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Abstract. The problem of recovering the sparse and low-rank components of a matrix captures a
broad spectrum of applications. Authors in [4] proposed the concept of ”rank-sparsity incoherence” to
characterize the fundamental identifiability of the recovery, and derived practical sufficient conditions
to ensure the high possibility of recovery. This exact recovery is achieved via solving a convex
relaxation problem where the l1 norm and the nuclear norm are utilized for being surrogates of
the sparsity and low-rank. Numerically, this convex relaxation problem was reformulated into a
semi-definite programming (SDP) problem whose dimension is considerably enlarged, and this SDP
reformulation was proposed to be solved by generic interior-point solvers in [4].

This paper focuses on the algorithmic improvement for the sparse and low-rank recovery. In
particular, we observe that the convex relaxation problem generated by the approach of [4] is actually
well-structured in both the objective function and constraint, and it fits perfectly the applicable
range of the classical alternating direction method (ADM). Hence, we propose the ADM approach
for accomplishing the sparse and low-rank recovery, by taking full exploitation to the high-level
separable structure of the convex relaxation problem. Preliminary numerical results are reported to
verify the attractive efficiency of the ADM approach for recovering sparse and low-rank components
of matrices.
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nuclear norm.
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1. Introduction. Matrix representations of complex systems and models arising
in various areas often have the character that such a matrix is composed of an sparse
matrix and an low-rank matrix. Such applications include the model selection in
statistics, system identification in engineering, partially coherent decomposition in
optical systems, and matrix rigidity in computer science, see e.g. [15, 16, 17, 30,
35, 37, 41]. To better understand its behavior and properties and to track it more
efficiently, it is of significant interest to take advantage of the decomposable character
of such a complex system. One necessary way towards this goal is to recover the sparse
and low-rank components of the corresponding given matrix, but without no prior
knowledge about the sparsity pattern or the rank information. Despite its powerful
applicability, the problem of sparse and low-rank matrix decomposition (SLRMD)
was highlighted and intensively studied only very recently by [4].

Obviously, the SLRMD problem is in general ill-posed (NP-hard) and thus not
trackable. In sprit of the influential work of [5, 6, 9, 10, 11, 36] in the areas of
compressed sensing and statistics, authors of [4] insightfully proposed the concept
of ”rank-sparsity incoherence” to characterize the fundamental identifiability of the
recovery of sparse and low-rank components. Accordingly, a simple deterministic
condition for the eligibility of exact recovery was derived therein. Note that the
concept of ”rank-sparsity incoherence” relates algebraically the sparsity pattern of a
matrix and its row or column spaces via an uncertainty principle. Throughout, we
assume by default that the matrix under consideration is recoverable for sparse and
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low-rank components.
By realizing the widely-used heuristics of using the l1-norm as the proxy of sparsity

and the nuclear norm as the surrogate of low-rank in many areas such as statistics and
image processing (see e.g. [6, 8, 14, 36]), authors of [4] suggested to accomplish the
sparse and low-rank recovery by solving the following convex optimization problem:

minA,B γ‖A‖l1 + ‖B‖∗
s.t. A + B = C,

(1.1)

where C ∈ Rm×n is the given matrix to be recovered; A ∈ Rm×n is the sparse
component of C; B ∈ Rm×n is the low-rank component of C; ‖ · ‖l1 is the l1 norm
defined by the component-wise sum of absolute values of all entries; ‖ · ‖∗ is the
nuclear norm defined by the sum of all singular values; and γ > 0 is a constant
providing a trade-off between the sparse and low-rank components. Let A∗ and B∗

be the true sparse and low-rank components of C which are to be recovered. Then,
some conditions on A∗ and B∗ were proposed in [4] to ensure sufficiently that the
unique solution of (1.1) is exactly (A∗, B∗) for a range of γ, i.e., the exact spare and
low-rank recovery of C can be accomplished. We refer to Theorem 2 in [4] for the
delineation of these conditions, and we emphasize that these conditions are practical
as they are satisfied by many real applications, see also [4].

Therefore, efficient numerical solvability of (1.1) becomes crucial for the task of
recovering the sparsity and low-rank components of C. In particular, it was suggested
in [4] to apply some interior-point solvers such as SDPT3 [40] to solve the semi-definite
programming (SDP) reformulation of (1.1). For many cases, however, matrices to be
decomposed are large-scale in dimensions, and it is not hard to imagine that this
large-scale feature significantly aggrandizes the difficulty of recovery. In fact, it has
been well realized that the interior-point approach is numerically invalid for large-
scale (actually, even for medium-scale) optimization problems with matrix variables.
In particular, for solving (1.1) via the interior-point approach in [4], the dimension of
the SDP reformulation is even magnified considerably compared to that of (1.1), see
(A.1) in [4].

Hence, just as what authors of [4] raised at the end, it is of particular interest
to develop efficient numerical algorithms for solving (1.1) in order to accomplish the
recovery of sparse and low rank components, especially for large-scale matrices. For
doing so, we observe that (1.1) is well-structured in the sense that the separable
structure emerges in both the objective function and the constraint. Thus, we have
no reasons not to take advantage of this favorable structure for the sake of algorithmic
design. Recall that (1.1) was regarded as a generic convex problem, and its beneficial
structure was completely ignored in [4]. In fact, the high-level separable structure of
(1.1) can be readily exploited by the well-known alternating direction method (ADM).
Thus, we are devoted to presenting the ADM approach for solving (1.1) by taking full
advantage of its beneficial structure. The rationale of making use of the particular
structure of (1.1) for algorithmic sakes also conforms to what Nesterov has illuminated
in [33]: ”It was becoming more and more clear that the proper use of the problem’s
structure can lead to very efficient optimization methods......”. As we will analyze
in detail, the ADM approach is attractive for sparse and low-rank recovery because
that the main computational load of each iteration is dominated by only one singular
value decomposition of B.

2. The ADM approach. Generally speaking, ADM is a practical improve-
ment of the classical Augmented Lagrangian method for solving convex programming
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problem with linear constraints, by fully taking advantage of its high-level separable
structure. We refer to the wide applications of ADM in many areas such as convex
programming, variational inequalities and image processing, see, e.g., [2, 7, 12, 13,
18, 19, 20, 21, 22, 24, 28, 39]. In particular, novel applications of ADM for solving
some interesting optimization problems have been discovered very recently, see e.g.
[13, 25, 32, 43, 44].

The Augmented Lagrangian function of (1.1) is

L(A,B, Z) := γ‖A‖l1 + ‖B‖∗ − 〈Z,A + B − C〉+
β

2
‖A + B − C‖2,

where Z ∈ Rm×n is the multiplier of the linear constraint; β > 0 is the penalty
parameter for the violation of the linear constraint and 〈·〉 denotes the standard
trace inner product and ‖ · ‖ is the induced Frobenius norm. Obviously, the classical
Augmented Lagrangian method (see e.g. [1, 34]) is applicable, and its iterative scheme
is:

{
(Ak+1, Bk+1) ∈ argminA,B∈Rm×n{L(A,B, Zk)},
Zk+1 = Zk − β(Ak+1 + Bk+1 − C), (2.1)

where (Ak, Bk, Zk) is the given triple of iterate. The direct application of the Aug-
mented Lagrangian method, however, treats (1.1) as a generic minimization problem
and ignores its favorable separable structure emerging in both the objective function
and the constraint. Hence, the variables A and B are minimized simultaneously in
(2.1).

Indeed, this ignorance of the direction application of Augmented Lagrangian
method for (1.1) can be made up by the well-known ADM method which mini-
mizes the variables A and B serially. More specifically, the original ADM (see e.g.
[19, 20, 21, 22]) solves the following problems to generate the new iterate:





Ak+1 ∈ argminA∈Rm×n{L(A,Bk, Zk)},
Bk+1 ∈ argminB∈Rm×n{L(Ak+1, B, Zk)},
Zk+1 = Zk − β(Ak+1 + Bk+1 − C),

which is equivalent to

{ 0 ∈ γ∂(‖Ak+1‖l1)− [Zk − β(Ak+1 + Bk − C)]. (2.2a)

0 ∈ ∂(‖Bk+1‖∗)− [Zk − β(Ak+1 + Bk+1 − C)]. (2.2b)

Zk+1 = Zk − β(Ak+1 + Bk+1 − C), (2.2c)

where ∂(·) denotes the subgradient operator of a convex function.
We now elaborate on strategies of solving the subproblems (2.2a) and (2.2b).

First, we consider (2.2a), which turns out to be the widely-used shrinkage problem
(see e.g [38]). In fact, (2.2a) can be solved easily with explicit solution:

Ak+1 =
1
β

Zk −Bk + C − P
Ω

γ/β
∞

[
1
β

Zk −Bk + C],

where P
Ω

γ/β
∞

denotes the Euclidean projection onto

Ωγ/β
∞ := {X ∈ Rn×n | − γ/β ≤ Xij ≤ γ/β}.
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For the second subproblem (2.2b), it is easy to verify that it is equivalent to the
following minimization problem:

Bk+1 = argminB∈Rm×n

{‖B‖∗ +
β

2
‖B − [C −Ak+1 +

1
β

Zk]‖2}. (2.3)

Then, according to [3, 31], Bk+1 admits the following explicit solution:

Bk+1 = Uk+1 diag(max{σk+1
i − 1

β
, 0})(V k+1)T ,

where Uk+1 ∈ Rm×r, V k+1 ∈ Rn×r are obtained via the singular value decomposition
of C −Ak+1 + 1

β Zk:

C −Ak+1 +
1
β

Zk = Uk+1Σk+1(V k+1)T with Σk+1 = diag({σk+1
i }r

i=1).

Based on aforementioned analysis, we now delineate the procedure of applying
ADM to solve (1.1). For given (Ak, Bk, Zk), the ADM takes the following schemes to
generate the new iterate:

Algorithm: the ADM for SLRMD problem:

Step 1. Generate Ak+1:

Ak+1 =
1
β

Zk −Bk + C − P
Ω

γ/β
∞

[
1
β

Zk −Bk + C].

Step 2 Generate Bk+1:

Bk+1 = Uk+1 diag(max{σk+1
i − 1

β
, 0})(V k+1)T ,

where Uk+1, V k+1 and {σk+1
i } are generated by the singular values decompo-

sition of C −Ak+1 + 1
β Zk, i.e.,

C −Ak+1 +
1
β

Zk = Uk+1Σk+1(V k+1)T , with Σk+1 = diag({σk+1
i }r

i=1).

Step 3. Update the multiplier:

Zk+1 = Zk − β(Ak+1 + Bk+1 − C).

Remark 1. It is easy to see that when the ADM approach applied to solve (1.1), the
computation load of each iteration is dominated by one singular values decomposition
(SVD) with the complexity O(n3), see e.g. [23]. In particular, existing subroutines for
efficient SVD (e.g. [29, 31]) guarantees the efficiency of the proposed ADM approach
for sparse and low-rank recovery of large-scale matrices.
Remark 2. Some more general ADM methods are easy to be extended to solve
the SLRMD problem. For example, the general ADM proposed by Glowinski [21, 22]
which modifies Step 3 of the original ADM with a relaxation parameter in the interval
(0,

√
5+1
2 ); and the ADM-based descent method developed in [42]. We here omit

details of these general ADM type methods for succinctness. Convergence of ADM
type methods are available in the literatures, e.g., [19, 20, 21, 22, 26, 42].
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Remark 3. The penalty parameter β is eligible for dynamic adjustment. We refer to,
e.g., [24, 26, 27, 28], for the convergence of ADM with dynamically-variable parameter
and some concrete effective strategies of adjusting this parameter.

3. Numerical results. In this section, we present experimental results to show
the efficiency of ADM when applied to (1.1). Let C = A∗ + B∗ be the available data,
where A∗ and B∗ are, respectively, the original sparse and low-rank matrices that we
wish to recover. For convenience, we let γ = t/(1 − t) so that problem (1.1) can be
equivalently transformed to

min
A,B

{t‖A‖l1 + (1− t)‖B‖∗ : A + B = C} . (3.1)

The advantage of the reformulation in the form of (3.1) is that parameter t changes
in a finite interval (0, 1) as compared to γ ∈ (0,+∞) in (1.1). We let (Ât, B̂t) be a
numerical solution of (3.1) obtained by ADM. We will measure the quality of recovery
by relative error to (A∗, B∗), which is defined as

RelErr , ‖(Ât, B̂t)− (A∗, B∗)‖F

‖(A∗, B∗)‖F + 1
, (3.2)

where ‖ · ‖F represents the Frobenius norm. All experiments were performed under
Windows Vista Premium and MATLAB v7.8 (R2009a) running on a Lenovo laptop
with an Intel Core 2 Duo CPU at 1.8 GHz and 2 GB of memory.

3.1. Experimental settings. Given a small constant τ > 0, we define

difft , ‖Ât − Ât−τ‖F + ‖B̂t − B̂t−τ‖F . (3.3)

It is clear that B̂t approaches zero matrix as t does. On the other hand, Ât approaches
zero matrix as t becomes close to 1. Therefore, difft is stabilized on the boundaries
of (0, 1). As suggested in [4], a suitable value of t should result to a recovery such
that difft is stabilized and meanwhile t stays away from both 0 and 1. To determine
a suitable value of t, we set τ = 0.01 in (3.3), which, based on our experimental
results, is sufficiently small for measuring the sensitivity of (Ât, B̂t) with respect to
t, and ran a set of experiments with different combinations of sparsity ratios of A∗

and ranks of B∗. In the following, r and spr represent, respectively, matrix rank and
sparsity ratio. We tested two types of sparse matrices: impulsive and Gaussian sparse
matrices. The MATLAB scripts for generating matrix C are as follows:

• B = randn(m,r)*randn(r,n); mgB = max(abs(B(:)));
• A = zeros(m,n); p = randperm(m*n); L = round(spr*m*n);

– Impulsive sparse matrix: A(p(1:L)) = mgB.*sign(randn(L,1));
– Gaussian sparse matrix: A(p(1:L)) = randn(L,1);

• C = A + B.
Specifically, we set m = n = 100 and tested (r, spr) = (1, 1%), (2, 2%), . . . , (20, 20%),
for which the decomposition problem roughly changes from easy to hard. Based on
our experimental results, suitable values of t shrinks from [0.05, 0.2] to [0.09, 0.1] as (r,
spr) increases from (1, 1%) to (20, 20%). Therefore, we set t = 0.1 in our experiments.
In the following, we present experimental results for the two types of sparse matrices.
In all experiments, we set m = n = 100. We simply set β = 0.25mn/‖C‖1 and
terminated ADM when the relative change falls below 10−6, i.e.,

RelChg , ‖(Ak+1, Bk+1)− (Ak, Bk)‖F

‖(Ak, Bk)‖F + 1
≤ 10−6. (3.4)
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3.2. Exact recoverability. In this section, we present numerical results to
demonstrate exact recoverability of model (3.1). For each pair (r, spr), we ran
50 trials and claimed successful recoverability when RelErr ≤ ε for some ε > 0. The
probability of exact recovery is the defined as the successful recovery rate. The fol-
lowing results show the recoverability of (3.1) for r varies from 1 to 40 and spr from
1% to 35%.
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Fig. 3.1. Recoverability results from impulsive sparse matrices. Number of trials is 50.
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Fig. 3.2. Recoverability results from Gaussian sparse matrices. Number of trials is 50.

It can be seen from Figures 3.1 and 3.2 that model (3.1) shows exact recoverability
when either the sparsity ratio of A∗ or the rank of B∗ are suitably small. Specifically,
for impulsive sparse matrices, the resulting relative errors are as small as 10−5 for a
large number of test problems. When r is small, say r ≤ 5, ADM applied to (3.1)
results to faithful recoveries with spr as high as 35%, while, on the other hand, high
accuracy recovery is attainable for r as high as 30 when spr ≤ 5%. Comparing Figures
3.1 and 3.2, it is clear that, under the same conditions of sparsity ratio and matrix
rank, the probability of high accuracy recovery is smaller when A∗ is Gaussian sparse
matrices, which is quite reasonable since impulsive errors are generally easier to be
eliminated than Gaussian errors.

3.3. Recovery results. In this section, we present two classes of recovery results
on both impulsive and Gaussian sparse matrices. Figure 3.3 shows the results of
100 trials for several pairs of (r, spr), where x-axes represent the resulting relative
errors (average those relative errors fall into [10−(i+1), 10−i]) and y-axes represent
the number of trials ADM obtains relative errors in a corresponding interval. It can
be seen from Figure 3.3 that, for impulsive sparse matrices (plot on the left), the
resulting relative errors are mostly quite small and poor quality recovery appears for
less than 20% of the 100 random trials. In comparison, for Gaussian sparse matrices
(plot on the right), the resulting relative errors are mostly between 10−3 and 10−4,
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and it is generally rather difficult to obtain higher accuracy unless both r and spr
are quite small.
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Fig. 3.3. Recovery results of 100 trials. Left: results of impulsive sparse matrices; Right: results
of Gaussian sparse matrices. In both plots, x-axes represent relative error of recovery (average those
relative errors fall into [10−(i+1), 10−i)) and y-axes represent the number of trials ADM results to
a relative error in a corresponding interval.

In Figures 3.4 to 3.7, we present two results for each type of sparse matrices, where
the rank of B∗, the sparsity ratio of A∗, the number of iterations used by ADM, the
resulting relative errors to A∗, B∗ (defined in a similar way as in (3.2)) and the total
relative error RelErr defined in (3.2) are given in the captions. The sparsity ratios and
matrix ranks used in all these tests are near the boundary of high accuracy recovery,
which can be seen in Figures 3.1 and 3.2. From these results, it can be seen that high
accuracy is attainable even for the boundary cases of high accuracy recovery. It is
also implied that problem (3.1) is usually much easier to solve when C is corrupted
by impulsive sparse errors as compared to Gaussian errors.
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True Sparse Recovered Sparse

True Low−Rank Recovered Low−Rank

Fig. 3.4. Results #1 from impulsive sparse matrix. Rank: 10, sparsity ratio: 20%, number of
iteration: 39, relative error in sparse matrix: 1.06× 10−6, Relative error in low rank: 2.22× 10−6,
relative error in total: 1.33× 10−6.

True Sparse Recovered Sparse

True Low−Rank Recovered Low−Rank

Fig. 3.5. Results #2 from impulsive sparse matrix. Rank 20, sparsity ratio: 10%, number of
iteration: 45, relative error in sparse matrix: 1.55× 10−6, relative error in low rank: 1.79× 10−6,
relative error in total: 1.63× 10−6.
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True Sparse Recovered Sparse

True Low−Rank Recovered Low−Rank

Fig. 3.6. Results #1 from Gaussian sparse matrix. Rank 10, sparsity ratio: 20%, number of
iteration: 163, relative error in sparse matrix: 1.88× 10−3, relative error in low rank: 2.26× 10−4,
relative error in total: 3.37× 10−4.

True Sparse Recovered Sparse

True Low−Rank Recovered Low−Rank

Fig. 3.7. Results #2 from Gaussian sparse matrix. Rank 20, sparsity ratio 10%, number of
iteration: 390, relative error in sparse matrix: 7.84× 10−4, relative error in low rank: 5.82× 10−5,
relative error in total: 8.28× 10−5.
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4. Conclusions. This paper mainly emphasizes the applicability of the alternat-
ing direction methods (ADM) for solving the sparse and low-rank matrix decomposi-
tion (SLRMD) problem, and thus numerically reinforces the pioneering work of [4] on
this topic. It has been shown that the existing ADM type methods are eligible to be
extended to solve the SLRMD problem, and the implementation is pretty easy since
both of the subproblems generated at each iteration admit explicit solutions. Prelim-
inary numerical results exhibit affirmatively the efficiency of ADM for the SLRMD
problem.
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