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1 Introduction

It is known that Lagrangian duality theory is an important issue in optimization theory
and methodology. What is of special interest in Lagrangian duality theory is the so-called
strong duality property, i.e., there exists no duality gap between the primal problem and
its Lagrangian dual problem. More specifically, the optimal value of the primal problem is
equal to that of its Lagrangian dual problem. For a constrained convex program, a number
of conditions have been obtained for its strong duality property, see, e.g., [5, 1, 6] and the
references therein. It is also well-known that penalty method is a very popular method
in constrained nonlinear programming [3]. In [4], a quadratic penalization technique was
applied to establish strong Lagrangian duality property for an invex program under the
assumption that the objective function is coercive. In this paper, we will derive the same
results under weaker conditions. So our results improve those of [4].

Consider the following inequality constrained optimization prolem:

(P)  min f(z)
st.x€R", gi(z) <0,j=1,---,m,

where f,g;(j =1,---,m): R* — R' are continuously differentiable.
The Lagrangian function for (P) is

L(z,p) = f(x) + > pgj(x),x € R*, 1= (1, -, pum) € R
j=1

The Lagrangian dual function for (P) is
h(p) = infyepn L(z, 1),V € R
The Lagrangian dual problem for (P) is

(D) SupuGRTh‘(H’)‘

Denote by Mp and Mp the optimal values of (P) and (D), respectively. It is known that
weak duality: Mp > Mp holhs. However, there is usually a duality gap, i.e. Mp > Mp.
If Mp = Mp, we say that strong Lagrangian duality property holds (or zero duality gap
property holds).

Recall that a differentiable function u : R® — R! is invex if there exists a vector-valued
function n : R*R" — R" such that u(x) —u(y) > n%(z,y) v u(y),Ve,y € R". Clearly, a
differentiable convex function u is invex with n(x,y) = x — y. It is known from [2] that a
differentiable convex function w is invex if and only if each stationary point of u is a global
optimal solution of © on R".



Let X C R" be nonempty. u: R" — R! is said to be level-bounded on X if for any real
number ¢, the set {z € X : f(x) <t} is bounded.

It is easily checked that u is level-bounded on X if and only if X is bounded or u is
coercive on X if X is unbounded (i.e., limgex,|jz)|—+o0 u(2) = +00).

2 Main Results

In this section, we present the main results of this paper.

Consider the following quadratic penalty function and the corresponding penalty problem
for (P):

Py(z) = f(z) + kigf2(x),x € R",

(Pr) mingepnPy(z),

where the integer k > 0 is the penalty parameter.
For any t € R, denote

X(t)={xeR":gj(x)<t,j=1,---,m}.

It is obvious that X (0) is the feasible set of (P)., In the sequel, we always assume that
X(0) # 0.

We need the following lemma.

Lemma 2.1. Suppose that there exists ¢y > 0 such that f is level bounded on X (#) and
there exists k* > 0 and my € R' such that

Pk*((,l?) Z mo,Vac S R™.

Then

(i) the optimal set of (P) is nonempty and compact;

(ii) there exists &* > 0 such that for each & > k* the penalty problem (P;) has an
optimal solution xy; the sequence {z} is bounded and all of its limiting points are optimal
solutions of (P).

Proof. (i) Since X(0) C X(to) is nonempty and f is level-bounded on X (ty), we see that
f is level-bounded on X (0). By the standard existence theory in optimization, we conclude
that the solution set of (P) is nonempty and compact.

(ii) Let 2o € X(0) and k* > k* + 1 satisfy

k* _ k*
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Note that when k > k*
Pu(x) = f(x) + k* Z +(k—k* Z

2nm+%k—k32lﬁ(@

J=1

Consequently, Py(x) is bounded below by my on R". For any fixed k > k* + 1, suppose that
{y,} satisfies Py(y;) — inf,cgn Pp(z). Then, when [ is sufficiently large,

Flwo) + 1= Paleo) + 12 pulun) = Fln) + £ g7 ()

Jj=1

> mo + (k= 1) 2070 (1)

Thus,

fz )+1—m0 i (yz)J Lo m

It follows that

— My 1/2 i — My
gf(yz)élf<x°]1+1 ] s[f( )+1

1/2
StOszla'”am

Kk

That is, y; € X (to) when [ is sufficiently large. From (1), we have

flu) < flwo) +1

when [ is sufficiently large. By the level-boundedness of f on X(¢y), we see that {y;} is
bounded. We assume without loss of generality that iy, — x5 as | — +o0. Then

Pk(yl) — Pk(.fb'k) = infxeRnPk(iC).

Moreover, x € X (to). Thus, {x)} is bounded. Let {zx,} be a subsequence which converges

to x*. Then, for any feasible solution x of (P),

Flan) + b jf:lgﬁ’(xki) < f(a) 2)
That is,
o + (i — ) leg <f(xki>+k*j§g;2<x>+<ki—k*)jij:lgf(x)sf(as),
namely,



Passing to the limit as ¢ — 400, we have
g (") =0,j=1,---,m.

It follows that
Consequently, z* € X (0). Moreover, from (2), we have f(xy,) < f(z). Passing to the limit

as i — +00, we obtain f(z*) < f(z). By the arbitrariness of x € X(0), we conclude that x*
is an optimal solution of (P). O

Remark 2.1. If f(x) is bounded below on R", then for any k& > 0, Py (z) is bounded below
on R™.

The next proposition presents sufficient conditions that guarantee all the conditions of
Lemma 2.1.

Proposition 2.1. Any one of the following conditions ensures the validity of the conditions
of Lemma 2.1.
(i) f(x) is coercive on R";
(ii) the function max{f(z), g/ (x),j = 1,---,m} is coercive on R" and there exists k* > 0
and mg € R such that
Py(x) > m,, Vo € R".

Proof. We need only to show that if (ii) holds, then the conditions of Lemma 2.1 hold
since condition (i) is stronger than condition (ii). Let 5 > 0. We need only to show that
f is coercive on X(ty). Otherwise, there exists o > 0 and {yx} C X(t9) with ||yx|| — +o0
satisfying

fyr) <o (3)

From {y,} C X (o), we deduce
It follows from (3) and (4) that

max{f(yk)v g;—(yk)a] = 17 T am} S max{a, to},

contradicting the coercivity of max{f(z),g; (z),j = 1,---,m} since [jyx|| — +o0 as k —
+00. O



The next proposition follows immediately from Lemma 2.1 and Proposition 2.1.

Proposition 2.2. If one of the two conditions (i) and (ii) of Proposition 2.1 holds, then the
conclusions of Lemma 2.1 hold.

The following theorem can be established similarly to ([4], Theorem 4) by using Lemma
2.1.

Theorem 2.1. Suppose that f,g;(j = 1,---,m) are all invex with the same 1 and the
conditions of Lemma 2.1 hold. Then Mp = Mp.

Corollary 2.1. Suppose that f,g;(j = 1,---,m) are all invex with the same 1 and one of
the conditions (i) and (ii) of Proposition 2.1 holds. Then Mp = Mp.
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