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Abstract

Interior point methods (IPM) have been recognised as an efficient approach
for the solution of large scale stochastic programming problems due to their
ability of exploiting the block-angular structure of the augmented system par-
ticular to this problem class. Stochastic programming problems, however, have
exploitable structure beyond the simple matrix shape: namely the scenarios are
typically a discrete sampling of an underlying (continuous) probability distri-
bution. An appealing way of exploiting this would be to initially use a coarser
discretisation, i.e. less scenarios, to obtain an approximate solution, which could
then be used to warm-start the solver on the full problem.

In this paper we present a multi-step warm-start scheme for stochastic pro-
gramming problems, where a sequence of problems defined over scenario trees
of differing sizes is given and an IPM warm-start point is constructed by suc-
cessively finding approximations to the central path of the problems defined
over the given trees. We analyse the resulting algorithm, argue that it yields
improved complexity over either the coldstart or a naive two-step scheme, and
give numerical results.

Keywords: Stochastic Programming, Interior-point Methods, Warm-starting.
Classification: 90C51, 90C15.

1 Introduction

A stochastic programming problem is defined on a tree 7. This target tree encodes
available information about the future as well as the decision structure of the prob-
lem. We intend to approximate the problem by considering a sequence of trees 7 ()
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with 7() — 7 in some specified sense. We use the notation of P(7) for the stochas-
tic program on a given tree 7. The guiding idea will be to use some information
obtained by solving P(7*)) to speed up the solution for P(7 #+1), eventually lead-
ing to a faster solution of the target problem P(7). Since we are using interior point
methods to solve the problems, we will not attempt to find the optimal solution
for each intermediate problem. Rather, for every tree in the sequence we find an
approximate solution (a:(k),y(k), s(k)) € N*(k), where N, is an appropriately chosen
neighbourhood of the central path. We intend to do this in such a way that the ap-
proximate solution for tree 7*) can be used to warm-start an interior point method
on tree T* D possibly after performing a modification step, which might involve
inter- /extrapolation scenarios, a more traditional modification step in the sense of
[11, 4], or a combination thereof.

In an earlier paper [3] the authors suggested the use of one smaller (reduced) tree
Tr to speed up the solution on the target tree. The contribution of this paper is to
extend this idea to a sequence of trees, as well as providing some detailed analysis
of the method and arguing for the improved complexity of the multi-tree scheme
over either a coldstart or a two-step scheme. Further, we demonstrate the practical
applicability of the multi-tree warm-start scheme by giving numerical results on a
selection of problems.

In the following section we review the basic background of stochastic program-
ming and IPM, mainly to introduce our notation. In Section 3 we review some
warm-start results for IPM and adapt them to our setting. Section 4 analyses a sin-
gle step of the multi-tree scheme, whereas in Section 5 we give the main results for
the multi-tree warm-start scheme. Finally in Section 6 we present numerical results.

2 Notation

A (linear, two-stage) stochastic programming problem is a mathematical program-
ming problem in which some of the data is unknown a-priori:

min 'z + Fe[Q(x, )]
st. Ar=b, >0 (1)
where  Q(z,€) = min{q()Ty(&) : W(&)y(€) = h(&) — T(&)x}.

Here ¢ is the random variable representing the uncertainty in the data. Q(z,€) is the
recourse function depending on the first stage decisions x and the random event &,
whereas y(§) are the second stage (or recourse) decisions. Note that the stochastic
programming model implies a partition of the decision variables (z,y) into a first
stage x which have to be independent of the observed event & (i.e. decision need to
be taken before ¢ is observed) and a second stage y whose values can depend on the
observed value of £ (i.e. decisions can be taken after ¢ is observed). Under suitable
conditions (see [8, 9]) problem (1) can be rewritten as

min 'z + I, [Q(f)Ty(f)]
s.t. Ax =0,



It is usually assumed that the distribution ¢ affecting the random data is known.
In general § is a continuous distribution, in which case solving (2) becomes very
challenging. To make it computationally tractable, £ is replaced by a discrete ap-
proximation £. If € takes values & with probabilities P(g = g}) =p;, 1 € Z, then (2)
can be rewritten as the deterministic equivalent

min  clx+ 3, pigiyi

s.t. Az =0b, ()
Tix+Wywy; =hy, 1€Z,
x>0,y =20,

where ¢; = q(gl) and analogously for T;, W, h;, y;. We denote by n; = (T;, Wi, hi, ;)
the data describing the i-th scenario and use a notional 0-th scenario 1y = (A, b, ¢)
to denote the data corresponding to the first stage. By analogy with multistage
stochastic programming we will borrow the term t¢ree to denote a scenario set

Tiz{niZiGI}Uno.

Since the tree 7 contains all information to describe the stochastic programming
problem we will use the notation P(7") for problem (3) on tree 7. In this paper we
assume that we are given a series of successively larger trees 7W ... TK) = T,
each of which serves as an approximation to the next tree in the sequence. To analyse
how well a given tree T *+1) s approximated by the previous tree T*) we need to
define the concept of a distance between two trees. As in [3], we base this on scenario
distances, which we define as follows:

Definition 1 The distance between two scenarios i,j € 7 \ {no} is
dmi,n;) = T; = Tilla + (Wi = Wjll2 + [[hi = Rjll2 + g — gjll2-
The distance of a scenario n from a tree 7 is thus

d(ﬁ» T) = min d(ﬁ» 771)
€T

Therefore, the distance between two trees 7; and 7; can be defined as

AT, T}) = max d(n;, T;). (4)

mETL;

2.1 Interior Point Methods

Interior point methods have become a standard method for the solution of large
scale stochastic programming problems. They typically enjoy a similar performance
as dedicated active-set based approaches such as the L-shaped method but, unlike
these, they are also applicable to nonlinear formulations. IPMs applied to solve the
linear problem

min ¢’z st. Az =b, 2 >0 (5)



proceed by replacing the x > 0 constraints in (5) by logarithmic barrier terms added
to the objective function to arrive at

min 'z —p Z Inz; s.t. Az =b. (6)

(2

We define the set of strictly primal-dual feasible points for (6) as
‘FO = {(x,y,s) D Ar = buATy+8 = C,(.T,S) > O}

Assuming F° # (), then for every p > 0 problem (6) is a strictly convex optimization
problem, whose unique solution is given by the solution to the KKT-equation system

Ax = b
T _
Aly+s = ¢ (7)
XSe = pe
z,s > 0,

where we used the notation X = diag(z1,...,,), S = diag(s1,...,5,), e = (1,...,1)T.
The solutions of (7) for different values of u > 0 trace a trajectory (the central path)
that reaches the solution of (5) for p = 0. In the analysis of interior point methods
it is common to work with a neighbourhood of the central path. We define the
following:

No(0) = {(x,y,5) € F°||| XSe — pell2 < O}
Nooo(y) = {(z,y,8) € FOlyp < w8}
Ne(y) = {(z,y,8) € Folyp < wis; < p/v}

Of these Ny and N_ are in common use, whereas Nj is used in [3, 4].

Interior point methods can be seen as homotopy methods that alternate between
steps of Newton’s method to solve the nonlinear system (7) and reductions of the
barrier parameter u towards zero. The Newton steps to solve (7) are of the form

AAx = & :=b— Ax (8a)
ATAy+As = & :=c—Aly—s (8b)
XAs+ SAx = ry:=pte— XSe, (8c)

where p is the next target p value in the homotopy sequence. Usually appropriate
globalisation strategies, such as restricting steps to be within a neighbourhood of
the central path are employed.

3 Warmstarting Interior Point Methods

Warm-starting interior point methods is generally seen to be difficult to impossible.
While it is true that interior point methods are unlikely to match the warm-start
efficiency of active set type methods (such as the simplex method), recent results
[2, 3, 4] suggest that typically between 50%-60% of iterations can be saved by using
a warm-start procedure.



By warm-starting we aim to use information gained from the solution of the
LP problem (5), the original problem, to significantly speed up the solution of the
modified problem:

min ¢l 'z st. Az =0b, x >0, (9)

which is assumed to be close to (5), that is the perturbation of problem data
Ad = (AA,Ab,Ac) = (A— A,b—b,e—c)

is small. Unlike the situation with the simplex method (or other active set based
strategies), it is not a good idea to use the solution of the original problem as a
starting point for the modified problem. Instead, a popular strategy is to select
an advanced p-centre (that is an approximation to a point of the central path) of
problem (5) and to reason that (under suitable conditions, and possibly after some
modifications) the obtained point is close to the central path of problem (9) and
can hence be used successfully as an advanced iterate for this problem. This is the
approach taken by [4, 5, 11]; however see [2] for a different view.

Several authors [4, 11] have looked at conditions that guarantee a successful
warm-start. These conditions usually impose bounds on the size of Ad or equivalently
the implied distance from feasibility of the warm-start point in the modified problem,
the centrality of the warm-start point and the size of 1 as a measure of distance to
optimality. Typically larger changes in problem data require a warm-start point
corresponding to a larger value of p.

In the rest of this section we will give variants of the warm-start results in [4] and
[11] that are adapted to our setting. Later we will use these to analyse the complete
multi-tree scheme. An interesting results is that although the warm-start analyses
in [4] and [11] are quite different, the final results when applied to our scheme are
very similar. We have therefore deemed it worthwhile to include both strands of the
analysis.

3.1 Results based on implied infeasibilities

The setup considered in [4] takes an advanced iterate (z,y,s) encountered during
the solution of (5) as the basis for the warm-start point. Since the problem data has
changed, (x,y, s) is not primal-dual feasible in the modified problem (9) but instead
implies residuals
gb:I;—Aa:, gczé—/_lTy—s.

To re-gain feasibility a modification step is added, which is based on solving the
Newton system (8) with 7,5 = 0 (i.e. the modification step attempts to gain feasibility
but does not seek to improve centrality). The analysis in [4] considers under what
conditions the full modification step can be taken and hence absorb the residuals
leading to a primal-dual warm-start point in the modified problem. The results are
based on bounds on the implied residuals

T’ = el + AT (AAT) & l2, (10)
or, rather, its scaled version

O = 1SN + IIXTTAT(AAT) T2 = (1Eellz + (162



However, the analysis in [4] assumes that the perturbations in problem data will
only affect either &, or &, but not both at the same time. Moreover, the analysis only
gives conditions under which a full modification step is feasible (i.e. a primal-dual
feasible point for the modified problem is obtained), but makes no claims about the
centrality of this point. The aim of this section is to generalise the results in a way
that addresses both these issues.

Remark 1 The term AT(AAT)71¢, that appears in the definition of (5bG;’G is the
“orthogonal distance of x from primal feasibility ({x : Ax = b})”:

AT(AAT)lg, — AT(AAT)"(Az—b)
= 22— [(I—AT(AAT) T A)z + AT(AAT)~1p]
= I—- P{x:Ax:l_)}(x)7
where Py 4,31 (x) is the orthogonal projection of x onto the subspace {x : Az = b}.
Similarly, we can interpret
§e=C— ATy —S8§=85- P{s:ﬂy:ATy—l—s:E}(S)

as the orthogonal distance of s from dual feasibility. In other words 5bC;‘G measures the
total orthogonal distance of the warm-start point (x,s) from primal-dual feasibility
in the modified problem.

The results in [4] are based on the observation that, using (8), the modification
step satisfies

Ar=-XQ&+X(I-Q)& and  As=SQt —S(I—Q)&,

that is B B
XAz = —Qé+ (I - Q)& = S As, (11)

where
Q = I—-STAT(AXSTAT)1AX,
éc = Silgc = Sil(c - ATy + s),
& = X TAT(AAT) g = X TAT(AAT) "1 (b — Ax).

As in [4], we can derive bounds on ||Q||2 that are used in conditions on a successful
warm-start.

Lemma 1 We have the following bounds for ||Q]|2:

1+0>1/2

(z,y,s) € Na(b), = [|Q2 < (m

(z,y,s) € Nooo(7), = Q2 < (1_7’7)1/2\/5‘

Also, if a bound By : x;, 8; < Bso 18 known, we have

B
(z,y,5) ENoso(7), = Q2 < —=

SN



Proof. The first result is from [4, Lemma 3.1/3.2]. For the other results note that
() can be written as
Q= x"125-12px1/2g1/2  p__ X1/2S—I/QAT(AXS—IAT)—IAXIMS—I/Q
(12)
with P representing the orthogonal projection onto the null space of AX1/25-1/2
and hence || P||2 = 1. Therefore

1Qllz = X252l X /2812 .

For (z,y,s) € N_co(y) we have x;s; > yu and xis; = Yo x85 — 34, 758; <
np— (n—1)ypu < (1 —v)np and hence

1Qll2 < (“TW%.

Alternatively, in presence of the bound x;, s; < By, we have \|Xi1/25i1/2||2 < By, S0
Boo
1Qll2 < 7=
O
We now give a generalisation of the warm-start results in [4] that applies in the pres-
ence of both primal and dual residuals and is not tied to a particular neighbourhood.

Lemma 2 Let (z,y,s) be the considered warm-start point satisfying x;, $; < Boo, T;8; >
v, Vi, where p = x¥s/n. If

" 7 Boo(1+|Qll2)

then the full modification step from the warm-start iterate can be taken and absorbs
the complete primal—dual infeasibilities.

Proof. Sufficient for a successful warm-start is x + Ax > 0,s + As > 0, that is

IX Azl <1, [|S™ Asleo < 1.

From (11) we have

X~ Azl < [Ql:2léellz + (1 + 1QU2)IE N2 < (1 +[1QN2)([1Eell2 + [I€]l2)-
Under the condition of the Lemma we get

1

mini S;

3 - B
€cllz = 1157 ¢cll2 < [€ell2 < = [1€cl2,
1y

since x;s; > Y, ||%]|co < Boo and therefore s; > yu/x; > v/ Boo. Similarly, we have

IEsll2 = 11X~ AT (AAT)"1g )12 <

mini ZTj

—— B o oo

|AT(AAT) T gl < = AT(AAT) G lo.
By

Considering the two terms together we obtain

_ _ B I
IS~ Asla = | X Azlls < (1+IIQH2)M—:(H&H2+HAT(AAT) L6l2),

7



so that ||[S~'As|| = || X 'Az|| <1 provided that
056 = |l€clla + | AT (AAT) " eyllp < il
£ = el + 14T (AAT) el < 5t

O
We are now ready to give two extensions of this result that also make statements
about the centrality of the resulting point.

Lemma 3 Let (z,y,s) € Nao(by) be the warm-start iterate. Let 6 : 0 < 6y < 6
be given and n > 9. Let the modification step (Ax, Ay, As) be obtained by solving
system (8) with rzs = 0 in the new problem for the current value of p. If we have

566G _Bu —bo)
e N To 13)
with 09
— b
5§m7 (14)

then the full modification step is feasible, absorbs all infeasibilities and satisfies

(z,7,5) € N2(0).

Proof. As before we need to prove that the complementarity products Z;s; do not
deviate too much from the average. Note that under the conditions of the Lemma
we have from a slight generalisation of Lemma 2 that

HX_IAJ;HOO S ﬁv HS_1A8||OO S ﬁa

and therefore
AJL‘Z‘ < ﬁZCi, ASZ‘ < ﬁsi. (15)

We also rely on the fact that for (z,y,s) € Na(fy) we have
|zisi — p| < Oop, wis; < (1 +6o)p.

The rest of the proof follows that of [11, Proposition 4.2]. We start by finding a
bound on the norm of the vector

[(zi + Az;)(si + Asi)]i=1,2,..0 — [(x + Aa:)T(s + As)/nle. (16)

Using the above relations we can bound

r;As; = l‘iSiASi/Si < ﬂ(l + 90)# = ||XAS€||2 < \/ﬁﬁ(l + 90)#,
AJJZ‘ASZ' = JJZSZASZ/SZA.TZ/JJZ < ﬂ2(1 + HO)H = HAXAS@HQ < \/ﬁﬂ2(1 + Ho)u,
aTAs/n = (XL sidx)/n < B+ = |[zTAs/nlels < Vnp(1+b)u,

which can be used to produce a bound on (16) by

J(X+ AX)(S +AS)e — fiels
= (X +AX)(S + AS)e — [(x + Az)T (s + As) /n]e|»
< [ XSe — piella + | XASel + [SAXe]s + [AXASe],
+|[zT As/nlella + |[[s” Az /nlells + [[[AzT As/nlel|
< Oop+ V(28 + B2+ 26+ 52) (1 + Oo)
< bop + 6y/nB(1 + 0o, since [ < 1.



Meanwhile, we obtain a lower bound on the duality measure after the correction by

[26(1 + 0o)pn + B*(1 + bo) ]
36(1 + 6p)p.

Therefore, a sufficient condition for (z + Az, y + Ay, s + As) € Na(6) is that

fi=(z+Ax) (s+As)/n > p-
> p-

Bop + 6y/nB(1 + bo)p < Oy — 366(1 4 6o)

which after rearrangement becomes

(0 — 00) > 63/nB(1 + B0 + 380(1 + Oo)u = B(6v/n + 30)(1 + 0). (1)

For n large enough, \/n > 36 and therefore (14) is sufficient for (17). O

Corollary 1 Under the setup of Lemma 3 we have (Z,7y,5) € Na(0) if

(1 —69)%/%(6 — )

55 <
be = 35/nBoo

Proof. From Lemma 1 we have

1+ 6 1/2
<
Il < (152

which, combined with (13) and (14), yields the sufficient condition

506 < (6 — o) (1 —16o) i
be = 7\/ﬁBw(1 + 6o) (1 + (%)1/2)

(18)

‘We have

1 -6 B (1—69)3/2 1 /
(14 6o) (1 + (%)1/2) T 0T 00— 60) 2 (1160177 = =(1—00)"7,

which when combined with (18) proves the Corollary. O
Finally we give an equivalent of Lemma 3 involving the N_ ., neighbourhood.

Lemma 4 Let (x,y,s) € N_oo(70) be the warm-start iterate. Let vy : 0 < vy < o be
given. Let the modification step (Ax, Ay, As) be obtained by solving system (8) for
res = 0 in the new problem for the current value of p. If we have

566 <« %’ 19
<= B +IQl) e
with o —
0 —
< 2

then the full modification step is feasible, absorbs all infeasibilities and satisfies

(2,7,5) € Noso(7).



Proof. The proof follows closely that of [11, Proposition 4.1/4.3]. That proof makes
strong use of the fact that for the Weighted Least Squares (WLS) modification step
(A.I‘WLS, AyWLS» ASWLS) in [11] we have the bounds

[AzwLs 2, | Aswrslla < [ld]|&," .
Instead, we use the bounds

[AZ]loo < Bllzlloc < BBoo, | Azl2 < Bllzll2 < Bvnllzloc < BVNBs,  (21)

and similarly for || As||, /2 originating from (15). For a lower bound on (z;+Axz;)(s;+
As;) we use

(l‘i + Al‘z)(sz + ASZ‘) x;8; + ;A8 + s;Ax; + As;Ax;
Yok = [|Zllcol|Aslloe = l[sllcol|Azfloc — [[Az]lo [ Aslloo
You — 2B2,8 — B3 6?
Yo — 33206, since 8 < 1.

AVARAVARIV]

Using condition (20) we get a lower bound

1
Yot = 3BsofS = o= 5 (Y0 = 7) = 9 > 0.

It is straightforward to show that this bound is also valid for (x; + aAz;)(s; + aAs;)
for any o € (0,1). Since we know (z,s) > 0 we conclude z; + Az; > 0, s; + As; > 0.

To show that (z + Az, s + As) € N_o(y) we find an upper bound on u* =
(z + Az)T (s + As)/n by

ph=(@+An) (s +As)/n < pt||Axallsllz/n + [|As]lz]z]l2/n
< u+2nB3B/n +nB3 5% n
<

u+ 3B26.
Hence for the conclusion of the proposition we need

You — 3B2,B > (1 + 3BZ, ),
which is equivalent to (20). O

Corollary 2 Under the setup of Lemma 4 we have (Z,9,5) € N_oo(70) if

32
5GC < (Yo =)

6BL

Proof. From Lemma 1 we have ||Q||2 < Bso/(y/70ft). Combining this with (19) and
(20) we get the sufficient condition

1?2, (22)

556 < (370 —v)go 2
683, (1 + —==)

VoR
Assuming p < B2 we have (1 + f%) < 2% and therefore
3/2
o= 25 (0= Ny 52
3 Boso — 4 '
683, (1 + =) 655



3.2 Results based on changes in problem data

The conditions for a successful warm-start in [11] involve the Renegar condition
number C(d) of the problem and a direct measure of the change in the problem data.
Following [11], we define F as the set of primal-dual feasible data instances

F :={(A,b,c) : I,y,s) with (z,s) > 0 such that Az = b, ATy + 5= c},

its complement by F¢, and their shared boundary as B = cl(F) N cl(FC). For a
problem given by the data d = (A,b,¢), let

[[dl := max{[|Allz, [[bll2, [lc]l2}
and the difference to ill-posedness p(d) given by
p(d) = inf{||Ad] : d + |Ad]| € B}. (23)
The condition number C(d) of the data instance d is then defined as
C(d) = lld|l/p(d).

Further with Ad = (0, Ab, Ac) (i.e. assuming AA = 0) define the following measures
of (relative) change in the problem data:

A A

[ ]}

The setup of [11] assumes that a point in a neighbourhood of the central path for (5)
is given. Two possible modification steps, a Weighted Least Squares (WLS) step and
a Newton correction (NC), are suggested which have computational effort similar to
the standard IPM step. They derive conditions under which these steps are able
to absorb the whole primal-dual infeasibility introduced by the change of problem
data. A typical result is as follows.

Proposition 1 ([11, Prop. 4.3]) Let (z,y,s) € N_x(70) be given and suppose
that (Ax, Ay, As) is obtained by the WLS step. Further let v be such that 0 < v <
v <1, and £ € (0,79 — ). Assuming that

- - d||
yw o %07 3 S I 2 YW
5bc = (n + ].)C(d) and w = é— 3C(d) 5bc )

then (z + Az,y + Ay, s + As) € N_oo (7).

The bound on (52/CW is inconvenient for our purposes due to its dependency on the
problem size n, which states that the absorbable perturbations become smaller the
larger the problem is. Ultimately this bound originates from the Nunez-Freund
bounds ([7])

lz(w)lls < K(d,p),  s()ll2 < 2lldllaK (d, 1),  where K(d,p) = C(d)* + %

11



which in absence of further conditions are the only general upper bounds on ||z||, ||s]|
that can be used.

In our case we assume that we know a bound By, : x;, s; < By for all considered
warm-start points (a more detailed discussion will follow in Section 5). Hence it is
possible to derive results with weaker conditions on (522W. We will give the analysis
for the WLS modification step, results for the NC step can be derived similarly. Our
first result is a direct extension of Proposition 4.3 in [11]:

Lemma 5 (WLS and N_,, neighbourhood) Let (z,y,s) € N_o(70) be given

with v : 0 <7y < 7, and assume that a bound ||z||2, ||s||2 < B uniformly for all p is

known. Suppose that (Ax, Ay, As) is obtained by the WLS step. Assuming that
]

then (z + Az, y + Ay, s + As) € N (7).

Proof. The proof closely follows the proof of [11, Propositions 4.1/4.3] and can be
found in the Appendix.

Lemma 6 (WLS and N; neighbourhood) Let (z,y,s) € Na(by) be given with
0:1>80 >0y and assume that a bound ||z||2,||s|la < B2 uniformly for all p is
known. Suppose that (Ax, Ay, As) is obtained by the WLS step. Assuming that

]

>
H="9 "6,

4By, (25)

then (z + Az, y + Ay, s + As) € Na(6).

Proof. Again the proof can be found in the Appendix.
We are now ready to apply these results to our application of warm-starting
stochastic programming problems from reduced trees.

4 Warm-starting stochastic programming problems

We now turn our attention to the warm-starting of stochastic programming problems.
In what follows we will limit our analysis to the case of a two stage stochastic
programming problem with fixed recourse where the stochasticity only affects the
right hand side, i.e problem (2) with W (§) = W, T(§) = T,q(&) = q.

As indicated earlier, we assume that we are given a sequence of trees 71, 72 T (
which define a series of problems P®*) = P(7(). In this section we will start by
analysing a single step of this scheme, i.e. we assume that we only have two trees
TW_ T3 and postpone the analysis of the whole sequence to Section 5.

This warm-start application differs from the usual setup in that, rather than
warm-starting from a problem with the same size but different problem data, we are
warm-starting from a problem with the same structure, but different dimensions. As
in [3] we will introduce a notional ezpanded problem that has the same size as the
problem to be warm-started (the new problem) but using data from the old problem.

K)

12



We now assume that we are given two trees 7W, 7| where 7™ is obtained by
an aggregation of nodes from 7. In detail, we partition the scenario set of 7
into disjoint clusters

TO =G, GnC=0, Vi

find the average scenario for each cluster
Ci) =Y pimi/(>_ pj)
jeC; Jj€C;

and use the set of aggregated scenarios as the reduced tree

TW = {u(C))};.
This implies a function
7«(172) : 7(2) N T(l)’ T(LZ) (n) — /.L(Cj) 1€ Cj

that identifies for each scenario of 7 the corresponding scenario in 7, and its
(set valued) inverse

I0DW) i={neT® r(n) =v}, veTW.
For the probabilities p, of scenario v we have
by = Z DPv, Vv e T(l)y
n€Z-2) (v)

that is tree 7(1) is obtained from 7 by clustering and node aggregation. For
a balanced aggregation we would have p,|7?)| ~ Prpy|T (M|, where |7 is used to
denote the cardinality of the tree 7. We define the balancing parameter p(1’2) to be
the maximal deviation from this

2) 1)
neT (? r(n) TW|” py [T
In addition we also need a one-sided version
(2)
o = min { Do Ty (27)
neT @ | Pr(n) |T(1)|

(1,2)

An important difference between p(12) and pt® concerns the root node (labelled
0’). Since r(0) = 0 and py = 1 for all aggregations, we have

P12 < [T0)/ |7

irrespective of the balancing of the tree aggregation. On the other hand, it is possible
(1,2)

to achieve p> "’ =1 for a perfectly balanced aggregation. Later results will differ in
whether they depend on p or p_.
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As in [3] we will use a two-step procedure to construct a warm-start point for
problem P(7®) from a (reasonably) central and primal-dual feasible point for
P(TM). In a first step, with the mapping r(1:?) we define the ezpanded tree

702 = r0D (@) . t € 7O},

that is a tree of the same shape as 7, but with all scenarios replaced by their
corresponding scenarios from 7(1). When it is clear which two trees are involved we
will drop the superscript 2 from r and 7. The warm-start point can be similarly
expanded resulting in a point that is primal-dual feasible for P(’f’) but has worsened
centrality. From a primal-dual feasible point (x,y,s) for tree 7()| then as in [3] we

A

can construct a primal-dual feasible point (Z, g, §) for problem P(7) by setting

it=a2"0, (g8 = Py s0) (28)
Pr(t)

In a second step we replace the scenarios of T by those of 7 resulting in implied
residuals &, &, for the constructed warm-start point. We can control the worsening
of centrality (in step 1) by using a balanced aggregation, and the size of the implied
residuals (in step 2) by keeping d(7™),7®)) small. The main result of this section
are conditions on p(1?) and d(7(M,7®) that guarantee a successful warm-start.

4.1 Step 1: Worsening of centrality

We start by analysing the worsening of centrality. The corresponding result from [3]
(where the N neighbourhood is used), is the following,.

Lemma 7 ([3, Theorem 3|) Let (z,y,s) € Ns(l)('y) and let (&,7,8) be constructed
from it by (28). Then A
(jja ga ‘§) € Ns(p(lg)’}/)'

We now give similar results for the Ao and N_ neighbourhoods.

Lemma 8 Let (2,y,s) € Ng(l)(ﬂ) and let (z,7,8) be constructed from it by (28).
Then o

(‘%7?)7 ‘§) € NZ(G)
where 6 = 2—39 + /na(1 — p(1’2)).

Proof. The slightly technical proof is given in the Appendix.
We also give a version of Lemma 7 using the N_,, neighbourhood (and p_).

Lemma 9 Let (z,y,s) € /\/’Elo)o(’y) and let (Z,9,8) be constructed from it by (28).
Then X s
(&,9.5) € Nooo(p ).

Proof. Since z;s; > v we have

Dt bt ng . 1,2) .
> = 2> pI Py

r(t)sf(t) Dbt _
Dr(t)y  Pr(t) Dr(t) ™

stat
T;S; = ./L'i
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4.2 Step 2: Bounds on d,. based on tree distance

The aim of this section is to relate the distance measures (522W, 5bGCG to the distance
between the old and new scenario trees. While 5szW measures the change in prob-
lem data, (5bG;’G is concerned with the resulting primal-dual infeasibility in the new
problem.

Lemma 10 Let (2,7,8) € FY be given. For the primal-dual infeasibilities incurred
by changing the problem from T to T?) we have

0l < IT@NWE W) lod(TW, 7).

Proof: According to Remark 1, 6¢C is equal to [|Ax*||2 + [|As*||2, where Az*, As*
is the minimal change to &,5 needed to obtain a primal-dual feasible point for
problem 7). Therefore for any change Az, As that restores primal-dual feasibility,
| Az|j2 + || As]|2 is an upper bound for 5.

Since (Z,7,8) € F we have

G — Wl — 32, = 0 (29a)

o — AT =T gy — 51 = 0 (29b)
Aty = b (29c¢)

Ty + Wiy, = hy (29d)

We now consider the effect of changing the problem from T to T@, that is replacing

g and hy by qt(2) and h?), respectively. Note that we have

|8all = llde — | < AT, T?), Ak = Ik — | < AT, 7).
Since the change of problem data only affects g, hy, equations (29a/c) are still sat-

isfied. For (29b/d) we construct a change Ax, As to restore primal-dual feasibility.

In order to satisfy (29a) we can simply take Asy; = pt(q£2)

— Gt) and get
2 . . . U
Ptqg LWy, — (82,0 + Asay) =Gy — Wi — 804 =0,

and therefore
|Asoy|l < pellAge]l < d(TD, TP).

For (29d) we look at finding a change Azy; to satisfy
min %Aa:;tAa:Zt s.t. Tay + W (o + Azxgy) = h§2).
Deriving optimality conditions, one can see easily that this is satisfied by
Azoy = WIWWD) L (0P — hy),

hence
Az ll2 < [WEWWT)"Hd(TW, T®).
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Together we obtain

50 < ||Azs + [|As]l2 < 24/|T @ max{||[Azgyl2, | Asoll1}
< 2/|ITOWTWWT)d(TW, 7).

(]
Finding a bound on 62" in terms of d(7"),7(?)) is even easier.

Lemma 11 Let (z,7,8) € Fo be given. For the primal-dual infeasibilities incurred
by changing the problem from T to T?) we have

SYW < 3C(d)”\/”\7(2)\d(7—(1) T2)
C — d ) *

Proof. We have

v = 1201 o2 0
As in the proof to Lemma 10 we can argue that
| Al 1Ak < d(TO, T®), vteT?,
and hence
|Ab] = [|an] < VT@AT®,T®), Ac] = |ag] < VT@ITO, 7). (31)
From (30), (31) and 1 < C(d) we get the assertion. O

4.3 Results for the two-tree scheme

We are now in a position to give conditions under which the whole warm-start process
on two trees is successful. The algorithm we analyse consists of the steps detailed in
Algorithm 1. In what follows we give results for the Ny and N_, neighbourhoods

Algorithm 1 Two-tree stochastic warm-start
Require: The full tree 75.
1: Starting from 75 choose a reduced tree 77 (for example by clustering and scenario
selection).
2: Solve the problem on the reduced tree 7; to a duality gap of u = u), to obtain
a point

@V 50y ¢ AW

for a specific choice of neighbourhood N,
3: Expand this point by (28) to a solution (&, 7, §) of the expanded problem.
4: Do a modification step in the full problem (Pure centring step or WLS step).

for each of the two modification steps considered in Sections 3.1 and 3.2, respectively.
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Theorem 1 Let (M), y(M s ¢ Nﬁlo)o('yo) with (x)Ts() = nypu. Then the warm-
start according to Algorithm 1 is successful, that is

(@ + Az, 5+ Ay, &+ As) € NP (),

where (Ax, Ay, As) is a pure centring step in the full problem, if

5/2
d(T T)nZ/ V |7—é| < P-"70 — 7 3/2 5/2
VTR AR = GBLWT(WWT) T 0 M

Proof. According to Lemma 9, the expansion procedure of Step 3 leads to a point
(‘%7:&7 ‘§) € /\A/’—oo(ﬂf%)y with /l = jTé/”? = ,Ufnl/nZ-
According to Corollary 2 the warm-start is thus successful if

=70 — 7 n
o < g ()P

. 5/2
- 6B§O no '

1)
Combining this with the bound on 5bGCG from Lemma 10 we get the condition

TOWT W) d( TN, T) < Fla (p_30)¥2 ()72,
63310 no

which can be rearranged to obtain the condition of the Theorem. U

A result for the AV, neighbourhood is a bit harder to obtain, since in the worsening-
of-centrality result (Lemma 8) the new centrality measure § = 20+ na(p — 1)
depends on more parameters. We can however control the Z—f@-term by reducing the
initial centrality measure through some additional centering steps. This leads to the
following result.

Theorem 2 Let (z(),y(M) s(1) ¢ /\/2(1)(0.5) with (tMW)TsM) = nypu. Assume that

1
ng <10ny, 1—pt? <

_4\/n—2’

By performing up to two additional centering iterations in the reduced problem we
can obtain a point

(ﬂ%ﬁ%é%eA@Qm%)
From this point the warm-start according to Algorithm 1 is successful, that is
(& + Az, j + Ay, 5+ As) € NiP(0.5),
where (Ax, Ay, As) is a pure centring step in the full problem, if

3/2

n 1

d(T1, T\ || —2— < .
( b 2) | 2| ny 7GOBOO||”T(” ”T)71||2'u
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Remark 2 These conditions are obviously very tight:

1-— p(1’2) < L
~ 4./ny

means that for moderate tree sizes (na =~ 10°) we need p > 0.999, i.e. a more or less
perfectly balanced tree.

In order to prove this Theorem we need the following generalisation of the centering
results [10, Lemma 5.8]:

Lemma 12 Let (z,y,s) € Na(f) with 0 < 0 < 0.5 and let (Ax, Ay, As) be obtained
by a pure centring step. Then the full step is feasible and
(x + Ax,y + Ay, s + As) € Na(0)

92

where é = m

Proof. By combining Lemmas 5.5/5.4 in [10] we get (setting o = o = 1):
2

23/2(1 — 0)
The feasibility of the full step follows from [10, Lemma 5.8]. O

(X +AX)(S 4+ AS)e — pells < [|[AXASe|s < L.

Corollary 3 By performing a series of pure centring steps we have the progression
N5(0.5) — N3(0.18) — N3(0.015) — N>5(0.001).

Proof (of Theorem 2). According to Corollary 3, a maximum of two centring
steps will take us from N5(0.5) to N2(0.015) C N2(0.1572) for ng < 10n;. According
to Lemma 8, the expansion procedure of Step 1 leads to a point

(2,9, 8) € No(0), with fi:= 278/ny = pny/ng,

where

6 ="2(015"2) + /ma(p — 1) < 0.15 + 0.25 = 0.4.
ni no
According to Corollary 1, the warm-start is thus successful if

(L= 026 — ) m

5 <
be = 354/N9 B ng'u
Combining this with the bound on 5liG from Lemma 10 we get the condition

1—6)%2(0—6
JTeqw? ww?) o, 70) < L0 0 0m,

35\/’02300 no
Rearranging, setting # = 0.5 and using
0—-6, . 1
——(1-0)3? > —
35 ( ez 760’
we obtain the condition of the Theorem. O

The final two results concern the WLS modification step and use the results from
Section 3.2.
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Theorem 3 Let (M), y(M), s1) ¢ N 2 (y0) with (x)Ts(D) = ny . Then the warm-
start according to Algorithm 1 is successful, that is

(@ + Az, i+ Ay, § + As) € NP (),

where (Ax, Ay, As) is the Weighted Least Squares step according to [11] in the full

problem, if
Yop— — 7
d(T1, T2)\/ |15 —_—
(71, 75) |2| _ch(d)M

Proof. The expansion procedure of Step 1 leads according to Lemma 9 to a point
(2,9,8) € N_oo(Yop—), with i := 278/ny = pni/na. According to Lemma 5, the
warm-start is thus successful if

SYW 4 < Jop——7

Combining this with the bound on 5?;W from Lemma 11 we get the condition

W ITONUTD 7@y < JoP—— 7™
BC(AW|TPNAT, T) < 3B,y

which, after rearrangement, proves the Theorem. O

Theorem 4 Let (z(),yM) s(1) ¢ /\/2(1)(0.25) with (tMW)TsM) = nyp. Assume that

(12) _ 1
ng < 10n1, p

S iym
By performing up to two additional centring iterations in the reduced problem we
obtain a point

@D, 50 50y € AH0.152L).
n2
From this point the warm-start according to Algorithm 1 is successful, that is
(& + Az, § + Ay, 5+ As) € NiP(0.5),

where (Ax, Ay, As) is the Weighted Least Squares step according to [11] in the full

problem, if
1
d(T1,72)v \72\ < m

Proof. The first part (recentering) follows as in the proof to Theorem 2. Accord-
ing to Lemma 8, the expansion procedure of Step 1 leads to a point (Z,9,5) €
N2 (0), with i := 278/ny = uny /na, where

6 = n(015—)+\/—( 1) < 0.15 + 0.25 = 0.4.
1

According to Lemma 6 the warm-start is thus successful if

60— 9’!7,1

G llda]| < 1B, ny"
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which, combined with the bound on 5?;W from Lemma 11, yields the condition

0—0n
T 4TVD 7)Y < o
3C(AN\NTPNA(T, TH) < 1B, ny'

Rearranging, setting 0 = 0.5 and using (6 — #)/12 = 1/120 we obtain the condition
of the Theorem. O

5 Warm-start on a series of trees

The results of Section 4.3 give conditions under which the warm-start from a neigh-
bourhood of the central path in the reduced tree leads to a neighbourhood of the
central path in the full tree. In this chapter we apply these results to a series of
progressively larger trees 71, 72 ... 7T&) = T Algorithm 2 details the steps for
the multiple tree stochastic warm-start scheme.

Algorithm 2 Multiple-tree stochastic programming warm-start

Require: A sequence of trees 7, 732 ... T(K) with resulting problem sizes n¥)

and closeness measures d®) = d(7®) 7*+1)) Further a sequence of p-values
pk),

1: for k=1 to K do

2. Solve problem P(T®) to accuracy p®), that is to obtain a point
(z®),y®) sk)y e N*) for some neighbourhood N*) with (z*)Ts(k) /nk) =
uk)

3:  Perform additional centring steps to obtain a point in a tighter neighbourhood.
Expand this point to a solution (), §*) 5(*)) of the expanded problem, by
following the scheme in (28).

5. Use (£®), 5% 50 to warm-start the problem on the next tree in the sequence
T (k+1)

6: end for

In order to analyse the Algorithm we could use the results of Section 4. Their
conditions, however, involve quantities like C'(d) and By, B2, which depend on the
exact problem in the sequence.

We start by deriving global bounds for the quantities C(d) and B., /B2 that
appear in the conditions for d(7 (M), 7(?)) in Section 4.3. The proofs of these results
are given in the Appendix.

Lemma 13 Let T be the full tree and let the reduced tree T be obtained from it by
scenarto aggregation. Then we have that

p(d(T)) < p(d(T)),

where d(T) = d(P(T)) is the problem data d = (A, b, c) describing the problem P(T).
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Lemma 14 Given a sequence of trees TV, T3 ... TE) where T =Y s obtained
from T®) by scenario aggregation, then

C(d®) < Cld) = c(d*)), V.

Further, given a sequence of p-values: p™ > p@ > > ) then with

By = 2)d")(C(d)" +n")u® /p)
Boo = 2dS|(C(d)" +n")u® /p)

we have that all (x(k), s(k)) that are used in the warm-start sequence satisfy

2™ oo, 15® oo < Booy 2™ 2, [1s™ 2 < B
We are now in a position to state the main results of this paper. We give conditions
under which all the warm-start steps in the algorithm are successful both for the N5
and the N_, neighbourhoods.

Theorem 5 Given is a sequence of trees T T ... TE) with resulting problem
sizes n®) and closeness measures d®) = d(T® T*+HD) " Further we are given a
sequence of p-values n*®). Assume that we have a bound C(d) = C'(PW). If we have

nk+D < 100, plEk+1) < 1+#
4 n(k+1)
D)
p® > 1204/ |T kD) | ByC(d)d ™) 5 (32)
or
(k+1)\3/2
_ _ n
u® > 7601/ |76 Bo [WT (WWT) led(k)%, (33)

with By, Bso from Lemma 14, then Algorithm 2 can be performed successfully, that
18 all warm-starts are successful and lead to points

(x(kJrl)’y(kJrl)’S(kJrl)) c N2(k+1)(0.5)'

Proof. All the warm-start points are primal-dual feasible for their respective orig-
inating problem. Therefore the bounds from Lemma 14 hold. The assertion of the
Theorem then follows from Theorems 2 and 4. (]
We will now give the equivalent result for the N_., neighbourhood based on
Theorems 1 and 3. In the N_,, neighbourhood there are no cheap re-centring steps.
We therefore suggest a scheme in which the centrality measure v worsens at every
step. In particular we will choose the sequence 70 > 0.1, y*+1) = (4(}) 4 0.1)/2.
Theorem 6 Given is a sequence of trees T, TR ... TE) with resulting problem
sizes n®) and closeness measures d®) = d(T® T*+HD) " Further we are given a
sequence of p-values p®).  Assume that we have a bound W = C(P(k)). If we
choose
1
2

1

(k+1) _ L
y 10)

(v +
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and satisfy the conditions

kkt) 4 o Lo _ 1
Jou 1 < ;0 0
(k) _ L (n(k) 5/2
dF) TR+ < v 10 4
| = 6-320330\|WT(WWT)1H2<(n(k+1))’“‘> (34)
or
(k) _ L (k)
AW JiTen) < 110 " 35
VITEDl < S (35)

with By, Boo from Lemma 14, then Algorithm 2 can be performed successfully, that
18 all warm-starts are successful and lead to points

k+1
(x(kJrl)’y(kJrl)’S(kJrl)) c Nf; )(7(k+1)).
Proof. All the warm-start points are primal-dual feasible for their respective orig-

inating problem, so the bounds from Lemma 14 hold. Under the conditions of the
Theorem we have (since v < 1)

RPPS PR BN DR NS B
P37 70> 710 T4 w0y
and therefore 5 1
(kkt1) 5 0, L
p 17 0
Moreover
3 11 11 1
k), A1) 5 2 (k) o = (k) = k)
YW~ 27+ Y 50 = 107 ) (36)
and therefore with p_ > 3/4,v*) > 1/10:
8/2 (k) _ Ay 32 Lo A L 1

Combining (37) with (34) we see that the condition of Theorem 1 is satisfied. Simi-
larly, combining (36) with (35) we see that the condition of Theorem 3 is satisfied.
In both cases we see that the sequence of warm-start is successful as claimed. O

5.1 Complexity analysis

We now take a closer look at Algorithm 2. In step 2 the advanced p(®)-centre is
found by applying an interior point method. Assuming (as usual) that we know a
primal-dual feasible p0 centre, the initial ;(V)-centre can be found in

O (nT log ,u(_?) (38)
e

iterations (see for example [11]). The parameter 7 depends on the IPM variant used,
and is 7 = 1 for the long-step method and 7 = 1/2 for the short-step method. We
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assume that the computational cost of an interior point iteration (which is dominated
by the solution of system (8)) is O(n®), where typically o > 1 (dense linear algebra
would give @ = 3, the best structure exploiting solvers are able to reach a =~ 1 in
specific circumstances).

Since typically « > 1, the computational cost will be dominated by the number
of iterations that have to be performed on the full problem P(7). It is therefore
crucial to analyse what the latest point (smallest p) is at which the switch to the
full problem can be performed successfully according to the analysis presented in the
previous sections.

If we use only one reduced tree for warm-starting (as in [3]), then from condition
(33) of Theorem 5 and the fact that typically n®) ~ C|7®)| we get as a condition
for the smallest acceptable p-value (in the reduced problem) the bound

p > cd(T, T®*)nge /ny.

Similar conditions can be obtained using conditions (32), (34), (35) to obtain bounds
of the form
p > Cd(T, T™)*nl /ny,

where the values of a,b and the constant C' depend on which strand of the analysis
we take according to

cond | (32) (33) (34) (39)
a 1 1 2/5 1
b |32 2 1 1

According to the analysis of the expansion and warm-start steps this yields a
warm-start point in the full problem with a corresponding p-value

p=p =t > Cd(T, TW) i, (39)
- - NK

One the other hand if we use a sequence of trees 7, 73 7&E) the final warm-
start into the full problem P(7 %)) will be performed from 73 and by a similar
argument we obtain the bound

p=pu®r2 > Cd(Tp, T® )b, (40)
B=B ok
We expect that 7(?) is chosen such that d(7?), 7)) < d(7M,7&)). Comparing
(39) and (40) and using (38) we obtain that the number of full problem iterations
saved by performing the multi-step warm-start is

d(T(Q) ,TE ))
0 (non 7 73

A similar analysis can now be applied to determine whether it is worthwhile to
introduce an additional tree 7®) between 7 and 7)), or indeed whether problem
P(T®) should be warm-started directly from 7() or from an intermediate tree
between 71 and 7).
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We should note that typically there is a large gap between the theoretically
predicted and practically observed behaviour of interior point methods. We therefore
see the bounds in Theorems 5 and 6 only as qualitative guidance, but will not check
them in practice. We think this reasoning is supported by the numerical results
which we present in the final section.

6 Numerical results

The multi-step warm-start algorithm is implemented within OOPS [6], an infeasible
primal-dual long-step interior point code. In fact, OOPS does not enforce that
iterates have to be in a specific neighbourhood. As such the code is quite different
from the exemplary method used in our analysis. Our aim is however to demonstrate
that the warm-starting scheme offers potential for time savings even on production
codes (and not just on a textbook algorithm).

We have tested the multi-step warm-start algorithm (Algorithm 2) on two sets
of test problems. The first set consists of variations of the standard diet problem
in which a set of products have to be mixed from a supply of raw materials in
order to satisfy certain nutrient specifications of the products at minimum cost. The
problem is made stochastic by assuming that demand of products and availability of
raw materials are unknown. The first-stage decision is to decide how much to buy of
each raw material, and the recourse problem decides how to mix each of the products.
We allow to buy in missing raw materials at premium cost to ensure full recourse.
The second set comes from capacity assignment problems with uncertain demand.
Scenarios for both sets of problems are generated by sampling from a (multivariate)
uniform distribution. Details of our test problems and their dimensions are given in
Table 1.

core size problem size
Problem scenarios | constraints variables | constraints variables
ex1 20000 50 70 960.001  1.780.006
40000 50 70 1.920.001  3.560.006
ex3 10000 72 112 700.001 1.380.009
20000 72 112 1.400.001  2.760.009
s97 10000 147 157 1.450.001  2.390.010
s98 10000 149 141 1.470.001  2.060.006
799 10000 158 148 1.560.001 2.170.007
Minoux 10000 118 239 1.160.001  3.050.051
Jll_gva 4000 350 781 1.392.001 4.180.085
T1B3 10000 50 109 1.070.001 1.350.024
rdc 10000 177 272 2.700.001  2.970.151

Table 1: Dimensions of the test problems.

All computations have been performed on a Dual Core Intel 3.0GHz processor
with 4GB RAM. Starting from the full problem we generate reduced problems by
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clustering scenarios (using k-means++ clustering [1]). In our first set of results
(presented in Table 2) we compare the efficiency of a single step of the stochastic
warm-start (Algorithm 1) for varying sizes of the reduced tree. The numbers given
are the IPM iterations for the full tree (after warm-start), the total solution time
(for the reduced and full problem solve) and the combined residual ||&,]loo + [[€c]loo
in the first iteration of the full problem.

As expected, the residuals in the full problem decrease as the reduced tree ap-
proximation improves, confirming the assertions of Lemmas 10/11. In all cases, the
warm-start can significantly reduce the number of iterations. Since an iteration in
the reduced problem is much cheaper than an iteration in the full problem, the
savings in iterations are translated into savings of solution time. As expected the
number of iterations needed in the warm-started problem is generally smaller if the
reduced tree is larger, i.e. it approximates the full tree better. However, in terms of
solution time there is a slight tradeoff, since using a large reduced tree means that
a non-negligible time is spent in finding the warm-start point.

To complete the picture, Table 3 gives the smallest target p-value in the reduced
tree for which the warm-start is successful found by experimentation. Since we
deem the definition of a “successful warm-start” used in the theoretical part of this
paper (namely the modification step itself regains feasibility in the full problem)
too stringent, we have used the criterion that the infeasible IPM used for the full
problem is able to reduce the combined primal-dual infeasibility below 0.1 (or 1/100
of its original value, whichever is smaller) within the first 3 iterations. As can be
seen, the smallest successful p-value decreases as the quality of the reduced tree
approximation improves, again confirming the results of Theorems 1-4.

In our second set of results we test the performance of the multi-step scheme.
In all instances we have used three trees: for each problem the full tree and the
smallest and largest reduced tree from Table 2. In Table 4 we compare the solution
time for the cold started problem, the problem warm-started from the largest reduced
tree, problem warm-started from the smallest reduced tree and finally the three-tree
scheme. We also report the percentual time savings of the 3-step scheme compared
to the best of the 2-step warm-starts (negative values indicate that the 3-step scheme
is not the fastest). In all cases the multistep warm-start can improve on the solution
time of the of the 2-step scheme when warm-started from the largest tree. In most
cases we can also improve on the solution time when warm-starting from the smallest
reduced tree. Although the 3-step scheme is not in all cases the fastest of the warm-
start schemes, it is always good. Keeping in mind that the optimal size of the reduced
tree for a 2-step scheme can not be determined a-priori, the 3-step warm-start is a
good alternative.

Our numerical results show that the warm-start scheme significantly speeds up
the solution of large two-stage stochastic programming problems when compared to
a cold start and has advantages compared to a simple reduced tree warm-start. Al-
though the analysis has been performed for linear two-stage problems, we would ex-
pect that the scheme can be adapted to nonlinear problems and multi-stage stochas-
tic programming. We leave this for future research.
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Problem scenarios cold size of reduced tree
4000 2000 1000 | 100 10
ex1 20000 25 - 12 - 14 12
580s 327s 311s 264s
1.76 4.20 8.34
40000 34 14 - - 14 18
1559s | 766s 642s 843s
1.55 3.87 7.40
ex3 10000 34 - - 18 28 27
563s 346s | 469s  444s
2.90 | 6.16 13.2
20000 53 - 16 - 24 29
1793s 626s 804s 961s
2.56 5.75 11.7
s97 10000 31 - - 15 18 15
498s 389s | 252s 229s
2.46 4.26 7.88
s98 10000 >100 - - 18 32 30
2278s 826s | 951s 878s
.77 11.8 23.2
799 10000 76 - - 11 11 11
1796s 375s | 282s 2758
4.70 11.0 18.0
Minoux 10000 40 - - 17 30 27
2644s 1212s | 1831 1790s
0.081 | 0.441 3.52
Jll_gva 4000 63 - - 30 25 44
4981s 2523s | 2284 2995s
0.14 1.00 6.84
T1B3 10000 57 - - 31 40 31
995s 633s 679 557
1.21 1.60 1.91
rdc 10000 41 - - 14 21 24
2098 835 | 1099 1204
0.36 0.83 2.96

Table 2: Warm-started iterations, solution time and residuals for different sizes of
the reduced tree.
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Table 4: Comparison of solution time for cold start, 2-step warm-start and multi-step

Problem scenarios | 4000 2000 1000 100 10

ex1 20000 - 1.5e-3 - 5e-2 1

40000 | b5e-4 - - 5e-2 1

ex3 10000 - - 0.2 1 30

20000 - 0.1 - 2 50

s97 10000 - - le-4 2e-3 5e-2

s98 10000 - - 0.2 1 50

j99 10000 - - le-2 2 100

Minoux 10000 - - 1.5e-4 | 2.e-3 1.5e-2

Jll_gva 4000 - - 1.5e-4 | 1.5e-3 1.5e-2

T1B3 10000 - - led | le3d3 1le2

rdc 10000 - - 5. le-3 2.2

Table 3: Smallest p for successful warm-start.

Problem scenarios || cold | 2-step (large) 2-step (small) | 3-step | impr
ex1 20000 580 327 264 302 | -144
40000 || 1559 766 642 701 -9.2
ex3 10000 563 346 444 316 | +8.7
20000 || 1793 626 961 586 | +6.4
s97 10000 498 389 229 307 | -34.1
s98 10000 || 3189 826 878 481 | +41.8
j99 10000 || 1796 375 275 295 -7.3
Minoux 10000 || 2644 1212 1790 1176 | +3.0
Jll_gva 4000 || 4981 2523 2995 | 2251 | +10.8
T1B3 10000 995 663 557 637 | -14.4
rdc 10000 || 2098 835 1204 749 | +10.3

warm-start.

References

[1] D. ARTHUR AND S. VASSILVITSKII, k-means++: The advantages of careful
seeding, in Proceedings of the eighteenth annual ACM-SIAM symposium on

Discrete algorithms, 2007, pp. 1027-1035.

H. Y. BEnNsON AND D. F. SHANNO, An ezxact primal-dual penalty method
approach to warmstarting interior-point methods for linear programming, Com-

putational Optimization and Applications, 38 (2007), pp. 371-399.

M. CoLomBO, J. GONDzIO, AND A. GROTHEY, A warm-start approach for
large-scale stochastic linear programs, Technical Report MS-06-004, School of
Mathematics, University of Edinburgh, Edinburgh EH9 3JZ, Scotland, UK,

August 2006. Accepted for publication in Mathematical Programming.

27



[4]

[5]

[6]
[7]

8]

[10]
[11]

J. GoNDZIO AND A. GROTHEY, Reoptimization with the primal-dual interior
point method, SIAM Journal on Optimization, 13 (2003), pp. 842-864.

— A new unblocking technique to warmstart interior point methods based
on sensitivity analysts, Technical Report MS-06-005, School of Mathematics,
University of Edinburgh, Edinburgh EH9 3JZ, Scotland, UK, December 2006.
To appear in STAM Journal on Optimization.

—, Exploiting structure in parallel implementation of interior point methods
for optimization, Comput Manag Sci, 6 (2009), pp. 135-160.

M. A. NUNEZ AND R. M. FREUND, Condition measures and properties of the
central trajectory, Math Program, 83 (1998), pp. 1-28.

R. T. ROCKAFELLAR, Integral functionals, normal integrands and measurable
selections, in Nonlinear Operators and the Calculus of Variations, L. Waelbrock,
ed., vol. 543 of Lecture Notes in Mathematics, Springer, 1976, pp. 157-207.

S. E. WRIGHT, Primal-dual aggregation and disaggregation for stochastic linear
programs, Math Oper Res, 19 (1994), pp. 893-908.

S. J. WRIGHT, Primal-Dual Interior-Point Methods, SIAM, Philadelphia, 1997.

E. A. YILDIRIM AND S. J. WRIGHT, Warm-start strategies in interior-point
methods for linear programming, SIAM Journal on Optimization, 12 (2002),
pp. 782-810.

Appendix

Proof of Lemma 5. For a lower bound on (z; + Ax;)(s; + As;) we use

(l‘i + AJJZ)(SZ + ASZ) T;S; + xiAsi + SiAxi + ASZA.IZ
Yok = [lzl[2l|Aslla = [|sll2l| Azlls — [[Az|[2]|Asl
Yot — Ba||d||8, — B2C(d)8y — ||d||Cy5.

You — 2Bo||d| 63"

AVARAVARIV]

where we have used the bounds ||As|la < [|d||dc, ||Az|l2 < C(d)dy appearing in [11,

eq.

(4.8)] and (as there) make the mild assumption that dp,d. < 1. Since 7o > 0 this

provides a positive lower bound on (z; +Ax;)(s;+As;) for u satisfying the conditions
of the Lemma (actually since yg—7v < yo: p > %3B25?LW > %%”23252;1/‘/ and hence

the
(z;

bound is positive). It is straightforward to show that this bound is also valid for
+ alAz;)(s; + aAs;) for any a € (0,1). Since we know (z,s) > 0, we conclude

that x; + Ax; > 0, s; + As; > 0.

To show that (z + Axz,s + As) € N_(v) we find an upper bound on (z +

Az)T(s+ As)/n by

(+A2)T (s +As)/n < p+[|Az]a]sll2/n + | As|la|2]l2/n
< A+ BoC(d)op/n + Ba||d|[6c/n
<

p+ Bald| & /n.
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Hence for the conclusion of the Lemma we need
Yop — 2Balld||6y." > y(p + Ba||d||&." /n),

which is equivalent to

o Bolld||2 +~/m)d."
M=

(o =)
which is implied by condition (24). O
Proof of Lemma 6. As in the proof of [11, Proposition 4.2] we start by finding a
bound on the norm of the vector

9

[(zi + Az;)(si + Asi)li=1,2,.n — [(x + Az)T (s + As)/n]e. (41)
Given two vectors y, z € IR", we have that

lyizilit2,mll2 < lyll2llzllz, 1y" 2] < llyll2]l2ll2.

By using these elementary inequalities we have that the norm of (41) is bounded by

[isiliz1,2,...n — pella + 2| Azals]l2 + |Asla]]lo] + [[Az]2]| As|l2
Oop + 2B2|d|16,"" + C|d|6y5e

<
< 90,& + 3B2Hd”(52/cw

Meanwhile, we obtain a lower bound on the duality measure after the correction by

(z + Az) (s + As)/n p= [Az2llsll2 + |Asllallz]l2] /2

>
> = Balldl|o" /2.

Therefore, a sufficient condition for (z + Az, y + Ay, s + As) € Na(6) is that
Oop + 3Bo||d||63." < O — 6B |d|6y," /2
which after rearrangement becomes
p(8 = 6o) = 3Ba||d||&." + 0B2|d]|6h." /2. (42)

Since 6 < 1, (25) is sufficient for (42). O
Proof of Lemma 8. According to the proof of [3, Theorem 3|, (z,y, $§) is primal—-

dual feasible for problem P(7"). Also from the same proof we have

~

= ﬁcTé/ng = nip1/na.

We need to prove a bound on || X Se — jie|ls. (&, §) as constructed by (28), are such
that for a perfectly centred z, s, i.e. x;s; = u1, we have

T8 = [l
where
~(t) _ bt
R 0
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®)

Here and in what follows we use the notation that fi,
part of ji corresponding to node t € 77.
We have

is the i-th component of the

|X Se — jielle < |1 X Se — ills + s — jiell>
We will now derive bounds on these two terms separately:

IXSe—al3 = S0 S @Vsl” - aly?

seTiteZ(s)

P IP IR

s€T1 teZ(s) i

< Zzzpt (s) (s) #1)2
sE'EtEI

= 2 Z X 2D m
867'1 ( teZ(s)

= 3> @8 =) = [ XSe — pell3 < 0%,
s€Th i

and
e il = 3 3 S

s€TiteZ(s) ¢

- Y Y Y

s€Th teZ(s) ¢

n
2 2 2 1l
s€TiteZ(s) 1
2
21 2
= —(p—1
:U’an(p )7

IN

so that by combining the two we have
| X Se — fiells < 01 + —=(1 — p)p = 02+ /ma(1p)i
e — fie —(1 - =0— n
pefl2 = U p PIH1 nlﬂ 2\1P)Hs

from which the assertion follows. B U
Proof of Lemma 13. Let p = p(d(T)). Further let d = d(7). What we need to
show is that for any perturbation Ad that satisfies ||Ad|| < p we have

d+Ade F.

For what follows we use the shorthand n = |7|, 7 = |7|. With this problem
d=P(T)is
min ¢} zo + Yoy piciTxi
S.t. Woxo :ho
p;Txy+p;Wx; =ph;, i=1,...,n
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Let us write problem d = P(7) that is obtained by an aggregation of 7 in the

following form

min & o + D iy DiC; Ti )
WQ 0_ . 0 i) hg
. mT pW 0 0 1 p1hy
s.t. . ) ) = .
D 0 s : P
pal 0 0 paW Th prha
where
V_Vo = Wy, V_V_W T—T Btho, co = Cp,
= > pi =Y pjc;)/pi, hi=()_ pih;)/pi.
JEeI(i) JeI(i) JjeI(i)
Let us know consider the perturbed problem d + Ad written as
min  ([éy, p1é1, - - -, Pncal’ + Ac)'x )
T piW 0 0 _ x prh _
.6, ' 10 , vy B N R Y
paT 0 0 paW T prha
with
AWy  AApa AAon A—c_o
AA — plA'Tl AW AAy, A/.ll,ﬁ C Ae— ﬁlécl C Ab—
: AA; 1 : :
prATn,  AAzi AAn; ppAWh Prlcy

where we assume that [|Ad|| < p. The perturbation Ad is expanded into a pertur-

bation Ad = (AA, Ab, Ac) of the full problem

AAQQ AAOJ AAO,n Abo ACO
AALO AALI AAl,n Abl Aq
AA= . . . ) Ab = . ) Ac= .
AAn o AAnq AA, Ab, Acy,
according to
Abg Ahg, Ab; =piAh,
Acy = A—CO, Ac; = piAcr(i)
AAop = AWy, AA; =p AW,
AAo; = piDAg,i)/Drii)s i €T\ {0}
AAi,O = pzATr(z)> 1€ T\ {0}
AAZ',] = pzijA j)/(pT pr(g))a i,J € T\ {0} (Z) ' T( )
Adij =0, i, € T\A{0},r(i) =r(j),i #Jj
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Since ||Ad|| < p we have
[Aclla, [|AD]l2, [AA]2 < p.

From p; = Zie](j)pi we get Ziel(j)pf < ﬁ? and hence

A3 = [lAcoll3 + ) I1Ac3 = [Acoll3 + > D pillAgll3
€T j€7iel(j)
< |Aeols + D piIAG 3 = IAc]3 < 5°
jeT

Similarly, we obtain ||Abll2 < p and ||[AAl2 < p.  Therefore we also have that
|Ad|| < p. Therefore d + Ad € F, which means that there is a primal-dual feasible
point (z,y,s) for d + Ad:

(WO + AAO,O)xO + Z AA()J‘JL‘Z‘ = hg+ Abg (43&)

(piT + AAio)zo + (W + DAy im:) + Y AAigwr = pihi+ Ab;  (43b)
ki

(Wo + AApy) 0 Yo + Z il + AA; 0) yi+so = co+ Ac (43c¢)

=1
(pz‘W—i-AAi,i)Tyi+ZAA£,iyk+8i = pici +Ac;  (43d)
ki
We aim to show that with the aggregations
To = o Yo = Yo, S50 = S0,
i = (XjerePi®i)/Pis Ui = (jeryPi¥i)/Pin Si = Xjerq) i

the point (Z,, 5) is primal-dual feasible for d + Ad. We have

S Adgimi = Y Y Adgswi= Y Y pidAg;/pix

iceT jeTicl(y) jeT i€l(j)
= D DNAoi( Y piwi)/pj =Y BAozj,
jeT i€l(j) jeT

so that from (43a) we get
(W() + AW())Q_?() + Zje?mo,ji‘j = (W() + AAQ())JL‘() iieT AAO,imi
= hg + Abg = hg + Ahy.

We will continue by summing up (43b) for all ¢ € I(j). From the -, ,; AA; yx), term
we get thus

SN Aigr = D> D kDA 0/ (BiPr(r)) Tk

1€I(j) k#i 1€1(j) k#i:r(k)#j

- Z Z Z pipk DA 1/ (DjP)wk

i€1(j) 1€T 15 keI(l)

= Z AA; /Dy Z PrTE = Z AA; iz

leT 14§ keI(l) leT 14§

(44)
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So that summing up (43b) for all i € I(j) we get (using pj = >_;c () Pi):

pi(T +Tj)xo + (W + AW;) Z piwi)+ Y NAjE = pih; + Ak,
iel(y 1€T 145

which yields

pi(T +T;)Zo + p;(W +

& I

Z A— NES) (713 +Mj). (45)
1T 1#

Equations (44) and (45) together give the primal feasibility of (z,7,3) in d + Ad. In
the same manner as above we can write

Z AAZ:Oyi = Z Z plﬁ]Tyz = Zﬁjﬁ?gjy

€T GjeT i€l(j) jET
so that we get from (43c)

(Wo + AWo)go + Y _ pj(T + AT)Tg; + s = co + Aco. (46)
jeT

Finally, we sum up (43d) over i € I(j). From the , AA;Qiyk term we get

SN Al = S S pwBAL g/ Bryp) vk

i€I(j) ki i€1(j) ktior (k)7

- Z Z Z pkpiﬂfj/ (DD )

i€l(j) 1eT 15 kel(l)

= Z AAU/pz Z PrYr = Z AAlﬂJl

€T 4] kel(l 1T 4]

So that summing up (43d) for all 7 € I(j) we get (using pj = ;e () Pi):

(W + AW ) Z PiYi) Z ijyz + Z si = Dj¢j + DjAc

i€I(j) €T 145 i€l ()
which yields
piW+AW )z + A, i + 55 = (& + Acy). (47)
1ET 14§

Equations (46) and (47) together give the dual feasibility of (z,y,5) in_J + Ad.
Together d + Ad is primal-dual feasible, which gives d + Ad € F. Since Ad was an
arbitrary perturbation with ||Ad|| < p we have

B
—
QU
N—
>
B
—
U
—~
N
~—
SN—

proving the Lemma. U



Proof of Lemma 14. The existence of an upper bound C(d*)) < C(d) follows from
C(d) = ||d||/p(d), ||d®)|| < |[d**+D|| and the existence of a lower bound p < p(d*))
according to Lemma 13. According to [7, Theorem 3.1] and [11, Theorem 2.1] every
primal-dual feasible point (z(¥), y*) s®)) with p®) = ()T s*k) /nk) satisfies the
bounds

l2®lz < C@d®)? +n® u® /pd®)

ls™l2 < 2)d® [2[C(@d®)* + n® u® /p(d®)]
l2®loo < [l Pl1 - < C(d(’“))2 n™u® /p(d®)

sl < 21d® 1 [C(dM)? + 0™ u®) /p(d™))

—~

Since [|[d®)|| < [|d5)|, u® < p and n®*) < nK) we have the assertion of the

Lemma. O
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