
BIASED RANDOM-KEY GENETIC ALGORITHMS FORCOMBINATORIAL OPTIMIZATIONJOSÉ FERNANDO GONÇALVES AND MAURICIO G. C. RESENDEAbstra
t. Random-key geneti
 algorithms were introdu
ed by Bean (1994)for solving sequen
ing problems in 
ombinatorial optimization. Sin
e then,they have been extended to handle a wide 
lass of 
ombinatorial optimizationproblems. This paper presents a tutorial on the implementation and use ofbiased random-key geneti
 algorithms for solving 
ombinatorial optimizationproblems. Biased random-key geneti
 algorithms are a variant of random-key geneti
 algorithms, where one of the parents used for mating is biasedto be of higher �tness than the other parent. After introdu
ing the basi
sof biased random-key geneti
 algorithms, the paper dis
usses in some detailimplementation issues, illustrating the ease in whi
h sequential and parallelheuristi
s based on biased random-key geneti
 algorithms 
an be developed.A survey of appli
ations that have re
ently appeared in the literature is alsogiven. 1. Introdu
tionCombinatorial optimization 
an be de�ned by a �nite ground set E = {1, . . . , n},a set of feasible solutions F ⊆ 2E, and an obje
tive fun
tion f : 2E → R. Through-out this paper, we 
onsider the minimization version of the problem, where wesear
h for an optimal solution S∗ ∈ F su
h that f(S)∗ ≤ f(S), ∀S ∈ F. Given aspe
i�
 
ombinatorial optimization problem, one 
an de�ne the ground set E, the
ost fun
tion f, and the set of feasible solutions F . For instan
e, in the 
ase of thetraveling salesman problem on a graph, the ground set E is that of all edges in thegraph, f(S) is the sum of the 
osts of all edges e ∈ S, and F is formed by all edgesubsets that determine a Hamiltonian 
y
le.Combinatorial optimization �nds appli
ations in many settings, in
luding rout-ing, s
heduling, inventory 
ontrol, produ
tion planning, and lo
ation problems.These problems arise in real-world situations (Pardalos and Resende, 2002) su
h asin transportation (air, rail, tru
king, shipping), energy (ele
tri
al power, petroleum,natural gas), and tele
ommuni
ations (design, lo
ation, operation).While mu
h progress has been made in �nding provably optimal solutions to 
om-binatorial optimization problems employing te
hniques su
h as bran
h and bound,
utting planes, and dynami
 programming, as well as provably near-optimal solu-tions using approximation algorithms, many 
ombinatorial optimization problemsarising in pra
ti
e bene�t from heuristi
 methods that qui
kly produ
e good-qualityDate: O
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BIASED RANDOM-KEY GENETIC ALGORITHMS 2solutions. Many modern heuristi
s for 
ombinatorial optimization are based onguidelines provided by metaheuristi
s.Metaheuristi
s are high level pro
edures that 
oordinate simple heuristi
s, su
has lo
al sear
h, to �nd solutions that are of better quality than those found by thesimple heuristi
s alone. Many metaheuristi
s have been introdu
ed in the last thirtyyears (Glover and Ko
henberger, 2003). Among these, we �nd greedy randomizedadaptive sear
h pro
edures (GRASP), simulated annealing, tabu sear
h, variableneighborhood sear
h, s
atter sear
h, path-relinking, iterated lo
al sear
h, ant 
olonyoptimization, swarm optimization, and geneti
 algorithms.In this paper, we introdu
e a metaheuristi
 
alled biased random-key geneti
algorithms. This framework for building heuristi
s for 
ombinatorial optimization isgeneral and 
an be applied to a wide range of problems. An important 
hara
teristi
of the framework is the 
lear divide between the problem-independent 
omponentof the ar
hite
ture and the problem-spe
i�
 part. This allows for reuse of softwareand permits the algorithm designer to 
on
entrate on building the problem spe
i�
de
oder.The paper is organized as follows. In Se
tion 2 we introdu
e biased random-key geneti
 algorithms. Issues related to the e�
ient implementation of sequentialand parallel versions of these heuristi
s are dis
ussed in Se
tion 3. In Se
tion 4examples of biased random-key geneti
 algorithms on a wide range of 
ombinatorialoptimization problems are given. Con
luding remarks are made in Se
tion 5.2. Biased random-key geneti
 algorithmsGeneti
 algorithms, or GAs, (Goldberg, 1989; Holland, 1975) apply the 
on
eptof survival of the �ttest to �nd optimal or near-optimal solutions to 
ombinatorialoptimization problems. An analogy is made between a solution and an individualin a population. Ea
h individual has a 
orresponding 
hromosome that en
odesthe solution. A 
hromosomes 
onsists of a string of genes. Ea
h gene 
an take ona value, 
alled an allele, from some alphabet. Chromosomes have asso
iated withthem a �tness level whi
h is 
orrelated to the 
orresponding obje
tive fun
tionvalue of the solution it en
odes. Geneti
 algorithms evolve a set of individuals thatmake up a population over a number of generations. At ea
h generation, a newpopulation is 
reated by 
ombining elements of the 
urrent population to produ
eo�spring that make up the next generation. Random mutation also takes pla
e ingeneti
 algorithms as a means to es
ape entrapment in lo
al minima. The 
on
eptof survival of the �ttest plays into geneti
 algorithms when individuals are sele
tedto mate and produ
e o�spring. Individuals are sele
ted at random but those withbetter �tness are preferred over those that are less �t.Geneti
 algorithms with random keys were �rst introdu
ed by Bean (1994) forsolving 
ombinatorial optimization problems involving sequen
ing. In this paper werefer to this 
lass of geneti
 algorithms as random-key geneti
 algorithms (RKGA).In a RKGA, 
hromosomes are represented as a string, or ve
tor, of randomly gener-ated real numbers in the interval [0, 1]. A deterministi
 algorithm, 
alled a de
oder,takes as input any 
hromosome and asso
iates with it a solution of the 
ombinato-rial optimization problem for whi
h an obje
tive value or �tness 
an be 
omputed.In the 
ase of Bean (1994), the de
oder sorts the ve
tor of random keys and uses theindi
es of the sorted keys to represent a sequen
e. As we will see shortly, de
odersplay an important role in RKGAs.
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Figure 2.1. Transition from generation k to generation k + 1 in a BRKGA.A RKGA evolves a population of random-key ve
tors over a number of iterations,
alled generations. The initial population is made up of p ve
tors of random-keys.Ea
h allele is generated independently at random in the real interval [0, 1]. After the�tness of ea
h individual is 
omputed by the de
oder, the population is partitionedinto two groups of individuals: a small group of pe elite individuals, i.e. thosewith the best �tness values, and the remaining set of p− pe non-elite individuals,where pe < p− pe. To evolve the population, a new generation of individuals mustbe produ
ed. An RKGA uses an elitist strategy sin
e all of the elite individualsof generation k are 
opied un
hanged to generation k + 1. This strategy keepstra
k of good solutions found during the iterations of the algorithm resulting in amonotoni
ally improving heuristi
. Mutation is an essential ingredient of geneti
algorithms, used to enable GAs to es
ape from entrapment in lo
al minima. RKGAsimplement mutation by introdu
ing mutants into the population. A mutant issimply a ve
tor of random keys generated in the same way that an element ofthe initial population is generated. At ea
h generation a small number of pmmutants are introdu
ed into the population. Mutant solutions are random-keyve
tors and 
onsequently 
an de de
oded into valid solutions of the 
ombinatorialoptimization problem. With the pe elite individuals and the pm mutants a

ountedfor in population k + 1, p− pe − pm additional individuals need to be produ
ed to
omplete the p individuals that make up the population of generation k + 1. Thisis done by produ
ing p− pe − pm o�spring through the pro
ess of mating.Figure 2.1 illustrates the evolution dynami
s. On the left of the �gure is the
urrent population. After all individuals are sorted by their �tness values, the best�t are pla
ed in the elite partition labeled ELITE and the remaining individualsare pla
ed in the partition labeled NON-ELITE. The elite random-key ve
tors are
opied without 
hange to the partition labeled TOP in the next population (on theright side of the �gure). A number of mutant individuals are randomly generatedand pla
ed in the new population in the partition labeled BOT. The remainder ofthe population of the next generation is 
ompleted by 
rossover. In a RKGA, Bean
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Figure 2.2. parameterized uniform 
rossover: mating in BRKGAs.(1994) sele
ts two parents at random from the entire population. A biased random-key geneti
 algorithm, or BRKGA (Gonçalves and Almeida, 2002; Eri
sson et al.,2002; Gonçalves and Resende, 2004), di�ers from a RKGA in the way parents aresele
ted for mating. In a BRKGA, ea
h element is generated 
ombining one elementsele
ted at random from the partition labeled ELITE in the 
urrent population andone from the partition labeled NON-ELITE. In some 
ases, the se
ond parent issele
ted from the entire population. Repetition in the sele
tion of a mate is allowedand therefore an individual 
an produ
e more than one o�spring. Sin
e we requirethat pe < p − pe, the probability that an elite individual is sele
ted for mating isgreater than that of a non-elite individual and therefore the elite individual has ahigher likelihood to pass on its 
hara
teristi
s to future generations. Another fa
tor
ontributing to this end is parameterized uniform 
rossover (Spears and DeJong,1991), the me
hanism used to implement mating in BRKGAs. Let ρe > 0.5 be theprobability that an o�spring inherits the allele of its elite parent. Let n denote thenumber of genes in the 
hromosome of an individual. For i = 1, . . . , n, the i-th allele
c(i) of the o�spring c takes on the value of the i-th allele e(i) of the elite parent ewith probability ρe and the value of the i-th allele ē(i) of the non-elite parent ē withprobability 1− ρe. In this way, the o�srping is more likely to inherit 
hara
teristi
sof the elite parent than those of the non-elite parent. Sin
e we assume that anyrandom key ve
tor 
an be de
oded into a solution, then the o�spring resulting frommating is always valid, i.e. 
an be de
oded into a solution of the 
ombinatorialoptimization problem.Figure 2.2 illustrates the 
rossover pro
ess for two random-key ve
tors with fourgenes ea
h. Chromosome 1 refers to the elite individual and Chromosome 2 to thenon-elite one. In this example the value of ρe = 0.7, i.e. the o�spring inherits theallele of the elite parent with probability 0.7 and of the other parent with probability0.3. A randomly generated real in the interval [0, 1] simulates the toss of a biased
oin. If the out
ome is less than or equal to 0.7, then the 
hild inherits the alleleof the elite parent. Otherwise, it inherits the allele of the other parent. In thisexample, the o�spring inherits the allele of the elite parent in its �rst, third, andfourth genes. It resembles the elite parent more than it does the other parent.
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Figure 2.3. De
oder used to map solutions in the hyper
ube tosolutions in the solution spa
e where �tness is 
omputed.When the next population is 
omplete, i.e. when it has p individuals, �tnessvalues are 
omputed for all of the newly 
reated random-key ve
tors and the pop-ulation is partitioned into elite and non-elite individuals to start a new generation.A BRKGA sear
hes the solution spa
e of the 
ombinatorial optimization problemindire
tly by sear
hing the 
ontinuous n-dimensional hyper
ube, using the de
oderto map solutions in the hyper
ube to solutions in the solution spa
e of the 
ombi-natorial optimization problem where the �tness is evaluated. Figure 2.3 illustratesthe role of the de
oder.BRKGA heuristi
s are based on a general-purpose metaheuristi
 framework.In this framework, depi
ted in Figure 2.4, there is a 
lear divide between theproblem-independent portion of the algorithm and the problem-dependent part. Theproblem-independent portion has no knowledge of the problem being solved. It islimited to sear
hing the hyper
ube. The only 
onne
tion to the 
ombinatorial opti-mization problem being solved is the problem-dependent portion of the algorithm,where the de
oder produ
es solutions from the ve
tors of random-keys and 
om-putes the �tness of these solutions. Therefore, to spe
ify a BRKGA heuristi
 oneneed only de�ne its 
hromosome representation and the de
oder.Consider, for example, a set 
overing problem where one is given an m×n binarymatrix A = [ai,j ] and wants to sele
t the smallest 
over, i.e. the smallest subset of
olumns J∗ ⊆ {1, 2, . . . , n} su
h that, for ea
h row i = 1, . . . , m, there is at least one
j ∈ J∗ su
h that ai,j = 1. One possible BRKGA heuristi
 for this problem de�nesthe ve
tor of random keys x to have n random keys in the real interval [0, 1]. The
j-th key 
orresponds to the j-th 
olumn of A. The de
oder sele
ts 
olumn j to bein J∗ only if xj ≥ 0.5. If the resulting set J∗ is a valid 
over, then the �tness of the
over is |J∗|. Otherwise, start with set J∗ and apply the standard greedy algorithmfor set 
overing: while there are un
overed rows, �nd the unsele
ted 
olumn that ifadded to J∗ 
overs the largest number of yet-un
overed rows, breaking ties by theindex of the 
olumn. Add this 
olumn to set J∗. When the resulting set J∗ is avalid 
over, s
an the 
olumns in the 
over from �rst to last to 
he
k if ea
h 
olumn
j ∈ J∗ is redundant, i.e. if J∗ \ {j} is a 
over. If so, then remove j from J∗. Whenno 
olumn 
an be removed, stop. The �tness of the 
over is |J∗|. Note that, as
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Figure 2.4. Flow
hart of a BRKGArequired, this de
oder is a deterministi
 algorithm. For a given ve
tor of randomkeys, applying the de
oder will always result in the same 
over.Though BRKGAs only use randomly generated keys, they are mu
h better at�nding optimal or near-optimal solutions that a purely random algorithm. Fig-ure 2.5 provides strong eviden
e that there is learning taking pla
e in a BRKGA.The �gure shows the distributions of obje
tive fun
tion values of the 100-elementpopulation of a BRKGA and the repeated generation of sets of 100 random so-lutions for a set 
overing by pairs problem (Breslau et al., 2009). Let i, j, k ∈
{1, 2, . . .100} × {1, 2, . . .100} × {1, 2, . . .100}. The 
overing-by-pairs problem 
on-sidered here has 76,916 triplets, where a triplet {i, j, k} indi
ates that the pair
{i, j} 
overs element k. The obje
tive is to �nd the smallest 
ardinality subset
S∗ ⊆ {1, 2, . . .100} su
h that the union of all pairs {i, j} with i, j ∈ S∗ × S∗ 
oversall the 100 elements indi
ated by the k values. The optimal solution, whi
h we plotas a referen
e, is 21 and was 
omputed by solving an integer programming modelwith the 
ommer
ial integer programming solver CPLEX. As one 
an observe, whilethe BRKGA qui
kly �nds an optimal solution is less than 2 se
onds, the randommultistart heuristi
 is still quite far from the optimal after 600 se
onds having onlyfound a best solution of size 38.As dis
ussed earlier in this paper, a biased random-key geneti
 algorithm andan (unbiased) random-key geneti
 algorithm di�er slightly in the way they sele
tparents for mating. The biased variant always sele
ts one parent from the set ofelite solutions whereas the unbiased variant sele
ts both parents from the entirepopulation. This way, o�spring produ
ed by the biased version are more likelyto inherit 
hara
teristi
s of elite solutions. This likelihood is further emphasizedthrough the parameterized uniform 
rossover used by both variants to 
ombine theparents and produ
e the o�spring. Though this is apparently only a very slightdi�eren
e, it almost always leads to a big di�eren
e in how these variants perform.BRKGAs tend to �nd better solutions than RKGAs if given the same running timeand have a mu
h higher probability of �nding a solution with a spe
i�ed target
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Figure 2.5. Comparing a BRKGA with a random multistartheuristi
 on an instan
e of a 
overing by pairs problem.solution value in less time. To illustrate this, 
onsider Figure 2.6 whi
h shows time-to-optimal plots for a 
overing-by-pairs problem with 220 elements and 456,156triplets. The plots 
ompare running times to �nd an optimal solution for 200independent runs of ea
h of three variants: a BRKGA, a RKGA1, and a heuristi
(RKGA-ord) that is similar to a RKGA ex
ept that the o�spring inherit the allele ofthe better �t of the two parents with probability ρe. The �gure 
learly shows thatthe BRKGA �nds optimal solutions in less time than its unbiased 
ounterparts.For example, by 325s, the time that the RKGA takes to solve any one of its 84attempts, the BRKGA solves 184 of its 200 attempts. Ordering the parents, as isdone in RKGA-ord, improves the RKGA, but not enough to do better than theBRKGA. For example, by 216s, the time that RKGA-ord takes to solve any one ofits 200 attempts, the BRKGA solves 176 of its 200 attempts. Though we illustratethis on only a single instan
e of a single problem type, we have observed that thisbehavior is typi
al for a wide range of problems (Gonçalves et al., 2009b).3. Implementation issuesIn this se
tion, we dis
uss some issues related to the implementation of BRKGAheuristi
s. We fo
us on the separation of the problem independent and depen-dent portions of the heuristi
, types of de
oders, initial population, populationpartitioning, parallel implementations, and post-optimization based on pairwisepath-relinking between elite set solutions.3.1. Components of a BRKGA heuristi
. As dis
ussed earlier in this paper,RKGAs have problem-independent and problem-dependent modules. This makes1Due to ex
essively long running time, we only 
arried out 84 independent runs with the RKGAvariant.
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ompare running times neededto �nd the optimal solution of a 220 element 
overing by pairsproblem with a BRKGA and two variants of an RKGA.it possible to design a general-purpose problem-independent solver that 
an bereused to implement di�erent heuristi
s. That way, when designing a new heuristi
for a spe
i�
 
ombinatorial optimization problem, one need only implement theproblem-dependent part, namely the de
oder.The problem-independent module has few basi
 
omponents. These 
omponentsdepend on the number of genes in the 
hromosome of an individual (n), the numberof elements in the population (p), the number of elite elements in the population(pe), the number of mutants introdu
ed at ea
h generation into the population(pm), and the probability that an o�spring inherits the allele of its elite parent(ρe). The population is stored in the p × n real-valued matrix pop, where the
i-th 
hromosome is stored in row i of pop. After populating matrix pop withreal-valued random numbers generated uniformly in the interval [0, 1], the �tnessof ea
h 
hromosome is evaluated by the problem-dependent de
oder. The �tnessvalue of the i-th 
hromosome is stored in the i-th position of the p-dimensionalarray fitness.Ea
h generation of an BRKGA heuristi
 
onsists of the following �ve steps:(1) Sort array fitness in in
reasing order and reorder the rows of pop a

ord-ing to the sorted values of array fitness. The elements of pop do nota
tually need to be moved. Only an array with their positions is needed.For ease of des
ription, we assume in this dis
ussion that the rows of popare a
tually moved to re�e
t the sorted values of fitness.(2) Mate p − pe − pm pairs of parents, one whose index in pop is an integerrandom number uniformly generated in the interval [1, pe] and the otherwhose index is an integer random number uniformly generated in the inter-val [pe +1, p]. The i-th o�spring resulting from the 
rossover is temporarily



BIASED RANDOM-KEY GENETIC ALGORITHMS 9stored in row i of the real-valued (p− pe− pm)×n matrix tmppop. Matingis a
hieved by generating n uniform random numbers {r1, . . . , rn} in theinterval [0, 1]. For j = 1, . . . , n, if rj ≤ ρe, then the j-th gene of the o�springinherits the j-th allele of the elite parent. Otherwise, it inherits the alleleof the other parent.(3) Generate at random pm mutant 
hromosomes of size n. These mutants aregenerated by the same module used to generate the initial population. The
i-th mutant 
hromosome is stored in row pm + i− 1 of matrix pop.(4) Copy the (p − pe − pm) × n matrix tmppop to rows pe + 1, . . . , p − pm ofmatrix pop.(5) Evaluate the �tness of the 
hromosomes in rows pe +1, . . . , p of matrix popand store these values in positions pe + 1, . . . , p of array fitness.This pro
ess is applied repeatedly. Ea
h iteration is 
alled a generation. There aremany possible stopping 
riteria, in
luding stopping after a �xed number of genera-tions from the beginning, after a �xed number of generations sin
e the generationof the last solution improvement, after a time limit is rea
hed, or after a solutionat least as good as a given threshold is found.3.2. De
oders. De
oders play an important role in BRKGA heuristi
s sin
e theymake the 
onne
tion between the solutions in the hyper
ube and the �tness oftheir 
orresponding solutions in the solution spa
e of the 
ombinatorial optimiza-tion problem. They 
an range in 
omplexity from very simple, involving a dire
tmapping between the random key and the solution, to intri
ate, su
h as random-keydriven 
onstru
tion heuristi
s with lo
al sear
h, or even bla
k box 
omputations.Suppose the solution spa
e is made up of all permutations of Πn = {1, 2, . . . n} asis the 
ase for the quadrati
 assignment problem. Bean (1994) showed that simplysorting the ve
tor of random keys results in a permutation of its indi
es. If onewants to sele
t p of n elements of a set, assign a random key to ea
h element ofthe set, sort the ve
tor of random keys, and sele
t the elements 
orresponding tothe p smallest keys. Composite ve
tors of random keys are also useful. Suppose nitems need to be arranged in order and that ea
h element 
an be pla
ed in one oftwo states, say up or down. De�ne a ve
tor of random keys of size 2n where the�rst n keys are sorted to de�ne the order in whi
h the items are pla
ed and thelast n keys determine if the item is pla
ed in the up or down position. In this 
ase,a key greater than or equal to one half indi
ates the up position while a key lessthan half 
orresponds to the down position. In Se
tion 4 we give more examples ofsimple and 
omplex de
oders.3.3. Parameter setting. Random-key geneti
 algorithms have few parametersthat need to be set. These parameters are the number of genes in a 
hromosome(n), the population size (p), the size of the elite solution population (pe), the sizeof the mutant solution population (pm), and the elite allele inheritan
e probability(ρe), i.e. the probability that the gene of the o�spring inherits the allele of the eliteparent. Though setting these parameters is sort of an art-form, our experien
e hasled us to set the parameters as shown in Table 3.3.Below, we illustrate the e�e
t of population size, elite solution population size,mutant solution population size, and elite allele inheritan
e probability on the ran-dom variable time-to-optimal solution. We use the 100-element 
overing-by-pairsinstan
e used earlier to 
ompare the BRKGA and the random multi-start heuristi
.
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ommended parameter value settingsparameter des
ription re
ommended value
p size of population p = an, where 1 ≤ a ∈ R is a 
onstantand n is the length of the 
hromosome
pe size of elite population 0.10p ≤ pe ≤ 0.25p

pm size of mutant population 0.10p ≤ pm ≤ 0.30p

ρe elite allele inheritan
eprobability 0.5 < ρe ≤ 0.8

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  10  20  30  40  50  60

cu
m

ul
at

iv
e 

pr
ob

ab
ili

ty

time-to-optimal solution (seconds on a 2 GHz Intel Core 2 Duo)

popsize = 10
popsize = 40 
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popsize = 100Figure 3.1. E�e
t of population size on time to �nd an optimal solution.The basi
 parameter setting uses a population of size p = 100, a population of elitesolutions of size pe = 15, a mutant population size of pm = 10, and an elite alleleinheritan
e probability of ρe = 0.7.Figure 3.1 
ompares four settings for population size: 10, 40, 70, and 100. Forea
h setting, the BRKGA was independently run 50 times and CPU times to op-timal solution were re
ored. While there is not mu
h di�eren
e between the smallpopulation settings of 10 and 40, one 
an begin to observe speedups for the pop-ulation of 70 and even more on the population of 100. Sin
e time per generationin
reases with population size, in those instan
es that many generations are neededto �nd an optimal solution, the large-population BRKGAs tend to take longer thantheir small population 
ounterparts. This is 
learly made up for by the many moreshort running times of the large population variants.Figure 3.2 shows time-to-optimal solution plots for four di�erent elite populationsizes: 5, 15, 25, and 50. The �gure shows that elite sets of 15 to 25% of the full
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elitepop = 5% popsizeFigure 3.2. E�e
t of elite set size on time to �nd an optimal solution.population tend to 
ause the BRKGA to perform better that a large set of 50% ofthe population and mu
h better than a small set with only 5% of the population.Figure 3.3 illustrates the e�e
t of the size of the set of mutant solutions on thetime taken by the BRKGA to �nd an optimal solution. Four sizes were used: 3%,10%, 30%, and 50% of the full population. The �gure shows that it does not payo� to use either a too small or too large set of mutant solutions. The runs using10% of the full population as the mutant set appear to lead to the BRKGA withthe best performan
e. The large mutant set of half of the population led to theBRKGA with the worse performan
e.Figure 3.4 illustrates the e�e
t of di�erent values of inheritan
e probability onthe time to �nd an optimal solution. Four values were used for ρe: 30%, 50%, 70%,and 90%. While ρe = 30% violates the requirement that ρe > 50% and does notlead to a BRKGA with good performan
e, it is not as bad a being very greedy andusing ρe = 90%. The greedy variant turned out to have the worst performan
ewhile the two implementations using probabilities in the re
ommended range didthe best.3.4. Starting population. In Se
tion 2, we initialize the population with p ve
torsof random keys. An alternative, is to populate the starting population with a fewsolutions obtained with another heuristi
 for the problem being solved. This wasdone, for example, in Buriol et al. (2005), where a BRKGA is proposed for solvingthe weight setting problem in OSPF routing. The initial population is made up ofone element with the solution found by the heuristi
 InvCap while the remainingelements are randomly generated. While for all BRKGAs it is easy to apply thede
oder to �nd the solution 
orresponding to a given ve
tor of random keys, theopposite, i.e. �nding a ve
tor of random keys from a solution of the 
ombinatorialoptimization problem, may not be straightforward. This, however, was not the 
ase
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e probability on time to �nd anoptimal solution.in Buriol et al. (2005) where given the solution spa
e 
onsists of ve
tors of integerweights in the range [1, wmax] and therefore re
overing ve
tors of random keys istrivial. Another type of solution representation that is easy to map ba
k to a ve
torof random keys is a permutation array.



BIASED RANDOM-KEY GENETIC ALGORITHMS 133.5. Parallel implementation. Biased random key geneti
 algorithms have a nat-ural parallel implementation. Candidates for parallelization in
lude the operations
• generate p ve
tors of random keys,
• generate pm mutants in next population,
• 
ombine elite parent with other parent to produ
e o�spring,
• de
ode ea
h ve
tor of random keys and 
ompute its �tness.Sin
e ea
h of these four operations involves independent 
omputations, they 
anea
h be 
omputed in parallel. The �rst three of these operations are not as 
om-putationally intensive as the fourth and on those operations parallelization is notexpe
ted to 
ontribute to signi�
antly speedup the overall algorithm. On the otherhand, the last operation (de
oding and �tness evaluation) 
an easily a

ount formost of the overall 
y
les and one should expe
t a signi�
ant speedup in the exe-
ution of the program by parallelizing it.Another type of parallelization is the use of multiple populations. Multiple pop-ulations evolve independently of one another and periodi
ally ex
hange solutions.4. Appli
ationsIn this se
tion, we give examples of biased random-key geneti
 algorithms. Forea
h appli
ation, we provide a brief des
ription of the problem and des
riptionsof the 
hromosome (solution en
oding) and the de
oder. We begin by 
onsideringsome appli
ations in 
ommuni
ation networks, in
luding OSPF routing, survivablenetwork design, and routing and wavelength assignment. We then 
onsider theproblem of assigning tolls in a transportation network to minimize road 
onges-tion. This is followed by a number of s
heduling appli
ations, in
luding job shops
heduling, resour
e 
onstrained single- and multi-proje
t s
heduling, single ma-
hine s
heduling, and assembly line balan
ing. We 
on
lude with appli
ations tomanufa
turing 
ell formation, two-dimensional pa
king, and 
on
ave-
ost network�ow optimization.4.1. OSPF weight setting. Eri
sson et al. (2002) and Buriol et al. (2005) de-s
ribe BRKGA heuristi
s for a problem in Internet Proto
ol network routing. Theyaddress the weight-setting problem in OSPF (Open Shortest Path First) routing.A related BRKGA is des
ribed in Reis et al. (2009), where DEFT (DistributedExponentially-Weighted Flow Splitting), a di�erent routing proto
ol, is used.4.1.1. Problem de�nition. Consider a dire
ted network graph G = (N, A) where

N denotes the set of nodes (where routers are lo
ated) and A denotes the set oflinks 
onne
ting the routers with a 
apa
ity ca for ea
h a ∈ A, and a demandmatrix D that, for ea
h pair (s, t) ∈ N × N , gives the demand ds,t in tra�
 �owfrom node s to node t. The OSPF weight-setting problem 
onsists in assigningpositive integer weights wa ∈ [1, wmax] to ea
h ar
 a ∈ A, su
h that a measureof routing 
ost is minimized when the demands are routed a

ording to the rulesof the OSPF proto
ol. The routing 
ost is a fun
tion of the link 
apa
ities andthe total tra�
 that traverses ea
h link. In OSPF, tra�
 between nodes s and tis routed on a shortest-weight path 
onne
ting these nodes. The OSPF proto
olallows for wmax ≤ 65535.4.1.2. Solution en
oding. Ea
h solution is en
oded as a ve
tor x of random keys oflength n = |A|, where the i-th gene 
orresponds to the i-th link of G.
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oder. To de
ode a link weight wi from xi (for i = 1, . . . , n),simply 
ompute wi = ⌈xi × wmax⌉. On
e link weights are 
omputed, shortestweight graphs from ea
h node to all other nodes in the graph 
an be derived, tra�

an be routed, the total tra�
 on ea
h link 
omputed resulting in a routing 
ostwhi
h is the �tness of the solution. Buriol et al. (2005) apply a fast lo
al sear
hto the solution in an attempt to further redu
e the routing 
ost. Let A∗ be theset of �ve links with the highest routing 
ost values. For ea
h link i ∈ A∗, a lo
alimprovement heuristi
 attempts to in
rease wi by one unit at a time in a spe
i�edrange. If the total routing 
ost 
an be redu
ed this way, a new set A∗ is 
onstru
tedand the pro
ess repeats itself. If, after s
anning the �ve links, the 
ost 
annot beredu
ed, then the pro
edure stops.4.2. Survivable network design. Given a set of nodes in a network, a tra�
matrix estimating the demand, or tra�
, between pairs of these nodes, a set ofar
s, ea
h having endpoints at a pair of the given nodes, a set of possible �ber linktypes, ea
h with an asso
iated 
apa
ity and 
ost per unit of length, and a set offailure 
on�gurations, the survivable network design problem seeks to determinehow many units of ea
h 
able type will be installed in ea
h link su
h that all of thedemand 
an be routed on the network under the no failure and all failure modessu
h that the total 
ost of the installed �ber is minimized. Buriol et al. (2007)proposed a BRKGA to design survivable networks where tra�
 is routed using theOpen Shortest Path First (OSPF) proto
ol and there is only one link type. Andradeet al. (2006) extended this BRKGA to handle 
omposite links, i.e. the 
ase wherethere are several �ber types.4.2.1. Problem de�nition. Given a dire
ted graph G = (V, E), where V is the setof routers and E is the set of potential ar
s where �ber 
an be installed, and ademand matrix D, that for ea
h pair (u, v) ∈ V × V , spe
i�es the demand Du,vbetween u and v. Ar
 e ∈ E has length de. Link types are numbered 1, . . . , T . Linktype i has 
apa
ity ci and 
ost per unit of length pi. We wish to determine integerOSPF weights we ∈ [1, 65535] as well as the number of 
opies of ea
h link type tobe deployed at ea
h ar
 su
h that when tra�
 is routed a

ording to the OSPFproto
ol in a no-failure or any single ar
 failure situation there is enough installed
apa
ity to move all of the demand and the total 
ost of the installed 
apa
ity isminimized.4.2.2. Solution en
oding. Assume ar
s in E are numbered 1, . . . , |E|. A solution ofthe survivable network design problem is en
oded as a ve
tor x of |E| random keys.The i-th key 
orresponds to the i-th ar
.4.2.3. Chromosome de
oder. To produ
e the OSPF weight wi of the i-th ar
, s
alethe random key by the maximum weight, i.e. set wi = ⌈xi × 65535⌉. For the no-failure mode and ea
h failure mode, route the tra�
 using the OSPF proto
ol usingthe 
omputed ar
 weights, 
ompute the loads on ea
h ar
 and re
ord the maximumload over the no-failure and all failure modes. For ea
h ar
, determine an optimalallo
ation of link types su
h that the resulting 
apa
ity of the set of 
omposite linksis enough to a

ommodate the maximum load on the ar
. Compute the 
ost of therequired links.



BIASED RANDOM-KEY GENETIC ALGORITHMS 154.3. Routing and wavelength assignment. The problem of routing and wave-length assignment (RWA) in wavelength division multiplexing (WDM) opti
al net-works 
onsists in routing a set of lightpaths (a lightpath is an all-opti
al point-to-point 
onne
tion between two nodes) and assigning a wavelength to ea
h of them,su
h that lightpaths whose routes share a 
ommon �ber are assigned di�erent wave-lengths. Noronha et al. (2008) propose a BRKGA for routing and wavelength as-signment with the goal of minimizing the number of di�erent wavelengths used inthe assignment (this variant of the RWA is 
alled min-RWA). This BRKGA extendsthe best heuristi
 in the literature by embedding it into an evolutionary framework.4.3.1. Problem de�nition. Given a bidire
ted graph G = (V, E) that represents thephysi
al topology of the opti
al network, where V is the set of nodes and E isthe set of �ber links, and a set T of lightpaths to be established. Ea
h lightpath is
hara
terized by its pair of endpoints {s, t} ∈ V ×V, s 6= t. Ea
h lightpath is routedon a single path from s to t and is assigned the same wavelength for the entire path.If two lightpaths share an ar
, they must be assigned di�erent wavelengths. Theobje
tive is to minimize the number of wavelengths used.4.3.2. Solution en
oding. A solution of the routing and wavelength assignmentproblem is en
oded in a ve
tor x of |T | random keys, where |T | is the numberof lightpaths. The key xi 
orresponds to the i-th lightpath, for i = 1, . . . , |T |.4.3.3. Chromosome de
oder. Skorin-Kapov (2007) proposed the 
urrent state-of-the-art heuristi
s for min-RWA. Ea
h wavelength is asso
iated with a di�erent
opy of the graph G. Lightpaths that are ar
 disjointly routed on the same 
opy of
G are assigned the same wavelength. Copies of G are asso
iated with the bins andlightpaths with the items of an instan
e of the bin pa
king problem. Therefore,min-RWA 
an be reformulated as the problem of pa
king all the lightpath requestsin a minimum number of bins. Let minlength(i) be the number of hops in the pathwith the smallest number of ar
s between the endnodes of ligthpath i in G. Thesevalues are only used for sorting the lightpaths in the de
oding heuristi
s, eventhough the lightpaths are not ne
essarily routed on shortest paths. This o

ursbe
ause whenever a lightpath is routed on a 
opy of G (or, equivalently, pla
edin the 
orresponding bin), all ar
s in its route are deleted from this 
opy to avoidthat other lightpaths use them. Therefore, the next lightpaths routed in this 
opyof G might be routed on a path that is not a shortest path in the original graph
G. The 
lassi
al best �t de
reasing heuristi
 is used to pa
k the lightpaths. Sin
ethe number of lightpaths is usually mu
h greater than the diameter of the graph,there are many lightpaths with the same minlength value. In the 
ase of ties,Skorin-Kapov (2007) re
ommended breaking them randomly. The BRKGA usesthe ve
tor of random keys to randomly perturb the values of minlength(i) and getrid of the ties. These values are adjusted as minlength(i)← minlength(i) + x(i).4.4. Tollbooth lo
ation and tari� assignment. In transportation networks, itis desirable to dire
t tra�
 so as to minimize 
ongestion, thus de
reasing user traveltimes and improving network utilization. One way to persuade drivers to avoid 
er-tain routes and favor others is by 
harging toll for drivers to use 
ertain segments ofthe network. The obje
tive of the tollbooth lo
ation and tari� assignment problemis to lo
ate a given number of tollbooths on links of the network and determine toll
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h that the average user travel time isminimized. Buriol et al. (2009) des
ribe a BRKGA for this problem.4.4.1. Problem de�nition. Given a network topology and 
ertain tra�
 �ow de-mands, we levy tolls on ar
s, seeking an e�
ient system su
h that the resultingset of least-
ost user paths is optimal for the overall system. Consider a dire
tedgraph G = (N, A), with N representing the set of nodes and A the set of ar
s.Ea
h ar
 a ∈ A has an asso
iated 
apa
ity ca and 
ost Φa, whi
h is a fun
tion ofthe load ℓa (or �ow) on the ar
, the time ta to transverse the ar
 when there is notra�
 on the ar
, a power parameter na, and a parameter Γa. In real-world tra�
networks, ar
 (road segment) delays are generally des
ribed by nonlinear fun
tionsasso
iated with these network 
ongestion parameters. We assume that Φa is astri
tly in
reasing, 
onvex fun
tion. In addition, de�ne K ⊆ N ×N to be the setof 
ommodities, or origin-destination (OD) pairs, having o(k) and d(k) as originand destination nodes, respe
tively, for all k ∈ K = {1, . . . , |K|}. Ea
h 
ommodity
k ∈ K has an asso
iated demand of tra�
 �ow ∆k de�ned, i.e. for ea
h OD pair
{o(k), d(k)}, there is an asso
iated amount of �ow ∆k that emanates from node
o(k) and terminates at node d(k). Furthermore, de�ne xk

a to be the 
ontribution of
ommodity k to the �ow on ar
 a. The tra�
 optimization problem 
an be writtenas
min Φ =

∑

a∈A

ℓata [1 + Γa(ℓa/ca)na ] /
∑

k∈K

∆ksubje
t to
ℓa =

∑

k∈K

xk
a, ∀a ∈ A,

∑

i:(j,i)∈A

xk
(j,i) −

∑

i:(i,j)∈A

xk
(i,j) =











−∆k, ∀ j ∈ N, k ∈ K : j = d(k),

∆k, ∀ j ∈ N, k ∈ K : j = o(k),

0, ∀ j ∈ N, k ∈ K : j 6= o(k), j 6= d(k),

xk
a ≥ 0, ∀ a ∈ A, k ∈ K.Given a number κ of tolls to pla
e in the network, the obje
tive is to determine aset of κ ar
s in A where tolls will be pla
ed and tari�s for ea
h toll su
h that ifusers travel on least-
ost routes, the resulting xk

a de
ision variables (for all a ∈ Aand k ∈ K) will be su
h that the above tra�
 optimization problem is solved.4.4.2. Solution en
oding. A solution of the tollbooth lo
ation and tari� assignmentproblem is en
oded in a ve
tor χ of 2|A| random keys. The �rst |A| random keys
orrespond to the tari�s on the ar
s while the last |A| keys are used to indi
atewhether a toll is to be pla
ed on an ar
.4.4.3. Chromosome de
oder. De�ne a binary variable ya for ea
h ar
 a ∈ A whi
htakes on value 1 if and only if a toll is levied on ar
 a. For ea
h ar
 a ∈ A, let
πa denote the tari� levied by the toll on ar
 a. Finally, let Ta be the value ofthe maximum toll that 
an be levied on ar
 a. Given a 
hromosome χ with 2|A|random keys, let ya = 1 if and only if χ|A|+a ≥ 0.5. The 
orresponding tari� onar
 a is πa = ⌈χa × Ta⌉ × ya. To 
ompute the de
ision variables xk

a of the tra�
assignment problem, all demands are routed on least-
ost routes in the network. A
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al sear
h pro
edure is applied on the tari�s to attempt to de
rease the value ofthe value of the obje
tive fun
tion of the tra�
 assignment model. The 
rossoveroperator handles the last |A| random keys in a way that is slightly di�erent from thestandard parameterized uniform 
rossover that is applied to the �rst |A| randomkeys. For all ar
s on whi
h both parent solutions agree on whether or not to pla
ea toll, the 
hild inherits the random key of any one of the parents. If the parentsdo not agree on all lo
ations, then additional tolls will need to be assigned in the
hild 
hromosome to guarantee that κ ar
s have tolls. For ea
h additional toll, the
hild inherits the 
hromosome of a parent having χa ≥ 0.5 with probability thatfavors inheritan
e from the elite parent.4.5. Job-shop s
heduling. Gonçalves et al. (2005) present a BRKGA heuristi
for the job-shop s
heduling problem.4.5.1. Problem de�nition. We are given n jobs, ea
h 
omposed of several operationsthat must be pro
essed on m ma
hines. Ea
h operation uses one of the m ma
hinesfor a �xed duration. Ea
h ma
hine 
an pro
ess at most one operation at a timeand on
e an operation initiates pro
essing on a given ma
hine it must 
ompletepro
essing on that ma
hine without interruption. The operations of a given jobhave to be pro
essed in a given order. The problem 
onsists in �nding a s
heduleof the operations on the ma
hines that minimizes the makespan Cmax , i.e. the�nish time of the last operation 
ompleted in the s
hedule, taking into a

ount thepre
eden
e 
onstraints.4.5.2. Solution en
oding. Let p be the number of operations. The proposed random-key ve
tor x used to en
ode a solution has size 2p. Its �rst p genes determine thepriorities of the operations, i.e. xi 
orresponds to the priority of operation i, for
i = 1, . . . , p. The last p genes are used to en
ode the delay used to s
hedule anoperation, i.e. for i = 1, . . . , p, xp+i is used to 
ompute the delay of operation i.The delay of operation i is de�ned to be xp+i ×D, where D is the duration of thelongest operation.4.5.3. Chromosome de
oder. A parameterized a
tive s
hedule is 
onstru
ted usingthe priorities and delays en
oded in the 
hromosome. This s
hedule is an a
tives
hedule, i.e. it allows a ma
hine to be idle even when there is an operation availablefor it to pro
ess. Among all operations i that would require a delay at most xp+i×D,the operation i with the highest priority xi is s
heduled on the ma
hine.4.6. Resour
e 
onstrained proje
t s
heduling. In proje
t s
heduling a set ofa
tivities needs to be s
heduled. Pre
eden
e relations between a
tivities 
onstrainthe start of an a
tivity to o

ur after the 
ompletion of another. The obje
tive isto minimize the makespan, i.e. minimize the 
ompletion time of the last s
heduleda
tivity. When a
tivities require resour
es with limited 
apa
ities we have resour
e
onstrained proje
t s
heduling. Mendes et al. (2009) des
ribe a BRKGA for theresour
e 
onstrained proje
t s
heduling problem.4.6.1. Problem de�nition. A proje
t 
onsists of n + 2 a
tivities. To 
omplete theproje
t, ea
h a
tivity has to be pro
essed. Let J = {0, 1, . . . , n, n + 1} denote theset of a
tivities to be s
heduled and K = {1, . . . , k} the set of resour
es. A
tivities
0 and n + 1 are dummies, have no duration, and represent the initial and �nala
tivities. The a
tivities are interrelated by two kinds of 
onstraints: (1) Pre
eden
e
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onstraints for
e ea
h a
tivity j to be s
heduled after all prede
essor a
tivities Pjare 
ompleted; (2) A
tivities require resour
es with limited 
apa
ities. While beingpro
essed, a
tivity j requires rj,k units of resour
e type k ∈ K during every timeinstant of its non-preemptable duration dj . Resour
e type k has a limited 
apa
ityof Rk at any point in time. The parameters dj , rj,k, and Rk are assumed to beinteger, nonnegative, and deterministi
. For the proje
t start and end a
tivities,we have d0 = dn+1 = 0 and r0,k = rn+1,k = 0 for all k ∈ K. Let Fj representthe �nish time of a
tivity j. A s
hedule 
an be represented by a ve
tor of �nishtimes (F1, . . . , Fn+1) and its makespan is Cmax = max{F1, . . . , Fn+1}. The problem
onsists in �nding a s
hedule of the a
tivities, taking into a

ount the resour
es andthe pre
eden
e 
onstraints, that minimizes the makespan.4.6.2. Solution en
oding. A solution is en
oded with a ve
tor x of 2n random keys.The �rst n keys 
orrespond to the priorities of the a
tivities while the last n areused to determine the delay when s
heduling an a
tivity.4.6.3. Chromosome de
oder. For ea
h a
tivity j ∈ J not yet s
heduled, the delay
δj = xn+j × 1.5× δ̄ is 
omputed, where δ̄ is the maximum duration of any a
tivity.A
tivities are s
heduled, one at a time, at dis
rete points in time, starting fromtime t = 0. At time t, all a
tivities j ∈ J whose pre
ede
essors have 
ompletedpro
essing or will have 
ompleted pro
essing by time t + δj are 
onsidered to be
andidates to be s
heduled. These a
tivities are s
heduled in the order determinedby their priorities (the priority of a
tivity j is xj). Ea
h is s
heduled as soon as allof its prede
essors 
omplete pro
essing and all resour
es it requires are available.The next s
hedule time is the earliest 
ompletion time among all a
tivities beingpro
essed at and after time t. This pro
ess is repeated until all a
tivities havebeen s
heduled. The makespan Cmax is the 
ompletion time of the last a
tivity to
omplete pro
essing. A new and more e�e
tive de
oder for this problem is des
ribedin Gonçalves et al. (2009a)4.7. Resour
e 
onstrained multi-proje
t s
heduling. In the resour
e 
on-strained multi-proje
t s
heduling problem, a
tivities that make up several proje
tsmust be s
heduled. These a
tivities share one or more resour
es having limited
apa
ities. Asso
iated with ea
h proje
t are its release and due dates. The proje
t
annot begin pro
essing before the release date and should �nish as 
lose as possibleto its due date. There are penalties asso
iated with earliness, tardiness, and totalpro
essing time of the proje
t and the obje
tive is to s
hedule the a
tivities su
hthat the sum of the penalties of the proje
ts is minimized. Gonçalves et al. (2008)des
ribe a BRKGA for resour
e 
onstrained multi-proje
t s
heduling.4.7.1. Problem de�nition. The problem 
onsists of a set I of proje
ts, where ea
hproje
t i ∈ I is 
omposed of a
tivities j = {Ni−1 + 1, . . . , Ni}, where a
tivities
Ni−1+1 and Ni are dummies and represent the initial and �nal a
tivities of proje
t
i. J is the set of a
tivities and K = {1, . . . , k} is a set of renewable resour
es types.The a
tivities are interrelated by two kinds of 
onstraints. First, pre
eden
e 
on-straints for
e ea
h a
tivity j ∈ J to be s
heduled after all its prede
essor a
tivities
Pj are 
ompleted. Se
ond, pro
essing of the a
tivities is subje
t to the availabilityof resour
es with limited 
apa
ities. While being pro
essed, a
tivity j ∈ J requires
rj,k units of resour
e type k ∈ K during every time instant of its non-preemptableduration dj . Resour
e type k ∈ K has a limited availability of Rk at any point in



BIASED RANDOM-KEY GENETIC ALGORITHMS 19time. Parameters dj , rj,k, and Rk are assumed to be non-negative and deterministi
.We assume that start and end a
tivities of ea
h proje
t have zero pro
essing timesand do not require any resour
e. A
tivities 0 and N +1 are dummy a
tivities, haveno duration, and 
orrespond to the start and end of all proje
ts. A
tivity 0 pre
eedsall of the dummy initial a
tivities of the individual proje
ts and a
tivity N + 1 ispre
eeded by all of the dummy �nal a
tivities of all the jobs. Using these dummya
tvities, the multi-proje
t s
heduling problem 
an be treated as if it were a singleproje
t. The obje
tive is to minimize a
∑

i∈I(aT 3
i + bE2

i + c(CDi − BDi)
2/CPDi),where Ti, Ei, CDi , BDi , and CPDi are, respe
tively, the tardiness, earliness, 
on-
lusion time, start time, and 
riti
al path duration of proje
t i.4.7.2. Solution en
oding. The en
oding of the solution is identi
al to the one usedin the BRKGA for single-proje
t s
heduling des
ribed in Se
tion 4.6, i.e. a ve
tor

x of 2n random keys. The �rst n keys 
orrespond to the priorities of the a
tivitieswhile the last n are used to determine the delay when s
heduling an a
tivity.4.7.3. Chromosome de
oder. The de
oder is identi
al to the one used in the BRKGAfor single-proje
t s
heduling des
ribed in Se
tion 4.6 ex
ept that instead of 
om-puting the makespan, this de
oder 
omputes the penalty a
∑

i∈I(aT 3
i + bE2

i +

c(CDi − BDi)
2/CPDi) as the �tness of the 
hromosome.4.8. Early tardy s
heduling. Valente et al. (2006) des
ribe a BRKGA for a singlema
hine s
heduling problem with earliness and tardiness 
osts and no unfor
edma
hine idle time. Su
h problems arise in just-in-time produ
tion, where goodsare produ
ed only when they are needed, sin
e jobs are s
heduled to 
on
lude as
lose as possible to their due dates. The early 
ost 
an be seen, for example, asthe 
ost of 
ompleting a proje
t early in PERT-CPM analyses, deterioration in theprodu
tion of perishable goods, or a holding 
ost for �nished goods. The tardy
ost is often asso
iated with rush shipping 
osts, lost sales, or loss of goodwill. It isassumed that no unfor
ed ma
hine idle time is allowed, and therefore the ma
hineis only idle when no jobs are available for pro
essing. This assumption representsa type of produ
tion environment where the ma
hine idleness 
ost is higher thanthe 
ost in
urred by 
ompleting a job early, or the ma
hine is heavily loaded, so itmust be kept running in order to satisfy the demand.4.8.1. Problem de�nition. A set of n independent jobs {J1, . . . , Jn} must be s
hed-uled without preemptions on a single ma
hine that 
an handle at most one job ata time. The ma
hine and the jobs are assumed to be 
ontinuously available fromtime zero onwards and ma
hine idle time is not allowed. Job Jj , j = 1, . . . , n,requires a pro
essing time pj and should ideally be 
ompleted on its due date dj .For any s
hedule, the earliness and tardiness of Jj 
an be respe
tively de�ned as

Ej = max {0, dj − Cj} and Tj = max {0, Cj − dj}, where Cj is the 
ompletion timeof Jj . The obje
tive is to �nd the s
hedule that minimizes the sum of the earli-ness and tardiness 
osts of all jobs, i.e. ∑n

j=1(hjEj + wjTj), where hj and wj are,respe
tively, the per unit earliness and tardiness 
osts of job Jj .4.8.2. Solution en
oding. A solution of the early tardy s
heduling problem is en-
oded in a ve
tor x of n random keys that, when sorted, 
orresponds to the orderingthat the jobs are pro
essed on the ma
hine.
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oder. Given a ve
tor x of n random keys, a solution is pro-du
ed by �rst sorting the ve
tor to produ
e an ordering of the jobs. The jobs ares
heduled on the ma
hine and the total 
ost is 
omputed. A simple lo
al sear
hs
ans the jobs, from �rst to last, testing if 
onse
utive jobs 
an be swapped in theorder of pro
essing. If a swap de
reases the 
ost of the s
hedule, the swap is done,the 
ost re
omputed, and the s
an 
ontinues from that job until the last two jobsare tested.4.9. Single ma
hine s
heduling with linear earliness and quadrati
 tar-diness penalties. Valente and Gonçalves (2008) present a BRKGA for a singlema
hine s
heduling problem with linear earliness and quadrati
 tardiness penalties.They 
onsider an obje
tive fun
tion with linear earliness and quadrati
 tardiness
osts. A linear penalty is then used for the early jobs, sin
e the 
osts of maintainingand managing this inventory tend to be proportional to the quantity held in sto
k.However, late deliveries 
an result in lost sales, loss of goodwill, and disruptions instages further down the supply 
hain. A quadrati
 tardiness penalty is used for thetardy jobs. In many situations this is preferable to the more usual linear tardinessor maximum tardiness fun
tions. Finally, no ma
hine idle time is allowed.4.9.1. Problem de�nition. A set of n independent jobs {J1, . . . , Jn} must be s
hed-uled on a single ma
hine that 
an handle at most a single job at a time. Thema
hine is assumed to be 
ontinuously available from time zero onwards, and pre-emptions are not allowed. Job Jj , for j = 1, . . . , n, requires a pro
essing time pjand should ideally be 
ompleted on its due date dj . For any s
hedule, the earli-ness and tardiness of Jj 
an be respe
tively de�ned as Ej = max {0, dj − Cj} and
Tj = max {0, Cj − dj}, where Cj is the 
ompletion time of Jj . The obje
tive is to�nd a s
hedule that minimizes the sum of linear earliness and quadrati
 tardiness
osts ∑n

j=1(Ej +T 2
j ), subje
t to the 
onstraint that no ma
hine idle time is allowed.4.9.2. Solution en
oding. A solution of the single ma
hine s
heduling problem withlinear earliness and quadrati
 tardiness penalties is en
oded in a ve
tor x of n ran-dom keys that, when sorted, 
orresponds to the ordering that the jobs are pro
essedon the ma
hine.4.9.3. Chromosome de
oder. Given a ve
tor x of n random keys, a solution is pro-du
ed by �rst sorting the ve
tor to produ
e an ordering of the jobs. The jobs ares
heduled on the ma
hine and the total 
ost is 
omputed. Then three simple lo
alsear
h pro
edures, adja
ent pairwise inter
hange (API), 3-swaps (3SW), and largest
ost insertion (LCI) are applied. At ea
h iteration, API 
onsiders in su

ession alladja
ent job positions. A pair of adja
ent jobs is swapped if su
h an inter
hangeimproves the obje
tive fun
tion value. If ne
essary, the solution is updated. Thispro
ess is repeated until no improvement is found in a 
omplete iteration. Next,3SW is applied. It is similar to API, ex
ept that it 
onsiders three 
onse
utive jobpositions instead of an adja
ent pair of jobs. All possible permutations of thesethree jobs are analysed, and the best 
on�guration is sele
ted. If ne
essary, thesolution is updated. On
e more, the pro
edure is applied repeatedly until no im-provement is possible. Finally LCI is applied. At ea
h iteration, LCI sele
ts thejob with the largest obje
tive fun
tion value. The sele
ted job is removed fromits position i in the s
hedule, and inserted at position j, for all j 6= i. The best
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tive fun
tion value. If ne
essary, thesolution is updated. This pro
ess is also repeated until no improving move is found.4.10. Assembly line balan
ing. Assembly or fabri
ation lines are used to man-ufa
ture large quantities of standardized produ
ts. An assembly line 
onsists of asequen
e of m workstations, 
onne
ted by a 
onveyor belt, through whi
h the prod-u
t units �ow. Ea
h workstation performs a subset of the n operations ne
essaryfor manufa
turing the produ
ts. Ea
h produ
t unit remains at ea
h station for a�xed time C 
alled the 
y
le time. In traditional assembly lines, workstations are
onse
utively arranged in a straight line. Ea
h produ
t unit pro
eeds along thisline and visits ea
h workstation on
e. The major de
ision 
onsists in de�ning anassignment of operations to workstations su
h that the line e�
ien
y is maximized.Gonçalves and Almeida (2002) des
ribe a BRKGA for assembly line balan
ing.4.10.1. Problem de�nition. In the assembly line problem, a single produ
t is manu-fa
tured in large quantities in a pro
ess involving n operations, ea
h of whi
h takes
tj time units to pro
ess, for j = 1, . . . , n. Operations are partially ordered by pre
e-den
e relations, i.e. when an operation j is assigned to a station k, ea
h operation iwhi
h pre
edes j must be assigned to one of the workstations. Ea
h operation mustbe assigned to exa
tly one workstation. The sets of operations Sk, k = 1, . . . , m, are
alled workstation loads. Workstations are numbered 
onse
utively along the line.The total operation time of the operations assigned to a station k, 
alled worksta-tion time t(Sk), must not ex
eed the 
y
le time, i.e. t(Sk) =

∑

{j∈Sk}
tj ≤ C, for

k = 1, . . . , m. Gonçalves and Almeida (2002) deal with the SALBP-1 variant of theproblem, where we are given the 
y
le time C and the obje
tive is to minimize thenumber m of stations.4.10.2. Solution en
oding. A solution of the assembly line problem is en
oded ina ve
tor x of n random keys, where n is the number of operations. The key xi
orresponds to the piority of the i-th operation.4.10.3. Chromosome de
oder. The de
oder takes as input a ve
tor x of n randomkeys and returns an assignment of operations to work stations. The random key
xi is the priority of operation i. Given a set of operation priorities, a station-oriented heuristi
 is used to assign operations to workstations. This pro
edurestarts with station 1 and 
onsiders the other stations su

essively. In ea
h iteration,the operation with highest priority in the 
andidate set is 
hosen and assigned tothe 
urrent station. The 
urrent station is 
losed and the next station is openedwhen the 
andidate set is empty, i.e. when adding any operation to the stationwould ex
eed the 
y
le time. Subsequently, a lo
al sear
h pro
edure is used totry to improve the solution obtained by the station-oriented heuristi
. The lo
alsear
h attempts to swap long operations s
heduled in downstream workstationswith shorter operations in upstream workstations with the obje
tive of freeing upa downstream workstation.4.11. Manufa
turing 
ell formation. The fundamental problem in 
ellular man-ufa
turing is the formation of produ
t families and ma
hine 
ells. Gonçalves andResende (2004) present a BRKGA for manufa
utring 
ell formation.



BIASED RANDOM-KEY GENETIC ALGORITHMS 224.11.1. Problem de�nition. Given P produ
ts and M ma
hines, we wish to assignprodu
ts and ma
hines to a number of produ
t-ma
hine 
ells su
h that inter-
ellularmovement is minimized and ma
hine utilization within a 
ell is maximized. Let thebinary matrix A = [a]i,j be su
h that ai,j = 1 if and only if produ
t i uses ma
hine
j. By reordering the rows and 
olumns of A and moving the 
ells so they are lo
atedon or near the diagonal of the reordered matrix, a measure of e�
a
y of the solution
an be de�ned to be µ = (n1− nout

1 )/(n1 + nin
0 ), where n1 is the number of ones in

A, nout
1 is the number of ones outside the diagonal blo
ks, and nin

0 is the numberof zeroes inside the diagonal blo
ks. We seek to maximize µ.4.11.2. Solution en
oding. A solution to the 
ellular manufa
turing problem is en-
oded as a ve
tor x of M +1 random keys, where the �rst M random keys are usedto assign the ma
hines to 
ells and the last random key determines the numberof 
ells. Assuming that the smallest 
ell allowed has dimension 2 × 2, the maxi-mum number of 
ells is C̄ = ⌊M/2⌋. The number of 
ells in a solution is therefore
C = xM+1 × C̄ and ma
hine i is assigned to 
ell xi × C.4.11.3. Chromosome de
oder. The de
oder �rst assigns produ
ts to the 
ell thatmaximizes the e�
a
y with respe
t to the ma
hine-
ell assignments. On
e produ
tsare assigned, then ma
hines are reassigned to the 
ells that maximize the e�
a
y.This pro
ess of reassigning produ
ts and ma
hines is repeated until there is nofurther in
rease in the e�
a
y measure.4.12. Constrained two-dimensional orthogonal pa
king. In the 
onstrainedtwo-dimensional (2D), non-guillotine restri
ted, pa
king problem, a �xed set ofsmall weighted re
tangles has to be pla
ed, without overlap, into a larger sto
k re
-tangle so as to maximize the sum of the weights of the re
tangles pa
ked. Gonçalves(2007) proposed the �rst BRKGA for this problem. This was improved in Gonçalvesand Resende (2009), where a new BRKGA, that uses a novel pla
ement pro
edureand a new �tness fun
tion to drive the optimization, was proposed.4.12.1. Problem de�nition. The two-dimensional pa
king problem 
onsists in pa
k-ing into a single large planar sto
k re
tangle (W, H), of width W and height H ,
n smaller re
tangles (wi, hi), i = 1, . . . , n, ea
h of width wi and height hi. Ea
hre
tangle i has a �xed orientation (i.e. 
annot be rotated); must be pa
ked withits edges parallel to the edges of the sto
k re
tangle; and the number xi of pie
esof ea
h re
tangle type that are to be pa
ked must lie between Pi and Qi, i.e.
0 ≤ Pi ≤ xi ≤ Qi, for all i = 1, . . . , n. Ea
h re
tangle i = 1, . . . , n has an asso
iatedvalue equal to vi and the obje
tive is to maximize the total value ∑n

i=1 vixi of there
tangles pa
ked. Without signi�
ant loss of generality, it is usual to assume thatall dimensions W,H, and (wi, hi), i = 1, . . . , n, are integers.4.12.2. Solution en
oding. A solution of the two-dimensional pa
king problem isen
oded in a ve
tor x of 2N random keys, where N =
∑n

i=1 ni. The �rst Nrandom keys 
orrespond to the ordering that the re
tangles are pa
ked while thelast N keys indi
ate how the re
tangles are to be pla
ed in the sto
k re
tangle.4.12.3. Chromosome de
oder. Given a ve
tor x of random keys, the re
tangles arepa
ked by s
anning x starting from the �rst 
omponent. For i = 1, . . . , N, let
t = ⌈xi × n⌉ denote the type of re
tangle to be pa
ked next. If there are no morere
tangles of type t available to be pa
ked, the de
oder pro
eeds to the next value of
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i.Otherwise it pro
eeds to pa
k one or more re
tangles of type t, up to the maximumnumber of available re
tangles of that type using a heuristi
 determined by thevalue of xN+i. If xN+i ≤ 0.5, then the left-bottom heuristi
 is used. Otherwise, there
tangle is pla
ed using the bottom-left heuristi
. If the left-bottom heuristi
 isapplied, a verti
al layer of re
tangles is pla
ed. Similarly, if the bottom-left heuristi
is used, a horizontal layer of re
tangles is pla
ed. The �tness of the 
hromosomeis the total weight of the pa
ked re
tangles plus a term that tries to 
apture theimprovement potential of di�erent pa
kings whi
h have the same total value.4.13. General 
on
ave minimum 
ost �ow. Fontes and Gonçalves (2007) pro-posed a BRKGA for the general minimum 
on
ave 
ost network �ow problem(MCNFP). Con
ave 
ost fun
tions in network �ow problems arise in pra
ti
e asa 
onsequen
e of taking into a

ount e
onomi
 
onsiderations. For example, �xed
osts may arise and e
onomies of s
ale often lead to a de
rease in marginal 
osts.The geneti
 algorithm makes use of a lo
al sear
h heuristi
 to solve the problem.The lo
al sear
h algorithm tries to improve the solutions in the population by us-ing domain-spe
i�
 information. The BRKGA is used to solve instan
es with both
on
ave routing 
osts and �xed 
osts.4.13.1. Problem de�nition. Given a graph G = (W, A), where W is a set of n + 1nodes (node n+1 denotes the sour
e node and nodes 1, . . . , n denote demand nodes)and a set A of m dire
ted ar
s, A ⊆ {(i, j) : i, j ∈W}. Ea
h node i ∈ W \ {n + 1}has an asso
iated nonnegative integer demand value ri. The supply at the sour
enode equals the sum of the demands required by the n demand nodes. A generalnonde
reasing and nonnegative 
on
ave 
ost fun
tion gij is asso
iated with ea
h ar

(i, j) and satis�es gij(0) = 0. The obje
tive is to �nd a subset S of ar
s to be usedand the �ow xij routed through these ar
s, su
h that the demands are satis�ed andat minimum 
ost. A 
on
ave MCNFP has the property that it has a �nite solutionif and only if there exists a dire
t path going from the sour
e node to every demandnode and if there are no negative 
ost 
y
les. Therefore, a �ow solution is a treerooted at the single sour
e spanning all demand nodes. Thus, the obje
tive is to�nd an optimal tree rooted at the sour
e node that satis�es all 
ustomers demandat minimum 
ost.4.13.2. Solution en
oding. A solution of the MCNFP is en
oded in a ve
tor x of
n random keys that 
orresponds to the priorities of the demand nodes used in thetree-
onstru
tor pro
edure of the de
oder.4.13.3. Chromosome de
oder. The de
oder builds a tree rooted at the sour
e node.The node priorities in x are used to determine the order by whi
h nodes are 
onsid-ered by the tree 
onstru
tor. The algorithm repeatedly performs three steps untileither a tree or an infeasible solution is produ
ed. The �rst step 
onsists in �ndingthe highest priority node not yet supplied. In the se
ond step, the algorithm seeksthe set of nodes that 
an a
t as a parent for the node found in the �rst step. Inthe third and last step, the parent is 
hosen as the highest priority node that doesnot 
reate an infeasibility, if one exists. A potential solution be
omes infeasible ifa 
y
le 
annot be avoided. In this 
ase, a high 
ost is asso
iated with the solution.After a solution is 
onstru
ted, a lo
al sear
h pro
edure is applied to it. The lo
al
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h tries to improve upon a given solution by 
omparing it with solutions ob-tained by repla
ing an ar
 
urrently in the solution by an ar
 not in the solutionsu
h that the new solution is still a tree.5. Con
luding remarksThis paper addressed biased random key geneti
 algorithms (BRKGA), a meta-heuristi
 for 
ombinatorial optimization. BRKGA is 
ontrasted with the randomkey geneti
 algorithm (RKGA) of Bean (1994). Though BRKGAs 
losely resembleRBGAs, they di�er in the way parents are sele
ted for mating. Though minor,this di�eren
e 
an lead to heuristi
s that are mu
h more e�e
tive than their RBGA
ounterparts. The 
omponents of BRKGAs are des
ribed and their integration intoa metaheuristi
 framework is proposed. This framework separates the problem-independent part of the pro
edure from the part that is problem-dependent. Thisway, a BRKGA 
an be de�ned by spe
ifying how solutions are en
oded and de
oded,making it easy to tailor BRKGAs for solving spe
i�
 
ombinatorial optimizationproblems. Implementation issues, in
luding parallelization of the heuristi
, are ad-dressed. The paper 
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