Standard Bi-Quadratic Optimization Problems and

Unconstrained Polynomial Reformulations

Immanuel M. Bomze! Chen Ling! Liqun Qi and Xinzhen Zhang®

August 8, 2009

Abstract. A so-called Standard Bi-Quadratic Optimization Problem (StBQP) consists in
minimizing a bi-quadratic form over the Cartesian product of two simplices (so this is dif-
ferent from a Bi-Standard QP where a quadratic function is minimized over the same set).
An application example arises in portfolio selection. In this paper we present a bi-quartic
formulation of StBQP, in order to get rid of the sign constraints. We study the first and
second-order optimality conditions of the original StBQP and the reformulated bi-quartic
problem over the product of two Euclidean spheres. Furthermore, we discuss the one-to-one
correspondence between the global/local solutions of StBQP and the global/local solutions
of the reformulation. We introduce a continuously differentiable penalty function. Based
upon this, the original problem is converted into the problem of locating an unconstrained
global minimizer of a (specially structured) polynomial of degree eight.
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1 Introduction

In this paper, we consider a bi-quadratic optimization problem of the form

n m
min{ p(x,y) == > D> aguiymry: (X,Y) € Ay X A p (1.1)
ik=141=1

where
d
Ay = {XERinz—l}
i=1
is the standard simplex and Ri = {x € R? : x > o} denotes the non-negative orthant in d-
dimensional Euclidean space R?. Without loss of generality, we assume the coefficients Ajjk in

(1.1) satisfy the following symmetric property:
Qijkl = Qkjil = Gk for i,k =1,--- . n and j,l=1,--- ,m.

In case that all a;;,; are independent of the indices j and [, i.e., a;j11 = by for every i,k =
1,---,n, then the original problem (1.1) reduces to the following Standard Quadratic Optimiza-
tion Problem (StQP)
n
min Z bipxirr 1 X € Ay 3, (1.2)
ik=1

which is known to be NP-hard. StQPs of the form (1.2) are well studied and occur frequently
as subproblems in escape procedures for general quadratic optimization, but also have manifold
direct applications, e.g., in portfolio selection and in the maximum weight clique problem for

undirected graphs. For details, see e.g. [3, 4, 14, 15, 16] and references therein.

On the other hand, if we fix x € R" in (1.1), then we arrive at a StQP
. T .
min {y QX)y:ye€ Am} ; (1.3)

where Q(x) = Z?k:l aijklazixk] is a symmetric, possibly indefinite m X m matrix.
' jl<m

Similarly, if we fix y € R™, then we have a StQP
min {XTR(y)x 'X € An} , (1.4)

where R(y) = |> 7, aijklyjyl} e is a symmetric n X n matrix. Since problem (1.1) is so
’ <,k<n

closely related to standard quadratic optimization, we call it a Standard Bi-Quadratic Optimiza-

tion Problem, or a Standard Bi-Quadratic Program (StBQP).



Note that the StBQP (1.1) is different from bi-quadratic optimization problems over unit
spheres in [12, 22]. The latter problem arises from the strong ellipticity condition problem in
solid mechanics and the entanglement problem in quantum physics; see [7, 8, 9, 11, 17, 18, 21]
and the references therein. A StBQP should also be not confused with a bi-StQP, which is
a special case of a multi-StQP, a problem class studied recently in [6, 19]. In bi-StQPs, the
objective is a quadratic form, while the feasible set is a product of simplices, as in (1.1). Both
StBQPs and bi-StQPs fall into a larger class investigated by [20]. Since the latter paper deals
with general smooth objective functions, while we here make heavy use of the detailed structure

of bi-quadraticity, there is no overlap of these two approaches.

Denote A := [a;ji)ijri, then A is a real, partially symmetric n x m x n x m-dimensional
fourth order tensor. In terms of A, the matrices Q(x) and R(y) can also be written as Axx "
and yy " A, respectively. So, it is clear that the objective function in (1.1) can be written briefly
as

p(x,y) = (Axx) o (yy) = (yy " A) o (xx"),
where X oY stands for usual Frobenius inner product for matrices, i.e., X oY = tr(X TY). Note
that the problem of finding minimizers of a non-homogeneous bi-quadratic function (Axx") e
yy ' + x"Hy over A, x A,, can be easily homogenized by introducing a new fourth order
partially symmetric tensor A with @;k = @ik + (hij + hij + hi + hit) /4, where h;j is the (i, j)th

element in H. Indeed, since > ;=1 and > ", y; = 1, we have

1 n m
i,k=1j,l=1

n m
= (Axx")eyy' + Z Z hijziy;.
i=1 j=1
Furthermore, it is easy to verify that the global/local solutions of (1.1) remain the same if A
is replaced with A + &, where v is an arbitrary constant and £ is the all-ones tensor with the
same structure as A. So, without loss of generality, we assume henceforth that all entries of A

are negative.

For the above-mentioned reason, the considered problem (1.1) is NP-hard. Therefore, de-
signing some efficient algorithms for finding approximative solutions and bounds on the optimal
value of (1.1) are of interest. In order to get rid of the sign constraints x > o and y > o,
however, in this paper we focus attention on studying a bi-quartic formulation of (1.1) and some

properties related to this reformulation.

Our paper is organized as follows. After motivating our study by an application example in



portfolio selection in Section 2, we first study the first and second-order optimality conditions
of the original problem and the related bi-quartic optimization problem in Sections 3 and 4. In
Section 5 we discuss the one-to-one correspondence between the global/local solutions of (1.1)
and the global/local solutions of the reformulation. The obtained results show that the bi-
quartic formulation is exactly equivalent to the original problem (1.1). Furthermore, we present
in Section 6 a continuously differentiable penalty function, by which we convert the problem
of locating a local/global minimizer of the constrained bi-quartic program into the problem of
locating a local /global solution to an unconstrained optimization problem. This yields a method

for finding second-order KKT points of the formulated bi-quartic optimization problem.

Some words about notation. The j-th component of a column vector x € R” is denoted by
xj while the (7, j)-th entry of a real m x n matrix A € R™*" is denoted by A;;. For any matrix
A and a fourth order tensor A, respectively, ||Al|r and || A||r denote the Frobenius norm of A

and A, respectively, i.e.,

n m
2
E : E :aijkh

i,k=1j,1=1

1/2
J Al = (tr(A74)) " and AR =

where tr(-) denotes the trace of a matrix. S™ denotes the space of real symmetric n X n matrices.
For Ae 8™, A= 0 (resp. A > 0) means that A is positive-semidefinite (resp. positive definite).
S denotes the cone of positive-semidefinite matrices in 8™. I, stands for the n x n identity
matrix and e stands for its k-th column, while o or e denote generic vectors of zeroes or ones,
respectively, of a size suitable to the context. Also, the sign | denotes transpose. Finally, given
the numbers 21, . .., z,, we denote by Diag(z1, -+ ,2z,) € S™ the n xn diagonal matrix containing

z; in its diagonal.

2 DMotivation: application in portfolio selection

According to Markowitz’s well-known mean-variance model [14], the general single-period port-
folio selection problem can be formulated as a parametric convex quadratic program. As an
application example of the bi-quadratic program (1.1), we present a slightly more involved
mean-variance model in portfolio selection problems, which can be converted into a bi-quadratic

optimization problem.

We consider the portfolio selection problem in two groups of securities, where investment

decisions have an influence on each other. Assume that the groups consist of N and M securities,



respectively. For the first group of securities, denote by R( ) the discounted return of the i-th
security (i = 1,---,N), and assume that it is independent of the relative amount z; invested
in the i-th security, but dependent on the amount y; invested in the j-th security of the second
group of security. Let R =&+ &y + -+ &mym (i =1,--- | N), where £ is an random
variable with mean p;, and &;; (j = 1,---, M) are the random variables with mean zero. Here,
y = [y1,--- ,ym] ' is the vector with y; being the amount invested in the j-th security of the
second group of securities. Then, the return of a portfolio on the first group of securities is a

random variable defined by

N

- Z Rzgl)xl Z goxl + Z Z&] LilYj
i=1 i=1 j=1
and its expected value is E(RM) = u"x, where g = [p1,- -+, pun] and x = [z1,--- ,zy]". By

similar reasoning, we obtain the return of a portfolio on the second group of securities as

(2) Z R y] Z Y5 Y5 + Z Z ViiLiYj,

7=111=1

where 7;-), vi (i =1,--- ,N,j =1,---, M) are random variables. It is easy to see that the
expected value E(R®) = vy, where v = [E(1?),--- ,E(79,)]T. Tt is clear that the total return
of the portfolio on the two groups of securities is R = RV + R(2). We assume that £, &5, ’y? and
~vji are independent of each other for 7 = 1,--- N and j = 1,--- , M. Under this assumption,
we know that the variance of R is Var(R) = Var(R())) + Var(R®).

Let By and By be the variance tensors of the random matrices Z = (§;) and I' = ()

respectively, and Q; and Q» be the variance matrices of the random vectors £€° = €9, ,§9V]T
and 49 = /Y, .- ,’yg/[]T, respectively. We assume that no security may be held in negative
quantities, i.e., x; > 0 for every i = 1,--- , N and y; > 0 for every j = 1,--- , M. Then, given a

set of values for the parameter « as well as By, Bo, @1, @2, p and v, a generalized mean-variance

model can be expressed by

min  (Bixx")eyy' + (Boxx")eyy' +x'Qix +y'  Qoy — « (uTx + VTy)

N M
in:a> Zy,]:bv (X7Y) GRJIXR{E>

where a and b stand for the total amount invested in the first and the second group of securities,

respectively. It is evident that the above model can be rewritten equivalently as the form of

(1.1).



3 Optimality conditions for the StBQP

In this section we recall, for ease of reference, the first and second-order necessary optimality

conditions of (1.1), which are standard in constrained optimization.

Since the constraints in (1.1) are linear, constraint qualifications are met and the first-order
necessary optimality conditions for a feasible point (Z,¥) to be a local solution to problem (1.1)

require that a scalar pair (), i) exists such that

[(yyTA)X], + X =0, foriwith z; >0,
[(yyTA)X],+ X >0, foriwith z; =0, 35)
[(Axx")y], + =0, forj withg; >0,
[(A;‘Q‘J)y]j + i >0, forj with g; =0.

By (3.5), it follows that A = i = —p(X, ¥), since > 1 #; = 1 and Z;nzl y; = 1. In other words,

the Lagrange multipliers are uniquely determined by (X,y).

Further, it is well-known that the second-order necessary optimality conditions for (1.1)
holds, i.e., if (Z, %) is a local solution of problem (1.1), then there exists a scalar pair (), fi) such
that (3.5) holds and furthermore

T

o< || &y | Y| foralu v eT(x,3), (3.6)

where

Z vj=0andv; =0V j¢&J(y)
J€EI(H)

with I(x) ={i=1,--- ,n:Z; >0} and J(y)={j=1,--- ,m:y; > 0}.

4 Bi-quartic formulation of the StBQP

In this section, we propose a bi-quartic formulation of (1.1) and study its first and second-order
necessary optimality conditions. Based upon this, we discuss the one-to-one correspondence
between the global/local solutions of (1.1) and the global/local solutions of the formulated bi-

quartic optimization problem. Our main technique used here is similar to that developed in [5].



To get rid of the sign constraints x > o and y > o, we replace the variables z; and y; with zz~2

and w]z,

|w||? = 1, respectively, where || - || denotes the Euclidean norm. Therefore, the original problem

respectively. Then the conditions Y 7, #; = 1 and 77" y; = 1 become |z||? = 1 and
(1.1) can be rewritten as

n m
min{ g(z,w) = > > agmzwizw :||z)? = |wl® =1, (z,w) ER" xR™ p . (47)
i,k=17,l=1

Since a i < 0 for all 4, j, k, [, Problem (4.7) is equivalent to

min {g(z, w) : lz|> <1, |w|*<1, (z,w) € R" x R™} . (4.8)

4.1 Optimality conditions for the bi-quartic problem

In this subsection, we study the first and second-order optimality conditions of (4.7).

Let
Bji = laijkly<;pen (51=1,---,m) and Ci = [ajul <<, (GE=1,--+ 1)
be n x n matrices and m x m matrices, respectively. Let Z = Diag(z1,---,2,) and W =
Diag(w1, -+ ,wn). Then the objective function g(z, w) in (4.7) can be written as

m n
g(z,w) = Z (zTZleZz) w?w? = Z (WTWCZ-ka) 2222,
ji=1 ik=1

Let B(z) = (z' ZBj Zz) and C(w) = (W' WCy;Ww) . Then we further have

1<5,1<m 1<, k<n

g(z,w)=w' WB(z)Ww =1z' Z0(w)Zz.
Based upon the expression for g(z, w) above, it follows, by a direct computation, that
V.9(z,w) =4ZC(w)Zz and Vyg(z,w)=4WB(z)Ww. (4.9)

Hence V2,9(z, w) = 8ZC(w)Z + 4Diag[C(w)Zz], V2, 9(z, W) = 8W B(z)W + 4Diag|B(z)Ww]
and ) )
21> p_y 2w WOy W

22 py zinWCng

Vi 9(z,w) =16 (4.10)

no 2T
| 20 Yo ZwW WO W



which together form

V2 , \% ,
VQQ(Z, W) — zzg(z W) ng(z W) ) (411)

[V2,9(z,w)] " Viyg(z,w)

Let (z,w) be an optimal solution to (4.7). Since constraint qualifications are met, the first-

order optimality conditions are necessary, so we know that there exist &, 5 € R such that

V.9(z, W)+ 26z = o,

_ (4.12)
Vwy(z, W) + 20w =0,
which implies, together with (4.9), that the KKT conditions are equivalent to
27C(W)Z%z + az = o,
Ow) 2z + oz (4.13)
2WB(z)Ww+ fw =o0.

From (4.13), it holds that & = 3 = —2¢(Z, w). In other words, the Lagrange multipliers & and
B of (4.7) are uniquely determined by (z, w).

Now (4.10) implies that V2,9(z, w)W = 16ZC(w)Zz and [V2,9(z,W)]'z = 16W B(z)Ww.
Hence, by (4.11), we have
Z ZC(w)Zz
Vi@ w) | Z | =08 | 2602 | (4.14)
W WB(Z)Ww

By this, we know that the first-order optimality condition (4.13) can be rewritten as

(V2g(z,W) + 14aT,4m) =0. (4.15)

W

It is well-known that the second-order necessary optimality conditions for problem (4.7)

involve the Hessian of the Lagrangian (recall that & = —2¢(z, w) = 3),
H, 5(z, W) = V?g(2,W) + 20l = Ha(z,W)
and require in addition to (4.15) that

T

Hs(z,w) § >0 forall[z',w']" e R""™ withz'z=w'w = 0. (4.16)
w w

Based upon the obtained first and second-order necessary optimality conditions of (4.7), we
may further study their properties. To this end, in the next subsection we will discuss the case

of general bi-homogeneous optimization over the two balls and the two spheres.



4.2 General bi-homogeneous optimization

In this subsection, we consider a general objective function g(z, w) which is homogeneous of
degrees 7, > 2 and ry > 2 with respect to the variables z and w, respectively, and the problem
min{g(z,w) : ||z||?> = 1,||w||?> = 1} (later, we shall specialize to our case 7, = rw = 4). In this

case, the Hessian matrix of the Lagrangian becomes

al, 0
Hy 5(2,w) = V?g(z, W) + 2 " : (4.17)
’ 0 fln
and the second-order necessary optimality condition is
T

z z

0< H, 5(z,w) forall [z",w']" e R withz'z=w'w=0. (4.18)
W w

In the sequel of this subsection, we will study some properties with respect to the first and
second-order optimality conditions. From the homogeneity assumption on g, it holds, by Euler’s

identity, that

VZQ(Z, W)TZ = ng(za W)> vwg(z, W)TW = 7ﬁwg(zv W) (419)
and
V2, 9(z,w)z = (ry—1)Vaug(z, W),
ngwg(z,w)w = (rw —1)Vwg(z,w).

On the other hand, cross-differentiating (4.19), it holds that

V2,.9(z, w_)rw = rwVa9(z,w), (4.20)
[Vzwg(zv W)] z = ’I"vag(z, W) >
which implies
szg(z¢ W)Z + ngg(zv W)W = (’l“z +rw — 1)Vzg(za W) ) (4 21)
[Viwg(z,w)] 24 Vaggz,w)w = (1 + 1w —1)Vug(z,w), '

and, together with (4.11), that

V2g(z,w) | 7| = (ra+ 1w — 1)Vg(z,w). (4.22)
w

Let (z,w) be a local solution to (4.8) with a general bi-homogeneous objective function g.

It is easy to see that still constraint qualifications are met, so the KKT condition (4.12) for the



considered problem holds, i.e.,

V.9(z, W)+ 2az = o,

- (4.23)
Vwg(z, W)+ 28w =o0.

where we in addition know that @ > 0 and 3 > 0 as the multipliers of inequality constraints. We

first establish a uniqueness result for these multipliers under the stated problem assumptions.

Theorem 4.1 For any local solution (z,w) to (4.8) with a general bi-homogeneous objective
function g, the Lagrange multipliers satisfy & = —"2g(z,w) > 0 and B = —rg(z,w) > 0.
Hence necessarily g(z,w) < 0. More precisely, we have either g(z,w) = 0 or g(z,w) < 0, in

which case ||z|| = ||w| =1, i.e., (z,W) is feasible for (4.7).

Proof. We distinguish cases. If Zz = o and w = o, then both constraints are not binding and

a=03=0=—5g(o,0) for any r > 0. If z # o but w = o, we infer from (4.23) and (4.19)

that @ = —52%#-9(%,0) holds. However, by homogeneity in w we also have g(z,0) = 0, so

that again @ = § = 0 = —{g(z,0) for any r > 0. The case w # o but z = o is completely
symmetric. So finally we have to deal with z # o and w # o. As above, (4.23) and (4.19)

imply that the multipliers are uniquely determined and given by a = —;12

9(z,w) as well

2z'z
as = —5a%<9(Z,w). Hence we are done if g(zZ,w) = 0, and we only have to prove that
9(z,w) < 0 implies ||z|| = ||[w|| = 1. But this is clear again from the homogeneity assumptions
on g, studying the behaviour of ¢(tz, w) = t" g(z, w) as t € R varies around ¢t = 1. |

By the expression (4.17) for H 5(%, W), one can now obtain

al, 0 zZ
H&B(Z?W)+2(rz+rw_2) " _
' 0 Gl w
al, 0 Z
= | V29(z,W) + 2(ry + 7w — 1) "o
0 pl, w
az

=(rg+rw—1) | Vg(z,w) + 2

:O7

where the last equality is due to (4.23). Hence, unless [z',w '] =o', the matrix

al, 0

H, 5(z, W) + 2(ry + 1w — 2) _
0 o 0 Pl

10



is singular.

For the general homogeneous problem with a single ball constraint, a second-order condition
has been proven in [5, Theorem 1]. The obtained conclusion establishes positive semidefiniteness
of the corresponding matrix; see also [2]. The following theorem extends [5, Theorem 1] to the

case of bi-homogeneous optimization over the product of two balls.

Theorem 4.2 Let (z,w) be a local solution to the problem
min {g(z,w) : [|zl]* < 1, [lw]* <1},

where g is homogeneous of degrees r, > 2 and rvw > 2 with respect to the variables z and w. Let

((QTZ + Tw —4)d+rz5) I, 0

i = 0. (4.24)
0 (rw& + (rz + 2rw — 4)ﬂ) I,

Proof. Let (z,w) € R” x R™ be arbitrary and put

%, ifz#o v‘va7 ifw#o
as well as v =
0, ifz=o 0, ifw=o

NI

NI

6:

Then [z" —6z",w' —yw '] is the orthoprojection of [z',w']" onto z* x w* and satisfies

7' (z—06z) =w' (w—~yw)=0. We have
0z V2 g(z,w V2. 9(z,w al, 0 0z
H, 5w | | = 2zzg(z w) . 2zwg(z W) || O z
W [Vowd(2, W) Viwg(2, W) 0 By YW

VV2..9(z, W)W + 226z
Z+VVawg (2, W)W + 207w
6(rz —1)V29(2, W) + 17w V49(2, W) + 200Z
0r2Vwg (2, W) + y(rw — 1)Vwg(z, W) + 207w
—20(0ry + yrw — 20)z
—2,3((57’2 +Yrw — 27)‘7"

(4.25)
where the last equality follows from (4.12). Now obviously every local solution (z,w) to the

considered problem also is a local solution to the equality-constrained problem
min {g(z,w) : [|z]| = [|z[|, [w] = [[w]]} .

11



Then, by (4.18) with obvious modifications if ||z|| [|[w]| = 0, it results from (4.25) that

- T
z — 0Z o 7z — 0Z
0 < H; 5(z,w)
W — YW ’ W — YW
- 1T S T
Z o Z 0z — 2z o 0z
= H; 5(z, w) + H; 5(z, W)
w ’ w YW — 2w ’ YW
- oo - -
z z 2z — 0z a(0ry +yrw — 20)z
- H, 5(z,w) +2 _( = 77w = 20)
w w 2w — yw B(0ry + yrw — 27)W
Next we use (2z — 0z) 'z =2z 'z and (2w — W) W = w ' W to arrive at
T
z z _
0< H, 5(z,w) +2 [@ZTZ(5TZ + yrw — 20) + Bw  W(87 + Yrew — 27)} . (4.26)
w w

Now let us again distinguish cases: if g(z, W) = 0, then by Theorem 4.1 & = 3 = 0 and 0= Hy o

is positive-semidefinite by (4.26), since z and w were arbitrary. If, however, g(z, w) < 0, then

by Theorem 4.1 we know ||z| = ||W| = 1 so that § = 2"z and v = ww. We continue (4.26) to
obtain
-
o< | “ | Hyp@w) | 7 | 420 —2)a6? +20r — 2)872 + 2 (Grw + Bry) 5y, (4.27)
w w

Moreover, from the fact that 6% < ||z||?, 42 < ||w]|? and 207 < 62 ++2 < ||z||* + ||w]|?, it follows

2(ry — 2)a02 + 2(rw — 2)B72 + 2 (arw + Bra) oy
< 2(ry — 2)a||z|]? + 2(rw — 2)8||w||* + (@rw + Brz) (HzH2 + HWH2) ,

so that we derive from (4.27)

T

Z o cl, O Z
0< H; 5(z,w) + _ for all (z,w) € R" x R™,
w ’ 0 dI, w

where ¢ = (2r, + rw — 4)& + 1,3 and d = rwa + (r5 + 27w — 4)3, and the theorem is proved. u

From the above theorem we immediately conclude

Corollary 4.1 Let (z,w) be a local solution to the problem

min {g(z, w) : [[z]|> < 1,[|w|* < 1},

12



where g is homogeneous of degree v with respect to both the variables z and w. Then necessarily

g(z,w) <0, and fora= 3 = —59(Z,w) > 0, we have

HO?@(Z V_V) + 45[(’1“ - 1)In+m = 0. (4.28)
In case of 7, = ry = 4, for a local minimizer (z, w) of (4.8) and & = 3 = —2¢(z, W), we get
via (4.11), (4.10) and preceding relations, and dividing (4.28) by 4,
Zo(w)Z 2G C(w)Zz
() _ _ + Diag (W)_ z + ZdIner =0, (4.29)
2GT  WB((z)W B(w)Ww 2

where G = (WCLWw, -+, WC,Ww) ' and C; = 2 30, 22Ci.

As mentioned in [5] for the single ball constraint case, in our proof of Theorem 4.2, the fact
that @ > 0 and 3 > 0 is essential. For the general bi-homogeneous optimization over the product

of two spheres, we have the following result.

Theorem 4.3 Let (z,w) be a local solution to the problem
min {g(z,w) : ||z|* = 1, |w|* =1} ,

where g is homogeneous of degrees r, and v with respect to the variables z and w, respectively.
Then for a = —"2g(z,w) € R and 8= —"g(z,w) € R, we have that (4.23) holds and
- B 2ry, — 2)azz!  (Bry + ary)zw !
: Z, W)+

0. 4.30
(Bry + ary)wz'  2(ry — 2)fww | = (4.50)

Proof. The assertion (4.23) is obviously true. Now we prove (4.30). By the same arguments
that lead to the proof of Theorem 4.2, we arrive at (4.26). Since 6 = z'z and v = w' W here,

this inequality can be rewritten as

T —
0< z H, 5(2, W) + ?(TZ —2)azz'  (Br, + 647“\,‘_,)2\7?—r z ’
W ’ (Bra + arw)wz'  2(ry — 2)3ww w
which implies that (4.30) holds. We complete the proof of the theorem. ]

If g(z,w) < 0 and min {rz, rw} > 2, then (4.30) implies (4.24). Indeed, since ||z|] < 1 and

|w|| <1, we know that I, —zz' = 0 and I,, — ww ' > 0, and also

I, —zw!'



Consequently, it follows that

0-06
I, —zw' r2(rz — 2)(I, — 22") 0
= _g(sz) TzTw +
—wz' I, 0 Tw(rw — 2) (L, — Ww ')
=0,
sinceo?z—@EOandB:—ngg@ZO.

The following corollary comes immediately from Theorem 4.3.

Corollary 4.2 Let (z,w) be a pair of local solution for the problem of form
min {g(z,w) : ||z||2 =1, ||W||2 = 1} ,

where g is homogeneous of degree r with respect to both the variables z and w. Then for a =
B=—1%g(z,w) € R, we have that (4.13) holds and
(r—2)zz" rzw !

Hs 5(7, W) + 2& = 0. (4.31)
rwz!|  (r—2)ww'

In particular, if r = 4, then (4.31) becomes

zz| 2zw !

V29(z, W) + 2al,4m + 4a >0, (4.32)

owz! ww' |

where V2g(z, W) is as in (4.11).

5 Optimality conditions: relations among different formulations

In this section, we consider the one-to-one correspondence among solutions of the original prob-
lem and its bi-quartic formulation. For sake of convenience, let us define the two transformations
x=Ti(z) withz; =22 (i=1, - ,n) and y = Tp(w) with y; = w? (j =1,---,m), respectively.
Without loss of generality, we assume that z > o and w > o. We denote by z = T '(x) and

w =T, !(y) the inverse transformation of T3 and Tb, respectively, namely z; = m for every
’L:]_, N and w; = Q/’y]| forj: ]_’ ,m.

We readily see that the transformations x = T1(z), y = T2(w) and their (partial) inverse
z = Ty ' (x), w = T, '(y) are well-defined and continuous. Therefore, we have the following

result which can be shown by arguments similar to those employed for proving [5, Theorem 5.
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Theorem 5.1 Let (X,y) be a feasible solution to (1.1). Then (X,¥) is a local solution to (1.1)
if and only if (z,w) = Tfl(i),Tgl(y)) is a local solution to (4.7). Further, a point (X,¥) is a
global solution to (1.1) if and only if (z,w) is a global solution to (4.7).

Theorem 5.2 Let (X,y) be a KKT point for (1.1). Then (z,w) = (Tfl(i),Tgl(y)) is a KKT
point for (4.7).

Proof. Since (%,¥) is a KKT point for (1.1), it follows that there exist A, i € R such that (3.5)
holds. From the first two expressions in (3.5) and the fact that x; = 22 for i = 1,--- ,n, we

obtain from the complementarity conditions
([(S’S’TA):E]i + X) 5 =0, fori=1,---,m,
which implies
Z(35 " A)Zz+ Mz =o. (5.33)

Moreover, by the relation between ¢ and w, it is easy to verify that R(y) = yy' A = C(w).
Since A = —p(X,y) = —g(Z, W), it is clear that the first expression in (4.13) with & = 2\ holds.
Similarly, we can prove that the second expression in (4.13) with 3 = 2/i is also true. Therefore,

we obtained the desired result and complete the proof of the theorem. ]

The converse of Theorem 5.2 is not true in general; this follows from the related result for

quartic reformulations of StQPs [5].

Before we proceed to establish equivalence of the second-order optimality conditions, we

simplify the Hessian of the objective function p:

TA  2F(x, e 2F(x,
Vxy)=2| ¥ Gy | _, (w) (oy) | (5.34)
2F(x,y)"  Axx' 2F(x,y)"  B(z)
y A (x) . -
where F(x,y) = : and A;(x) = Z ik T); are m X m matrices.
yTAn(X) k=1 41<5,0<m

Theorem 5.3 Let (X,y) = (11(2),To(w)) € A, x Ay, with 2 > o and w > o. Then the

following statements are equivalent:

(a) (X,¥) is a KKT point for (1.1) which satisfies the second-order necessary optimality
condition (3.6);

15



(b) (z,w) is a KKT point for (4.7) which satisfies the second-order necessary optimality
condition (4.32);

Proof. (a) = (b). Since (X,y) is a KKT point for problem (1.1), by Theorem 5.2, it follows
that (z,w) is a KKT point for problem (4.7), i.e., (4.13) holds. Now we prove (4.32). For any
(u,v) € R" x R™, we define two vectors n = Z(u — 0z) and ¢ = W(v — yW), where 6 = z'u
and vy = w'v. It is easy to verify that, n; = 0 for every i ¢ I(X) and Ziel(i) n; =0,and (=0
for every j & J(y) and 3~ ;5 ¢ =0, where I(x) = {i : Z; > 0} and J(y) = {j : ; > 0}. This
shows that (n,¢) € 7(X,y). Consequently, by the second-order necessary condition (3.6), we

have
- T
o< || vy |”
¢ ¢
- T ~ - T ~
Z Z YA Z
= | 7 vy | 2T -2 | vy | T (5.35)
v Wv YWw v
L - i L
YA YA
_ p(x,y) |
yWw YWw

By (5.34) for x = x and y =y, it follows that the first term on the right-hand side of (5.35)

amounts to
Zu 9 Zu u ZC(w)Z  2ZFW u
_ Vop(x,y) | - =2 I _ : (5.36)
Wv Wv v QWF'Z WB(z)W v
where we denote I = F(X,y). Moreover, it is easy to verify that z' ZFWw = x' F'y =
S ziy " Ai(Z)y = p(X,¥) = g(Z, W), which implies, together with the fact that g(z, W) =
z' ZC(w)Z%z = w' W B(z)Ww, that the last term on the right-hand side of (5.35) equals

-
VA VA7 _ _ R _ _
_ V2p(X,y) B = 2(6°2"Z0(W)Zz + 46v2' ZFWw + W W B(z)Ww)
YWw YWw
= 29(z,w) (62 + 407 + 7?)
T
u zz|  2zw' u
= 29(27 W) s
v 2wz ww' v
(5.37)
where the last equality comes from the fact that 6 = z' u and ¥ = w | v. On the other hand, we
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have

wWF Zu = [y A®)y, 5 Au(X)y] Zu
= ((@y A=z, (77T AR]nz) u
= [ZC(w)Zz] u
= g(z,w)(z"u),

where the last equality comes from (4.13), using Theorem 5.2. This implies

YW WET Zu = g(z,w)(v' W)z u). (5.38)
Similarly, we can prove that
6z ZEFWv = g(z,w)(u'z)(w'v). (5.39)

Consequently, by (4.13), (5.38) and (5.39), it follows that the middle term on the right-hand
side of (5.35)
— T —
VA7 A _ _ - -
o V2p(X,y) o= 20z ZC(W)Zu+ 2yw ' WB(z)Wv
yWw
+ 46z ZFWv +4yw WFT Zu
= 29(z,w)(u'z)(z"u) +29(2, W)
+ 4g(z,w)(u'z)(WTv) + 4g(z, W
T

— 2z, W) [ : ]

(5.40)
By combining (5.35), (5.36), (5.37) and (5.40), we obtain
T
o< | 7| v
¢ ¢

I

)
1
< ¢
1

_‘
 ~

which implies that
ZC(W)Z 2ZFW
QWF'Z WB(z)W

o zz|  2zw' - i
—g(Z,W) 9 T T Y- (5 )

wWZ wWwW

On the other hand, since > ;_; ZxCir = Ai(X), it is easy to verify via (4.10) that

230 2w T WOouW ] v (1, 2 Cip) W]
W

29 22:1 EI%WTWCQICW yT (ZZ:l .’i‘kCQk) _

Vi.9(Z, W) =16 =167

' (Xkor ThCrk) W

N T s h
Zn Y pey W WO W |
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Recall also that C(W)Zz + Ae > o and B(zZ)WwW + jie > o from (3.5), which means that
2Diag (C(W)Zz) + al,, = 0 and 2Diag (B(z)WW) + 3L, = 0. By combining this, (4.11) and
(5.41), we know that (4.32) is true.

(b)=(a). Since z; = 22 fori=1,--- ,n and y; = w?- for j =1,---,m, the first-order condition

(4.13) can be rewritten equivalently as

[C(W)x]; +a)z =0, fori=1,---,n,
(2[B(2)y]; + B) w; =0, forj=1,---,m

Notice that z; > 0 if and only if Z; > 0, and y; > 0 if and only if w; > 0. If Z; > 0,
then 2[C(W)X]; + @ = 0, which means [(yy'A)X]; + A = 0, if we define A = 3@, because
C(w) = yy T A. Else, i.e., if Z; = 0, we choose u = e; € R” and v = o € R™. By (4.32), we
obtain

T

e
0<| V29(z, W) + 2al, 1 + 40
o 2WZ WW o)

which implies
0 < 8e] ZC(W)Ze; + 4e, Diag[C(w)Zz)e; + 2a + 4a(z ' e;)? .

This means that 0 < 2[C(W)X]; + @, from the fact that Ze; = z; = z'e; = 0 and Zz = x.
Consequently, we have [(yy " A)x]; + A > 0. The first two expressions in (3.5) hold. Similarly,
we can prove that other two expressions in (3.5) are also true. Therefore, (X,y) is a KKT point
for problem (1.1) with the corresponding multipliers A\ = &/2 and i = 3/2 = A. Now let us
prove that (X,y) satisfies also the second-order condition (3.6). Let [u',v']T € T(x,y). We
define (n,¢) € R” x R™ by

0 if z; =0, q 0 if w; =0,
O R I G = Y ;> 0.
z wj

Then we have Zn = u and W¢ = v. Moreover, it holds that
n
iTn:ZUiZi = Z niZi = Z u; =0
=1 1€l(X) el(x

and .
wiC=) Guj= ) Guj= ) v=0.
j=1 JeI(y) J€J(y)
On the other hand, by (4.13), it is easy to prove that



and

¢TDiag [BEWW] ¢ = 3 [BEWwW]E = -S|,

JEJ(¥)
Therefore, by (4.32), we obtain
T
n 2
0 < : Veg9(z, W) + 2alp1m + 4
= 8[n"ZC(w)Zn+¢"TWBEZ)WC] +4(n TDlag w)Zz] n + CTDlag [Bz)Ww]¢)

+ 320" ZFW¢ + 20 (Inl? + [I<11%)
= 8[u'C(W)u+ v B(Z)v] +32u’ Fv
T

u u
= 4 VZp(x,y) :
Vv A%

using (5.34). This shows that the second-order condition (3.6) holds, and the proof of the

theorem is complete. ]

Theorem 5.3 states the relations among points satisfying the second order necessary condi-
tions of problems (1.1) and (4.7). Hence, if we want to use the bi-quartic formulation to obtain
a solution of the original problem (1.1), we need an algorithm that converges to second-order

KKT points of problem (4.7).

6 A penalty method for StBQPs

The bi-quartic formulation (4.7) of the StBQP can be solved by a penalty method, which is
based upon the use of a continuously differentiable exact penalty function. Our main technique

used in this section follows lines similar to that of [5].

6.1 A continuously differentiable penalty function

For the tensor A in (1.1), we denote by @ and g the maximum and minimum elements in A,
respectively. It is clear that —||Allp <a<a < —WHAHF <0< ||A|lp, from the assumption
that all entries of A are negative. Then, for any (z, w) € R™ x R™, we readily verify that

—[l AN Fllz]*wl* < allz]*[wl* < g(z,w) <alzl|*|w]* < [Allr]z]*|w]®. (6.42)
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For the bi-quartic optimization problem (4.7), we introduce an exact penalty function, which
is defined by

P(zowse) = g(z,w)+1(|z]* —1)* + 1 (Jw]* - 1)*
+a(z,w) (||z]2 — 1) + alz, w) (lw]> - 1),

where a(z,w) = —2¢g(z,w). Then
2 2 1 4 2 1 4 2
P(z,wie) = g(z,w) (5 = 2|lz]* = 2[wl*) + = (llz]* = 1)" + = (Iwll* = 1)".

Note that the definition of P is similar to (but not the same as) the definition of the penalty
function used in [5] and [13], which can ensure that the level set of P is bounded without any

assumption other than g < 0.

It is easily seen that P(-,-;¢) is twice continuously differentiable on R™ x R™ for any fixed

€ > 0. Moreover, it holds that

VP(z,w;e) = Vg(z,w) (5 -2|z|* —2||w|?) — 49(z, w)
w
(6.43)
8 z 8
+— (llzl* — 1) |z + = (Iwl* = 1) f[wl?
€ o € w
and
V2P(z,wie) = Vig(z,w) (5 —2]zl* - 2[lw[*) — 49(z, W) Lnsm
T
—4Vyg(z,w) 5 4|7 Vg(z,w)"
w w
I, 0 0 (6.44)
T N A e (U I T g
16 zz' 0 16 0 0
25 (3] - 1) + 8w - 1) .
€ 0 0 € ww
For any fixed (z°, w’) € R” x R™, let us define the sub-level set of P
Lo={(z,w) € R" xR™: P(z,w;e) < P(z°,w’;¢)} .
Denote
I N 2(C*—1)*  201-94)*  (c*-1)? 9 (6.45)
= —— min .
| Allr C8(7T+5C8)" 2+5(C8+v8)”  3C% 7 3(C6+C4) (7
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where 9 € (0,1) and C > 1 are user-selected constants. If C' is large and 9?C < 1, a safe rule of
thumb is & ~ [3C%||A| ]!

Now we state and prove the following theorem, which characterizes the boundedness of the
sub-level set without any assumption. This theorem implies the existence of a global minimizer

and the boundedness of the sequence generated by an unconstrained method.
Theorem 6.1 Let (z°, w?) € R" xR™ be a point such that ||z°|| = 1 and |w°|| = 1. If9 € (0,1)
and C > 1 are the constants appearing in (6.45), then for 0 <e < &

Lo C{(z,w) eR"xR™: 9 < |z|| <C, 9 < ||w| <C}.

Proof. Since ||z°|| = 1 and |w?|| = 1, it follows that
P(z°, w% ) = g(z", w°) < || AlF.
Moreover, it holds that for any (z, w) € R” x R™,

B 1 2 1 2
al|zl|*[wl]* (5 - 2[|z[|* - 2[lw|]*) + - (=" = 1)" + - (Iwll* = 1)
if 5< 2HZH2 + 2HWH2,
1 2o 1 2
allz|*lw|* (5 — 2|z — 2[|wl*) + - (=" = 1)" + z (Iwll* = 1)
if 5> 2||z]]* + 2[|w|]?,

P(z,w;e) >

which implies that

_ 1 :
sallz||flwl* + - (ll=]" - D)+ = (Iwl* = 1)%, if 5 < 2]z + 2l w]]?,

P(z,w;e) >

(‘f)\b—‘(")\H

1 2 .
5al|z||||w||* + R (lzll* — 1) + = (Iwl* = 1), if 5> 2|1z + 2]} w]]?,
since a <@ < 0. Hence, by (6.42), we have

P(z,w;e)

v

—5HAHFH Hiwl* + (|| 1" =1)* %( -1)°

(6.46)
Al Ol + ) + & (e - 1)+ i(uww 1)°.

\%

Now we first prove that ||z| > C > 1 and ||w|| < C implies P(z,w;e) > P(z°, w’;¢). Since
|wl|| < C, by (6.46), it follows that

5 1 2
Pla,w;e) = —SIAlle (I +C%) + = (Il = 1)°. (6.47)
he other hand, si - <20y btai
On the other han ; since € < & < e EeE) s We O tain
4 _ 1 2
I (2

Il (1+ 31+ C%) [|z]*”
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which implies that

(2 ~1)°
AL (14 3(l2]* + )

By combining this and (6.47), we know that P(z,w;e) > || A|r > P(z°,w;¢). Similarly, we

may prove that ||[w| > C > 1 and ||z|| < C implies P(z, w;e) > P(z%, w; ¢).
Secondly, we prove that ||z|| < C and ||w|| < ¥ < 1 implies P(z, w;c) > P(z",w";¢). By (6.46),

we only need to prove

5 1 2
—5IAllF (C°+0°) + z (Iwl* =1)" > | Allr, (6.48)
der the e diti S . 2(1-94)? btai
under the given conditions. Since € < € < A2 45(C5 1oy Ve O tain
2
(L~ fwl*)

e<

1Al (14 3(C8 +9%))°

because of ||w| < ¥ < 1. Hence (6.48) holds. Similarly, we may prove that [|z|| < ¢ < 1 and
|wl|| < C implies P(z,w;e) > P(z°, w';¢).

Finally, we prove that ||z|| > C' > 1 and ||w]|| > C > 1 implies P(z,w;e) > P(z",w%¢). To this

end, we only need prove

2
=3l AlFlzl® + 2 (Iz]* = 1)" > 3[lAll» and

5 8, 1 4 2 1 (6'49)
—3[lAllFlw]®+ 1 ([w]*=1)" > Al F

From (6.45) and the condition that ||z|| > C > 1, it follows that
(Izl* ~ 1)*
3l Allpll=z)®
which implies
2 (|lz)* — 1)°
IAllF (1 +5]2(]%)
By this, the first relation in (6.49) holds. The second relation in (6.49) can be similarly proved.

Hence we obtain the desired result. [ ]

By means of the penalty function P, the problem of locating a constrained global minimizer
of problem (4.7) is recast as the problem of locating an unconstrained global minimizer of P.
About the one-to-one correspondence between global/local solutions of (4.7) and global/local
minimizers of the penalty function P, we have the following two theorems. The arguments are

quite standard for the penalty approach, so we omit the proofs here and refer to [5] for details.

Theorem 6.2 (Correspondence of global minimizers). For 0 < e < & as in (6.45). Every global

minimizer of problem (4.7) is a global minimizer of P(z,w,e) and conversely.
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Theorem 6.3 (Correspondence of local minimizers). For 0 < ¢ < € as in (6.45). Let (z,w)
be a local minimizer of P(z,w;e). Then (z,W) is a local solution to problem (4.7), and the

associated KKT multipliers are (a(z, W), (z, W)).

The following theorem describes the relationship between the stationary points of P(z, w;¢)

and (4.7).

Theorem 6.4 (First-order exactness property). For 0 < e < & as in (6.45), a point (z,w) € Ly
is a stationary point of P(z,w;e) if and only if (z,w) is a KKT point for problem (4.7), and

the associated KK'T multipliers are («(z,w), a(z, w)).

Proof. («). Since (z,w) is a KKT point for problem (4.7), i.e., (4.12) holds, it is in particular
feasible. Consequently, by (6.43), we have

NI

VP(z,wie) = Vg(z,w) + 2a(z.w) | | =o.
A%

(=). If VP(z,w;e) = o, then we have
ZZTVZP(Z,V_V;E) =0 and Zv‘vvaP(z,v‘v;a) =0.

Now let 71 = ||Z||> — 1 and 73 = ||W||*> — 1. Then the above equations imply together with (6.43),

that
2[|z]|* ([|z]1* + 1) — 3eg(z, W)] 7 —2e9(z, W)y =

(6.50)
0

~2e9(z,w)r1 + [2[W]* (IW]* +1) — 3eg(Z, W)] 2
Notice that the determinant of this homogeneous system of linear equations in [y, 7] is
2|z|1* (|lzl* + 1) — 3¢9(2, W) —2¢9(2, W)
—2e9(2, W) 2|w(* (Iw]? +1) — 3c9(2, W)
Alzl*w)* (Izl* + 1) (W] + 1) + 5%¢*(2, W)
— Geg(z,w) [llz* (|lz]* + 1) + [Iw]|* (w]* + 1)]

A:

= 2 {2||z[|°[w|® - el All rllzll*[w]* [llzlI1* (112> + 1) + [I%]* ([%]*+1)] }
> 20% {20 — 62| Al (C° + C*) }
> 0,

where the first inequality comes from (6.42), and the last inequality is due to (6.45). Therefore,
it follows from (6.50) that 71 = 79 = 0, i.e., ||Z||> = 1 and ||W|* = 1. Consequently, from (6.43),
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we obtain

NI

Vg(z,w) + 2a(z,w) =o,

s

which means that (z, w) is a KKT point for problem (4.7) with the multipliers @ = 8 = a(z, w),

and the proof is complete. ]

For the second-order optimality condition of (4.7), we have

Theorem 6.5 (Second-order exactness property). For 0 < e < & as in (6.45), let (z,w) € Ly
be a stationary point of P(z,w;e) satisfying the standard second-order necessary conditions for

unconstrained optimality. Then (z, W) satisfies the second-order necessary conditions for problem

(4.7).

Proof. By Theorem 6.4, the first-order optimality conditions hold. Therefore, it follows that

|Z||> = 1 and ||w]||> = 1. Moreover, we obtain

NI

Vg(z,w) + 2a(z, W) =o,
w
which implies, together with (6.44), that
. — =T
Z7Z ZwW 32| zz 0
V2P(z,w;e) = V?9(z, W) — 49(z, W)L, 1 m + 16a(z, W) =
wz'| & wWw ! el 0 ww'

Consequently, for every (u,v) € R x R™ with z'u = w'v = 0, we have

T T
o< | V2P (z,w;¢) R (V29(2, W) + 20(Z, W) L) v ,
v v v \%
which shows that (4.16) holds and the proof is complete. "

6.2 Penalty method guarantees improvement

Theorems 6.2 and 6.5 show that we may generate a sequence {(z*, w¥)} via an unconstrained
method for the minimization of the penalty function P, which converges to a point (z,w)
satisfying the second order necessary conditions. Indeed, by Theorem 6.5, stationary points of

P in Ly satisfying the second order necessary conditions, are points satisfying the second-order
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necessary conditions for problem (4.7) which, in turn, by Theorem 5.3 are points satisfying the

second-order necessary condition (3.6) for the StBQP (1.1).

We observe that given a feasible starting point (z°, w®) any reasonable unconstrained mini-
mization algorithm is able to locate a KKT point with a lower value of the objective function.
In fact, any of these algorithms obtains a stationary point (z,w) for P such that P(z, w;e) <
P(z°,w%;¢). Then Theorem 6.5 ensures that (z,w) is a KKT point of problem (4.7). On the
other hand, if (z°, w") is a feasible point for (4.7), recalling the definition of P, we get that

9(z,w) = P(z,w;¢e) < P(ZO,WO;E) =g(z,w).

In conclusion, by using an unconstrained optimization algorithm, we get a KKT point (z, w) of
the problem (4.7) with a value of the objective function lower than the value at the starting point
(z°,w"). However, in general, the point (z, W) obtained by the algorithm mentioned above is
not a global minimizer of the problem (1.1). In order to obtain a global solution of the problem

(1.1), we may use some appropriate global technique to ‘escape’ from local solutions.
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