise linear
real-valued function (see Figure 13)

-1/2, if v < —-1/2,
2c +ap_y, if —ap, 1 <x< -0, n=12,...,
—Qp, if -G, <zx<—a,, n=1,2,...,
flx)y=4q 0, if x =0,
Qn, ifa, <z<pf,, n=1,2,...,
2r — a1, G, <z<a,.1,n=12,...,
1/2, if >1/2.
fng al
2 )
1 . L
gl il //1
RN Vs A
R4
AV )
1/, ]
// 2

FiGURE 13. Example 3

Most of the arguments used in Example 2 are applicable to this function as well. The main
difference is that now f~!(y) # 0 if |y| < 1/2. However, it is still not difficult to construct a
sequence of numbers y,, — 0 such that y,,/d(0, f(y,)) — 0 as n — occ.

4.4. Multifunctions and collections of sets. A multifunction is a single object. Nevertheless
there exists a close relationship between regularity properties of multifunctions and the correspond-
ing properties of collections of sets considered in Section 3.

A multifunction F' : X =2 Y with (Z,y) € gph F' remains our main object of interest. In this
subsection we are assuming that X and Y are normed linear spaces. We are going to establish
relationships between regularity properties of F and those of the following pair of sets in the
product space X x Y:

M =gphF, Q=X x{7} (47)

Obviously (z,7) € 21 N Qs.
Consider first another multifunction ® : X — X x Y given by

O(z) ={(u,y) e X xY|ye Flx+u/2)}. (48)



695
696

697

698

699
700

701
702

703
704
705
706

707
708

709

710

711

712

713
714

715
716
717
718

719

720
721
722
723
724
725

726

26 ALEXANDER Y. KRUGER

Thus, (x,u,y) € gph® < (z + u/2,y) € gph F. In particular, (Z,0,7) € gph ®. Some properties
of ® needed for computing its regularity constants are provided by the next proposition.

Proposition 11. Let multifunction ® : X — X x Y be given by (48), (x,u,y) € gph ®. Then
(i) Br(u,y) C(By(x)) & Br(y) € [ F(By(r+u'/2)) (p>0r=0);
u’€B,(u)
(ii) (z%,u*,y") € N((z,u,y)| gph ®) &
[* =2u* and (z*,y*) € N((x +u/2,y)| gph F)].

Proof. (i) Due to definition (48), condition B,(u,y) C ®(B,(x)) is equivalent to inclusion B, (y) C
F(B,(z) + u'/2) being valid for any u’ € B, (u). The assertion follows immediately.
(i) Condition (x*,u*,y*) € N((z,u,y)| gph @) by definition means that

<J3*,.I‘/ —$> + <u*7ul —U> + <y*7yl _y>

lim sup <0. (49)
(@ ul ") = (2,u.y) (@' — 2, u" —u,y" —y)|
v e (el +ul /2)
Take any w € X with ||w|| =1 and set z; = z + tw, uy = v — 2tw. Then 2y — x, uy — uwast — 0,

y € F(xy +ut/2), and ||(z: — x,us — u,y — y)|| = 2t. It follows from (49) that (z* — 2u*,w) <0,
and consequently «* = 2u*. Thus, condition (49) takes the form
w0 ’ 2 % 0
fmsyp o W W)/ 4y —y)

(' u’, u’)—*(wuv) ||(Z‘/ _x7ul _uay/_y)”
v/ €F(a! +u’ /2)

Now for any ¢’ € X set 2/ = (v + 2’ —v/2)/2 and v’ = u/2 + 2’ — 2. Then 2" +u'/2 = 2/,

<0. (50)

[l — x| = v/ —u|/2 < v/ —u|]| = ||]2" —2 —u/2||, and 2" — x, v’ — was 2’ — z+u/2. It
follows from (50) (with 2’ replaced by z’) that
* I _ _ 2 * !/
lim sup (@@ - v/ >—|—§y Y ) <0, (51)
(w’,y/)ﬂl(T'TJru)/?,y) H(.’IJ -z U/2, Yy - y)”
Y €F (2’

that is (z*,y*) € N((x + u/2,y)| gph F).

Conversely, for any =/, v’ € X set 2" = 2’ +u'/2. Then ||z" —z—u/2| < ||2' —z| +||u' —ul|/2 <
(3/2) max(|la’ — all, |’ — ul), | — = — u/2,y — 9)| < DI — r.of — wy' — y)], and
2" — x+u/2 as 2’ — z and v/ — u. Hence (51) implies (50). O

The next corollary provides expressions for some regularity constants of ®. It follows from
Proposition 11 and definitions of the constants.

Corollary 11.1. Let multifunction ® : X — X XY be given by (48). Then

() 0 [KmOM—wm{r>N )S N FB(e+u/2)] (p>0);
(i) n[®](z,0,7) = inf{[lz*|| | (z*,y*) € N((z,9)| gph F), [«*]|/2 + [ly*| = 1};
m>uwwmeme,>emmm@wmwm+Whu;
(iv) If dim X + dle < oo then
7[®](z,0,7) = inf{||z*[|| (z*,y*) € N((z,9)| gph F), [lz*]|/2 + ly*[| = 1}.

Proof. (i) follows from Proposition 11(1) and definition (35).

(ii) and (iii) follow from Proposition 11(ii) and definitions (40) and (41) respectively, taking into
account, that |[(u®, )| = | + ") = l*11/2 + "]l

(iv) follows from (iii), definitions (26) and (42), and Theorem 6(viii). O

The next proposition provides some relations between the regularity constants of ® and F'

Proposition 12. Let multifunction ® : X — X XY be given by (48). Then
(i) min(8,[F)(2,9), p) < 0,(8](2,0,9) < 6,[F(@5) (p> 0);
(ii) min(0[F](z,7)/2,1) < 0[®] y L,y
(it) min(0F)(z,5),/2,1) < 0[]
(iv) n[®](z,0,7) = n[F)(z,7)/(
(v) al®](z,0,y) = [F)(z,5)/ (9
) If dim X + dimY < oo then 7

8 Q
=
Nl
)

+
—
S—

,0,9) = q[F)(z,9)/ (7F](2,9)/2 +1).

(vi
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Proof. (i) Let 0 <r < 6,[®](z,0,y). It follows from Corollary 11.1(i) that B,(y) C F(B,(Z)), and
consequently 7 < 0,[F|(z,y). Hence 0,[®](z,0,7) < 0,[F](Z,7).

Let 0 < r < min(0,/2[F](Z,7), p). ThenB (g )CF( 0/2(%)) C F(B,(Z)+u) for any u € (r/2)B.
It follows from Corollary 11.1( ) that r < 6,[®](Z,0,y). Hence mln(Hp/g[F]( 9),p) < 0,[9](z,0,7).

(ii) follows from (i).

(iii) If (z,u,y) € gph® then (z + u/2,0,y) € gph® and condition B,(u,y) C ®(B,(x)) is
equivalent to B, (0,y) C ®(B,(x + u/2)). This implies that 6,[®](z,u,y) = 6,[®](z + ©/2,0,y).
The assertion follows now from (i).

(iv)—(vi) follow from Corollary 11.1(ii)—(iv). It is sufficient to notice that for any cone K €
(X X Y)* one has

inf {||lz*[| | (z*,y") € K, [l2*[|/2+ [ly*[| = 1}
: [kl
=inf{ ———F—| (2", y") € K, ||y =1
{$*||/2+1‘
_ {6 Kyl = 1)
1nf{||x ||} ye K, |y ||—1}/2+1

O

The next proposition specifies constants (21)—(26) for the pair of sets (47) in terms of the
corresponding constants of ®.

Proposition 13. Let sets Q4 and Qs be given by (47). Then
(1) 0,0, 2](z,9) = min(6,[9)(2,0,5)/2, p) (p > 0);

]
(i) A[Ql,Qz]( #,5) = min(d [2](2,0,9)/2,1);
(iii) [0, Q](z,7) = min(0[®](z,0,7)/2,1);
(iv) 7[€,](7,§) = min(n[®)(Z,0,7)/2,1);
(v) 9821, Q:](%, y) = min(9[®](7,0,9)/2,1);
(vi) If dim X +dimY < oo then [, Q2](Z, §) = min(7[®](Z,0,7)/2,1).
Proof. (i) Let r > 0. Take any (u1,v1), (u2,v2) € X XY satisfying
[(ur, v) | <7, [[(uz, v2)]| <, (52)
[0 = (w1, v1)] N [Q2 = (uz,v2)] N B,(7,9) # 0. (53)

Note that Qy — (u2,v2) = X x {§ — v2}. Condition (53) means that ||vz| < p and there exists
an v € B,(z) such that (v’ 4+ w1,y + vi —v2) € gph F. Hence, condition (53) holding for any
(u1,v1), (ug,v2) € X x Y satisfying (52) is equivalent to two conditions: 1) r < p, and 2)
By, (y) C F(B,(Z) 4+ u) for any u € rB. The assertion follows from Corollary 11.1(i).

(ii) follows from (i).

(iii) Let wy = (x,y) € Q1, wa € Qa, p > 0. Then Qo —wy = X x {0}, Qo + w1 —we = X x {y},
and consequently (taking into account (i))

0,[ — w1, Q2 — wo](0) = b,[gph F, X x {y}](2,y) = min(6,[®](z,0,y)/2, p).

The assertion follows from definitions (23) and (39).
(iv)—(v) Taking into account that N((x,7)| Q22) = {0} x Y* for any = € X, we have

N, Rl (z,y) = (z*,y") € N((=,y)| gph F),
vt e Y, |lzt| + lly*ll + [[v*] = 1},

0.0 . f 0, Dol(x, y). 55
021, Q2](Z,9) gfg(w’y)egphf;ms(z’y) n[Q1, Q] (7,y) (55)

Since there are no restrictions on v*, the set of points x*, y*, v*, participating in definition (54), is
nonempty. Obviously n[Q1, Qs](z,y) < 1. If y* = 0 in (54) then ||z*| + ||y* + v*|| = 1. Hence
n[Q, Qo](z,y) =1 if y* =0 for all (2%, y") € N((z,y)| gph F). (56)

Otherwise, we can limit ourselves to considering only triples (x*,y*,v*) with y* # 0 when evalu-
ating the infimum in (54), and n[Q, Q2](z,y) can be represented in the following way:
[, Qo) (z,y) = inf (="l + inf ly"™ + v ().

(z*,y*)EN((x,y)| gph F) v*||=1—(||z* ||+ y*
e (o) son o=l I+ lly* )
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By the triangle inequality, the internal infimum in the last formula is achieved when

vt = =y [1 = ([l + ly* DI/ ly™]-
In this case,
ly* + "l = [y = o™ ll| = [ll=" ]l + 2lly*|| = 1],
and consequently

MO el y) = it (e )+ 2l - 1),
y*#£0, =* [ +lly* (<1

The last formula can be rewritten as

01,0 inf inf t||z* t 2t —1])
0l al(2,y) = (a*, y*)eN((; v)| goh F) o<t<(|\z*|\+\|y n- ( "] +‘ 1l + 2ty |

Since ||z*| < ||=*| + 2|ly*||, the infimum over ¢ in the above formula is attained at ¢t = (||=*| +
2|ly*|)~*, and consequently

[, Qo] (z,y) = inf ™11/ (11 + 2[ly™ 1)

(z*,y*)EN((z,y)| gph F)
y*#0

= inf{|l2"|| (+*,y") € N((z,5)| gph F), [lo"| +2]ly"[| = 1}. (

7) and comparing the formula with Corollary 11.1(ii) we come to
), (56), and (57) and comparing the outcome with Corollary 11.1(iii)

Putting in (57) (z,y) = (Z,
assertion (iv). Comblnlng (55
we arrive at (v).

(vi) follows from (v) and Theorems 4(vii) and 6(viii). O

Taking into account Proposition 12, the first three assertions in Proposition 13 strengthen the
corresponding estimates in [31, Theorem 2] (see Theorem 7 below). Combining Propositions 12 and
13 we arrive at the next theorem providing relations between regularity constants of multifunction
F and the corresponding pair of sets (47).

Theorem 7. Let sets Q1 and Qg be given by (47). Then

(i) 0,[Q1,Q](Z,79) < min(0,[F](Z,7)/2, p) < 02,[Q1,Q](Z,7) (p > 0);

(ii) [91792]( ’ﬂ) < min(0[F|(z,9)/2,1) < 26 [91,92](3?”73?)

(iii) 0[Q1,90])(z,7) < mm( [F ](w,zi)/2 1) S 20 [91,92](50 Y);

(iv) n[Q1, Q](z,7) = 56 /(77[ ) +2

(v) A, Q)(7,7) —77 )/ (H[F)(z,5) + )

(vi) If dim X + dimY < 50 then *[91,92](55 9) = 0lF)(z,9)/ (7F)(Z,7) + 2).

The above theorem implies equivalence of the corresponding regularity properties of F' and the
pair of sets (47).
Corollary 7.1. The equivalences below refer to multifunction F and the pair of sets (47) at (T, 7).

(Cov)m = (R)s (UCov)y < (UR)s;
(RD)M = (RD)S (URD)M = (URD)S.

Ifdim X +dimY < oo then (URDL)y < (URDL)g.

Thus, regularity properties of a multifunction are equivalent to the corresponding properties of
a certain collection of sets. The equivalence of the two sets of properties is in fact deeper. Given a

collection of sets, it is possible to construct a multifunction such that its regularity properties are
equivalent to the corresponding properties of the collection of sets.

Let Q, Qa, ..., Q, € X (n > 1) be a collection of sets in a normed linear space X and
S ﬂ Q;.
Czonlmder a multifunction F': X = X™ given by
Fz)=(1 —2)x (Q—z) X ... x (Q, —x). (58)

Obviously (Z,0) € gph F.

Theorem 8. Let multifunction F : X = X™ be given by (58). Then
(i) O, ..., Q](Z) = 0,[F](,0) (p>0);
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(ii) Q[Qla < Qn](i') = Q[F](: O);
(iil) O], ..., 2](7) = 0[F](Z,0);
(iV) 77[917 s Qn](i') = n[F] (CZ" 0);
(V) ﬁ[Qla SRR} Qn](‘i) = ﬁ[F](f7 0);
(vi) If dim X < oo then [, ..., Q,](Z) = 7[F](z,0).

Proof. All assertions follow easily from the definitions of the corresponding constants. The first
three were established in [31, Theorem ]. Below we prove (v).

Let (z,y) € gph F and (z*,y*) € N((z,y)| gph F). The first inclusion means that y = (w; —
T,we — X,...,w, —x) for some w; € Q;, i =1,2,...,n, while the second one can be expressed as

(0= @) + 0 Gy (v = w) = (i = @) _

lim sup N (59)
o, max((lu — 2], max [[(v; —u) = (w; —2)|)
e lsisn
where y* = (yf,v3,...,y;). Fixing v = z and, for any i = 1,2,...,n, v; = w; when j # i, we
obtain from (59):
Similarly, fixing in (59) v; = w; for all i = 1,2,...,n, leads to the equality
=yl tys + .ty (61)
On the other hand, inclusions (60) (for i = 1,2,...,n) and equality (61) obviously imply (59). The
assertion follows from definitions (25) and (41). O

Multifunction (58) was used for a similar purpose in Ioffe [20].
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